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It is shown by statistical mechanical methods that in the steady state attained by a system of magnetic 
moments in a resonance experiment the rate of entropy production is a minimum. It is assumed that the 
external field has a circularly polarized component perpendicular to a constant component, and that the 
contact between the spin system and the heat bath is provided only by strong collisions. Because of the 
coherent relations among the phases of the probability amplitudes, the average off-diagonal elements of 
the density matrix do not vanish in this case, and it is shown to be necessary to extend the usual statistical 
mechanical definition of entropy to include terms involving these elements. 





I 


HE steady state of a system in which an irre- 

versible process is taking place is thought to be 
determined by the principle of minimum entropy 
production.! From this point of view, the general 
characteristic of the steady state is that the rate at 
which entropy is being produced has the minimum value 
which is consistent with whatever external constraints 
prevent the system from attaining equilibrium. Because 
of the usefulness and apparent generality of this 
principle, it is of interest to derive it by statistical 
mechanical methods as well as by the methods of 
irreversible thermodynamics based on the Onsager 
relations which are usually used for this purpose.’ 

A statistical mechanical proof of this principle has 
been given by Klein and Meijer? for the particular 
irreversible process consisting of the flow of mass and 
energy through a small tube connecting two containers 
filled with an ideal gas which are kept at slightly 
different temperatures. In this paper, we want to 
consider the important example of a magnetic resonance 
type process in which a collection of spin magnetic 
moments are subjected to a circularly polarized mag- 
netic field perpendicular to a constant magnetic field. 
This problem possesses several features which justify 
a separate discussion of it. 


11. Prigogine, Elude Thermod ynamique des Phénoménes irréversi- 
bles (Editions Desoer, Litge, 1947), Chap. 5; S. R. de Groot, 
Thermodynamics of Irreversible Processes (Interscience Publishers, 
Inc., New York, 1951), Chap. 10. 

2M. J. Klein and P. H. E. Meijer, Phys. Rev. 96, 250 (1954). 
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The proof of Kiein and Meijer essentially begins with 
the usual statistical mechanical definition of the entropy 
S of a system given by 


S=—k Dis pi lnpi, (1) 


where #; is the probability of finding the system in the 
ith energy state. [We can, of course, also describe p; 
as the ith diagonal element of the density matrix’ of 
the system; it is assumed that the phases of the proba- 
bility amplitudes of the various states are completely 
incoherent so that, on the average, the off diagonal 
elements of the density matrix vanish and do not 
contribute to (1). ] The necessary expression for dp;/dt 
was then obtained by writing down the detailed balance 
equations containing all of the appropriate transition 
probabilities. One can easily discuss the magnetic 
resonance case on this basis by a straightforward 
reinterpretation and modification of the equations used 
by Klein and Meijer; this has essentially been done 
already by Klein in his discussion of the Overhauser 
effect.‘ There are two reasons why this procedure is 
inadequate in our case. 

First of all, there are no stationary energy states in 
the laboratory system in the presence of the rotating 
field; only when the rotating field is sufficiently small 
compared to the constant field can one use the approxi- 
mately stationary energy states of the constant field as 
the basis for the introduction of transition probabilities 


3R. C. Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, London, 1938). 
4M. J. Klein, Phys. Rev. 98, 1736 (1955). 





2 ROALD K. WANGSNESS 


due to the varying field and for the calculation of the 
entropy by (1). In many cases, this imposes an unde- 
sirable restriction on the relative magnitudes of the two 
fields, and besides, in this case, it is possible to describe 
exactly the effects of the external fields. Secondly, when 
the steady state is obtained in a system such as we 
shall consider, the average expectation values of the 
components of the magnetization which are transverse 
to the constant field, and whose behavior is usually of 
great experimental interest, are found not only to have 
nonvanishing values in general but to rotate with the 
same frequency as the rotating field and have a constant 
phase with respect to it.’ This means, however, that 
there are fixed coherent relations among the phases of 
the probability amplitudes so that not all of the off- 
diagonal elements of the density matrix vanish. It 
would seem necessary, then, that we will have to 
modify the expression (1) for the entropy in order to 
discuss this particular time-dependent problem. 


II 


The system we shall consider is the same as that 
discussed previously, namely, N identical molecular 
moments comprising a gas in which we assume that 
strong collisions between the molecules provide the 
only relaxation mechanism. The external field is 
assumed to have the components 


H,=Hp, H,=H,+iH,=hie. (2) 


The moments are in contact with a heat bath at 
temperature T by means of the collisions; the other 
molecular degrees of freedom are also a part of the 
heat bath. In what follows, we shall work out only 
average quantities for a single spin, so that we need 
only multiply by N to get the corresponding quantities 
for the whole system. 

If y is the magnetic moment and I the spin angular 
momentum for each molecule in units of #, we have 


y= il, (3) 


where vy is the gyromagnetic ratio. Letting “,, be the 
eigenfunctions of J, so that I,m=mtUm, we shall expand 
the state function for a spin in the form 


¥=Lim bm(t)e™ "thm, (4) 

and define the elements of our density matrix p by 
(m' |p| m)=Bmbm*. (5) 
For simplicity, we shall deal only with the case in 
which the spin is 3, so that m=-+4; the expectation 
values of the spin components are then easily found to 

be given by 

(12) =p4+—3, (6) 
(4)= (I. +ily)=p_+e-™*, (7) 
where we have introduced the simplified notation 
(+3]p|+3)=p44, etc., and used the fact that py,+p__ 


5 R. K. Wangsness, Phys. Rev. 98, 927 (1955). 


=1. We see that although we are calculating our 
expectation values for the laboratory system, our 
density matrix is defined in the coordinate system 
which is rotating with the resultant field, so that in 
this system all the fields are constant. 

In order to obtain expressions for the average expec- 
tation values of the spin components, we can use some 
of our earlier results.’ If we let },,° be the values of the 
probability amplitudes for this particular spin at the 
last collision, we easily find upon averaging both over 
the values of b,,° and the intervals since the last collision 
that® 


(T.)w= (1+-a?7?)-1{ (14-477) E 
+}iwir[(1—iAr)P—(1+iAr)P*}}=«, (8) 
(14) w= e7~!(1-+-a?7*)-“'{ wir (1—iAr)E 
+ (1-+4ur%r?—idr)P+Jur%2Pt} =e, (9) 


where 
E=(|b, |?—3)m, P=(b%,*)m, (10) 


7 is the average time between collisions, and the other 
symbols have the same meaning as in reference 5. 

In general, the average quantities E and P are 
functions of the time, and in later sections, we will need 
to know explicitly their time derivatives. We can most 
easily find them from the fact that we know the equa- 
tion of motion of the average expectation value of the 
spin to be given by® 


(11) 


d 1 
ofa Max Ht Leo Du], 


where the spin susceptibility x, for spin } is 
Xe=X0/yh=p?/kTyh=yh/4kT. 
Substituting (8) and (9) into (11), we find that 
71 E= (x,00/y)— E+ }iwir (P—P*), 
tP= (x,0/y) (1—iwr)+iw1rE— (14+iAr)P, 
7P*= (x 41/7) (1+iwr)—iw;rE— (1—iAr)P*, 


and 


(12) 


(13) 


(14) 


We may note here that the steady-state solutions of 
these equations are easily found to be 


re=(x0/y)—E, d= (xw/y)—P. 


(15) 


and when we evaluate ¢« and 6 for this steady state, 
we find from (8) and (9) that 


€s= (x2/7)Lwo— (wws’r”)/(1-+a"7") ], 
54= (xetr/7)[1+ @Ar?+iwr)/(1+e*7*) ], 


in agreement with previous results.” 


E,=x 00/7 and P.=x01/7, 


(16) 
(17) 


6 By using Eqs. (26)-(28) of reference 5 and averaging over 7’ 
with the usual distribution function exp(—1r’/r)(dr’/r). 

7 Equations (16), (17) and those immediately above Eq. (30) 
of reference 5. 
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Since we see from (4) and (5) that the diagonal 
elements of p are equal to the diagonal elements of the 
density matrix in the laboratory system, it seems 
plausible that their contribution to the entropy of the 
spin system will be of the same form as in (1). As we 
discussed earlier, we also expect that the off-diagonal 
elements of p should also be included in the expression 
for the entropy of the spins. Since this general question 
does not seem to have been considered before, about 
the only requirements we have to satisfy are that the 
additional part be real and that it shall vanish when 
the off-diagonal elements are zero. Accordingly, we 
shall assume the entropy of the spin system to be 
given by 


Sspin= — RL (p44) aw In(py +) w+ (p— —) aw In{p_ _)w | 
— RL (p_ +)n?-+(p4. —)n?]. 


In the absence of the rotating field, when the wu» are 
also eigenstates of the energy and we can assume phase 
incoherence, (18) reduces to the correct value given by 
(1). 

Using (6)-(9), we find from (18) that 


Sspin= —Ré In[ (1+2¢)/(1—2e) ]—2k[65-+0*5*]. (19) 


Finally, we need only to evaluate the rate of change 
of the entropy of the heat bath. The energy of the spin 
in the field is —yh(I),,-H, and since all of the energy 
lost or gained by the spin system because of interactions 
with the bath enters or leaves the bath at temperature 
T, we can say that the rate of change of entropy of the 
bath per spin is 


dSpath ft d 
bath Ye. [=| 
dt bath 


h 
= PY aera vyH “ (Dw, (20) 


(18) 


dt T 


because of (11). When we evaluate (20), and use (8), 
(9), (16), and (17), we find that 


GS yatn/dt= (4k/7)[ (x./7)? (wo?+or’) 
—eE—}(5,P+6,*P*)], (21) 


where we have replaced #/T in (20) by 4ky./y by (12). 
Adding (19) and (21), and using (14), we find that 
the total rate of change of entropy is given by 
7S=—k(E,—E) In[(1+26)/(1—26¢)] 
— 2k (P,—P)i+ (P,—P*)5*] 
+4kL (x./7)?(we+wr?)—€.E 
—4(5,P+6,*P*)]. (22) 
IV 
The parameters with respect to which we wish to 
minimize S are E, P, and P* (or, equivalently, E, and 
the real and imaginary parts of P). In order to complete 


our proof that this minimum corresponds to the steady 
state, we shali find, as did Klein and Meijer,’ that we 
must assume that ¢ is small enough so that we can 
neglect its square and higher powers and replace 
Inf (1+ 2€)/(1—2e)] by 4e. We see from (8) and (15) 
that this requires that EZ, P, and P* be themselves 
small compared to unity and this, in turn, requires 
that the conditions 


hin /4kT KA 


be satisfied. In practically all magnetic resonance 
experiments, however, the inequalities given in (23) 
are extremely well fulfilled. 

Having made this replacement for the logarithm, 
we can now easily find the conditions for the minimum 
of S to be given by 


and tw,/4kTK1 (23) 


4k de 
=| «= (E,-B)— 
OE 


1 06 05* 
-{(P.- Py—+(P.-P)—|-al, 
2 aE aE 


as 2k de 
—=(0= -| —2(E,—E)—+6 
oP T oP 


06 06* 
-|(-P)—+ (P,—P*)— |-+ 
oP oP 
as 2k 


de 
=0=- | —2(E,—E)—-+6* 
oP* T or” 


a 95* 
—| (P,—P)—+ (P.—P*)}—|-3,*}. 
ap* ap* 


We see immediately that these conditions are satisfied 
by the steady-state values given by (15), and, of 
course, that the average values of the magnetization 
components as given by (16)—(17) are just those found 
previously as the steady state solutions of (11).5 

The actual rate of entropy production in the steady 
state has a natural interpretation, for when we evaluate 
it from (22) with the use of (12), (15)—(17), we find that 


S,= (wH2/T)[xwr/ (1+?) ]=wx"H2/T, (24) 


where x” is the out-of-phase component of the suscepti- 
bility, i.e., M,=(x’+ix”)H,.5 But the quantity given 
by (24) is just equal to the steady-state rate at which 
energy is absorbed by the spins (and passed on to the 
heat bath) divided by the temperature of the bath, as 
was also found by Klein.‘ Thus, the spin system is seen 
to act as a sort of entropy generator, absorbing energy 
from the essentially monochromatic radiation of the 
external field and transferring it to the disordered 
motion of the degrees of freedom of the heat bath while 
its own entropy remains constant as we can see from 
(19). 

Finally, it can be shown that S, is actually a minimum 
rather than a maximum. Assuming that the parameters 
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differ slightly from their steady state values and substi- 
tuting into (22), we find that S—S, is equal to a sum 
of squared quantities and thus is positive. 


Vv 


The most important result obtained here is in showing 
that there are statistical mechanical problems in which 
the use of (1) to extend the definition of the entropy to 
time-dependent cases is inadequate. The question of 
whether the definition given in (18) holds in other 
types of problems as well or is simply an approximation 
to a more general term involving the off-diagonal 
elements clearly cannot be answered as yet. There 
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seems to be no simple physical interpretation of the 
additional terms that were required to find a function 
whose minimum value corresponded to the steady state, 
and it can perhaps be questioned whether it should be 
called entropy at all rather than being regarded as a 
sort of dissipation function whose equilibrium value 
coincides with entropy and whose steady-state value 
equals what one would naturally call the rate of 
entropy production. 
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Elastic Scattering of Gamma Rays* 


A. K. Mannt 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received August 26, 1955) 


Gamma rays of 0.411, 0.662, and 1.33 Mev were scattered from 
tin and lead targets and the absolute differential cross sections for 
elastic scattering were measured at six angles between 15 and 90 
degrees. At 0.411 and 0.662 Mev, the scattering is expected to be 
almost entirely Rayleigh scattering from the tightly bound 
electrons, and these data should therefore provide a reasonably 
stringent test of the theory of that process. However, the only 
calculations of Rayleigh scattering presently available are form- 
factor calculations which are expected to be inadequate for several 
reasons—in particular, for neglect of electron binding in the 
intermediate state of the scattering process, and for certain 
nonrelativistic approximations—and consequently comparisons 


INTRODUCTION 


HERE have been several recent attempts to 

detect the elastic scattering of gamma rays by 
the electric field of a nucleus.'* This process, which 
occurs through virtual pair production in the strong 
field of the nucleus, is known as Delbriick or potential 
scattering‘ and is intimately related to the scattering 
of light by light. The latter is known to be a nonlinear 
effect’ not predicted by the classical Maxwell equations, 
and in the new formulation of quantum electro- 
dynamics is one of the two observable processes 
involving closed electron-loop Feynman diagrams. 


* This research was supported in part by the United States 
Air Force, Office of Scientific Research, Air Research and Develop- 
ment Command. 

ft At present on leave at the Australian National University, 
Canberra, Australia. 

1R. R. Wilson, Phys. Rev. 90, 720 (1953). 

2 W. G. Davey, Proc. Phys. Soc. (London) A66, 1059 (1953). 

*L. Goldzahl and P. Eberhard, Compt. rend. 240, 965 (1955). 

4M. Delbriick, Z. Physik 84, 144 (1933); F. Rohrlich and R. L. 
Gluckstern, Phys. Rev. 86, 1 (1952); H. A. Bethe and F. Rohrlich, 
Phys. Rev. 86, 10 (1952). 

5V. Weisskopf, Kg). Danske Videnskab. Selskab, Mat.-fys. 
Medd. 14, No. 6 (1936). 


of experiment with the form-factor results are inconclusive. 
Nevertheless, for the scattering from tin at both 0.411 and 0.662 
Mev, there is fair but possibly fortuitous agreement between 
experiment and form-factor calculations using Dirac wave 
functions for the electrons; for lead at the same energies there are 
appreciable discrepancies particularly at the larger angles between 
the experimental results and similar calculations. In view of the 
latter discrepancies, it appears that unambiguous identification of 
the elastic scattering of gamma rays by the electric field of a 
nucleus, i.e., potential scattering, cannot be obtained from 
measurements of the total elastic scattering by lead at 1.33 Mev 
without improvements in the theory of Rayleigh scattering. 


Experimental verification of the scattering of light by 
light has thus far been impossible because of its ex- 
tremely small cross section, and consequently it is of 
considerable interest to detect and measure the formally 
equivalent process of potential scattering. 

There are, in addition to potential scattering, two 
other processes* by which gamma rays are scattered 
elastically by atoms: (1) scattering from the tightly 
bound electrons, i.e., Rayleigh scattering; and (2) 
scattering through motion of the total nuclear charge, 
ie, Thomson scattering. It is expected that the 
scattered radiation resulting from all of these processes 
will be coherent and thus give rise either to constructive 
or destructive interference, depending on the relative 
phases. 

All attempts to observe potential scattering have 
involved measurements of the absolute differential 
cross section for the total elastic scattering and required 
theoretical knowledge of the cross sections for Thomson 
and Rayleigh scattering which would allow their being 
subtracted from the total scattering. Thomson scatter- 


5 We neglect here nuclear resonance scattering. 
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ing is apparently well known and, at the gamma-ray 
energies at which experiments have been performed, 
both it and potential scattering are small compared with 
Rayleigh scattering at angles less than about 90 
degrees. The latter process was originally calculated for 
the gamma-ray region by Franz’ using the Fermi- 
Thomas electron distribution (F.-T. calculation), and 
more recently by Bethe® using Dirac wave functions 
for the K-electrons, (D.W.F. calculation). The L-shell 
contribution has been estimated to zero order by Brown 
and Woodward’ and by Rohrlich and Rosenzweig 
as about one-eighth that of the K-shell for large values 
of the change in photon momentum. 

The validity of these so-called form-factor calcu- 
lations is subject to question for several reasons. (1) 
It has been shown by Brown and Woodward? that for 
small and intermediate Z elements corrections to the 
scattering amplitude due to electron binding in the 
intermediate state—which is neglected in the form- 
factor calculations—may be as large as the form-factor 
result itself. (2) The form-factor result is derived 
under the nonrelativistic assumption g<mce [gq 


= (2hv/c) sin(6/2), is the change in photon momentum ]. 
Neglecting the effect of binding in the intermediate 
state, Levinger® has obtained corrections to the form- 
factor result in the near relativistic region of order of 
magnitude aZg/mc, which for scattering from the 


K-electrons of tin give an increase of amplitude of 
25 percent above the form-factor value for g/mc=1.5. 
(3) The contribution to the cross section of the absorp- 
tive scattering amplitude is also neglected in the form- 
factor calculations. For small and intermediate Z this 
contribution is expected to be small compared with 
that of dispersive scattering, but for the scattering of 
1.33-Mev photons by the K-electrons of lead at an 
angle of 180 degrees, Greifinger, Levinger, and 
Rohrlich” have found the absorptive amplitude to be 
about three-fifths as large as the dispersive amplitude, 
if intermediate state binding is neglected. The cumu- 
lative effect of these corrections is difficult to estimate 
since they depend differently on photon energy and 
scattering angle and tend at least in part to cancel. 
Brenner, Brown, and Woodward" have made refined 
numerical calculations of the differential cross section 
for the scattering of 0.16-Mev photons by mercury 
which do not show appreciably different values from 
those obtained by the form-factor method. It is, 
however, not possible to anticipate the results at higher 
energies where considerable departures from the form- 
factor values are not unlikely. 


TW. ene. Z. Physik 95, 652 (1935); 98, 314 (1936). 
8 J. S. Levinger, Phys. Rev. 87, 656 (19 52). 
9G. Brown and J. Woodward, Proc. ave. Soc. (London) A65, 


977 (1952). 
as Greifinger, Levinger, and Rohrlich, Phys. Rev. 87, 663 
1952). 

11 Brenner, Brown, and Woodward, Proc. Roy. Soc. (London) 
A227, 59 (1952). 
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Fic. 1. Sketch of the experimental arrangement. The lead 
absorber before the detector provides additional discrimination 
against inelastically scattered radiation. 











METHOD 


The uncertainties concerning Rayleigh scattering as 
well as interest in potential scattering led us to measure 
the elastic scattering of gamma rays of several energies 
from targets of tin (Z=50) and lead (Z=82). The 
experimental arrangement was similar to that employed 
by Wilson,' and is shown in Fig. 1. Briefly, a highly 
collimated beam of gamma rays obtained from a 
radioactive source of 1-3 curies is scattered by a 
relatively thin target, and the scattered radiation 
detected with a Nal scintillation counter whose output 
is amplified and then analyzed with a single-channel 
pulse-height analyzer. One of the major experimental 
problems is to distinguish elastic scattering in the 
presence of the large inelastic (Compton) scattering; 
the resolution of a scintillation counter for gamma-ray 
energies is not sufficient to separate the elastic and 
inelastic components of the scattered radiation at angles 
less than about 60 degrees. In these experiments the 
degraded radiation was subtracted empirically by 
comparing the scattering from tin and lead with that 
from an aluminum target containing the same number 
of electrons. It was required that the energy spectrum 
of the resultant of this subtraction should be closely 
similar to that of the unscattered radiation as observed 
by the same detector. This subtraction technique is 
illustrated in Fig. 2, which shows on the right a portion 
of the energy spectra of the scattered radiation from 
targets of lead and aluminum. When the scattering 
from the aluminum is subtracted point by point from 
that of the lead, the points shown on the lower left are 
obtained. The solid curve at the lower left is the 
measured spectrum of the unscattered radiation ob- 
tained with the same detector and the same settings of 
the pulse height analyzer as were used in the measure- 
ments of the curves at the right. The unscattered 
radiation spectrum has been normalized to the sub- 
tracted results at one point but no adjustments of the 
energy scale have been made. The graph at the upper 
left is the result of recognizing that, although the lead 
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Fic. 2. Illustration of the method of eliminating incoherent 
scattering. The energy and counting rate scales are arbitrary. 
The errors in the measured scattering from lead are of the same 
magnitude as those shown for aluminum. 


and aluminum targets contain equal numbers of 
electrons and thus give rise to similar Compton scatter- 
ing, the cross section for photoelectric absorption is 
appreciably different in the two targets. The graph at 
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Fic. 3. Illustration of the method of eliminating incoherent 
scattering. At this small angle, coherent scattering and in- 
coherent scattering occur at very nearly the same energy. The 
arrow indicates the center of the unscattered radiation spectrum’ 


MANN 


the upper left is corrected for differential absorption 
of both incident and scattered radiation in the two 
targets while the points at the lower left are not so 
corrected. It is necessary to utilize targets of thickness 
less than about one-fifth the half-thickness for a given 
gamma ray to reduce the uncertainty involved in 
correcting for differential target absorption to a few 
percent. 

Another example of the method for a lower incident 
photon energy and smaller scattering angle is shown in 
Fig. 3. It will be noted that the peak to valley ratio of 
the scattered radiation spectrum is equal to that 
of the unscattered radiation in Fig. 3, but that less 
satisfactory resolution of the scattered radiation is 
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Fic. 4. Differential cross section for the elastic scattering of 
0.411-Mev gamma rays by tin versus scattering angle. The 
horizontal lines through the points indicate the angular resolution. 


exhibited in Fig. 2. Qualitatively, at least, the degraded 
radiation that spoils the resolution at 1.33 Mev may 
be accounted for in part by bremsstrahlung from the 
lead photoelectrons and by Compton scattering from 
the bound electrons in lead.” In addition, the Rayleigh 
scattering cross section at 15 degrees and 0.411 Mev 
(Fig. 3) is about 150 times as large as the value at 30 
degrees and 1.33 Mev (Fig. 2), so that within the 
precision of the measurements effects which are im- 
portant at 1.33 Mev are negligible at 0.411 Mev. We 
have obtained sufficient data similar to those of Figs. 
2 and 3 at various angles at 0.411, 0.662, and 1.33 Mev 


2 J. W. M. DuMond, Revs. Modern Phys. 5, 1 (1933); A. T. 
Nelms, National Bureau of Standards Circular 542, 1953 
(unpublished). 
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and with targets of different thicknesses to feel that 
the technique of measurement that has been employed 
provides a reliable determination of elastic scattering. 

The procedure adopted in the measurement of 
differential cross sections was derived from knowledge of 
the energy spectra of the scattered radiation. The 
pulse-height analyzer was set approximately at the 
peak of the curves shown at the left of Figs. 2 and 3, 
with a channel width about equal to the half-width. 
This meant measuring somewhat less than one-half of 
the total elastic scattering at a given angle but insured 
that observations were taken only in the region of 
elastic scattering. Numerous measurements were then 
made rapidly of the lead (or tin)—aluminum differences 
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Fic. 5. Differential cross section for the elastic scattering of 
0.662-Mev gamma rays by tin versus scattering angle. 


at five or six angles between 15 and 90 degrees, with 
adequate checks on the stability of the circuits. The 
reason for concentrating on the first quadrant is that 
Rayleigh scattering is known to fall off rapidly with 
scattering angle, and although the angular distribution 
of potential scattering is unknown it seems likely that 
some forward asymmetry will also be present in 
potential scattering. The absolute differential cross 
sections obtained from the data required only an 
additional measurement of the product of detector 
efficiency and source strength which was made by 
placing the detector directly in the unscattered beam 
at a very large distance, and knowledge of target 
thicknesses and solid angles. 
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Fic. 6. Differential cross section for the elastic scattering of 
0.411-Mev gamma rays by lead versus scattering angle. 
RESULTS AND CONCLUSIONS 


The results of the experiments are shown in Figs. 4 
to 8. The data for lead at 0.411 Mev are in good agree- 
ment with those obtained by Storruste.” At 1.33 Mev, 





| ] 


Lititl 


Lead - 0.662 Mev 





Li titi 


K+L-— shell, form factor, 
calc. 


| 


1 


F.- T,form factor, 
calc, 


5, dovdQ - cm* /sterad 


np 
TT ai er acs 3 ee FH, 





| 


+ ! 
0 $—_s 3 


O 45 60 75 90 105 
@-degrees 


Fic. 7. Differential cross section for the elastic scattering of 
0.662-Mev gamma rays by lead versus scattering angle. 


% A, Storruste, Proc. Phys. Soc. (London) A63, 1197 (1950). 











> 





T TTT * 
Litilil 


q 
1 


Leod-133 Mev 


Ut 





calc, form factor, K+ L- shel! 
homson 


-— 


TTT 
Lijdiiil 


T 
1 





Ter Trrit 
1 Jititt 


T 


—+- E-T,form factor, calc. | 


CI 


me 
es: Te a8 


15 45.60 75 90105 
@ -degrees 








icylated diff. 
sechon for polential 
scattering 


LJititit 


| 





; 
ll.) 


Fic. 8. Differential cross section for the elastic scattering of 
1.33-Mev gamma rays by lead versus scattering angle. 





the agreement with the measurements of Wilson! is 
almost exact at all angles, and good agreement obtains 
with the data of Goldzahl and Eberhard* except at 35 
degrees where their result is about twice our value. 
Davey’s’ cross sections for lead at 1.33 Mev are some- 
what higher at all angles than the results of other 
measurements. 

At 0.411 and 0.662 Mev, the scattering is expected 
to be almost entirely Rayleigh scattering, and these 
data should therefore provide a reasonably stringent 
test of the theory of that process. In spite of the 
questionable character of the form-factor calculations 
the experimental data are compared with the form- 
factor results in Figs. 4-8 primarily because of their 
availability. The scattering by tin of both 0.411- and 
0.662-Mev radiation is in somewhat better agreement 
with the D.W.F. calculation than with the F.-T. 
calculation and thus appears to distinguish between 
atomic models. In view, however, of the approximate 
nature of the calculations—especially the neglect of 
intermediate state binding—the agreement with the 
D.W.F. calculation may well be fortuitous even though 
in the range g>px (px=aZmc is the characteristic 
momentum of the K-electron), where disagreement is 
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most evident, it might be expected that the D.W.F. 
result should possess greater validity than the F.-T. 
result. 

For lead at the low energies (Figs. 6 and 7), it does 
not seem that any satisfactory comparison of theory 
with experiment can be made despite the apparent 
agreement of the F.-T. calculations with the data. 
The nonrelativistic character of the Fermi-Thomas 
model as well as the other approximations inherent in 
the form-factor approach preclude attempts to consider 
the F.-T. results as having more than heuristic value. 
It is worth noting that the poor agreement of the 
D.W.F. calculation with experiment at small angles 
does not necessarily arise from any serious fault in the 
theory. The contribution to the scattering amplitude 
by shells higher than the K-shell is taken in Figs. 6 and 
7 to be about one-eighth that of the K-shell.® This 
estimate should be valid only for large g, however, and 
Oppenheim™ has shown that for low incident photon 
energy and small momentum transfer, i.e., small-angle 
scattering, the higher shell contributions may be at 
least as large as the K-shell contribution. Using Hartree 
wave functions for lead, the L-shell is found to 
contribute roughly as much to the cross section for 
scattering at 15 degrees at 0.662 Mev as does the 
K-shell. The rather violent disagreement of the D.W.F. 
calculation and experiment at the larger angles remains 
unexplained for the time being. 

The present inadequacies of the Rayleigh scattering 
calculations do not permit any unambiguous conclusions 
regarding potential scattering to be obtained from the 
experimental results at 1.33 Mev (Fig. 8). In view of 
the unexplained difference between the D.W.F. calcu- 
lation and experiment at 0.411 and 0.662 Mev—where 
potential scattering is expected to be too small to 
produce an observable effect*—it does not appear valid 
to attribute the similar although larger difference at 
1.53 Mev to destructive interference of potential 
scattering with Rayleigh and Thomson scattering. It 
seems, therefore, that a definitive identification of 
potential scattering by current methods awaits satis- 
factory agreement between the theory of Rayleigh 
scattering and the scattering data at energies below 
1 Mev which are presently available. 
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The growth of radio and other electromagnetic waves is considered in terms of the ion motions of Bailey’s 
electromagneto-ionic theory, of a double electron stream and other factors. These conclusions are reached: 

(i) The electromagneto-ionic theory predicts spurious growing waves which do not correspond to any 
interchange of energy between gas and field but merely to the movements of the observer and emitter 
relative to the gas particles. It probably does not predict any real growing waves. 

(ii) The twelve different oscillatory modes inferred from the full dispersion equation correspond to four 
unreal waves and four pairs of real waves: two pairs of hydromagnetic waves (becoming radio waves as a 
limiting high-frequency case), one pair of modified sound waves and one pair of modified electron-sound 


waves. 


(iii) Electromagnetic wave growth may possibly result from one and only one process: the trapping of 
ions between potential troughs of the space-charge wave which is an integral part of some electromagnetic 
waves. After trapping, the ions give kinetic energy to the wave by one of two known processes. 

(iv) Ion drift motions may introduce important effects not indicated by the wave equations. 





I. INTRODUCTION 


OUR, and only four, types of wave may propagate 
through ionized gas permeated by a steady 
magnetic field.! In general, they are all electromagnetic 
waves, having associated perturbation electric and 
magnetic fields. Two of the four waves tend to be 
longitudinal or pressure waves. In the absence of a 
steady magnetic field one of these degenerates into an 
(almost) pure sound wave and the other into an electric 
space-charge or electron pressure wave. The other two 
waves tend to be /ransverse and more or less independent 
of pressure. At low frequencies, when heavy ion 
perturbations are important, these are hydromagnetic 
waves. At high frequencies, when only electron per- 
turbations are important, they are radio waves. It is 
the pair of transverse waves which are usually referred to 
as “electromagnetic” waves and which are the subject 
of this paper. 

There is ample experimental evidence that electric 
space-charge waves grow, or steadily increase in 
intensity, as they propagate. The actual mechanism of 
growth is not certain, however, the generally accepted 
theory having been recently criticized.? 

The discovery of a growth mechanism for (trans- 
verse) electromagnetic waves might be of considerable 
importance. It might permit the design of electronic 
devices capable fo directly amplifying radio waves. it 
might also provide an explanation of the observed 
high-intensity radio emission from the sun. 

A theory of growing electromagnetic waves has 
been advanced by Bailey*~$ in his electromagneto-ionic 
(EMI) theory. This is an extension of the well-known 


1 J. H. Piddington, Phil. Mag. (to be published). 

2 J. H. Piddington, Australian J. Phys. (to be published). 

3V. A. Bailey, J. Roy. Soc. N. S. Wales 82, 107 (1948). 
V. A. Bailey, Australian J. Sci. Research Al, 351 (1948). 

A . 75, 1104 (1949). 

A . 77, 418 (1950). 

A. Bailey, Phys. Rev. 78, 428 (1950). 

A. Bailey, Phys. Rev. 83, 439 (1951). 


magneto-ionic (MI) theory of Appleton and others. It 
introduces three new factors which are neglected in the 
MI theory: (a) mass drifts of the electrons and heavy 
ions due to the application of a steady electric field as 
well as the steady magnetic field assumed in the MI 
theory; (b) thermal motions of the gas particles, by 
including pressure terms in the equations of motion; 
(c) heavy ion perturbations in the wave field. With 
these additional ion motions the EMI theory predicts 
the spontaneous growth of electromagnetic (and, 
incidentally of space-charge electric) waves within 
certain frequency bands. It also indicates the presence 
of twelve oscillatory modes in the medium which is 
eight more than the MI theory. 

The objects of the present paper are : (a) to show that 
the EMI theory predicts spurious growing waves which 
do not correspond to any real physical process of 
growth, (b) to consider briefly the physical nature of 
the various oscillatory modes introduced by the new 
ion motions; these appear to have been misunderstood, 
(c) to examine the possibility that real growth of 
electromagnetic waves can ever result from random 
or mass motions of electrons and heavy ions; (d) to 
indicate briefly possible large-scale effects of ion drifts 
which should be considered in conjunction with the 
wave equations. 


II. MI AND EMI WAVES 


Before entering into a more detailed examination of 
the EMI theory, it is desirable to consider the broad 
physical differences between the waves described by 
the MI and EMI equations. The full EMI equations 
are so complex that such a comparison is virtually 
impossible. The complexity is due to the introduction 
of the various electron and ion motions listed above. 
However, several of these motions are quite irrelevant 
to the question of electromagnetic wave growth and, 
when eliminated, leave equations which may be easily 
handled. Bailey has discussed such a simplified case 
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and found the growth mechanism unimpaired; we will 
first consider this case. 

In the MI theory the effect of heavy ion perturbations 
in the electromagnetic field is usually negligible. The 
same is true for the EMI theory in the radio-frequency 
spectrum and such motions are neglected’ in a simplified 
version. If heavy ion perturbations are neglected, then 
heavy ion drifts do not affect the equations in any way 
and we may, without changing the results, assume 
these ions moving with the electrons. A further consider- 
able simplification is made (following Bailey) by direct- 
ing the gas drift and wave normal along the steady 
magnetic field. In this case the EMI equations show 
that the thermal motions of the particles do not affect 
the electromagnetic waves, although their inclusion 
does allow an additional (space-charge) wave.' We 
reach the significant conclusion that the sole difference 
between the conditions postulated for the MI theory 
and those for the (simplified) EMI theory is a mass 
drift of ionized gas along the steady magnetic field 
and that, according to the EMI theory, this drift 
causes wave growth. 

We may state the same conclusion in terms of two 
observers—the MI observer who is stationary in the 
gas, and the EMI observer who is moving past the 
gas. When movement is along a magnetic field a Lorentz 
transformation leaves the field unchanged so that both 
observers see the same steady magnetic field. The MI 
observer never sees growing waves so that the EMI 
observer sees growth solely because of his drift motion. 
This conclusion casts suspicion on the whole theory.® 

An observer moving towards a (steady, stationary) 
source emitting a wave which suffers absorption, is 
mislead into believing that the wave is growing in 
time. This simple example shows the danger of a naive 
interpretation when relative motion exists. However, 
in the EMI theory the wave growth does not depend 
on absorption (that is, electron collision) effects and 
furthermore the observed growth is in space (at a given 
instant of time) rather than in time. We will consider 
whether any MI waves, when viewed by a moving 
observer, could have such properties. 

Neglecting absorption, MI waves take two alternative 
forms: they may be traveling, unattenuated waves 
which dould never display spatial growth and may be 
neglected. Alternatively they are exponentially spatially 
attenuated or “evanescent” waves. Such waves cannot 
propagate through the medium which, for these 
frequencies, has an imaginary refractive index. They 
are reflected back into the emitter from which they 
originate, the attenuation being due to reflection. 
These waves show the required spatial growth (when 
viewed from the correct direction) and, significantly, 
they occur in approximately the same frequency bands 


® Considerations of this nature appear to have made Twiss 
[R. Q. Twiss, Phys. Rev. 84, 448 (1951) ] suspicious of the theory. 
He concluded, however, that real wave growth could occur near 
a moving boundary, in disagreement with the results of this paper. 
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as the EMI growing waves. To a moving (EMI) 
observer these waves appear as traveling waves but 
they still differ from the EMI waves as they now show 
growth or decay in time as well as space. This difference 
is removed if the (steady) emitter moves with the 
EMI observer. The waves still appear as traveling 
waves and grow or decay spatially but they are now 
steady in time. These are the EMI growing waves. The 
growth is spurious and does not represent any real 
process of energy transfer, but rather a reflection 
process. 

These “traveling evanescent” waves will be discussed 
in more mathematical detail in the following section. 


Ill. THE LORENTZ TRANSFORMATION 


The EMI theory is based on a substitution analysis 
in which weak, plane wave solutions of the form 
exp[i(w!—Lx)] are sought of the relevant equations. 
The result is a “dispersion equation” relating w and L 
but giving neither directly. Since w and L may, in 
general, be complex quantities we write w=w,+iw,; 
and L=L,+iL;, where w,, w;, L,, and L; are all real 
and the wave has the general form exp(La—w,t) 
-exp[ i(wt—L,«)]. The terms L; and w; correspond to 
growth in space and time, respectively. The dispersion 
equation, by separately equating real and imaginary 
parts, gives two relationships between the four quan- 
tities; thus two quantities may be chosen freely. 
Bailey assumed w;=0 and found, for certain values of 


~w,, that Z had values indicating wave growth (L 


complex with L, and L; of the same sign). In the MI 
theory, when absorption is neglected, 1 may be real or 
imaginary but never complex. 

When only mass drifts are important, the MI and 
EMI theories should be related by the Lorentz trans- 
formation. The EMI observer, moving with velocity U 
in the direction of propagation, sees a wave with param- 
eters w, and L, given by 


wi=BW—UL), L1=8(L—Uw/e), (1) 


where c is the velocity of light and B= (1—U?/c*)-}. 
The equations may be written in the alternative form: 


(2) 


They may be used to transform the MI dispersion 
equation into the corresponding EMI equation or to 
directly transform from an MI to an EMI wave. 

To illustrate transformation of dispersion equations, 
a simple form of the EMI equation is chosen [reference 
7, Eq. (12)] in which heavy-ion perturbations are 
neglected. To use the one-dimensional form of the 
Lorentz transformation, we assume that the drift is 
in the direction of wave propagation and so neglect the 
last term of the equation. Finally, electron random 
motions are neglected for the time being. A Lorentz 


w=BWit+UL;), L=B(Li+Uw,/c). 
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transformation then leads"® to Bailey’s equation (12.0) 
which is identical with the full MI dispersion equation. 
The introduction of ion thermal motions into the MI 
equations has little effect generally! and none signifi- 
cant to wave growth. It is concluded that, provided 
heavy-ion perturbations may be neglected, all signifi- 
cant EMI phenomena may be discussed in terms of MI 
waves plus a Lorentz transformation. 

When interpreting the MI equation it is usual to 
assume w real, in which case L may be real or imaginary 
depending on the value of w,. A wave of the latter type 
(L=iL;) is a standing evanescent wave exp(Ljx) 
-exp(iw,!). Now assume that in the MI system the 
(steady) emitter has a drift motion. The evanescent 
wave intensity varies spatially so that the motion 
causes the observed intensity to change with time. 
Mathematically this amounts to adding a term iw; 
to w. However, when this is done the form of the MI 
dispersion equation necessitates the addition of a 
term L, to J so that real and imaginary parts of the 
equation are both equal. The wave now has the form 
exp(Liz—w,t)-exp[i(wt—L,x)]. There is not the 
slightest reason why this wave should be assumed to 
increase its energy at the expense of the gas energy. 
It is an evanescent wave being dragged through the 
gas and a similar wave could occur in any medium 
capable of assuming imaginary values of refractive 
index. Now use Eq. (1) to transform to a system moving 
with velocity w,/L;. We find 


w1=B(w,—w,L,/L,), 
I,={ (L,— Uw,/c)+i(L;—Uw,/c*)}, 


which represents a traveling wave, steady in time 
(w; real) but growing in space (of two possible waves 
one grows and one decays). This is the EMI “growing” 
wave; there is no real growth but a traveling evanescent 
wave packet moving with group velocity wi/L;. 

It is concluded that the EMI theory predicts 
spurious wave growth and that no real growth occurs 
when heavy-ion perturbations are insignificant. The 
possibility of growth when two separate ion streams are 
significantly perturbed is considered in Sec. VI. 


IV. RELATIVISTIC EFFECTS 


The error in the EMI theory results from the fact 
that the dispersion equations of some waves are 
entirely changed in form when the observer moves. 
Certain waves do not suffer from this effect; for 
example electromagnetic waves in free space described 
by @L?=w*. This equation Lorentz-transforms into 
itself. When ionized gas is present the equation becomes 


CL? =u? — wo. (3) 


% After neglecting some terms in U*/c? which were introduced 
because the EMI theory uses Newtonian mechanics to describe 
the gas motion and so is inaccurate to this extent. These terms 
are not significant here but have some interest historically as 
indicated below. 


Any change in the magnitude of the term wo during 
transformation will not change the form of the equation 
so that spurious growth cannot intrude. 

Evidently the special theory of relativity provides a 
measure of protection against the type of error inherent 
in the EMI theory. This protection is not afforded, 
however, unless all relativistic terms are included. 
Furthermore, it is only effective for the simplest types 
of waves and does not extend to the case of a steady 
magnetic field present. 

Let us transform Eq. (3) according to Newtonian 
(rather than relativistic) mechanics, according to the 
formulas: 

w=w—UL, LixL. 
The dispersion equation for the moving observer once 
again exhibits the properties of the EMI equation and 
permits spurious growing waves. In the same way, if 
one or more of fundamental equations from which the 
EMI equation is developed lack relativistic terms, then 
spurious growth is again indicated. 

This explains a previous controversy concerning the 
EMI theory. As shown in the previous two sections, 
any medium capable of assuming an imaginary refrac- 
tive index may give spurious growing waves unless 
protection is afforded by a relativistic treatment. This 
protection was not given to the EMI theory (ion 
motions being described by Newtonian mechanics) 
and so Roberts" was led, not unreasonably, to conclude 
that wave growth could occur in a mass of gas, free 
from a magnetic field but drifting through space. The 
error was pointed out by Walker'? who showed that the 
growth was removed with the addition of missing 
relativistic terms. 

When the gas is permeated by a steady magnetic 
field the dispersion equation is no longer invariant. In 
its simplest form, for propagation along the magnetic 
field, it becomes 


CL =u8—w(14-0/o), (4) 


where 0 is the electron gyromagnetic angular frequency. 
The last term changes on transformation so that in 
effect the magnetic field has attached the wave to the 
gas when the latter moves it carries the wave with it. 

Considerations of this nature indicate the error in 
the “physical explanation” of wave growth due to 
mass drift given by Roberts." He first considers a gas 
in a stationary medium and then introduces a gas 
drift and shows that this could cause an increase of 
energy associated with the wave. This would be true if 
the wave remained unchanged but since it is carried 
along by the gas its properties as seen by the observer 
are changed. It is easy to show that the additional 
energy (of perturbation of the electrons) due to the 


uJ. A. Roberts, Phys. Rev. 76, 340 (1949). 

12. R. Walker, Phys. Rev. 76, 1721 (1949). 

13 J. A. Roberts, Proceedings of the Conference on Dynamics of 
Tonized Media, London, 1951 (unpublished). 
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gas motion is exactly offset by the loss of energy due to 
the altered wave characteristics. 


V. POSSIBLE WAVES IN IONIZED GAS 


As already shown! and briefly reiterated in Sec. I 
above, only four different wave types may propagate in 
stationary ionized gas in a magnetic field. The full 
dispersion equation of the EMI theory is of the twelfth 
degree and might be interpreted as indicating twelve 
different possible waves. Do drift motions really 
introduce new wave forms and might some of these 
have unusual properties such as spontaneous growth? It 
will be shown that the EMI theory introduces no new 
wave forms, although drifts modify the existing waves. 

The dispersion equation for an MI medium without 
drifts is of the fourth degree in L?, indicating four 
pairs of waves; each pair comprising two similar waves 
moving in opposite directions. If the gas now assumes 
a mass drift (or the observer moves relative to the gas) 
it is easily seen that each pair of waves will become two 
dissimilar waves. The dispersion equation should be 
of the eighth degree but is actually found to be of the 
tenth degree. 

To account for the additional degree of complexity 
we consider the simplest case of an MI wave: that given 
by Eq. (4), to be specific the upper sign is chosen, 
corresponding to a certain pair of radio waves. Now 
perform a Lorentz transformation and the equation 
becomes one of the third degree in Jy, indicating three 
possible values of L, for each value of w:. This would 
seem to indicate the presence of a third wave, one of 
the mysterious additional waves which appear in the 
EMI equations. Yet how could an additional wave be 
created by merely moving the observer? 

There is no additional wave. In the origina] equation 
there were two values of L for a given value of w indicat- 
ing two possible waves. In the transformed equation 
there are three values of L, for a given value of w; but 
this has no physical significance since w, is the frequency 
after a Doppler shift and depends on a combination of 
the real frequency and the wavelength: w:.~w—UL. 
This means that a given value of apparent frequency 
w, may be made up by three different combinations of 
real frequency and wavelength. Mathematically the 
result has some significance: it means that the w—L 
curve is sufficiently complex to be capable of intersection 
in three points by a straight line given byw— UL=const. 

Each of the two types of radio wave introduces one of 
these unreal waves. The longitudinal waves do not, so 
that the degree (tenth) of the EMI equation neglecting 
heavy ion motion is explained. The remaining two 
degrees of the full EMI equation are introduced in the 
same manner as above when separate drifts of heavy 
ions and electrons are assumed. Thus the twelve EMI 
waves really comprise only the four different wave types 
which exist without drifts, together with some unreal 
waves. 
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VI. REAL WAVE GROWTH 


As far as the EMI theory is concerned, only one 
additional factor remains for consideration as a cause 
of wave growth: heavy-ion perturbations. Since these 
are unimportant at radio-frequencies, the EMI theory 
could only describe real growth of hydromagnetic 
waves. The additional complexity caused by significant 
heavy-ion motion is considerable and it would be 
difficult, if not impossible, to differentiate between 
real and spurious growth. 

The significance of heavy-ion motions is that they 
permit two separate ion streams to exist, each with 
important perturbations. The same effect may be 
obtained by creating two separate electron streams. 
This cannot be done by applying an electric field and 
so does not fall within the domain of the EMI theory. 
However, Bailey has found the dispersion equation for 
a double electron stream when the stream motions and 
the wave normal are along the steady magnetic field." 
We will consider the case when the stream densities 
are equal and the streams have equal and opposite 
velocities relative to the observer so that the electron 
gas has no mean drift velocity. 

The dispersion equation reduces to 


wer(w—VL) — wo? (w+ VL) 
ahs = == 0 


eL?— bd i ities . 
2(@—VL2Q) 2(+VL+40) 





where +V are the stream velocities and wo?/2 their 
resonance frequencies. When »=0 this reduces to Eq. 
(4), in which form the upper sign (in front of 2) refers 
to the ordinary (O) wave and the lower sign to the 
extraordinary (EZ) wave. These designations will be 
retained in the modified Eq. (5). The roots of this 
equation are given by 


2c? @ 
=—(14Y)*+1-X 
2 v2 


Ww 


Trad 2 4c? 
+|(—a v+1-x) ——(1+Y) 
y? v2 


i 
X (1+ v-x)| , (6) 


where X =wo?/w*? and Y=Q/w. Inspection reveals that 
the E wave may have complex values of Z for real 
values of w which is the criterion for wave growth. 

All previous cases of wave growth predicted by the 
substitution analysis, for both space-charge electric 
waves? and for electromagnetic waves, have proved 
spurious. It is natural, therefore, to regard this example 
with suspicion although the reason for spurious growth 
(movement of the gas relative to the observer) seems 
to have been eliminated. Such suspicion appears 


“4 Reference 8, Eq. (101). 
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justified. According to Eq. (6) there are two pairs of E 
waves whereas, when drift is eliminated, there is only 
one pair. The nature of the two pairs is found by 
considering the limiting case X-+0 when the dispersion 
equation for real radio waves should reduce to c?L*/w* 
==1. The upper sign before the square brackets yields 
CL? /w?=c/V2(1—Y)* (called E1 waves) and the lower 
sign c?L?/w*=1 (called E2 waves). The latter are real 
waves but these do not grow; in the region where L is 
complex, LZ, and J; are of opposite sign so that the 
waves are traveling evanescent waves. It is the El 
waves which show the characteristic of growth. But as 
the electron density is gradually reduced to zero the 
phase velocity of these waves falls steadily to the 
limiting values +V(i—Y)—. Thus in free space the 
waves have velocity of order V and so cannot be real 
waves; like the additional waves of the EMI theory 
they have only mathematical reality. 

Once again the substitution analysis proved mislead- 
ing until checks were made. This time it was not the 
growth which was spurious but the wave itself. 

It would seem reasonably safe to conclude that no 
ion motion or combination of motions allowed in the 
EMI theory or double electron stream theory is 
capable of causing growth of real waves. 

There is one mechanism of growth of electromagnetic 
waves which seems promising on physically intuitive 
grounds. It depends on factors not allowed in the EMI 
theory. When propagated obliquely to the magnetic 
field, the waves have a potential electric field in the 
direction of propagation. Other features may, for the 
time being, be neglected and the wave considered as a 
simple space-charge wave. These may grow by trapping 
electrons (or other ions) between adjacent potential 
troughs and abstracting their kinetic energy. This has 
been suggested? as the only known mechanism of growth 
of simple space-charge waves. The removal of the 
electron kinetic energy is effected either by slowing the 
wave, (this requires a nonuniform medium), or by 
taking account of collisions between electrons and of 
the electron velocity distribution. The processes have 
been discussed quantitatively by Bohm and Gross!® 
in connection with simple space-charge waves. 

The above process of growth requires a substantial 
number of electrons having a velocity component in 
the direction of propagation equal to the wave (phase) 
velocity. Since the electron drift must be mainly along 
the steady magnetic field it follows that the total 
velocity of some electrons must be well above the 
wave velocity. Only the EZ radio mode may have a 
phase velocity less than that of light. It follows that this 
mode of wave growth is only applicable in the case of 
the E wave. 

Much of the effort directed to the understanding of 
the growth of electromagnetic waves is concerned with 


16D. Bohm and E. P. Gross, Phys. Rev. 75, 1864 (1949). 
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an explanation of observed intense solar radio noise. 
It does not seem likely that the above mechanism is 
hopefui, since the E ray concerned is unable to escape 
from the levels of the solar atmosphere where it is 
amplified.'* Furthermore it appears to be the O rather 
than the E wave which is actually observed more 
frequently. 


Vil. ELECTRIC CURRENTS 


Differential ion drifts, or electric currents, may be 
important in modifying the properties of electromagnetic 
waves. Such currents have effects not indicated by the 
wave equations and these sho uld be studied. 

A steady current of density j introduces a space 
gradient into the magnetic field given by curl H=4rj 
(electromagnetic units). In general the refractive index 
of the medium for any electromagnetic wave (radio, 
hydromagnetic, electron or gas pressure waves) depends 
on the value of Ho. Thus an electric current will cause a 
refractive index gradient and so will bend the waves. In 
this case linear propagation cannot be assumed and . 
the effects of refraction may be important. 

A further difficulty arises when the current flows 
across the magnetic field, when there is a mechanical 
reaction jX Hy on the gas. This force tends to move the 
gas until it acquires a velocity v such that the net 
electric force E’= E+vXHpo (where E is the applied 
or external electric field) is zero. The only way in 
which a steady current may be maintained is to apply 
a mechanical force to the gas.!? Thus in the solar 
atmosphere above sunspots the magnetic field strength 
may be 100 gauss or more. At a level where the electron 
density is 10° cm~* the force of solar gravity is only 
sufficient to cause a transverse drift of about 0.03 cm 
sec or less. Thus care must be taken before postulating 
drifts of more than say a few centimeters per second. 
Much the same considerations apply in the case of the 
ionosphere and interstellar gas. 


VIII. CONCLUSIONS 


(1) The growth of radio and other electromagnetic 
waves predicted by the EMI theory is spurious and 
does not depend on any real transfer of energy from 
the gas to the waves. The waves are “traveling evanes- 
cent” waves which travel because the gas moves 
relative to the emitter and observer and “grow” by a 
reflection process. 

(2) No new waves, other than four types already 
recognized, result from the various ion movements 
allowed in the EMI theory. 

(3) Electromagnetic waves may possibly grow by a 
process of trapping electrons between adjacent potential 


16 J. H. Piddington and H. C. Minnett, Australian J. Sci. 
Research A4, 131 (1951). 

17 See, for example, J. H. Piddington, Monthly Notices Roy. 
Astron. Soc. 114, 651 (1954). 
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troughs of the associated space charge wave (which is 
an integral part of the electromagnetic wave). The 
mechanism has been discussed for simple space-charge 
electric waves. 

(4) Ion drifts should not be postulated without 
considering the secondary effects of the associated 
electric currents and electrical and mechanical fields 
of force. 
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Growing Electric Space-Charge Waves and Haeff’s Electron-Wave Tube 


J. H. Pipprycton 
Division of Radiophysics, Commonwealth Scientific and Industrial Research Organization, Sydney, Australia 
(Received August 30, 1955) 


A theory of “growing” electric space-charge waves in drifting, interpenetrating electron streams, or 
mixed ion and electron streams, has been developed by Pierce, Haeff, and others to explain the operation 
of the electron-wave tube and other amplifying devices and perhaps also the origin of some solar radio 


emission. 


The theory is shown to be untenable, the growth predicted being spurious and due to misinterpretation 
of the dispersion equations. The waves which are thought to grow are evanescent waves being reflected 
back into an emitter which is moving through the gas. Only mathematically do they appear as real 


traveling waves with exponential growth. 


An alternative mechanism to explain the operation of the amplifying tubes is briefly described. 


THEORY of “growing” electric space-charge 

waves in drifting, interpenetrating electron 
streams, or mixed ion and electron streams, has been 
developed by Haeff,!-* Pierce,*~* Nergaard,’ Bohm and 
Gross,® Feinstein and Sen,’ Rydbeck and Forsgren,” 
and others. The theory purports to show how the waves 
“grow” or steadily increase in amplitude as they 
propagate along the composite electron stream. It is 
believed to explain the operation of Haeff’s electron- 
wave tube and other growing-wave tubes and perhaps 
also the origin of some solar radio emission. 

It is the purpose of this note to show that the theory 
is not valid, the growth predicted being spurious and 
due to misinterpretation of the dispersion equations. 
Since the electron-wave tube and other amplifying 
devices demonstrably do work, an alternative mechan- 
ism is required and a likely one is briefly described. 

The theory depends on a substitution analysis in 
which plane waves in time ¢ and space x, of the form 
exp[i(w!—I'x)], are sought of the relevant equations. 


1A. V. Haeff, Phys. Rev. 74, 1532 (1948). 

2A. V. Haeff, Phys. Rev. 75, 1546 (1949). 

3A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 (1949). 

‘J. R. Pierce, J. Appl. Phys. 19, 231 (1948). 

5J. R. Pierce and W. B. Herbenstreit, Bell System Tech. J. 
28, 33 (1948). 

*j. R. Pierce, Travelling Wave Tubes (D. Van Nostrand 
Company, Inc., New York, 1950). 

7L. S. Nergaard, RCA Rev. 9, 585 (1948). 

®D. Bohm and E. P. Gross, Phys. Rev. 75, 1864 (1949). 

* J. Feinstein and H. K. Sen, Phys. Rev. 83, 405 (1951). 

0. E. H. Rydbeck and S. K. H. Forsgren, Trans. Chalmers 
Univ. Technol., Gothenburg, No. 102 (1951). 


The result is a dispersion equation relating w and I but 
giving neither directly. In general both w and I’ may be 
complex quantities: w=w,+iw;, [=I',+il;, where w,, 
w;, I',, I; are all real and the wave has the form exp(I' 
—w,t)-exp[i(wt—TI',x)]. Finite values of w; and I’; are 
indicative of wave growth in time and space respec- 
tively. The dispersion equation for the electron-wave 
tube shows, within certain frequency bands, complex 
values of I’ for (assumed) real values of w. This is 
interpreted as indicating the presence of traveling, 
growing waves whose energy increases steadily at the 
expense of the kinetic energy of the electron streams; 
Pierce® has called this an electromechanical process. 

Twiss" has sensed a danger in this interpretation of 
the dispersion equation and shown that if I’ (instead 
of w) is assumed real, then the equation gives complex 
values of w indicating waves growing in time. Such 
growth is not observed experimentally so that doubt is 
cast on the theory. He concludes that a theory of 
growing waves may be developed only in relation to 
the boundaries which are essential in promoting growth. 
Neither Twiss’s criticism nor emphasis on boundaries 
is found to be justified. 

However, there is a fundamental error in the electron- 
wave tube theory due to misinterpretation of the 
dispersion equation. This is due principally to the fact 
fact that the frame of reference in which the wave is 
described is moving relative to the gas. 

A space-charge wave is propagated relative to the 


4 R. Q. Twiss, Proc. Phys. Soc. (London) B64, 654 (1951). 
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electron gas in which it constitutes a perturbation and 
with which it may experience electromechanical effects. 
If the gas assumes a drift relative to the observer, the 
wave is carried with it and so assumes different apparent 
properties (described in the frame of reference of the 
observer). For example, a wave which is spatially 
attenuated but steady in time may, in certain frames 
of reference, appear to either grow or decay in time. 
It is less obvious but nevertheless true that certain 
waves may show spurious growth in space while remain- 
ing steady in time; an example is now given. 

Consider space-charge waves in a gas whose electrons 
have random thermal motions but no mass drift. The 
well-known dispersion equation” has the form: 


v2T?=w?— we’, (1) 


where », is of the order of the root-mean-square electron 
velocity and wo is the plasma resonance frequency. 
Electron collisions with heavy ions and hence absorption 
are neglected. When w>wo the equation describes 
traveling, unattenuated waves moving with velocity 
04(1—wo?/w*)-4. When w <wo the waves are exponentially, 
spatially attenuated or evanescent waves. These are in 
process of being reflected back into the source of 
radiation (say a boundary) by the medium whose 
refractive index is imaginary. It is with these particular 
waves that we are concerned. 

Now consider the same waves as seen by an observer 
moving with velocity U along the x axis. They have 
constants w, I';, given by the Lorentz transformation : 


w=Blo+UT)), T=6(Ti4+ (U/2)o1], 


where B= (1—U?/c?)-4. When U<c and the wave 
velocity is of the order c or less, the Newtonian trans- 
formation, 


w=a,+UT,, T=P,, (2) 


may be used. For simplicity this form is used here, this 
move being further justified by the fact that Haeff 
et al. used Newtonian mechanics. The dispersion 
equation is now found from Eqs. (1) and (2): 


(v2— U2) (we—wy2) 4 
|. (3) 


U*w 2 





When »,>U this equation gives complex values of T’; 
for real values of w; within the frequency range defined 
by 

@1 <wo(1 2 U?/v2)}, 
If this is interpreted in the manner of the electron-wave 
tube theory it indicates traveling waves, one of which 
grows in space. 

The physical nature of these “growing waves” may 
easily be determined. The choice of w; real means that 
the (steady) emitter moves (relative to the gas) with 

12 J. J. Thomson and G. P. Thomson, Conduction of Electricity in 


Gases (Cambridge University Press, London, 1933), Vol. 2, p. 353. 
18). Bohm and E. P. Gross, Phys. Rev. 75, 1851 (1949). 


the observer as in the electron-wave tube theory; I, 
is then complex. Equation (2) shows that w and I are 
both complex, the wave having the form exp(I’—w,) 
-exp[i(wt—I',x) ]. There is no objection to a solution 
of Eq. (1) of this form; physically it means that the 
(steady) emitting source is moving relative to the 
observer (and gas) so that the signal strength changes 
with time. The waves are still evanescent, but during 
each wave period the emitter moves so that successive 
intensity maxima are displaced and the wave appears 
to travel. It is really a traveling evanescent wave packet, 
the real part of its group velocity being w,/I';. When the 
observer also assumes this velocity, the wave has 
constants w;=w,—w,I',/T; and T,;=Il,+:I; and so 
appears steady in time but growing in space. 

There is not the slightest reason for assuming that 
these waves really grow by increasing their energy at 
the expense of the electron kinetic energy. The spatial 
intensity change is due to a process of reflectlon and 
the waves appear to travel because the observer is 
moving relative to the gas. The presence of such 
spurious growing waves in this simple example suggests 
that they might occur in the more complex case of 
interpenetrating electron streams. 

The dispersion equation® for two electron streams of 
velocities and densities (expressed as resonance fre- 
quencies) 0q, Vo, Wa, we is 


9 
w2 we 


+ ad. 
(w—v,0')? (w—v,I')? 





(4) 


The relevant frame of reference is one in which the 
emitter is fixed but the gas moving. Within certain 
frequency bands IT is complex for real values of w 
which indicates, according to the theory, that the 
waves are growing in space and explains the amplifying 
characteristics of the electron-wave tube. 

Since the observer is moving relative to the gas, 
Eq. (4) is analogous to Eq. (3) and might be expected 
to describe similar spurious growing waves. To test this, 
we transform to an observer sharing the “mean” 
gas velocity. In the case of equal density streams 
(wa=ws=wo), the mean velocity is obviously }(v.+s) 
and on transforming to a system with this velocity, 
Eq. (4) becomes 


wo” wo? 


+ = i 
(wi- v",)? (wie 1)? 


where v= 4(v,—1,). If w; is now assumed real, the values 
of I’; are given by: 


VT P=wor+twrt (4c 12a 9?-++ wo!) } (6) 


This equation is analogous to (1) and shows that I, 
may be real or imaginary but never complex so that 
at no frequency may growing waves ever occur in this 
medium. It is highly significant, however, that the 
frequency bands in which growing waves are predicted 
by a moving observer are just those, except for a 


(5) 
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Fic. 1. A hypothetical electron velocity distribution in the 
double-beam electron-wave tube. 


Doppler shift, in which evanescent waves are seen by 
a stationary observer. This same effect is seen when 
comparing Eqs. (1) and (3). 

In the general case, wa~w», it is not clear what is the 
physical significance of the “mean” gas velocity. 
However, it has been shown® that when it is taken as 
the simple arithmetic mean }(v.+»), then no growth is 
indicated. This result is sufficient for the present 
purposes, particularly when it is remembered that, 
according to Haeff, the case of equal density streams is 
one of particularly strong apparent growth. It is 
concluded that all waves which appear to grow accord- 
ing to the electron-wave tube and similar theories are 
really traveling evanescent waves. There is no real 
growth, the observed spatial change in intensity being 
due to a process of reflection and the wave travel to 
the fact that the gas carries the wave past the observer. 
It is further concluded that when wave growth is being 
investigated by the substitution analysis method an 
observer should always be chosen stationary in the gas. 

When real and imaginary parts of a dispersion 
equation are considered separately, they provide only 
two relationships between the four variables; hence two 
of the variables may be chosen freely. A second rule 
of interpretation is that the choice should be physically 
realizable and relevant to the problem under considera- 
tion. In effect the choice amounts to assuming the 
method of injection of the wave into the medium. Thus 
in a particular equation we might assume w real 
(that is we make w;=0 and give a definite value of w,) 
and so find ! complex. This means that the observer is 
assumed a fixed distance from a steady emitter so that 
the observed intensity is constant in time. The result 
that T is complex shows that the wave grows (or 
decays) as it propagates. The same equation might be 
interpreted (see for example reference 11) on the 
assumption that I is real and so w complex. This means 
that the wave was introduced by an emitter whose 
intensity varied in such a way as to maintain successive 
wave crests of equal intensity. Subsequently the wave, 
uniform in space, would appear to grow (or decay) in 
time since successive waves passing the observer 
would be larger (or smaller). The two interpretations 
are really identical: the wave grows as it propagates 
through the medium. 

Using different equations of motion of gas particles, 


PIDDINGTON 


Bohm and Gross* have derived the dispersion equation 
for space-charge waves in a pair of equal density 
electron streams having equal and opposite velocities. 
The equation has two roots given by 


w’=—ATY, (7) 


where A is real and positive, so that now when w, (I';) 
is assumed real I’; (w:) is imaginary. They assume IT’; 
real and conclude that the system is unstable. This 
means that when ‘=0 a wave of the form exp(—iI’,x) 
extends as a stationary and nonoscillatory wave 
throughout the medium. There seems no reasonable 
physical method of introducing such a wave, so that 
the assumption that I, is real appears unjustified. 
The alternative assumption of w; real satisfies the 
equation equally well and has a satisfactory physical 
explanation: evanescent waves being reflected back 
into a stationary, steady emitter. 

The same considerations apply to Eq. (5) when it is 
rearranged to give w; as a function of I';. One set of 
waves, within certain limits of I’, have imaginary values 
of w; and so are not physically realizable. 

It appears that the wave growth mechanism described 
by the current electron-wave tube theory is spurious 
and an alternative theory of operation of this and other 
similar tubes is required. There remains one method of 
wave amplification and this has considerable physical 
intuitive appeal: growth may occur when electrons 
are trapped between potential troughs of a space-charge 
wave and lose some kinetic energy to the wave. 
Electrons with velocities just above and just below the 
wave velocity are trapped; the former on an average 
give energy to the wave and the latter subtract energy 
before being scattered back into the general velocity 
distribution f(u). The criterion for wave growth 
is that df(u)/du should have a sufficiently large, 
positive value when u~ V, the wave velocity. Figure 1 
shows a hypothetical velocity distribution (about the 
mean velocity) for a double electron stream. Provided 
V<v, the condition for growth is clearly satisfied. 
The same explanation might serve for the simple 
“slipping” stream of electrons’ provided the velocity 
distribution were asymmetrical about the mean 
velocity. The operation of this tube is, according to 
Pierce,'* “something of a mystery.” Finally the explana- 
tion may be relevant to the growing-wave tube of 
Pierce, although here the theory is complicated by the 
presence of a helix. 
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Scattering of 200-kev Electrons in Gold* 
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The relative differential cross sections for scattering of 200-kev electrons by gold foils have been measured 
and compared to values computed from the Mott theory. The 70° to 150° angular range was covered. The 
data are in satisfactory agreement with theory and fail to show discrepancies previously reported. 





EASUREMENTS of the differential cross section 

for large angle scattering of electrons had shown 
consistent disagreement with the Mott theory! until 
the recent work of Bayard and Yntema? appeared. 
These workers measured the relative differential cross 
sections for scattering of electrons of 0.6-, 1.0-, and 
1.7-Mev energies. Gold and aluminum scattering foils 
were used and the 30° to 150° angular range was 
investigated. The data were in satisfactory accord with 
the theory. 

On the other hand, at lower energies (0.15-0.4 Mev) 
the only published results* show significant deviations 
from theory for large-angle scattering in heavy elements 
(37% for 150° scattering in gold). In an effort to resolve 
this discrepancy, we have remeasured the angular 
distribution of 200-kev electrons scattered from gold 
foils, taking precautions to insure the negligibility of 
scattering from the chamber walls. 


APPARATUS 


The source of 200-kev electrons was the magnetically 
analyzed beam of a pulsed resonant cavity linear 
accelerator.‘ The beam entering the 9 in. diameter by 
8-in. scattering chamber (Fig. 1) was focused by means 
of a magnetic lens (not shown) on a gold foil F. A 
solenoid within the chamber allowed replacement of 
this foil by a blank foil mounting, thus making possible 
detection of electrons scattering from the walls. The 
gold foil (0.2 mg/cm?) was viewed at various angles 
between 70° and 150° through systems of aluminum 
baffles D, by a mobile thin-window GM counter A. 
The scattered electrons emerged from the chamber 
through ports covered by 5.5 mg/cm? aluminum foil. 
The unscattered beam impinged upon another port at 
the zero-degree position and was detected by another 
counter B, which saturated and produced a pulse for 
each 4-microsecond period during which the resonant 
cavity was in operation. The repetition rate was 120 
cps. This latter counter B operated in coincidence with 


* Supported by Office of Ordnance Research, U. S. Army. 
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the counter A detecting scattered electrons. Thus no 
cosmic rays or other counts were counted between the 
4-microsecond bursts from the accelerator. 

The zero-degree counter B also operated in coin- 
cidence with a fixed counter C, which viewed the gold 
foil at 90° from the side of the chamber opposite to the 
location of counter A. The A+B coincidence rate at 
various angles was normalized to the C+8 rate in all 
angular distribution measurements with the gold foil. 
In comparison of the “gold” vs “blank” rates, however, 
this normalization was clearly without meaning, and a 
constant beam current was employed. 

The rates of single counts by counters A and C were 
kept well below the 120 cps repetition rate of electron 
bursts from the cavity accelerator in order that the 
probability of multiple counts during a 4-microsecond 
burst (which would be detected as a single count) be 
small. A correction® for the loss of counts due to this 
possibility was made for all data. This correction was 
negligible for large scattering angles, and was at the 
most, a few percent for 70° scattering. A series of 
preliminary experiments were performed to find the 
optimum geometry and beam trapping arrangement for 
minimizing the detection of electrons scattered from 
the chamber walls. The A+B coincidence rate was 


) INCIDENT BEAM. 





Fic. 1. Schematic layout of the scattering chamber as 
described in the text. 


5 C. H. Wescott, Proc. Roy. Soc. (London) A194, 508 (1948). 
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observed with the gold foil and blank mounting 
alternately intercepting the incident beam. The “blank” 
counting rate was reduced by introduction of the 
aluminum baffles, by use of a delicate framework of 
wood slivers to support the foil, and by the use of a 
carbon “trap” to receive the unscattered beam and 
prevent its scattering into the solid angles subtended by 
counters A and C. With these innovations the scattering 
from the walls and other parts of the chamber was 
reduced to a completely negligible and generally 
undetectable level. 

The variations in the solid angles of the ports viewed 
by counter A at its different locations were measured 
experimentally by means of a Cs'*’ deposit on a 0.2- 
mg/cm? mica foil which replaced the gold scattering foil. 
The variation of counting rate A with position was 
observed after subtraction of the gamma-ray contri- 
bution. This contribution, which was in any case small, 
was observed by covering the counter end window with 
aluminum of just sufficient thickness to stop the Cs'*” 
beta rays and conversion electrons. This procedure was 
also carried out using P*, a pure beta emitter. The 
long lifetime of Cs'*’ rendered it more useful in this 
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Fic. 2. The relative differential cross section as measured by the 
A+B coincidence rate vs scattering angle. The experimental 
points are fitted to the Bartlett and Watson’ calculation shown by 
the solid line. 
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regard over an extended period of time. The corrections 
obtained in this way for the solid angle variations of 
the ports were of the order of a few percent or less and 
were applied to the A+B coincidence rates. 

No correction for plural scattering of electrons into 
or out of the solid angle subtended by the counter A 
was made. Chase and Cox® have given a criterion for 
neglecting the effect of a number of small angle deflec- 
tions which may occur together with a single large 
angle deflection. However, we are advised by one of 
these authors (R. T. Cox), that their result is intended 
as an estimate of the effect only and should probably 
not be used as a correction term in the adjustment of 
data. In any event, the effect as given by this criterion 
is no larger than our estimated total uncertainty. It is 
felt that the most important source of error is in the 
exact determination of the scattering angle, the un- 
certainty in this quantity arising from the following 
three causes: (1) The mechanical layout and drilling 
of the ports in the scattering chamber; (2) the position- 
ing of the foil by the target changer; (3) the centering of 
the incident beam on target. In view of these factors, 
we have estimated the uncertainty in the scattering 
angle to be 0.5 degree, implying an uncertainty of about 
3% in the relative cross section at 70° where the 
uncertainty is greatest. 


RESULTS 


In the measurement of the angular distribution of 
scattered electrons the A+B counting rate was normal- 
ized to the C+B counting rate to compensate for 
possible changes of beam current during the prolonged 
runs. Approximately 5 hours were required to obtain 
a complete angular distribution with statistical errors 
of a few percent as a result of the low counting rates 
imposed by the pulsed nature of the incident beam. 
The data presented in Fig. 2 are the averaged results 
of several such runs after application of the corrections 
described above. The solid curve is the Bartlett and 
Watson’ exact evaluation of the Mott differential cross 
section for scattering in mercury (Z7=80). The agree- 
ment between the experimental points and the theo- 
retical curve is satisfactory and fails to show the 
deviation observed previously® at large angles. 

6 C. T. Chase and R. T. Cox, Phys. Rev. 58, 243 (1940). 


7J. H. Bartlett and R. E. Watson, Proc. Am. Acad. Arts Sci. 
74, 53 (1940). 
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By a digordered linear chain, we mean a chain of one-dimensional harmonic linear oscillators, each coupled 
to its nearest neighbors by harmonic forces, with the mass of each oscillator and the coupling parameters 
taken to be random variables with known distributions. The problem of calculating the distributions. The 
problem of calculating the distribution function of the frequencies of the normal modes of vibration of the 
chain in the limit as the chain becomes infinitely long was resolved by Dyson. In this paper, we present a 
simple algebraic proof of the essential limit relation in Dyson’s paper. 





I, INTRODUCTION Expanding in terms of the elements of the first row, 
YSON! considered the problem of determining we obtain the recurrence relation 
the distribution function of the characteristic 
frequencies of a chain of N masses, each coupled to its (Aj A1, Az, +++, Aw—1) =AH_1(Aj Aa, As, +++, Aw-1) 
nearest neighbors by elastic springs, in the case where +ArPAwy_2(A; As, Aa, °°, An-1) = (2) 
the masses and coupling forces are random variables. 
After some elementary transformations, the problem for N>3, with Hi(A)=A, H2(A; A2)=\?+Az. From (2), 
reduces to determining the distribution of the character- we obtain 
istic roots of the Hermitian matrix 
; a se ) Hw(a;A1, ts Ay-1) 
a - : ee wie em oth 1/9) 
’ * . - Hy_i(d3 Ao, «++, An-1) 
Hyv=| 0 iss O- irs = pee RS tear ‘ 
tee —idn-2 0 2 dkaurna 
—thy-1 ) A+)? 
where the d, are real random variables. 
The essential step in the derivation of the limiting 
distribution is the proof of the relation 


1 1 NY 
lim Pl idl = lim — ¥ logf/A+zn(A)], (1) 
N00 NV N20 N n=l 


and thus 

where z,(A) represents the infinite continued fraction 

Zn(A)=An2/(A+Ang?/ (A+: °°. (2) , Hy(\3M1, +++, Aw-1) 

im 

This result was obtained by Dyson using recurrence -* Hy 4(\; Xo, «++, Aw_1) 
relations for trace Hy**, for k=1, 2, ---, obtained from 
combinatorial arguments. Here we shall present a =A+A2/(AFAZ/A+- ++). (4) 
simple algebraic proof. 





; 29 Dee I ; 
IL PROOF OF LIMIT RELATION To obtain the relation given in (1) of I, let us write 


Consider the determinant Halsey dy ++ *, haris 


err ceig -¢: Hy(A3 M1, Aa) ©) Ana) = wa 
ois " ide ye Hy-1(a; Aa, Xs, 7 Aw-1) 





Hy-i(a 3 Aa, As, °° °; Ay-1) 





BANG hg + Nee 
aisha r jee. N ( 3 4 N 1) 
< ~ ie O ‘Taking logarithms and replacing each ratio H;/Hi-1 
=Hy(d}; M1, A2, +++, An-1). (1) _ by its equivalent in (3), we obtain the desired relation 
1 F, J. Dyson, Phys. Rev. 92, 1331 (1953). upon letting VN. 
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The cross section for annihilation of positrons in flight has been measured for positron energies of 0.765, 
1.02, 2.2, and 3.33 Mev. Positron energies were selected by means of a magnetic lens monochromator. A 
differential energy interval of about 0.1 Mev was defined by the pulse height from an anthracene crystal in 
which annihilation occurred. The annihilation radiation was detected in a scintillation counter biased to 
record only quanta above 0.51 Mev. The angular distribution of the annihilation radiation and the total 
annihilation cross section, at all energies, agrees with the theoretical values within the experimental ac- 


curacy, estimated to be about +5%. 





A. INTRODUCTION 


HE annihilation of a negatron and a positron in 

free space with the resulting emission of two 

quanta is one of the fundamental processes of quantum 

electrodynamics. Very few direct quantitative measure- 

ments of the rate or cross section for this process have 
been reported in the literature. 

Colgate and Gilbert' have measured the transmission 
of positrons and negatrons of 50-, 100-, and 200-Mev 
energy through thin beryllium foils. The larger at- 
tenuation of the positron beam was in agreement with 
the theoretically expected rate of annihilation within 
the experimental error. The interpretation? of the an- 
nihilation rate for positrons stopped in gases or in 
solids involves the unknown electron wave functions 
and probably throws more light on these than on the 
fundamental process. The two-quantum annihilation 
rate at low velocities may be deduced from the magnetic 
quenching of the three-quantum decay of ortho- 
(triplet) positronium using the measured ortho- 
positronium lifetime and the ortho-para splitting. The 
result agrees with theory within the accuracy of the 
experiments (+ 10%). 

Several estimates of the, annihilation cross section in 
the 1-Mev region have been made from the number of 
positron tracks disappearing in cloud chambers or 
emulsions before reaching: the end of their range, or 
from the integral intensity of gamma rays with energy 
exceeding mc? produced by the continuous positron 
spectrum from a radioactive source. Gerhart, Carlson, 
and Sherr® have used a scintillation spectrometer to 
study the continuous gamma-ray spectrum produced 
by the positrons from Ne" and from A* stopped in a 
thick absorber. These results are generally quite rough, 
either because of the small number of counts when 
individual events are observed or because of the com- 
plexity of the situation in the integral experiments. 


*This work was supported in part by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ National Science Foundation, Postdoctural Fellow. 

1S. A. Colgate and F. C. Gilbert, Phys. Rev. 89, 790 (1953). 

2 See M. Deutsch, Progress in Nuclear Physics (Pergamon Press, 
London, 1953), Vol. 3, p. 131, for a more complete discussion of 
the results mentioned in this paragraph. 

® Gerhart, Carlson, and Sherr, Phys. Rev. 94, 917 (1954). 


Shearer‘ performed a measurement of the differential 
probability of annihilation of positrons at several 
energies from 0.5 to 1.2 Mev. His results showed the 
expected energy and angular dependence of the cross 
section, but indicated absolute values about 40% 
smaller than predicted theoretically. So large a dis- 
crepancy seemed inconsistent with the established 
validity of the approximations involved in the theory. 
A careful re-examination of Shearer’s experiments indi- 
cated the probability of systematic experimental errors 
as well as some inconsistencies in the evaluation of the 
data. We have therefore performed a new series of 
experiments employing the general method and some 
of the equipment used by Shearer and find good agree- 
ment, within an experimental error of +5%, between 
the experimental and theoretical annihilation proba- 
bility in anthracene for positrons with kinetic energies 
of 0.765, 1.02, 2.22, and 3.3 Mev. 

The experimental arrangement is illustrated sche- 
matically in Fig. 1. Positrons of mean energy £,° 
starting in a certain angular range from the source, are 
focused by the magnetic lens on an anthracene crystal 
C. The light of the scintillation produced in C is reflected 
within the Lucite light pipe and from an aluminum 
reflector to an RCA 6199 photomultiplier. This is re- 
ferred to as the beta counter. The gamma counter 
consisting of a Nal crystal mounted on a 6199 photo- 
multiplier with appropriate lead shielding registers 
annihilation radiation originating in the anthracene 
crystal and can be rotated in a plane perpendicular to 
that of the figure about an axis through C. 

In the absence of scattering or annihilation in C, all 
pulses in the beta counter should have the same magni- 
tude representing the total positron kinetic energy £. 
(If the positron range exceeds the crystal thickness, the 
pulse height represents only the energy loss in C, but 
the argument is unchanged.) Actually some pulses of 
smaller magnitude are observed, showing that some 
positrons do not expend their entire energy in C. Some 


4]. W. Shearer and M. Deutsch, Phys. Rev. 82, 336 (1951). 

5 We use the notation of W. Heitler, The Quantum Theory of 
Radiation (Oxford University Press, Oxford, 1954), third edition. 
E is the total energy including rest mass, ’P is ¢ X momentum, 
having the dimensions of energy, referred to here as the mo- 
mentum. 
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of these smaller pulses are due to positrons which are 
annihilated in the crystal after having lost only a small 
fraction of their energy. By selecting a certain pulse- 
height range in the beta counter we register only 
positrons with an energy loss between Ey and Ey+AE 
in C before annihilation. We find a considerable number 
of pulses in this energy range due to positrons scattered 
out of the crystal and to other effects discussed in more 
detail in Sec. C. Therefore, only those pulses are counted 
which coincide with a gamma ray of energy greater than 
myc” registered in the gamma counter. This procedure 
eliminates practically all counts due to events other 
than annihilation in the energy range AE. The over-all 
efficiency of the gamma counter is determined by a 
separate calibration. It should be noted that within a 
given range of pulse heights, the energy loss for all 
positrons in the same interval is AZ and is independent 
of scattering. The counting rate at each angle of the 
gamma counter may be compared with the rate pre- 
dicted using known scattering theory and the differ- 
ential annihilation cross section for the energy range 
AE at E. The scattering, together with the variation 
of gamma-ray energy as a function of the angle of 
emission, complicates the calculations (see Sec. B). 


B. THEORY 


The differential electron cross section for the an- 
nihilation of a positron is given in Heitler® in the center- 
of-mass coordinate system. 

A Lorentz transformation yields the differential cross 
section per unit solid angle do/dQ for annihilation of a 
positron of energy E and momentum P with an electron 
at rest in the laboratory coordinate system, with emis- 
sion of a gamma ray of energy &,, in a direction defined 
by the polar angles @,,@ with respect to the incident 
positron momentum 


do e&(E+un) 1 
a2 —siC«éP:SCsCU' CE-w—P c0s8,)? 
3ut+E 
2u(E+ ) (E—P cos61) 
(E+pu—P cos6;)? 
2(E+n)?(E—P cos6,)? 











where yu is the electron rest energy The energy k; of the 
gamma ray is 


E-pu es 
cos | . (2) 
E+ 


m 


bal 1- 


while the second quantum emitted in the process has 


an energy 
ko=E+p—h. 


Equation (1) neglects the Coulomb field between the 
positron and electron and the effects of binding. It 


should be a good approximation when aZE/P<1; in 
our experiments 
aZE/PS0.05. 


In the experiment, the energy loss of the positron 
before annihilation is measured rather than the distance 
traveled. It is therefore convenient to define W (0:,£) 
as the probability of annihilation of a positron of energy 
E per unit energy loss in an absorber, radiating a photon 
k, at an angle 6, with the positron momentum, per unit 
solid angle. 

This is related to the differential annihilation proba- 
bility NZdo/dQ (yielding gamma ray k; at 6;) per unit 
path length for a positron traveling in a material of 
N atoms/cm? and (effective) atomic number Z by 


W (6:,E) = NZ (do/d2)/(—dE/dx), (3) 


where — dE is the energy loss in a thickness of absorber 
dx. 

The expression for (—dE/dx) has been calculated for 
the predominant process of ionization by inelastic col- 
lision and is given in Heitler® 


—dE/dx=NZ2areu(E/P)P? 
X (In[ (E—p) P?/2ul?Z*]+ (u/E)*}, (4) 


where ro=e*/u and JZ is the mean excitation energy. 
I is about 15 ev® for most light materials. The ratio of 
energy loss by radiation to loss by inelastic collisions is 
<0.03 for the range of positron energies used in the 
experiment, as calculated from an estimate by Bethe 
and Heitler.’ 

In addition to the energy loss by the positrons by 
inelastic collisions in the absorber, they also under- 
go many small deflections, which give rise to an 
uncertainty in the positron direction in the laboratory 
at which annihilation occurs. The calculations of 
Williams® of the effects of multiple scattering are 
accurate within a few percent® and are sufficient for 
the present experiment. 

The intensity distribution of the scattered positrons 
having lost energy AE, at an angle @, with the incident 
direction, is 


I (0,) = (2/2°6,2) exp(—8,2/16,’). (5) 
6,, the arithmetic mean scattering angle, is given by 
6, =0.921 (ut/P) (AE,Zets)?, (6) 


where AE, is the energy loss in the absorber and Zest 
is the effective Z of the absorber. The probability of 
small angle scattering is proportional to Z’,® so that for 
anthracene, (CisHio), Zete= (14X6?+10)/ (1464-10) 
=5.5. 


6 See H. A. Bethe and J. Ashkin, Experimental Nuclear Physics 
edited by E. G. Segre (John Wiley and Sons, Inc., New York, 
1953), Part II. 

7H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
(1934). 

8 E. J. Williams, Proc. Roy. Soc. (London) 169, 531 (1939). 

9N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
lisions (Oxford University Press, New York, 1950), second edition. 
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The flux of positrons per unit solid angle focused on 
the anthracene crystal by the spectrometer may be 
approximated by a Gaussian distribution of mean angle 
o=9.1 degrees. The arithmetic mean angle a of the final 
Gaussian distribution of positron directions at annihi- 
lation may be found by combining this initial distri- 
bution with Williams’ expression for the Gaussian mean 
scattering angle (x)46,: 


— (6,2-+-07/z)}. (7) 


The final positron intensity distribution is given by 
Eq. (5) with @ replacing 6,. 

The quantity measured directly in our experiments 
is the number of coincidences per positron observed at 
a given laboratory angle @ with the spectrometer axis, 
for a given positron energy E, with energy loss in the 
interval Ey) to Eo+AE£, using a gamma counter (sub- 
tending solid angle 2) of measured efficiency ¢(k;), a 
function of the gamma energy. To develop a theoretical 
expression to compare with experiment, we define 
N(,@) as the number of gamma rays per unit solid 
angle per unit positron energy loss per unit gamma-ray 
energy &;, at the laboratory angle 6. This is given by 


N (ki,9) = W (1,E) sin8,(d0,/dk1) (2/2°a?) 


x f exp(—0,?/ma*)dp. (8) 
0 


The integration in (8) is carried out at constant @, (or 
k,) and @. From Eq. (2) we find 


sin6; (dO, /dky) = (E+u-— r cos6;)?/u (E+n) (E?— 1p?) i, (9) 


The three angles 6, 6;, and 6, form an oblique spherical 
triangle and are related by the expression 


cos6, = cos@ cos#;+siné sin6; cos¢, 


where ¢ is the dihedral angle between the planes con- 
taining 4, and @, respectively. 

Now, if (1) is the over-all efficiency (including solid 
angle) of the gamma counter for detecting isotropic 
radiation of energy &), then the total counting rate at 


BETA COUNTER “C* 


the laboratory angle 6 for a positron energy loss AE is 
given by 


N.(0,E)= | 4reN (k0)AEdk,. 
ky 


(10) 


Evaluating NV (k,,0) from Eqs. (9), (8), (3), (4), (1), 
we find 


N.(0,E)= f (S1/S2) (4eA E/r°a?) 
k 


1 


x (E+u—P coss,)?/ f exp(—0,?/ma*)dodk:, (11) 
0 


where 6;, ; are related by Eq. (2) and 


Sy=—1/(E+u—P cos6;)"+ (E+3u)/2u(E+n) 
X (E—P cos6;)— (E+u—P cos6,)?/2 
X (E+u)?(E—P cos6,)*, 


S2=In[ (E—p)P?/2p PZ? ]+ (u/E)*. 


In S2, Z is taken as 6 as it occurs in a logarithmic term. 

Equation (11) must be evaluated to give a theoretical 
result to be compared with experiment. 

The integral contained in Eq. (8) was evaluated 
numerically using Simpson’s rule. The number of 
intervals was chosen so that doubling this number did 
not change the value of the integral by more than 1%. 
Integrations over the range of ¢, where the integrand 
was smaller than 1% of its maximum value (¢=0), 
were neglected as the error involved is considerably 
smaller than 1%. In most cases this range was smaller 
than $z. 

For experimental reasons, it was not convenient to 
accept pulses from the beta counter of very low pulse 
height. A minimum energy loss Ey was chosen in the 
range from 60-75 kev and annihilation data accepted 
for energy loss between Ey and Ey+AE, where AE has 
been previously defined. The AE, which enters Eq. (6) 
is the mean energy loss in the “window” AE and is 
thus Fo+ AE. For example, if coincidences are regis- 
tered only for positrons which have lost from 60 to 138 
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kev, 
AE=138—60=78 kev; 


whereas AF,= 100 kev. 

Because, in Eq. (11), the function e(&:) is experi- 
mentally determined, and the scattering integral is 
calculated only at discrete points, the evaluation of 
N.(0,E) must be by numerical or graphical methods. 
We have used a graphical integration. 

An exact evaluation of the errors introduced during 
the numerical and graphical integrations is difficult. 
All computed or tabular quantities were known to 
better than one percent. A limit of error in the final 
values of V.(0,E) is considered to be about 6%. 


C. APPARATUS AND EXPERIMENTAL PROCEDURE 


A conical brass, lead, and aluminum shield was 
mounted at the source, within the spectrometer, to 
allow positrons which could not be focused on the beta 
counter to be annihilated in a region where the an- 
nihilation radiation could be shielded from the beta- 
counter. Three 1-in. thick lead shields at the detection 
end of the spectrometer effect this shielding; see Fig. 1. 
The 3-in. lead defining baffle in front of the anthracene 
crystal prevents positrons from striking the edge of the 
crystal and scattering out. 

For positron kinetic energies of 765 kev and 1020 
kev, the radioactive source used was Co*®, deposited 
on a Pt foil, to increase the number of positrons by 
backscattering. Ga®* (93 hr) served as the source of 
higher-energy positrons up to the maximum used in 
the experiment. The source gave initially about 4.4 105 
focused positrons per minute at 2.22 Mev. The an- 
thracene crystal was mounted within the vacuum 
system to avoid the additional scattering and energy 
loss in a window. The photomultiplier was mounted 
externally with the 45° Lucite light pipe serving also 
as the vacuum system seal. 

The 6199 photomultiplier was shielded from the 
magnetic field of the spectrometer with a double shield 
of mu metal and nicoloi. Varying the spectrometer 
current over its maximum range made no detectable 
change in the photomultiplier amplification. 

The gamma counter consisted of 1 in.X1 in. cylinder 
of NalI(Tl) using a 6199 photomultiplier with shields 
of mu-metal and § in. thick soft iron. The amplification 
of this tube was independent of counter position at 
maximum spectrometer current. 

A block diagram of the circuits is shown in Fig. 2. 
The pulses from the beta and gamma counters, after 
amplification and pulse-shaping to 0.3 ysec, each trig- 
gered blocking oscillators whose output pulses are fed 
to a 6AS6 coincidence circuit. A beta-gamma coinci- 
dence triggered a blocking oscillator whose output 
opened a linear four-diode clamp for a period of 0.3 
usec. The opening of the clamp allowed the pulse from 
the beta amplifier (slightly delayed to allow the clamp 
to open fully) to proceed to a pulse stretcher and a gain 
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BO. « Blocking Oscillator 
CE = Cathode Follower 
SL. = Scaler Counter 





OFF DISC. 


Fic. 2. Block diagram of the electronic equipment. 


of 100 amplifier. The amplifier output went to a single- 
channel differential discriminator, which thus had to 
accept pulses only at the relatively low rate of occur- 
rence of coincidences rather than at the full beta 
counting rate. 

The clamp circuit was a symmetrical, four-diode 
bridge, normally biased so as to be nonconducting. A 
square pulse from the coincidence triggered blocking 
oscillator was applied through a small pulse trans- 
former to unclamp the bridge. In principle the sym- 
metrical arrangements prevent a clamp “pedestal” from 
appearing at the output. In practice a small pedestal 
was trgnsmitted; its amplitude was less than 50% of 
the minimum usable signal and its effect was included 
in the circuit calibration. 

Because of the use of radioactive sources whose half- 
lives were not large compared with the duration of data- 
taking, separate scalers recorded the total number of 
8* counts, gamma-ray counts, and coincidences (re- 
gardless of pulse height), during a run. 

Because the region of 6+ energy loss AE for detection 
enters directly into the theoretical expression, both as 
a multiplicative constant and in the determination of 
the mean scattering angle, it is important to measure 
this quantity as accurately as possible. Thermal noise 
from the photomultiplier set a lower limit to the usable 
8+ energy loss. The discrimination level of the 6+ 
blocking oscillator was set so as to reject all noise, and 
the lower edge of the window was set to register energy 
loss between Ey and Ey+AE, where Ey exceeded the 
discrimination level by about 20 kev. The gated pulse- 
height window was calibrated by making the coinci- 
dence circuit operative on positron pulses alone (self- 
coincidence). The entire clamp-amplifier-differential 
discriminator circuit is linear to better than 4%. 

Energy calibration of the window used positrons of a 
known energy selected by the spectrometer. With the 
coincidence-clamp circuit set on self-coincidence, the 
pulse-height distribution was found by using a narrow 
window. The peak position was then the calibration 
point.for the chosen energy. After a complete energy 


- calibration of the window, a point at an intermediate 
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Fic. 3. Efficiency ¢ of the gamma counter. Circles are measured 
points. Crosses are interpolated points. 


energy was checked after each data-taking run to insure 
that the energy calibration remained constant through- 
out a series of runs. 

The energy resolution of the beta counter did not 
enter into the calculations. Nevertheless, it was de- 
sirable that the resolution of the beta detector be as 
high as possible in view of the low pulse heights en- 
countered. The conversion electron line from Cs'*’ (630 
kev) was resolved as a peak whose width at half- 
maximum was 16-17%. This was considered satis- 
factory in view of the relatively complex optical system. 
Using spectrometer selected electrons of lower energy, 
the width of the line resolved by the counter (corrected 


for spectrometer resolution) followed the expected linear 
variation with ./E down to 50 kev. No effect of the 
nonlinearity of light output of the anthracene was noted, 
but the accuracy (~ 20%) was not sufficient for it to be 
clearly seen. 


TABLE I. Coincidences per 10° positrons. 








6 Theory 


E=2u 0° 12.6 
T=0.765 Mev 20° 11.1 
AE=78 kev 40° 7.31 

60° 3.40 


E=3u 0° 19.0 
T=1.02 Mev 20° 15.0 
AE=78 kev 40° 8.09 

60° 3.10 


E=3u 0° 23.2 

T=1.02 Mev 20° 19.4 

AE=115 Mev 40° 11.2 
60° 5.47 


E=5.35p 0° 56.0 

T=2.2 Mev 20° 34.3 

AE=115 kev 40° 11.7 
60° 2.70 

E=7.5u 0° 67.3 

T=3.3 Mev 20° 31.0 


AE=115 kev 40° 6.9 
60° 1.50 


Experiment* Background 


12.4 +0.5 1.5 

10.9 +0.5 I 
7.35+0.3 
2.86+0.3 


19.1 +0.75 
14.95+0.85 
7.75+0.37 
2.60+0.28 


22.9 +0.9 
18.0 +1.2 
11.0 +0.68 
3.52+0.3 


57.5 +2.4 

31.5 +1.9 

10.54+0.7 
4.61+0.58 
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* Corrected for background. 


“Smearing out” of the window edges by the finite 
resolution would not, in itself, affect the mean width or 
position of the window except for the energy variation 
of the resolution over a region of the window. The cor- 
rection for this effect, which would tend to increase the 
counting rate, was expected to be small as the resolution 
width was small compared with the entire window. 

Annihilation was detected for positron energy loss 
between 60 and 138 kev. (AE=78 kev) at positron 
energies of 0.765 and 1.02 Mev, and for an energy loss 
between 75 to 190 kev (AE=115 kev) at 1.02 Mev, 2.2 
and 3.3 Mev. 

The gamma-ray counter efficiency enters directly 
into the final theoretical expression. ¢() is conveniently 
measured using radioactive sources of known activity. 

At 510 kev, the slow-annihilation radiation from 
spectrometer focused positrons for calibration. For 
higher energies, standard sources must be used. Source 
holders were constructed which allowed these sources 
to be placed a few millimeters from the exposed face of 
the anthracene crystal, thus duplicating almost exactly 
the conditions of the actual experiment. Thus, absorp- 
tion and scattering of the gamma rays by the apparatus 
were accounted for exactly. 

The discrimination level in the gamma-ray channel 
was set to suppress all counts due to 510 kev “slow” 
annihilation radiation in order to reduce the number of 
spurious and accidental coincidences. With this setting, 
the counter-efficiency was calibrated for four gamma- 
ray energies between 0.9 and 2.8 Mev by using sources 
of Co, Na™, and Y**. The strength of the Co and 
Na™ sources was determined by coincidence counting 
and, for Co™, by comparison with a Bureau of Standards 
calibrated source. The Y** was compared with a Co” 
standard on a brass-wall G-M counter which has a 
known energy dependence of the efficiency.'® The 
efficiency of the gamma counter for other energies was 
determined by interpolation (Fig. 3). The proper setting 
of the bias level in the gamma channel was verified 
before and after each run by checking the counting rate 
obtained with a standard Co® source. 

The variation in efficiency of the counter as a function 
of counter angle was slight: amounting at most to five 
percent at the lowest energies, not measurable at the 
highest and was neglected in the integrals over gamma 
energy. 


D. RESULTS 


Spurious coincidences with the beta pulse in the 
window could arise from several processes. A positron 
backscattered out of the anthracene, being annihilated 
in the baffles near the beta counter, could yield such a 
coincidence as could a low-energy 8* arriving at the 
beta counter having been scattered by the baffles. A 
8* could also be annihilated in such a place that the tow 
counters see the annihilation radiation in coincidence. 


© E. Bleuler and G. S. Goldsmith, Experimental Nucleonics 
(Rinehart Publishing Company, New York, 1952), p. 182. 
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Fic. 4. Observed coincidence rates for positron kinetic energies 
T=0.765 Mev, 1.02 Mev, 2.22 Mev, and 3.3 Mev. Solid lines are 
the theoretical expectation using Born approximation [Eq. (11)]. 
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Fic. 5. Another measurement of the coincidence rate for 
T=1.02 Mev [like Fig. 4(b)], but using a larger energy interval 
AE. Solid curve is again the theoretical expectation. 


The geometrical arrangement makes the latter process 
extremely unlikely. The low gamma-counting efficiency 
for slow annihilation radiation makes these processes 
negligible in comparison with the desired effect. 

An event in which a hard gamma ray from the source 
is Compton scattered in or near the beta counter may 
result in a beta pulse of the height selected and the 
scattered quantum may be counted in the gamma 
counter. This process cannot be distinguished from fast 
annihilation. 

The contribution of this process was estimated by 
measuring the coincidence rates, with beta pulses in 
the window, at gamma-counter angles 0°, 20°, 40°, 60° 
with both positron sources, with the spectrometer 
current at zero. This background coincidence rate was 
used to correct the annihilation-in-flight data. The 
maximum correction was ~5%, for 0.765-Mev posi- 
trons, gamma-counter angle 0°. The corrections to the 
data at 2.2 and 3.3 Mev, with Ga, were negligible. 

The number of small pulses in the beta counter per 
incident particle due to events other than annihilation 
was measured for 1.02-Mev negatrons using a Sr®!-Y*! 
source. For the pulse-height window used in the an- 
nihilation experiment at this energy, there were 8.2 
pulses per 10° incident electrons. 

This result gives an estimate of the background 
positron counting rate in the window and should be 
compared with the number of fast annihilations under 
the same experimental conditions, which is about 2.5 
per 10° incident positrons. Actually, the background 
counting rate with a positron source is somewhat higher 


TABLE II. Mean energy loss and scattering angle. 








AE, (kev) ria 


131 
131 
131 
100 
100 


E(Mev) Window (kev) 


3.3 75-190 
2.2 75-190 115 
1.02 75-190 115 
1.02 60-138 78 
0.765 60-138 78 


AE (kev) 
115 





40.2° 
43.5° 
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because of effects due to annihilation gamma rays. Of 
course, none of these background counts should cause 
true coincidences, but they will contribute an accidental 
coincidence rate. 

On the other hand, bremsstrahlung produced by 
positrons in the anthracene might cause coincidences 
indistinguishable from annihilation in flight. The proba- 
bility of this process’ should be about the same for 
positive and negative electrons, too small to be detected 
in our experiment. This was verified by means of 
electrons from a Sr®-Y® source. 

Annihilation-in-flight coincidence measurements were 
made for the positron kinetic energies 0.765, 1.02, 2.2, 
and 3.3 Mev and, at each energy, at the gamma- 
counter angles 0°, 20°, 40°, and 60° with the spec- 
trometer axis. Depending on the coincidence counting 
rate in the clamped discriminator channel (which 
ranged from 25 to less than } counts per min) data 
were taken in separate runs lasting from 20 min to 3 hr. 
The spectrometer current remained quite constant once 
the unit had reached a stable temperature. The total 
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number of coincidences from all similar runs corrected 
for background counts was divided by the total number 
of incident positrons (Table I). These values can be 
compared directly with the theoretical expressions [Eq. 
(11) ]. This comparison is made in Figs. 4 and 5 and in 
Table I. The experimental error indicated is the 
standard deviation of the total number of counts. 
Table II lists the windows, AZ, AE,, and za for the 
four positron energies. The slightly lower accuracies at 
gamma-counter angle 60° were due to the low counting 
rates. 

The data are, within the experimental error (esti- 
mated to be +5%), in good agreement with the theo- 
retical expression, both as to angular distribution and 
absolute value. 
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Measurements of Contact Resistance between Normal and Superconducting Metals*t 
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Department_of Physics, Johns Hopkins University, Baltimore, Maryland 


(Received September 21, 1955) 


The contact resistance between crossed wires of Pb and Sn, Pb and Cu, Sn and Cu, Sn and In separated 
by their natural oxide layers has been measured at constant temperatures as a function of current direction 
and magnitude. Plots of these measurements in the case of a normal and a superconducting element show 
the resistance at low currents to be constant and to increase suddenly above a critical current. The low 
current resistance generally decreased with decreasing temperature. Calculation of the radius of the current- 
bearing area gives radii of atomic dimensions and shows that in some cases part of the barrier resistance 
disappears. Furthermore, four contacts showed an immeasurably small resistance at a temperature where 
only one of the contact members was superconducting. These measurements and earlier ones by others 
suggest a schematic representation of the resistance as a function of current and temperature. No significant 
rectification between normal conductors and superconductors was observed. 


I. INTRODUCTION 


XPERIMENTS have been performed by Meissner 
and Holm! on the contact resistance between two 
superconductors separated by the thin oxide films of 
both elements. They found that the resistance attribu- 
table to the barrier itself remained essentially constant 
with temperature as long as the metals were in the 
normal conducting state. However, at a temperature 
below the critical temperature of the metal, in the 
case of identical contact members, the total resistance 
* This report is part of a thesis (F.B.) submitted in partial 
fulfillment of the requirements for the degree Doctor of Philosophy 
at the Johns Hopkins University. 
+ A preliminary report of this work was given at the Baltimore 
meeting of the American Physical Society in March, 1955 [Phys. 
Rev. 98, 1539(A) (1955) ]. 


t National Science Foundation Predoctoral Fellow. 
1 W. Meissner and R. Holm, Z. Physik 74, 715 (1932). 


disappeared. In the case of lead-tin contacts, this 
temperature was below the critical temperature of tin. 
The temperature at which this took place was found 
to agree with Silsbee’s hypothesis, namely that the 
quenching of superconductivity was due to the magnetic 
field created by the current. It was felt that the barrier 
penetration was a quantum mechanical tunnel effect 
which apparently became resistanceless when both 
contact members were superconducting. 

Further experiments were performed by Dietrich? on 
contacts between tantalum elements separated by 
barriers up to 120 A thick of CeO. and TiO». Barriers 
up to 40 A thick were found to have an immeasurably 
small resistance at a sufficiently low temperature and 
current. However, in these experiments Silsbee’s 


? F. Dietrich, Z. Physik 133, 499 (1952). 
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Fic. 1. Mount for crossed-wire contacts. The Lucite wedge 
(W) is inserted under the flaps (F), holding the contact wires 
(C) against the force of the springs (S). The wedge is withdrawn 
when contact is desired. Brass parts are designated by (B), 
Lucite by (L). 


hypothesis yielded a current-bearing radius of contact 
of only atomic dimensions. 

The experiments to be described here were a pre- 
liminary investigation of the contact resistance between 
different superconductors and between a normal con- 
ducting metal and a superconductor at a constant 
temperature as a function of both the current magnitude 
and direction. The latter measurement was made in 
order to find whether the electrons move more easily 
from the superconductor to the normal conductor than 
in the opposite direction, i.e., whether the contact 
would show a rectifying character. 


II. EXPERIMENTAL ARRANGEMENT 


The superconducting metals selected for contact 
members were lead (purity 99.99%), tin (purity 
99,998%) and indium (purity 99.97%), the normal 
conducting metal was commercial copper wire. Copper 
wire of 1.5-mm diameter was used with cast wires of 
Pb, In, and Sn of 1.7-mm diameter for one group of 
experiments, while copper wire of 1.25-mm diameter 
was used with 1-mm diameter extruded wires of Pb 
and Sn for another group. 

The contact was formed by crossed wires which were 
mounted as shown in Fig. 1. The contact load of 40 or 
110 g was provided by a calibrated spring. The test 
panel was in a standard cryostat. Temperatures below 
4.21°K were obtained by pumping off the helium vapor 
and maintained by throttling the pump. The tempera- 
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Fic. 2. Electrical circuit for measuring contact resistance. 
G: Leeds & Northrup Galvanometer, model HS 2284-b. P 
L & N Potentiometer model K-2. R: Wolff 1-international-ohm 
standard resistor. A: Simpson model 373 milliammeter. The 
parts enclosed by dashed lines are at liquid helium temperature. 





ture was determined by measuring the vapor pressure 

of the He to better than +0.2 mm Hg at all pressures. 
The electrical circuitry is shown in Fig. 2 where the 

specifications of the instruments used are also given. 


III. EXPERIMENTAL PROCEDURE 


The wires, which had been exposed to air at room 
temperature for a minimum of 24 hours, were mounted 
on the test panel, taking care that they did not make 
contact. After the entire assembly had been cooled to 
liquid nitrogen temperature by an inserted well the 
contacts were closed and the inner Dewar filled with 
liquid helium. 

The potential drop across a contact maintained at 
constant temperature was measured as a function of 
the current magnitude and direction, and compared 
with the potential drop across a standard resistor. For 
small potentials, the galvanometer, which had a sensi- 
tivity of 1.67X10-§ v/mm, was used as a voltmeter. 
The zero point was determined by switching off the 
current. The measurements were made at successively 
increased currents for each temperature. The tempera- 
tures chosen, both above and below the critical temper- 
atures of the elements, were attained in successively 
decreasing order, care being taken that the selected 
temperature was not “overshot” by more than an 
amount corresponding to 1 mm Hg of vapor pressure. 

In addition to the contact measurements, the ratio 
of the low temperature resistivity to room temperature 
resistivity of the cast Sn and In wires and of the Cu 
specimens used was measured. Using the known values 
of the room temperature resistivities, the following 
residual resistivities were obtained : 


Cu: p=1.2X10-* ohm cm; 
Sn: p=1.5X10~ ohm cm; 
In: p=5.2X10~ ohm cm. 


IV. ANALYSIS OF DATA 


The contact resistance between the two members 
can be broken up into the resistance due to the inter- 
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TABLE I. Calculated contact radii. a, is the contact radius obtained from the equation for channel resistance, Rea=p/5a<a;* an is 
the radius obtained from Silsbee’s rule, 0.2i=a%H.; the corrected radius for aq is obtained from Eq. (1); az is the average radius of 
the load-bearing area calculated from F = Pxa*, where P is the pressure for plastic flow and F the load; ¢ is the barrier resistivity. 








Load : ach In Gch Sn deh Cu 
Contact g °K A A A 


an Sn Corrected oa Corrected 


¢ 
au Sn aH ohm cm? 





0.40 
1.6 


110 
110 


4.21 


3.82 
3.21 1.6 
3.21 vee tee 44 
3.21 ee +68 12 
2.3 ee “he 24 
3.21 eee : 3 
4.21 ape ene t 
3.81 

3.51 


4.21 
3.81 


3.81 
3.82 
3.54 
3.50 


1(Cu-Pb) 
3(Cu-Pb) 


4(Cu-Pb) 40 
5(Cu-Sn) 40 


6(Pb-Sn) 
7(Pb-Sn) 


8(Pb-Sn) 


9(Pb-Sn) 40 
11(Pb-Sn) 40 
12(In-Sn) 40 
14(In-Sn) 40 


> 6900 
>3500 


8.7 130 0.66 


0.66 
0.66 


0.19 


0.19 
0.19 
0.31 
0.66 
0.66 
0.66 


0.66 
0.66 
0.4 
0.4 

>0.19 

>0.19 


13 160 
160 


12 ids 
eee 6X 10° 

<5X10-" 

<2X 10-8 

ves 1.2X 1078 

150 oe 

140 
b 


11 
10 
b 


2.3 66 
2.2 66 


1,3 52 
sine ey 0.045 
5.3 100 tee 
27 230 








* The value of p used for the calculation of acs is that of cast wire with the exception of contacts 7 and 8 where, since the wires were extruded, a value 
of 10% of the room temperature resistivity has been used to calculate also the upper limit of aes. These latter values are indicated by an asterisk. 
» These values are not calculated since the measurements show no unique Rea or ée. 


posed barrier, Rg, and that due to the constriction of 
the current, the channel resistance R,». The latter, for 
each element of a clean contact, is equal to p/4a where 
p is the resistivity and @ the radius of the current- 
bearing region.’ The presence of an alien film on the 
contact reduces the channel resistance‘ to as little as 
p/2ma if Rg>R-». We will assume an average, approxi- 
mately p/Sa. 

The barrier resistance may be written as Rg=o/za’* 
where a is the resistivity per unit area. 

For contact 1(Pb—Cu) [see Fig. 3(a)] which is at a 
temperature below the critical temperature of Pb, 
7.2°K, one notices two features. First, the resistance is 
independent of current at low currents; second, there 
is an abrupt rise in resistance above a critical current. 

If we assume that the low current resistance is due 
only to the channel resistance of the Cu, i.e., that the 
Pb is superconducting and that the barrier resistance, 
if such existed, also disappeared, we can calculate, 
knowing the p for Cu, the current-bearing radius. 
Furthermore, if the current at which the break in 
resistance appears is, according to Silsbee’s rule, as- 
sumed to be the current necessary to set up the critical 
magnetic field for Pb at this temperature,> we can 
obtain another value for the current-bearing radius. 
In addition, with a knowledge of the Brinell hardness 
number® and the contact load we are able to calculate, 
under the assumption of a plastic deformation of the 
contacts, the load-bearing area and an average load- 
bearing radius. These three values for the radius are 
shown in Table I. 


*R. Holm, Electric Contacts (Hugo Gebers Férlag, Stockholm, 
1946), p. 16. 

* Reference 3, p. 18. 

5D. Shoenberg, Superconductivity (University Press, Cam- 
bridge, 1952), p. 224. 

* R. Holm and W. Meissner, Z. Physik 74, 736 (1932). 


Since the radius obtained from Silsbee’s rule indicates 
that 6a<1, where 8 is the reciprocal of the super- 
conducting penetration depth, a corrected radius is 
calculated for such a case from the equation? 


(8a)? 


8 


0.17, Hewulk) 
et -— | (1) 


4a? cAt 


where i, is the maximum superconducting current in 
amperes, c is the velocity of light in cm/sec, A is the 
superconducting constant, H, is the critical magnetic 
field strength in gauss, and 8=[42/Ac? ]!. This corrected 
ai is also listed in Table I. 

The measurements on contact 1(Pb—Cu) were repro- 
ducible for all currents until 50 ma was passed through 
the contact, after which the contact changed to become 
contact 2. Contact 2 remained stable until the current 
was again raised, whereupon it became contact 3, 
which remained stable. 

In view of its history, contact 3 was probably derived 
from contact 2 by a metal bridge being formed through 
the oxide barrier. Again calculating the radius under 
the assumption of a completely absent barrier at small 
currents and also from the current at which the re- 
sistance increases we see that they are smaller than 
the average load-bearing radius. 

The same calculations are repeated for contact 
4[ Cu-Sn, see Fig. 3(a) ], with the additional assumption 
that the difference between the high current resistance 
at 3.21°K, which is taken to be the same as the re- 
sistance of the contact at 4.21°K, and the low-current 
resistance is attributable to the presence of a barrier. 
[Rex of the Sn is neglected since p(Sn)=0.1p(Cu). ] 
This, together with the radius, provides us with a value 


™M. Von Laue, Theory of Superconductivity (Academic Press, 
Inc., New York, 1952), p. 115. 
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Fic. 3. Plots of observed resistance vs current for contacts between crossed wires of normal conducting metals and 
superconducting metals. 


for o. The radius is taken to be the corrected radius 
obtained from the critical current. 

Contacts 5 through 8 were treated in the same fashion 
to obtain the radii listed in Table I. Contact 5(Cu-Sn) 
showed the anomaly that at currents below 10 wa an 
asymmetry in resistance with respect to current 
direction was observed. 

Since contacts 7 and 8 (both Pb-Sn) were made with 
extruded tin wires, while measurements of resistivity 
had been made only for cast tin wires, a higher value 
for p undoubtedly must be used, conceivably as high as 
10% of the room temperature resistivity. This assump- 
tion has been used to calculate the values of a listed 
with an asterisk. 

In the case of contact 7 at 3.51°K, the reappearance 
of measurable resistance is attributed to the Sn be- 
coming normal-conducting. 

With this relatively simple picture one obtains values 
for the radius from Silsbee’s rule which are of atomic 
and subatomic dimensions. The corrected radius is of 
a credible order of magnitude. Secondly one notices 


the small dimensions of the radius obtained from the 
channel resistance and, with the exception of contact 5, 
the poor agreement of the values for the radius of 
contact obtained by the different methods. Further- 
more, as might be expected, the load-bearing average 
radius is orders of magnitude larger than the other 
radii. 

The graphs for contacts 5, 7, and 8 show that the 
low current resistance decreases with decreasing temper- 
ature. Since only one member is normal conducting 
and the resistivity of that member at these tempera- 
tures is not a function of temperature, it appears that 
either the barrier resistance is partly present, or that 
the channel resistance is being reduced. Contact 3, the 
only other contact for which there exist measurements 
at more than one temperature, shows no such temper- 
ature dependence. In view of the history of contact 3 
and the consequent likelihood of its being formed by a 
metallic bridge, it appears more probable that the 
temperature dependence of contacts 5, 7, and 8 is due 
to the presence, at the higher temperature at least, of 
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Fic. 4. Schematic curves of constant R/R, plotted against 
current and temperature, where R is the contact resistance 
measured at a current i and a temperature 7, R, is the contact 
resistance if both metals are fully normal conducting. Shaded 
regions are regions of constant R/R,. (a) Contact between 2 
identical superconductors as observed by Dietrich.2 Tc; is the 
critical temperature at zero field for the material. (b) Contact 
between two different superconductors as expected; (c) Contact 
between two different superconductors as observed. (d) Contact 
between a normal conductor and a superconductor as observed. 


part of the barrier resistance. This is in agreement with 
the findings of Dietrich? 

The data of Dietrich appear to roughly agree with 
the schematic plot shown in Fig. 4(a). It must be 
pointed out that a similar plot is obtained for the 
resistance of a thick wire,’ although probably for 
entirely different reasons. 

The measurements on contact 7(Sn-Pb) seem, 
roughly, to yield the curves of Fig. 4(c). Whereas, if 
one schematicizes what might reasonably be expected 
for the contact resistance between two clean dissimilar 
superconductors, one would get a set of curves such as 
in Fig. 4(b). 

The observed general trend of the resistance of a 
contact between a normal conducting metal and a 
superconducting one is indicated in Fig. 4(d). 

Figure 3(d) shows four contacts of particularly 
anomalous behavior. In all four cases, the contacts 
had an immeasurably small resistance at low currents 
and a temperature where one of the members should 
have been normal conducting. The minimum possible 
radius such that the channel resistance would not be 
observed is found to be much larger than that obtained 
from Eq. (1). In these cases one seems to be left with 
the alternatives, either that not only the barrier 
resistance disappeared but moreover the channel re- 
sistance in the normal conducting metal has been 
reduced also, or that the geometry was such that the 


8 F. London, Superfluids (John Wiley and Sons, Inc., New York, 
1950), p. 120. 


channel resistance in the normal conducting metal was 
immeasurably small. 

Similar conclusions can be drawn from measurements 
of Holm and Meissner (see reference 1). In the case 
of a lead-tin contact which had a metal bridge due to 
coherer action® at a temperature of 4.2°K, they found 
the following values: 


i=1.05 amp, R=4.1X10-' ohm; i=0.577 amp, 
R=3.1X10-° ohm; i=0.107 amp, R=4X10~ ohm; 


which at the smallest current gives also a resistance 
lower than one would expect at this temperature. 

Contact 12 shows, as does contact 5, an asymmetry 
in resistance with respect to current direction, such 
that the resistance is lower if the electron flow is from 
normal conductor to superconductor. 


IV. CONCLUSIONS 


The following conclusions seem to follow from this 
investigation : 


(1) Contacts were observed wherein there existed a 
barrier between the component members. 

(2) The barrier resistance was the lower the lower 
the temperature if one member of the contact was 
superconducting. 

(3) The barrier resistance became immeasurably 
small when both contact members were supercon- 
ducting. 

(4) There existed no significant rectification at the 
contact between a normal conductor and a super- 
conductor. 

(5) If the contacts are separated by very thin barriers 
and the temperature is well below the transition 
temperature of one of the contact materials but slightly 
above the transition temperature of the other, the 
total resistance at low currents can be immeasurably 
small, smaller than what one would reasonably expect 
for the channel resistance of the normal-conducting 
member. 

(6) As for the two contacts which showed rectifi- 
cation at very low currents, it is suggested that diode 
rectification may be responsible for this effect. 

Summarizing, we can say that the presence of a 
superconductor on one side of a contact lowers the 
resistance of an interposed barrier and may even lower 
the channel resistance of the normal-conducting element 
if this is a superconducting metal slightly above its 
transition temperature. Furthermore, the resistance was 
found to be the same for electron flow from the super- 
conductor to the normal conductor as for the reverse 
direction. 
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Paramagnetic Effect in Superconductors. II. Further Theoretical Aspects* 


HAns MEISSNER 
Department of Physics, Johns Hopkins University, Baltimore, Maryland 
(Received September 21, 1955) 


An investigation was made to determine how the theory of the paramagnetic effect which was developed 
in part I, joins the two limiting cases of go—0 and go, where go=H go/Hw. While the theory joins 
smoothly to what one would expect for go—0 (external magnetic field only) it does not join so smoothly in 
the limit w— (current only). This, however, shows that London’s theory is an ideal limit which cannot be 
practically realized, so that the current density at r=0 will in practice always remain finite. A discussion of 
Scott’s experiments on the current transition of thin wires gives valuable information as to where the 
present theory has to be amended in order to obtain the—so far empirical—correction factor 1—J,/J. This 
discussion supports on the whole the ideas which were given in this connection in part I. A calculation of the 
apparent relative permeability K,, at points other than the peak provides good agreement with experiment 
for higher currents, but a large discrepancy for the lowest current. This calculation tests whether the 
assumption of an intermediate core surrounded by a normal conducting cylinder is correct rather than the 


theory itself. 





I. INTRODUCTION 


T was shown in part I' that London’s? theory of the 
transition of a current carrying wire can be extended 
to include the paramagnetic effect, when the sample is 
subjected to a longitudinal current in the presence of a 
longitudinal magnetic field. It was necessary, however, 
to apply a correction factor’ 1—J,/I to the theoretical 
result in order to get numerical agreement with experi- 
ment. The constant J, has values which, for different 
superconductors, are integral inultiples of 0.6 amp (see 
part I, Table I). This correction factor is important 
only for small currents or for small values of go 
=H o/H.». The limit go—0 means, however, that the 
sample is exposed only to the longitudinal magnetic 
field, a case which is relatively well known. 

The limit gy—, on the other hand, means that the 
sample is subjected only to the current. This case also 
is relatively well known. 

Therefore, in Sec. II we will discuss the resistance 
and the radial distribution of magnetic induction and 
current density which one obtains from the present 
theory and how they join the known results in the two 
limits. 

In Sec. III we will discuss the connection between the 
result of Scott’st measurements and the present theory. 
It appears that one of our assumptions in part I cannot 
be completely true. However, additional facts have to 
be known, before one can decide whether a revision of 
this assumption would yield the desired result. 

In Sec. IV, we will discuss the temperature variation 
of the apparent relative permeability K», since we had 
confined ourselves so far to the case where the total 
magnetic field intensity at the surface of the sample is 
equal to the critical field H,. We have called this point 


* Supported by a grant from the National Science Foundation. 

1 Hans Meissner, Phys. Rev. 97, 1627 (1925), referred to in the 
text as “part I.” 

2F. London, ites (John Wiley and Sons, Inc., New 
York, 1950), Vol. I, p. 120. 

3 We are using the same notation as in part 

*R. B. Scott, J. Research Natl. Bur. mere 41, 581 (1948). 
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on the flux versus temperature curve “the maximum of 
the flux increase.” We will see that the present theory 
gives also good agreement with experiments at high 
currents for other points of the flux versus temperature 
curve, while there are distinct deviations from the 
experiment at low currents. 


II. RESISTANCE AND DISTRIBUTION OF MEAN 
INDUCTION AND CURRENT DENSITY AT THE 
POINT OF MAXIMUM FLUX INCREASE 


(a) Resistance 


Equation (17) of part I together with H,o=I/2xR 
gives 


o,£,=1/2nR’. (38)* 


Then the resistance per unit length is 


0Q,.= E,/I,=1/220,,R?, (39) 


while it has, in the normal conducting state, the value 


0,,= 1/10, R?. 
We find therefore 


0,/2,=4 (40) 


This is the same value as is obtained from London’s 
theory, independently of the value of a superimposed 
longitudinal magnetic field. (For a discussion of Scott’s* 
experiments, see Sec. III.) 


(b) Radial Distribution of the Mean Induction 


The mean induction was defined in part I, Eq. (5). 
It gives the density of the superconducting particles 
measured perpendicular to the direction of the mag- 
netic field. It must be noted that the direction of B 
changes as H,/H, changes. Equations (18) and (22) 
permit writing B in the dimensionless form: 


B/uoH = p¢o/ ¢, (41) 


5 We continue the numbering of the equations from where we 
left off in part I. It shall be understood that Eqs. (1)—(37) are to 
be found in part I. 
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where ¢ is the solution of the differential equation Eq. 
(20’). If g*<K1+- go, which is always the case if g?<1, 
this differential equation reduces to 


dg/dp=C(¢/p— ¢o). 


A particular solution of this inhomogeneous differential 
equation is 


(42) 


g=(C/(C—1) ]oa, (43) 


which was used in part I as an approximate solution of 
Eq. (20’) for large values of C. 

The general solution of Eq. (42) fitted to the 
boundary condition that for g= go for p=1 is, however, 


C 1 
= o| p— | (44) 
C-1 C-1 
For large values of C this reduces to Eq. (43) and also 
very nearly fulfills Eq. (20’). 
In the limit go—0, by combining Eq. (44) with Eq. 


(41), 
B C 1 
ace /|—- — 9], 
boll c C-1 C-1 


This should give the mean density of the supercon- 
ducting particles which one should have if the (infinitely 
long) cylinder were exposed only to the longitudinal 
magnetic field. In this case, the cylinder, when the tem- 
perature was lowered, would stay totally normal con- 
ducting until H.(T)=H,.. This is just what Eq. (45) 
gives for large values of C. (In most of the experiments 
C is at least of the order of 50.) It appears, therefore, 
that the present theory joins smoothly onto the limiting 
case go. 

On the other hand, the theory should give London’s 


(45) 
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results in the limit go—. In London’s theory 
B/woH.=p. 


[Compare reference 2, Eqs. (2) and (3). ] 
Equation (20’) gives for go : 


toe (e_Jh-(*)| 


This equation has the singular solution 


(46) 


¢/~o= i, (48) 


which fulfills the boundary condition that ¢/go=1 for 
p=1. It is easy to show that at the point (1,1) all 
higher derivatives of Eq. (47) vanish. This means that 
¢/¢o is a constant for all values of p and Eq. (48) is the 
only solution which fulfills the boundary condition. 
Equation (48) together with Eq. (41) gives actually 
Eq. (46). 

In Fig. 1, B/uoH, is plotted as a function of p for 
different values of go. All curves are for C=10. The 
curve gp—0 has been calculated by using Eq. (44), the 
curve for go> by using Eq. (46). The curves for 
¢go=0.9 and go=2 have been calculated by using Eq. 
(41) and the values of go which were computed in part I 
[see Fig. 3(b)]. For the curves go=10 and go= 100 it 
was necessary to calculate the function g anew by 
numerical integration of Eq. (20’). 

It can be seen that there is a smooth transition to the 
limit go—0 but that even the curve for go= 100 differs 
markedly from the curve go which represents 
London’s case. The value go=100 means that the 
circular field at the surface of the wire is 100 times larger 
than the longitudinal field. Even with compensation of 
the earth’s magnetic field it is difficult to increase this 
ratio appreciably. London’s case appears here as a limit 
which can hardly be realized in practice. We will later 
see in the discussion of the radial distribution of the 
current density that this solves some difficulties which 
one encounters in London’s theory. 


(c) Radial Distribution of the Circular Component 
of the Mean Induction 


From Eqs. (5) and (11) follows: 


B,/B=H,/H., (49) 


which gives, with Eq. (18), 
B,/ oH go=1/R=p. 


This means that the distribution of the circular flux, when 
normalized to the circular component of the magnetic field 
at the surface, is independent of the superposition of a 
longitudinal magnetic field. We will see in part III that 
this has been approximately verified by measurements 
on hollow cylinders. Equation (50) is also identical with 
the limit gy of Eq. (41), as it should be. 


(50) 
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(d) Radial Distribution of the Longitudinal 
Component of the Mean Induction 


The longitudinal component of the mean induction 


(51) 


phe ig Hw Ho R 


was already calculated in part I [see Fig. 4(a)] and 
called the local value of Ky. 

From Eqs. (44) and (51) again follows Eq. (45) since 
in this limit Ho—H.. 

In the limit go> K,, is no longer defined. 


(e) Radial Distribution of the Longitudinal 
Component of the Current Density 


From Eq. (12) together with Eqs. (14), (17), (18), 
and (20) we get 


J.R | ¢/ Po ? 
eo N-s2) 
2He 2 p 1+ go? 


For the normal conductor, 


RxJ,=2eRH oo or J;R/2Hgo=1. (53) 


In London’s case,® gp” 
J R/2H go= 1/2p, 


which actually follows from Eqs. (52) and (48). 

The radial distribution of J,R/2H,o has been cal- 
culated for various values of go in a similar fashion as 
was the distribution of B/uoH., using always the 
appropriate values of ¢ and “— 10. 

The result is plotted in Fig. 2. It can be seen that in 
the limit go—0 the distribution approaches that of a 
normal conductor, which one would expect if the 
cylinder is exposed only to the longitudinal magnetic 
field. (See also the discussion of this case for B/uoH,.) 
At small values of p the current density J.R/2H go 
=(C/C—1 which is approximately 1 for large C. 

In the limit go—* the current density becomes 
infinite at p=0. However, even for go= 100 the current 
distribution differs markedly from the limit go>. 
The current density at p=0 stays at J,R/2H,o 
=C/(C—1). This means that the current density 
never becomes infinite for all practically realizable 
cases. Thus London’s theory, in which the current density 
becomes infinite at p=0, appears as an ideal limit. 

The distribution of the current density also rules out 
the following explanation for the constant J,: If the 
theoretical current density J, theor in the paramagnetic 
effect would be infinite at p=0, while in reality it must 
stay finite, then J, could have the following meaning: 


(54) 


1 f (J; theor— Jz real) 24rdr. 
0 


6 See F. London, reference 2, Eq. (1). 
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Fic. 2. Longitudinal component of the current density as 
function of the radius for various values of gp and C= 10. —¢—0, 
—-—go=0.9, —--—yo=2, —-+-—yo=10, —----—yo=100, 
ss ad gb, 


The value of € could very well be independent of the 
radius R of the cylinder, which then actually could give 
a constant J,. It seems lo us very important that such an 
explanation is actually ruled out. 


(f) Radial Distribution of the Circular Component 
of the Current Density 


Equation (12) with Eqs. (14), (17), (18), and (22) 
results in the following expression for the circular com- 
ponent of the current density: 


*-o(£ yee 
hah PE 
1+ ¢o 


In the limit go—0 this gives J,R/H.o=0. In the limit 
go the quantity J,R/H,» is no longer defined. 

Although the actual dependence on p has been calcu- 
lated, the plot does not seem to be of sufficient interest 
to be presented here. It shall be only mentioned, that 
most of the circular component of the current is con- 
fined to a rather narrow region around p=0.5. 


(55) 
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Ill. CONNECTION BETWEEN THE PRESENT THEORY 
AND THE MEASUREMENTS OF SCOTT 
ON THIN WIRES 


The measurements of Scott‘ on thin indium wires 
showed that Eq. (40) is not valid in his case and has to 
be replaced by 


22,/2,= 1+ exp[— (2R)*], (56) 


where R is in mm. Equation (56) actually is dimen- 
sionally incorrect if the “2” in the exponent is dimen- 
sionless. Moreover, for mathematical rasons one would 
like to have an algebraic function rather than a trans- 
cendental one. It was found that his results can be 
approximated as well with the relation 


20, 1 
=1+——__, (57) 
Q, 1+(R/a)* 
with a~0.051 cm and 6~0.54. 
With the definitions of 2, and Q, (see II, a) and the 
relation = 2rRH,o, one obtains 


H oo 1 
onE.= [1+] (58) 
RL 1+(R/a)’ 


If one goes back through London’s calculations? and 
keeps the assumption that the magnetic field intensity 
at the surface of the superconducting particles is equal 
to H, it follows that 


(59) 


1 
oE,(R)=onE, / ern 


i.e., that cE has not the value which one would expect 

from the normal conducting state. It has to be noted, 

that this equation refers only to the surface of the wire. 
At any other radius one can assume that 


1 
ah (60) 
1+(R/a) 


(61) 


cE, (r) =osB.fe,R) /| 1+ 
with 
F(R,R)=1. 


The other alternative, namely keeping o=o, and 
allowing a variation of the magnetic field intensity at 
the surface of the superconducting particles such that 
H#H., was not considered at the present time because 


Fic. 3. Cylinder in the inter- 
mediate state at a temperature 
T*<T<T,. C=intermediate core 
of ‘tadius R through which the 
current J; flows. NY=normal con- 
ducting sheath of radius a through 
which current J; flows. 





it does not seem to represent the known facts about the 
intermediate state. 

One can easily insert Eq. (60) into the present theory. 
We will only rewrite Eqs. (20) and (19) and leave it to 
the reader to verify the mathematical result. Instead of 


Eq. (20) one obtains 
0H Hy,  B 
mq ea) © 
H? 


c| —-—— eR 


or 
and instead of Eq. (19), 


£.-— f 
wR? 0 


(63) 
Huo Hy 
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Fic. 4. Solid line: H.-—T curve for mercury obtained from 
measurements on paramagnetic effect. Dashed curve: slope of 
H.—T curve from Misener’s measurements. 





Unfortunately all that is known about the function 
f(r, R) is that it must fulfill Eq. (61) and that it should 
give K,, as a function of y= go(1—J,/I) rather than as 
a function of go. It is very difficult with this scant 
information to fix the function f(r,R), although it is 
possible that it might lead to the correct phenomeno- 
logical theory. Moreover, it may be possible that f(r,R) 
depends on more variables than just r and R, e.g., 
Ho or H,. A strong point of this correction is that it 
may give only a slight change in ¢(p) and x(p), thus 
leaving the conclusions of part I, Sec. III (see Fig. 7) 
intact, but giving the correct change i in Km. Kuper’s’ 


7C. G. Kuper, Phil. Mag. 43, 1264 (1952). 
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explanation of Scott’s experiments does not seem to 
be of very much help in this connection. First, it depends 
too much on the assumed model, and second, the 
magnetic field intensity at the surface of the super- 
conducting particles H is not equal to H,, a feature 
which is hard to understand at the present time. 


IV. TEMPERATURE DEPENDENCE OF X,, 


So far we have dealt only with the case where the 
total magnetic field intensity at the surface is equal to 
H,. The temperature at which this happens for a given 
set of J, R, and H, shall be denoted by 7*, while the 
critical field at this temperature will be denoted by H,*. 
At a temperature 7 between 7* and the normal transi- 
tion point 7, the specimen will consist of an intermediate 
core of diameter R surrounded by a normal conducting 
cylinder (see Fig. 3). The circular component of the 
magnetic field strength at the surface of the core shall 
be denoted by H,o while its value at the surface of the 
specimen, r=a, shall be denoted by H,o*. If T=T7* 
then R=a and Hyo= Ho", while 


A= H o*?+ A. (64) 
At T*<T<T, 

H2= Hye+ H,’. (65) 
Since all the measurements so far have been made 
near the normal transition temperature, we can put 


ne oT AF 
= =—_—= Af, (66) 
BB? T,-T* at 


We then obtain using Eqs. (22) and (66) 
Hoo™ got? 


= : (67) 
H oc? (1 oo go) AP— 1 





The current J; which passes through the core is given by 
I,=2rRH go, (68) 
which gives, together with Eq. (17) 


1=2nH ?/onE:, (69) 


while the current J2, which passes through the normal 
conducting section, is given by 


, Het 
n= f o,£,29rdr=c,Era?———_,, 
R 


OnE: 


(70) 


where use has been made of Eq. (17). 
The sum of the currents J; and J; must be equal to 
the total current J. Then, since 


I =H o*2ra, (71) 
we have 
He* 1 
+-[H wo —H oct}. (72) 
a 


Calia= 
a 


| 


wo 


opporent Permeability Km, 
ey 


w 


~ 








Fic. 5. Apparent permeability K,, as function of y for mercury. 
Dots: peak values of the apparent permeability as measured 
(compare Fig. 6). 


Combining this with Eq. (17), we find 
R Het sHeot® \3 
sa /[eeo(Ce)] 
a H oo oc? 


The mean permeability K,(7) at a temperature 
T* <T<T, is now 


(73) 


1 a 
Km (r)2ardr+ — f 2nrdr. 
1a? R 


20 
one gets 


R? 
K.(T)—1=[Kn(y)—1]}-. 
2 


Measurements of the temperature variation of the 
flux in mercury have been reported by Meissner et al.* 
For the temperatures of the measured points, we have 
calculated K,,(T) in the following way: 

(1) The temperature 7* has been determined for 
each current J, using the original vapor pressure data 
and the smoothed 1948 vapor pressure curve.? 

(2) Since, at these temperatures the total magnetic 
field strength at the surface of the specimen must be 
equal to H,, these points also give the H.—T curve, 
which has been plotted in Fig. 4. It gives for the normal 
transition point 7,=4.153 °K. The slope of the 
measurements of Misener'® has been drawn for com- 
parison. He found, however, a transition point of 
4.167 °K. 

(3) Again using the original vapor pressure data and 
the smoothed 1948 scale, the values of At have been 
computed for each measured point according to Eq. 


8 Meissner, Schmeissner, and Meissner, Z. Physik 30, 529 (1951). 

® Clement, Logan, and Gaffney, Naval Research Laboratory 
Report NRL No. 4542 (unpublished). 

A. D. Misener, Proc. Roy. Soc. (London) A174, 262 (1940). 
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Fic. 6. Apparent permeability K,, as function of T for mercury. 
Heavy lines and heavy markings: Experimental values measured 
by Meissner et al. on mercury sample I: radius a=0.195 cm, 
length /=6 cm, longitudinal external magnetic field H.=1.095 
amp/cm. Thin lines and thin markings: Calculated values for the 
same temperatures. Note the discrepancy at J=3 amp. Note: The 
theory predicts an abrupt breakoff at the low temperature side of 
the curves, while the measurements always show a small tail, 
which is probably due to impurities or stresses in the mercury. 
(66), and also the values of Hy» according to Eq. (67) 
and of R/a according to Eq. (73). 

(4) Equation (68) was used to calculate the current 
which goes through the core and Eq. (74) to calculate 
7(T). bs 

(5) The value of K,, and y being known for each 7*, 
the universal function K,,(y) can be plotted (see Fig. 5). 

(6) Since, according to step 4, y(7) for the core was 
known, K,,(y) for the core could be determined from 
Fig. 5 and K,,(T) could be calculated according to 
Eq. (75). 

This procedure provides more of a test as to whether 
the assumption of a core surrounded by a normal con- 
ducting cylinder is valid, than a test of the theory itself. 

The result is plotted in Fig. 6. The agreement is 
relatively good for the curves at 6, 10, and 20 amp, if 
one considers that the real temperatures may be slightly 


different from the ones obtained from the vapor pressure 
and that K,,(7) is an extremely sensitive function of T. 

An astonishing fact is that the agreement is very poor 
for the curve at 3 amp. It is very hard to find a reason 
for this. The difference is certainly outside of the error 
limit of the measurements. It seems as if the transition 
region extends here to values H <H,. 

One may ask whether Eq. (58) should be used rather 
than Eq. (17) in calculating the current J;. For small 
core diameters this would give slightly larger values of 
R/a than the present calculation and therefore slightly 
larger K»,(T) for values of T which are not near to 7*. 
However, the correction was found to be too small to 
be worth applying. Since it does not affect the values 
of go, it does not correct the discrepancy for J=3 amp. 

One might further expect according to the theory 
that the curves should dip somewhat below K,=1 
before they go up to the peak, since the core is at a 
value of y<y(Km=1). In other words: The core should 
show a slight expulsion! effect. The fact that the 
measured curves do not dip below K,,=1 suggests that 
the curve K»(y) should not intersect the line K,,=1 
at a finite slope but rather approach it in the fashion 
of the curve Kn(¢go) for C= [see part I, Fig. 4(b) ]. 


V. CONCLUSIONS 


This work was done in order to check various points 
of the present theory and to guide further experiments. 
It appears that there arise no additional difficulties in 
the limit go—0, where the correction factor 1—J,/I 
becomes important. The present theory, however, does 
not join London’s results so smoothly in the limit 
go>, thereby removing one of the difficulties en- 
countered in London’s theory. Scott’s experiments seem 
to point out where the present theory has to be amended 
but they still leave a function undetermined. It is hoped 
that further experiments will shed some light upon 


‘this function. 


The calculation of the temperature dependence 
indicates that for higher currents the assumption of an 
intermediate core and a normal conducting sheath is 
certainly correct, whereas at the lowest current this 
calculation results in an unexplainable discrepancy with 
experiment. 
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Multiple-beam interferometry has been used to investigate the surfaces of x-ray irradiated KCI crystals. 
Within the limits of the method there is no evidence for diffusion of vacancies or ions to or from the surface 
to account for the observed decrease in density. The change of density thus must be attributed to an internal 
mechanism, a possibility which finds tentative experimental support. 





I. INTRODUCTION 


T is known that the density of potassium chloride 
crystals decreases upon irradiation with x-rays,! and 
since there is no accompanying significant change in 
lattice parameter* one concludes that the lower density 
is associated with an increased concentration of va- 
cancies. At saturation, the observed change of density 
and the number of vacancies calculated from it cor- 
relate reasonably with the number of F-centers formed 
during irradiation, as determined optically. In order to 
account for this excess of vacancies, Seitz’ suggested 
that they diffuse into the interior of the crystal from the 
surface. In support of this hypothesis, Dienes* showed 
that the activation energy for diffusion of coupled pairs 
of positive and negative ion vacancies was 0.375 ev, 
which could account for sufficient diffusion at room 
temperature. Later, Seitz’ pointed out that vacancies 
could be generated at dislocations, in which case the 
decrease in density as a result of x-ray irradiation could 
be an internal phenomenon and it would not be neces- 
sary for the vacancies to diffuse in from the surface. 
This mechanism was discussed in further detail by 
Markham,® while Dexter’ has shown that one should 
also consider the formation of color centers from groups 
of associated vacancies. 

The purpose of this investigation was to ascertain by 
an independent method whether there is any appreciable 
diffusion of vacancies into the crystal during irradiation 
or whether an internal mechanism is responsible for the 
decrease in density. That the latter is the more plausible 
mechanism finds support in the measurements made by 
Duerig and Markham at temperatures of liquid helium. 
They obtained a high density of F-centers in spite of 
negligible diffusion expected at these temperatures. 
Of course, one might speculate that the diffusion coeffi- 


* Work supported by an Atomic Energy Commission contract. 

ft Part of a dissertation submitted by Walter J. Smith in partial 
fulfillment of the requirements for the degree of Doctor of Science 
in the Physics Department of the Carnegie Institute of Tech 
nology. 

t Now with Lincoln Electric Company, Cleveland, Ohio. 

1 Estermann, Leivo, and Stern, Phys. Rev. 75, 627 (1949). 

2C. R. Berry, Phys. Rev. 98, 934 (1955). 

3 F. Seitz, Revs. Modern Phys. 18, 384 (1946). 

4G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 

5 F. Seitz, Phys. Rev. 80, 239 (1950). 

6 J. J. Markham, Phys. Rev. 88, 500 (1952). 

7D. L. Dexter, Phys. Rev. 93, 985 (1954). 

8 W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 


cient increases during x-ray irradiation, but this 
hypothesis is contradicted by the results of measure- 
ments made by Mapother.® 

The results of Estermann, Leivo, and Stern! showed 
that after an exposure to x-rays for 8} hours the density 
of a potassium chloride crystal decreased by Ap=1.4 
X 10~ g/cm’. If the assumption is made that the change 
in density is completely due to diffusion of vacancies 
from the surface, then the surface of the crystal could 
conceivably rise. Depending upon geometry, this rise 
would be of the order 


Ah= (Ap/p)h. (1) 


Inserting p= 1.987 g/cm’, Ap as given above, and the 
thickness h=0.025 cm (the crystals in reference 1 were 
0.05 cm thick, but were irradiated on both sides) one 
obtains Ah= 200 A, which is well within the reported 
resolving power (25 A or less) of multiple-beam inter- 
ferometry. 

If the point of view that the surface of the crystal can 
rise uniformly as a whole is too simple, then it is neces- 
sary to consider growth on the surface in the vicinity of 
cleavage and slip lines or steps and surface cracks. 
This would lead to even greater changes of the surface 
configuration, since then the changes due to diffusion 
would be concentrated in smaller areas. 

It appears thus that the multiple-beam interfer- 
ometry can in principle determine whether or not the 
decrease in density is primarily due to diffusion of 


Fic. 1. An interferogram arising between two optical flats (100X). 
*D. E. Mapother, Phys. Rev. 89, 1231 (1953). 
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vacancies into the crystal. If the change in density is 
due to an internal process which results in an over-all 
expansion or bending, then no surface changes should be 
observed. 

The theoretical and experimental details of the tech- 
nique of multiple-beam interferometry have been re- 
ported in detail." The main advantage of the method 
over the two-beam technique is that the silvering of the 
reference flat and of the specimen leads to an extreme 
sharpening of the interference fringes. Stating the fringe 
width as a fraction of the distance between fringes, its 
dependence on reflection coefficient is as follows: 


Reflection coefficient Fringe width 


0.04 (glass) 1/3 
0.90 


t 1/30 
0.94 1/50 

Under the best conditions it is possible to measure 
height changes with an accuracy of 3 A. However, the 
experimental requirements for the attainment of such 
precision are severe, and for present purposes the fringe 
width will be assumed to be one tenth of the distance 
between fringes. Furthermore, one can easily see a 
fringe shift one fifth of its width, which, upon using the 
mercury blue line of wavelength 4358 A, gives for the 
lower limit of resolution about 44 A. (Actually, the 
lower limit appears to be about one-half of this or less.) 
Thus, if in our experimental setup no change is observed, 
then it is possible to state that diffusion accounts for 
no more than 20% of the observed change in density, 
and an internal mechanism for change in density must 
be considered. 


Il. EXPERIMENTAL PROCEDURE 


The KCl crystals used in this experiment were ob- 
tained from the Harshaw Chemical Company. The 
crystals were cleaved to suitable size and annealed in a 
stream of helium at 700°C for approximately 15 hours. 
The rate of heating was 5°C per minute and the rate of 


Fic. 2. An interferogram of an x-rayed crystal. The lower part of 
the crystal has been irradiated (50X). 


0S. Tolansky, Multiple Beam Interferometry of Surface and 
Films (Oxford University Press, Oxford, 1948). For a review of the 
effectiveness of the method, see S. Tolansky, J. Sci. Instr. 22, 161 
(1945). 
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cooling was 3°C per minute. The crystals were cleaved 
again after annealing to obtain fresh surfaces. 

In order to make any changes which may occur due to 
x-ray irradiation easily visible, the crystals were ir- 
radiated through a slit in a thick piece of brass, thus 
forming a colored strip between two uncolored regions 
in the same crystal. The crystal and the slit were 
mounted on a microscope slide, wrapped in cellophane 
or DuPont Mylar Polyester Film, and sealed with 
cellophane tape. 

The cleaving and mounting of the crystals were done 
in air since a comparison with a series of trials in which 
the crystals were cleaved in an atmosphere of dry 
helium using a glove box and mounted in gas tight 
cells indicated that there was no observable difference 
in the two methods. However, it appeared necessary to 
seal the crystals in a dust-free atmosphere during 
irradiation because the ejection of photoelectrons causes 
the crystals to become charged and to attract dust. 

After mounting, the crystals were placed as close as 
possible to one of the beryllium windows of a CA-6 
crystal analysis tube in a General Electric XRD-1 
x-ray unit. The tube had a molybdenum target and the 
exposure in the dark varied from 8 to 60 hours at 45 
kvp and 15 ma. After exposure to x-rays, the crystals 


Fic. 3. Slip lines on an irradiated crystal. The small vertical 
slip line (left arrow) corresponds to a step of approximately 175 A 
and the larger one (right arrow) to a step of 1350 A. 


were removed from the microscope slide, and placed 
along with an optical flat in a vacuum evaporation sys- 
tem. There they both received a film of silver suitable 
for multiple-beam interferometry. (The technique of 
vacuum deposition has been treated in detail in the 
literature.!—2) 

For the production of the multiple beam photographs, 
a Vickers Projection Microscope was used. This ap- 
paratus is especially suited for this purpose, the only 
modification necessary being the addition of a dia- 
phragm at the image of the mercury arc produced by the 

1S. Tolansky, Vacuum 1, 75 (1951). 


2 L. Holland, Vacuum 1, 23 (1951). This article has an excellent 
bibliography. 
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lamp condenser. On account of the very low transmis- 
sion of the silver films resulting in only feeble illumina- 
tion reaching the photographic plate, it was necessary 
to use Super Ortho Press Plates developed in SD 19a." 
This combination had an effective speed of ASA 1000 
and the exposures required were of the order of minutes, 
instead of hours as would have been necessary with the 
materials and solutions usually used. 


III. RESULTS 


An idea of the accuracy of multiple-beam inter- 
ferometry as used in the present work can be obtained 
from Fig. 1 which is an interferogram (100) which 
arose between the two optical flats used. The fringes are 
parallel within the accuracy of measurement and any 
error due to the flats themselves was estimated to be 
less than 10 A. 

Figure 2 is an example of an interferogram (100X) 
of a crystal which received a strong x-ray irradiation, 
in this case 443 hours. The density of color centers in 
this crystal was so high that, even though this inter- 
ferogram was made using the 4358 mercury line, the 
colored region is plainly visible in the lower half of the 
print. There is no evidence for any changes in the crys- 
tal surface due to irradiation. If there had been any 
diffusion of ions to the surface, and the resulting height 
change were uniform, one would expect discontinuities 
or bends in the fringes to occur near the dividing line 
between the colored and uncolored regions. 

In crystals which were weakly colored, the boundary 
of the colored region was not discernible on the inter- 
ferograms made with the 4358 A line. In such cases, 
another interferogram was made using the green mer- 
cury line 5461 A. This wavelength falls in the F-band 
absorption region of KC] and produces a sharp outline 
of the x-ray irradiated portion of the crystal. A com- 
parison of the two interferograms permits then an 


Fic. 4. Clustering of slip lines about the colored region (25X). 


13 Kodak Professional Handbook (Eastman Kodak Company, 
Rochester, 1952). 
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Fic. 5. Interferograms made with the (a) blue and (b) green lines 
of mercury respectively. Slip lines. 


unambiguous analysis. An example of such a pair is 
Fig. 5 which will be discussed later. In not one case out 
of the many crystals thus investigated was there found 
any evidence of surface irregularities which could be 
associated with diffusion of vacancies during x-ray 
irradiation. 

While no evidence was found for any striking phe- 
nomena near the boundary of the irradiated regions, 
there were many discontinuities in the interference lines 
observed elsewhere. These fall into two categories: 
cleavage lines, which have not specified crystallographic 
direction, are often curved, and radiate from the original 
point of initial cleavage, and slip lines, which are 
straight and oriented along the intersections of the 
possible active slip systems of the type (110) [011] 
with the surface of the crystal. A tentative observation 
was made that certain of the slip lines may be a direct 
effect of the x-ray irradiation. An initial indication in 
this direction was the ease with which the irradiated 
crystals could be slipped upon improper cleaving or 
handling. Of great help here was the fact that the 
presence or absence of slip lines on the surface of a 
crystal before irradiation could be easily checked by 
examination under glancing illumination. 

A series of experiments was performed in an attempt 
to determine the origin of the slip lines. The results are 
plausible though not conclusive: Figure 3 is an inter- 
ferogram of a crystal irradiated for 51} hours which had 
not slipped prior to the exposure to x-rays as determined 
by the aforementioned examination. The change in 
height at the small slip line is 175 A and that at the large 
one is 1350 A subject to an error of 10%. (The slip lines 
are seen most easily by viewing the photograph at a 
glancing angle.) 

The crystal of Fig. 4 (36) was irradiated for 52 
hours. This photograph shows clustering of the slip lines 
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Fic. 6. Microphotograph of growth on a KCI crystal surface due 
to annealing (280X). 


about the irradiated region. In the authors’ opinion, 
this is the most convincing evidence that the slip is con- 
nected with x-ray irradiation, and is accompanying the 
change in density. Further, since slipping or plastic flow 
may be initiated in the interior of crystals, the observa- 
tion of slip lines indicates that there is an internal 
process occurring in the crystal during irradiation. 

A further experiment to check the origin of the slip 
lines was as follows: A crystal was cleaved into two 
identical sections and the slit through which the x-rays 
passed was positioned on one face of the cut at right 
angles to what it was on the other face of the cut. Both 
crystals were then irradiated for 453 hours and Fig. 5 
shows the results for one of the faces. As mentioned 
above, in order to locate properly the boundaries of the 
colored region, Fig. 5(a) was taken with mercury green 
line while Fig. 5(b) was taken with mercury blue line. 
On Fig. 5(a), besides a number of slanted cleavage lines, 
there are several slip lines discernible which are parallel 
to the length of the colored region. On the other face of 
the cut the situation was analogous; i.e., the slip lines 
were parallel to the length of the colored region. Since 
the two colored regions were perpendicular to each 
other, this means that the slip lines in the two sections 
of the crystal were perpendicular to each other. If the 
slip lines were due to plastic deformation produced 
during cleaving, the resulting slip lines would have been 
parallel on both faces rather than perpendicular as is 
observed. This result can be interpreted as another 
confirmation of the suggestion that the slip lines ap- 
peared as a result of x-ray irradiation. 

The above experiments do not imply necessarily that 
the slip is actually generated by x-rays. More likely, a 
Frank-Read source which happens to be inactive is 
activated by a local increase in the concentration of 
vacancies. One can easily propose models of obstacles 
which would hamper the function of a Frank-Read 
source and which disappear or become less effective as 
a result of the formation of vacancies. The orientation 
of the slip lines is presumably determined by the strain 
pattern produced by the gradient of density (gradient 
of expansion) within the crystal. Depending upon the 
dimensions of the crystal and of the colored band, the 
slip can occur either parallel or perpendicular to it. 

An investigation was also made of the surfaces of 


annealed crystals. While there was no evidence of dif- 
fusion to or from the surface in the irradiated crystals, 
an examination of an annealed surface which was not 
exposed to x-rays showed what could be expected if 
diffusion did occur during x-raying and if the diffusion 
ions accumulated at cleavage steps. Figure 6 is a micro- 
graph (280) of growth features attributable to an- 
nealing on the surface of a KCl crystal. The diagonal 
line is a step due to cleaving before annealing. It is seen 
that there is considerable growth along the step. Figure 
7 is an interferogram of another annealed surface. The 
fringes exhibit a definite curvature as they approach a 
cleavage line. This is the effect that presumably would 
be observed if diffusion occurred during x-raying and 
resulted in growth at discontinuities on the surface of 
the crystal. 


Fic. 7. Interferogram of an annealed surface (25X). 


IV. CONCLUSION 


As a result of these investigations, the conclusion can 
be made that the diffusion of vacancies from the surface 
of the crystal plays a very minor role, if any, in the 
decrease of density of KCI crystals upon x-ray irra dia- 
tion. Further, an internal mechanism, possibly one 
involving dislocations, in the interior of subgrains or at 
their boundaries seems to find support. 

Since the completion of this work Varley" has pro- 
posed a new mechanism for the production of vacancies, 
according to which the high-energy photons ionize the 
negative ions in the lattice, stripping them of maybe 
several electrons. The negative ions thus become posi- 
tively charged and find themselves in a high-energy 
configuration because of the Coulomb repulsion of the 
positive nearest neighbors. Such halogen ions are then 
easily displaced into neutral interstitial positions and 
negative ion vacancies are formed. This mechanism, if 
otherwise verified, is not in disagreement with the 
results of our experiments. 
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The variation of the low-temperature thermal resistance of single crystals of zinc in large magnetic fields 
has been investigated. The work was divided into two parts, one using very large fields (H < 60 kilogauss) 
and the other using fields ranging to 25 kilogauss. The high-field work was concerned mostly with the be- 
havior of the thermal magnetoresistance for various orientations of the crystalline axes relative to the mag- 
etic field. It was found that the thermal magnetoresistance is a strong function of orientation in the field, and 
an attempt was made to extrapolate the data obtained to infinite fields. The low-field work was carried out 
primarily to investigate the de Haas-van Alphen effect, and electrical as well as thermal magnetoresistance 
data were taken. Oscillations of the de Haas-van Alphen type were found in both the thermal and the elec- 
trical magnetoresistance and an average value of 8*/E)»=5.8X 10-5 gauss“! was derived from the thermal 
data. Comparison with theory yielded a value of the order of 0.2 electron per atom for both the thermal and 
electrical cases. The variation of the Lorenz ratio with magnetic field was also derived. 





INTRODUCTION 


HE effect of a magnetic field on the thermal con- 

ductivity of metals at low temperatures has been 
investigated sporadically for the past twenty years. 
Much of the work, however, has been done at the tem- 
perature of liquid hydrogen (14°K to 20°K), and ex- 
tension to the liquid helium range is a fairly recent 
development.’ 

The first work done at 4.2°K was done by Shalyt? 
in 1944 in which he investigated the thermal magneto- 
resistance of bismuth. In 1950, Hulm,’ in connection 
with his work on the thermal conductivity of super- 
conductors, investigated the behavior of tin mono- 
crystals in fields ranging to 1500 gauss. His crystals 
were quite pure and the magnetoresistance effects were 
strong, but the observations were incidental to the 
main work on superconductivity. In 1953, a survey of 
thermal magnetoresistance by Mendelssohn and Rosen- 
berg‘ was carried out on a variety of metals, many of 
them single crystals. They were primarily interested in 
testing the validity of Kohler’s rule’ for thermal resist- 
ance. They used fields up to 4 kG for most of the work, 
but the data for Zn, Cd, Sn, and Tl were carried to 
20 kG. However, a detailed investigation of the proper- 
ties of any particular metal was not carried out. 

We were interested in the behavior of the thermal 
magnetoresistance because of the recent observation 
that the peculiar behavior of the diamagnetic sus- 


* Based on a thesis submitted to the Faculty of the Graduate 
School of the University of Maryland in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy (unpub- 
lished). 

1J. L. Olsen and H. M. Rosenberg, Advances in Phys. 2, 28 
(1953). This is a review article on low-temperature thermal con- 
ductivity containing a bibliography complete to about the middle 
of 1952. 

2S. Shalyt, J. Phys. (U.S.S.R.) 8, 315 (1944). 

3 J. K. Hulm, Proc. Roy. Soc. (London) 204, 98 (1950). 

4K. Mendelssohn and H. M. Rosenberg, Proc. Roy. Soc. 
(London) 218, 190 (1953). 

5M. Kohler, Naturwiss. 36, 186 (1949). 
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ceptibility of certain metals (the de Haas-van Alphen 
effect) is reflected in other physical properties. Work 
has been done on the electrical magnetoresistance,*® 
Hall effect,’ and thermal emf* of several metals, and a 
similar investigation of the thermal conductivity seemed 
to be in order. Since the experiments reported here were 
undertaken, work has been done on bismuth by Steele 
and Babiskin® on nearly all of these properties. In 
addition, the availability of large magnetic fields made 
such work desirable. The theoretical description of low- 
temperature magnetoresistive effects is not in a satis- 
factory state and one of the reasons is the scarcity of 
experimental data. Experiments in high fields can pro- 
vide such data over an extended range, especially if 
more than one temperature is used. 

The work reported here was therefore undertaken to 
make a thorough investigation of the effect of magnetic 
fields on the thermal magnetoresistance of crystals of 
zinc at various orientations and at two different tem- 
peratures. The work fell into two categories. First, the 
high-field (H < 60 kilogauss) measurements were made 
on crystals of various orientations with respect to the 
magnetic field. Second, the low-field (H < 25 kilogauss) 
measurements were made to investigate the existence 
of de Haas-van Alphen behavior in both the thermal 
and electrical magnetoresistance. The associated elec- 
trical measurements allowed us to observe the behavior 
of the Lorenz ratio as a function of field and to make a 
crude estimate of the heat conductivity of the lattice. 


6 Bi: P. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953) ; 
Zn: T. G. Berlincourt and J. K. Logan, Phys. Rev. 93, 348 (1954), 
using data of N. M. Nachimovitch, J. Phys. U.S.S.R. 6, 111 
(1942); C (graphite): T. G. Berlincourt and J. K. Logan, Phys. 
Rev. 93, 348 (1954); Sb: M. C. Steele, Phys. Rev. 98, 1180(A) 
(1955). 

7 Bi: Reynolds, Leinhardt, Hemstreet, and Triantos, Phys. Rev. 
96, 1203 (1954); L. C. Brodie, Phys. Rev. 93, 935 (1954); C 
(graphite): T. G. Berlincourt and M. C. Steele, Phys. Rev. 98, 
227(A) (1955). Sb: M. C. Steele, Phys. Rev. 98, 1180(A) (1955). 

8 Bi: M. C. Steele and J. Babiskin, Phys. Rev. 94, 1394 (1954). 

® Bi: M. C. Steele and J. Babiskin, Phys. Rev. 98, 359 (1955). 
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APPARATUS 


The calorimeter” for the high-field work was designed 
to fit into a metal dewar flask, suitable for use in a 
Bitter-type solenoid magnet. The calorimeter can was 
2§ in. in diameter and 2} in. high and was turned out of 
a solid piece of brass. See Fig. 1. It was secured to a 
brass lid by means of twelve beryllium-copper screws, 
and a gold-wire ring provided a vacuum seal. The 
crystal to be investigated was mounted perpendicular 
to the axis of this can, with one end soldered to a copper 
post in thermal contact with the helium bath. A small 
heater coil, noninductively wound, was attached to the 
other end of the specimen, and three carbon-composi- 
tion resistors used as thermometers were attached to the 
specimen rod at appropriate points. Two of these re- 
sistors were used to give the temperature difference, 
and the third monitored the average temperature of 
measurement. 

The entire assembly was attached to a stainless steel 
pumping line leading to a vacuum system mounted on 
the top plate of the apparatus. The plate was screwed to 
a flange on the top of the metal dewar flask. An O-ring 
seal at this point made the dewar system vacuum tight 
and allowed us to reduce the temperature by pumping 
on the helium bath. 
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Fic. 1. Diagram of calorimeter used for high-field work. 


Many of the techniques employed in the design of these 
calorimeters were originated or adapted by D. A. Spohr of this 
ny, now on leave at the Clarendon Laboratory, Oxford, 

ngland. 


The low-field apparatus was the same in principle, but 
since the magnetic field was horizontal, the specimen 
could be mounted vertically. The gap between the 
magnet pole pieces was 13 in., but the available space at 
liquid helium temperatures, after the dewar flasks were 
assembled, was only 3 in. in diameter. Accordingly, a 
new calorimeter was designed, as shown in Fig. 2. 

Temperature differences of the order of a few hun- 
dredths of a degree Kelvin were used, and they were 
derived from a measurement of the difference between 
the resistance of the two carbon thermometers. A com- 
parison circuit was used to measure this difference 
directly. It is fully described in an article by Dauph- 
inee” except that the motor-driven switch employed in 
that design was replaced by a high-speed double-pole- 
double-throw switch in the form of a “Millisec’’ relay 
driven by a square-wave generator. Such a circuit 
provided greater sensitivity than a Wheatston bridge at 
the power levels employed (<1yw), while permitting 
the use of a conventional deflection galvanometer of 
moderate sensitivity. 

The specimens used came from two different sources. 
For the high-field work, crystals grown by Horizons, 
Inc., Cleveland, Ohio, were used. In Zn I and Zn II the 
hexagonal axis was nearly perpendicular to the axis 
of the rod (g=89°), and in Zn III the axis was parallel. 
The low-field work was done using crystals very kindly 
loaned to us by Dr. E. I. Salkovitz of this laboratory. 
In both crystals the hexagonal axis was perpendicular 
to the rod axis; in Zn VI, ¢=89° and in Zn VII, ¢=85°. 
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Fic. 2. Diagram of calorimeter used for low-field work. 
4 T. M. Dauphinee, Can. J. Phys. 31, 577 (1953). 
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Fic. 3. Relative change in thermal resistance (W) as a function 
of mzgnetic field for Zn I. Heat flow is perpendicular to the field 
and perpendicular to the hexagonal axis of the crystal. For curve 
A, the hexagonal axis is at an angle of about 5° with the direction 
of the field. For curve B, the hexagonal axis is parallel to the field. 





The thermal and electrical constants of each crystal 
are given in Table I. 


EXPERIMENTAL RESULTS 


The thermal magnetoresistance data is presented in 
terms of the relative change in thermal resistance 
AW/Wo. Wo is the thermal resistance in zero field at the 
temperatures indicated on the graphs, and AW=W 
—Wo, the change in thermal resistance as the field is 
increased. Values of Wo for each crystal at the tempera- 
tures employed are given in Table I. 


High-Field Results 


Using Zn I, two sets of data were obtained. In both 
cases, the heat current Q flowed perpendicular to the 
hexagonal axis of the crystal, but in one run the hexag- 
onal axis was not quite parallel (~5° off) to the mag- 
netic field. This is shown as curve A in Fig. 3. The 
orientation was then adjusted and the data for curve B 
were obtained. It is clear that the thermal magneto- 
resistance is a very strong function of orientation. 

In Zn II, the crystal was oriented in the apparatus so 
that the magnetic field was perpendicular to the 
hexagonal axis. The heat current, Q, was also perpen- 
dicular to this axis, as before. The data for two tem- 
peratures appear in the lower curves of Fig. 4. A crystal 
of different orientation was used for Zn III in order to 
obtain the third permutation of Q, H, and crystal axis. 
In this crystal the field was perpendicular to the hexag- 
onal axis, but the heat current was parallel to it. The 
data obtained appear in the upper curves of Fig. 4. 

In both cases, the temperature dependence of the 
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Fic. 4. Relative change in thermal resistance (W) as a function 
of magnetic field for Zn II and Zn III. For Zn II, the heat flow 
is perpendicular to the field and perpendicular to the hexagonal 
axis of the crystal. For Zn III, the heat flow is perpendicular to 
the field and parallel to the hexagonal axis of the crystal. In both 
cases, the hexagonal axis is perpendicular to the field. 





magnetoresistive effects was small. However, the effect 
of a change of temperature on Zn II was opposite to 
that on Zn III. This may or may not be a real effect; 
it is felt that there is probably an error in the value of 
Wo. 

As a general rule, the magnetic effects were smaller 
in the case where the crystal presented a high degree 
of symmetry to the field. This was true for Zn I (B) and 
Zn II. In the case of Zn III, the positions of the binary 
axes were not known, but since it is unlikely that they 
were precisely parallel or perpendicular to the field, the 
strong effects observed should not be unexpected. This 
dependence on symmetry is recognized in most theories 
of electrical magnetoresistance, and these results can 
be looked upon as corroboration of the effect in the 
thermal analog. 

It is therefore plausible to assume that the orienta- 
tions of highest symmetry would be the ones most 
sensitive to small changes, and it appears that this is 
true. When the field is parallel to the hexagonal axis, a 
marked de Haas-van Alphen effect is observed in the 
susceptibility, and it is also at this orientation that 
anomalies in the electrical magnetoresistance have 
appeared.* It was thus an orientation of considerable 
interest for the thermal magnetoresistance. 


Low-Field Results 


The work at low fields was carried out using a hori- 
zontal iron-core magnet which could be rotated about 
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Fic. 5. Comparison of thermal and electrical magnetoresistance 
as a function of angle for field fixed at 12.3 kG. 


a vertical axis. The magnet was calibrated by means of a 
nuclear resonance fluxmeter, and it could be positioned 
with respect to the crystalline axes of the specimen with 
a high degree of precision. It was therefore well-suited 
to an investigation of de Haas-van Alphen behavior. 

Both thermal and electrical magnetoresistance data 
were taken on the specimens used in this part of the 
work. The characteristics of Zn VI and Zn VII appear 
in Table I. In both specimens, the hexagonal axis was 
perpendicular to the rod axis, and thus lay in the hori- 
zontal plane, making an angle @ with the field direction. 
To insure proper orientation of the field with respect to 
the crystalline axes, a “rotation diagram” consisting of 
the variation of the magnetoresistance with the angular 
position of the magnet was taken at some constant field 


TABLE I. Electrical and thermal characteristics of the 
zinc crystals used in these experiments. 
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Fic. 6. Relative change in thermal resistance as a function of 
field for Zn VI. Hexagonal axis is perpendicular to heat flow and 
parallel to field direction. 


—in this case, about 12 kG. Both the electrical and 
thermal cases were studied, and the data for Zn VI 
appear in Fig. 5. There is clearly strong similarity be- 
tween the two curves, which would imply that the 
thermal conduction is almost entirely electronic. 

The absolute minimum in the curves corresponds to 
the orientation for which the field is perpendicular to the 
hexagonal axis (@=90°) and the relative minimum 
occurs when the field is parallel to the axis (@=0°). 
It is this orientation for which the de Haas-van Alphen 
effect is the strongest. Accordingly, the magnet was 
locked into position, and the variation with field for 
both the thermal and electrical magnetoresistance was 
observed. The resulting curves, for Zn VI, appear in 
Figs. 6 and 7. 

Again, the electrical and thermal curves resemble 
each other closely, and there is a faint suggestion of an 
oscillatory component on each one of them. By sub- 
tracting away the gross increases in resistance, it is 
found that the oscillations are periodic in reciprocal 


TABLE II. Values of the de Haas-van Alphen parameter 8*/Eo 
derived from thermal and electrical magnetoresistance data, 
compared to the value obtained from susceptibility measurements 
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field, a characteristic of the de Haas-van Alphen effect. 
The results of this type of analysis appear as Fig. 8. 
Since only two oscillations are clearly observed, the 
de Haas-van Alphen parameter, */E», derived from 
the oscillations can be used only for purposes of com- 
parison. 

Following the assumption that the oscillatory com- 
ponent of the thermal magnetoresistance is simply 
added to a steady monotonic increase, we can write 


AW/Wo=A1(H,T)+A2 sin (27E)/p*H). 


In this expression 6*=eh/m*c, a double effective Bohr 
magneton, and Ep is the energy overlap between the 
Brillouin zone boundary and the Fermi surface. If the 
zeros of the sine function, expressed as values of 1/H, 
are plotted against successive integers, a graph of the 
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Fic. 7. Relative change in electrical resistance as a function of 
field for Zn VI. Hexagonal axis is perpendicular to current and 
parallel to field direction. 


type shown in Fig. 9 is obtained. The slope of this line 
is equal to 8*/2Ep, and the ratio is usually broken, in 
the case of susceptibility measurements, by a study of 
the temperature dependence of the amplitude of the 
oscillations. 

Values of 6*/E, obtained from the electrical and 
thermal measurements on Zn VI and Zn VII appear in 
Table II. The best value from susceptibility measure- 
ments is given for comparison. 


DISCUSSION AND CONCLUSIONS 
Comparison with Theory 


Apart from the oscillatory effects, the magneto- 
resistive behavior of these specimens have been ana- 
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Fic. 8. Difference curves for thermal and electrical magneto- 
resistance of Zn VI, showing de Haas-van Alphen oscillations. 


lyzed in the light of the 2-band theory of Sondheimer 
and Wilson,” first published in 1947 and somewhat 
amplified in the second edition of Wilson’s Theory of 
Metals® in 1953. They consider a model consisting of 
two overlapping bands of electrons, the s-band and the 
d-band, whose energies are given by E=hk?/2m. The 
model is not claimed to be representative of any real 
metal, but was chosen for its mathematical tractability. 
It yields equations of a familiar form: 


Ap/po= AH?*/(1+ BH?) (electrical), 
AW /W.=CH?/(1+DH?") (thermal). 


They describe a magnetoresistance curve which is 
parabolic at low fields and which approaches some con- 
stant value at high fields. If we assume that two bands 
make equal contribution to the conductivities, so that 
o,=o4=0)/2 and K,=Ka=K,/2, we can then deter- 
mine the number of electrons in each band. For the 
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Fic. 9. Straight-line plot used to analyze de Haas-van Alphen 
oscillations found in thermal magnetoresistance of Zn VI. 


12 EF. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 
190, 435 (1947). 

13 A. H. Wilson, Theory of Metals (Cambridge University Press, 
Cambridge, 1953), second edition. 
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Fic. 10. Comparison of experimental results on the electrical 
magnetoresistance of Zn VI with the theory of Sondheimer and 
Wilson. 





electrical case, the constants are 
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and for the thermal case 
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where m,=number of electrons/cc in the s-band, ng 
=number of electrons/cc in the d-band, oo= electrical 
conductivity in zero field (gaussian units), e= electronic 


charge (esu), c=velocity of light (cm/sec), k= Boltz- 
mann constant (erg/°K), Ko=thermal conductivity 





TABLE III. Values derived from Wilson-Sondheimer theory for 
the number of electrons in the s-band (n,) and the number in the 
d-band (nz). The number of electrons per atom for the respective 
bands is also shown. 








Zn VI Ns na 


Thermal 2.22X10" 0.914 10” 
Electrical 1.70X 10” 1.12 X10” 


n./atom 


0.332 
0.255 


na/atom 


0.137 
0.168 











in zero field (gaussian units), and T7=absolute tem- 
perature. By taking the experimentally observed values 
of Ap/po and AW/W» at two fields, 10 kilogauss and 
20 kilogauss, and substituting these in the equations 
quoted above, values of ”, and mq can be determined 
for both the electrical and thermal cases. The results 
are shown in Table III. While a certain measure of 
agreement exists between the values derived in both 
cases, it should not be concluded that the experimental 
results agree with theoretical predictions. Figure 10 
shows a comparison between theory and experiment, 
using the constants just derived. It is clear that the 
simple parabolic behavior predicted is not borne out at 
low temperatures, at least. However, a somewhat more 
fundamental discrepancy exists in the number of elec- 
trons per atom. It is considerably less than the number 
one would intuitively expect for a metal like zinc, 
although other experiments on thermal conductivity 
give similar results. The work of Webber, Andrews, and 
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Fic. 11. Two methods of determining the value of thermal con- 
ductivity of Zn VI in very large fields (K,). The oT axis is used 


in conjunction with the two curves marked with squares ® 
and triangles (4). The K-intercept at B-'=0 is 0.50 watt units. 


Spohr" for example, yielded a value of 6X 10~ electrons 
per atom for aluminum. In addition, the susceptibility 
measurements of the de Haas-van Alphen effect indicate 
that only about 1X 10~ electrons per atom are taking 
part in the oscillations. If we assume, from the size of the 
de Haas-van Alphen component, that only one percent 
of the total number of electrons taking part in the con- 
duction process are de Haas-van Alphen electrons, we 
arrive at a figure of 1X 10~ electrons per atom. This is 
clearly much too small, but the qualitative fact remains 
that the number of electrons per atom available for 
thermal or electrical conduction at low temperatures is 
apparently an order of magnitude less than the valence 
number, two. 


44 Webber, Andrews, and Spohr, Phys. Rev. 84, 994 (1951). 





THERMAL 


Extrapolation to Infinite Fields 


Two techniques have been employed to determine 
the value of the thermal magnetoresistance in an in- 
finitely large field for Zn VI and Zn VII. The first is 
very straightforward ; the data are expressed as thermal 
conductivity and then plotted against the reciprocal 
of the field. From about 10 kilogauss up, the experi- 
mental points fall on a reasonably good straight line 
which can be extrapolated to 1/H=0 or H=~. The 
point of intersection of this line with the K axis pre- 
sumably gives the value to which the conductivity is 
tending. 

The second method is similar to the first, except that 
instead of an abscissa of 1/H, we use o7,, the product 
of the electrical conductivity and the temperature. 
This has the effect of separating the thermal conducti- 
vity into two parts; one, a part designated K, which 
depends on the same electrons as the electrical con- 
ductivity and thus is sensitive to a magnetic field, and 
the other, a field-independent part, designated K,,. If 
we make the questionable assumption that in the limit 
of infinitely large H, o goes to zero, the K-intercept 
gives the value of K,,. The results of such an analysis 
appear in Fig. 11. The agreement between the values of 
K,, derived by the two methods is probably fortuitous; 
nevertheless, the fact that two different crystals yield 
the same result is intriguing. 

If we assume that the thermal conductivity of the 
metallic lattice, K,, can be added to the thermal con- 
ductivity of the electrons and that the electronic con- 
tribution is reduced to zero in the limit of large fields, 
it would seem that K,, could be identified with K,. In 
fact, the second method given above is one of the tech- 
niques used to yield an estimate of K,. For these experi- 
ments, however, this is apparently not the case. If we 
take the data for Zn I (A) and Zn I (B) and plot the 
values of thermal conductivity against reciprocal 
field (method 1), we obtain the curves shown in Fig. 12. 
It is clear that the values of K., for the two cases are 
quite different, indicating that the angular anisotropy 
observed at ordinary fields persists for indefinitely large 
ones. This indicates that the electronic contribution 
to the thermal conductivity is never completely 
quenched by a magnetic field. It is probable that at 
very high fields, both the thermal and electrical con- 
ductivities reach a value which no longer depends on 
the magnitude of the field, but only on its direction 
with respect to the crystalline axes. 


The Lorenz Ratio 


The Lorenz ratio derived from these experiments is 
somewhat anomalous. If we calculate Ly= Ko/oT from 
the data given in Table I, we see that it is considerably 
below the value to be expected at these temperatures. 
For Zn VI, Lo=1.32X10-* and for Zn VII, Lo=1.38 
X10-*. The values obtained for other metals at these 
temperatures are usually much closer to the room 
temperature value of 2.45X10-* watt-ohm/(°K)*. In 
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Fic. 12. Graph showing persistence of angular anisotropy in 
thermal conductivity at very high fields for Zn I. 


addition, the variation of Z with field is quite strong, 
indicating that the thermal and electrical conducti- 
vities are not mere reflections of each other. Figure 13 
shows the variation of L/L» with field for Zn VI. 
Although Ly is almost certainly in error, the data show- 
ing the relative change of L with field is probably valid. 
Using the values of m, and mq derived earlier and sub- 
stituting into the expression for L/L» given by Wilson,” 
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we have the result shown in dotted lines in Fig. 13. 
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Fic. 13. Comparison of experimental results on the Lorenz ratio of 
Zn VI with the theoretical results of Sondheimer and Wilson. _ 
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Absorption of Light by Atoms in Solids* 
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The interactions of an atom with its neighbors in an idealized solid are taken into account explicitly in 
treating the absorption of light, as contrasted with the usual introduction of an “effective” field and mass. 
In the discussion of the magnitude of the absorption coefficient, two cases are treated: one, the absorption 
by an impurity atom, in which case we are led to an equation similar to Smakula’s; and two, the absorption 
by one of the atoms of the perfect crystal. The computations are based on a simple idealized model whose 


validity is discussed for existing systems. 


I. INTRODUCTION 


ONSIDERABLE progress has been made in recent 
years in the understanding of the shape of absorp- 
tion bands of atoms in solids, particularly of impurity 
atoms.'-® Relatively little attention has been directed 
to the problem of the total amount of absorption by the 
atom, that is, to the integrated cross section. This is a 
somewhat more difficult problem, requiring explicit 
knowledge of the details of the wave functions, which 
are, in most cases, severely modified by the medium 
from their values in vacuo. 

The usual method? for the treatment of the magnitude 
of the absorption has been to make use of the atomic 
wave functions of the atom, completely uninfluenced 
by the presence of the medium, and to attempt to take 
account of the effect of the medium by the introduction 
of an “effective field” and an “effective mass” for the 
electron. This procedure is satisfactory in limiting cases, 
where the values of these effective parameters are 
known, but suffers from the difficulty that in general 
the parameters are not known. In an alternative de- 
scription, presented here, the transition probability of 
the system is calculated, using wave functions for the 
whole crystal in which interactions among the atoms 
are taken into account. Since the interactions are 
explicitly accounted for in the wave functions, the 

* This research was supported in part by the U. S. Air Force 


through the Office of Scientific Research of the Air Research and 
Development Command. 

1K. Huang and A. Rhys. Proc. Roy. Soc. (London) A204, 406 
(1950). 

2M. Lax, J. Chem. Phys. 20, 1752 (1952) and subsequent pub- 
lications. 

’F. E. Williams, J. Chem. Phys. 19, 457 (1951) and subsequent 
publications. 

4C. C. Klick, Phys. Rev. 85, 154 (1952). 

5D. L. Dexter, Phys. Rev. 96, 615 (1954). 


introduction of effective masses and fields is unneces- 
sary, and this difficulty is avoided; for this difficulty 
there is substituted the problem of calculating wave 
functions in which the interactions are included. This 
is, in general, a formidable task since the interactions 
are many and large, so large, in fact, that perturbation 
theory may not be applicable in a simple way in some 
systems. 

In one idealized model, however, the calculation of 
the wave functions and the transition probability can 
easily be carried out, and the results can be expressed 
in a form similar to Smakula’s equation®” for impurity 
atom absorption. This is included in Sec. II, where there 
is also presented a discussion of the simplifying assump- 
tions inherent in the idealized model. In Sec. III is a 
similar calculation for the absorption of the pure host 
crystal itself. In this case we obtain a result, not previ- 
ously emphasized to the knowledge of the writer, 
which is equivalent to the statement that the integrated 
absorption cross section of an oscillator is unchanged by 
the dipole-dipole interactions with other identical 
oscillators. 


II. IMPURITY ABSORPTION 


Here we shall be concerned particularly with an 
impurity atom which absorbs light of a longer wave- 
length than that at which the host crystal absorbs; thus 
its absorption is not lost in the fundamental absorption 
of the host crystal. We shall also assume that the im- 
purity concentration is sufficiently low, say less than 

6A. Smakula, Z. Physik 59, 603 (1930). 

7C. Herring, Proceedings of the Atlantic City Conference on 
Photoconductivity, November, 1954 (John Wiley and Sons, Inc., 
New York, 1955). Herring has suggested some modifications to 


Smakula’s equation based on a somewhat different point of view 
than that expressed here. 
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10” per cm’, that interactions between one impurity 
atom and another may be ignored. 

The model we shall assume is based on a familiar one, 
which has been used by numerous workers in treating 
optical properties of pure crystals.8~“ The crystal is 
effectively infinite, and of cubic crystal structure. The 
ground states of the atoms are assumed to be S-type, 
and the excited states of interest are thus P-type. 
Thermal vibration may be left out of the calculation 
since only integrated absorption cross sections are to be 
calculated here.? Any possible spin effects are ignored. 
According to this model, the dominant interactions 
between atoms is a dipole-dipole, or van der Waals’ 
interaction, with exchange and higher multipole effects 
less important. All effects are assumed small, so that 
their squares are neglected. (This statement will be 
made more precise a little later, but essentially we 
treat 4ra/3, the Lorentz correction, as small, so that 
its square may be dropped out.) Further, the overlap 
of wave functions centered on one atom with those on 
another atom is assumed negligible, so that normalized 
atomic functions are still orthonormal in the crystal. 
Thus to a zero-order approximation (indicated by the 
superscript on ¥) the wave function for the ground 
state of the system (denoted by the subscript 0) is given 
by an antisymmetrized product of ground state wave 
functions for one impurity atom and V—1 host crystal 
atoms. 


Y= 2 (—1)PPy?(1)y2( 2)-+- 


VN! 
Xvv-1(N—1)¢(N). (1) 

Here we sum over the NV! permutations P, the lower 
case y’s are host crystal atomic wave functions, the 
subscript indicating the location of the atom, the super- 
script labelling the atomic state, and the argument 
specifying the electron occupying the state. The letter 
y will be used to denote the wave functions of the im- 
purity atom in its ground state (¢°) or excited states 
(¢"). According to the assumption just above, this wave 
function Eq. (1) is normalized if each y and ¢ is nor- 
malized. We shall now use stationary perturbation 
theory to compute the ground-state wave function to 
a first-order approximation, taking the dominant inter- 
ations into account. 

The wave function Eq. (1) is an eigenfunction of the 
Hamiltonian 


N 
Ho= > Hi, 


i=l 


(2) 


8J. Frenkel, (1906) Rev. 37, 17, 1276 (1931); Physik Z. Sow- 
jetunion 9, 158 (19. 

*R, Peierls, jm Physik 13, 905 (1932). 

a y,’S. Slater and W. Shockley, Phys. Rev. 50, 705 (1936). 

uF, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 414. 

2 W.R Heller and A. Marcus, Phys. Rev. 84, 809 (1951). 

4D. L. Dexter and W. R. Heller, Phys. Rev. 91, 273 (1953). 
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where each term H; is an atomic Hamiltonian. The 
actual crystal Hamiltonian, which includes interactions, 
is 

H= Het prey! 3 set 


(3) 

a° TT te a? ¢ ¥yx9 oT ty 
Here lower case indices are used for electron coor- 
dinates, and upper case letters for those of the atomic 
cores. The primes above the summation symbols act to 
exclude the equivalence of the two summation indices. 
Considering the Hamiltonian H,=H—H, as a small 
perturbation, we may express the corrected ground- 
state wave function formally as 


(a| H,| 0) 


YO=¥O+D yO, 


a ee 


(4) 


a 


We must now discuss the wave functions ¥, which 
are coupled to Wo by the interaction H;. Since H, is 
a function of pairs of coordinates, H;;, only those ¥, 
appear in which two of the wave functions ¥ and ¢ 
changed. Thus the ¥, are of two types, one containing 
two excited atoms y,™ and y;", and the other con- 
taining one ¥,™ and one g’. We shall see later that it is 
only the latter type which contributes to the low- 
energy transitions associated with the impurity atom. 
(The former type which we may call ¥ 5, is similar to 
the “double exciton” wave functions discussed in 
reference 13.) Thus let us rewrite Eq. (4) including the 
first type only formally, and the second explicitly. 


VoV={WOLT cghy™ 
8 


L, m, j|H,|0 
yyy! m, j|H,|0) 


ee Red 


L, m, j. 


Em +W; 


Here we have inserted the energy difference Ey>—E,. 
as —(€m+w;), each atomic energy being measured 
from the ground atomic state; the letter ¢,, is used for 
the energy levels of the host crystal atoms, and w; for 
the impurity atom levels. The wave function Vz, m, ; 
is the antisymmetrized product 


Vr, m, Jj 


i™(I)---¢(N), 


(6) 


1 
ee —1)?P, 1° » ) Pre 
7 saiadahed sea 


and the matrix elements of H;, 


(L, m, j| H,|0) 


can op =r fy *(1)-- rm ( (1) - ae 
Xe (N)(L 2 His) PHI): 
Xvi"(I)--- (7) 


are nonzero under two circumstances, corresponding 
to dipole-dipole or exchange interactions. If the per- 


¢(N)dr, 
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mutations P and P” are identical, we find, by expanding 
H;; in a power series in 1/r;;, the dipole-dipole coupling ; 
if P and P’ are identical except for the pair of electrons 
occupying the excited states ¥,™ and g’, we obtain the 
exchange coupling. Thus Eq. (7) becomes 


(L, m, j|H,|0) 
e 
on -Xj—3tm-Rix;-Ry/Rz*) 
L 


ad 
— fimo") Hite O)dra, (8) 


Ti2 


Here r™ is the matrix element of r between y™ and y’, 
and x; that between g* and ¢°®; R, is the vector 
separating the impurity atom and the Lth atom. 

The energy of the ground state, Wo, is given by the 
expectation value of H in the state Yo, and is equal to 


1 
We=-F DC" f v2 (12 (2)—r"(2)W29(1)dris 
IL Ti2 


1 
Le fy MP@WOPDin ©) 
I T12 


Here the double prime on the first summation reminds 
ug that J and Z are not equal and that neither refers to 
the impurity atom. Thus —W» is the amount by which 
the energy of the system is lowered by the exchange 
interaction among all the atoms, the zero of energy 
being chosen equal to that of the N isolated atoms in 
their ground states. To Eq. (9) might be added addi- 
tional terms coming from the small terms in Eq. (5), 
but since these would appear as squares of quantities 
such as (L, m, j|H;|0)/(ém+w,), they are neglected. 
This same approximation is made throughout, con- 
sistent with the use of first-order perturbation theory. 

We now discuss the excited states of the system. The 
lowest excited states are those in which the impurity 
atom is excited, according to our stipulation that we 
wish to be able to see its effect in absorption. Thus a 
zero-order excited wave function is the antisymmetrized 
product, 


1 
{oO = —_ a r ° nae n-1° N- i(N . 
Ws = ECP) Ys —1oMW) 
(10) 


The wave functions to be mixed with this by the inter- 
actions are of two types: the first, wave functions having 
two host atoms excited as well as the impurity atom; 
the second, wave functions having one host atom excited 
and the impurity atom in a different excited state or 
the ground state. The first type will not contribute to 
the final result and will be included only formally, as 
v,. The others are described explicitly below in Eq. 
(11), where the summation over n includes the ground 
state (which is, in fact, the only term which will con- 


tribute in the final result). 
VjM%=V/OLDY dv, 

7 
(L, m, n| H,| j) 
-XLE v 


Lm nj 





n. (11) 


= L,m, 
Em + Wn— Wj 


The matrix elements here are computed in the same 
way as in Eq. (7), and are equal to 


(L, m, n| H,| j) 


e 
=— (tm Xin — 31m RiXjn-Ri/Rz?) 


1 
—é f vi") 02) 1.2) 0"(1)ara (12) 


Tie 


and the energy of the state ¥; is given by 


é 1 
W j=w;-— > >” foe aw @—weowat(tars 
A a Tie 


1 
#5 f vo*(1) e**(2)—ox9(2)94(1)dris. (13) 
I Tie 


Thus the energy difference W ;— W is just equal to the 

atomic energy level difference plus an exchange cor- 
rection. 

1 

W)-Womws—-2S [verter — 

I Ti2 


X (e*(2) e7(1)— (2) —°(1))dria, (14) 


Now that we have the corrected wave functions of 
the system, we may apply time-dependent perturbation 
theory“ in the usual way to calculate the probability 
of a transition of the system under the influence of an 
electromagnetic field 


&=ué,Lexpi(k-r—w/)+c.c. ]. 
The transition probability per unit time is given by 
pj=(24/h)px|u-C;|*, (15) 


where pz is the density of radiation at the energy given 
by Eq. (14) polarized in the direction of the unit vector 
u, and where C; is given by 


e 
C= fro Ve) Odr. (16) 


wm 


Here w; is the (mean) frequency of the absorption line 
(W;—Wo)/h, Vs the gradient operator for the ith 
electron, and k the propagation vector of the radiation. 


Inserting the wave functions given by Eqs. (5)-(8) 


4 See for example p. 215 of reference 10. 
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and (10)—(12), we obtain the result derived in Appendix 


’ 


Aan 
[u-C)*=ex? 1+—aa(,) +2 5 


be, (e.?— w/)x; 


Tm€mO(m,j) 
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1 
+—LF(0f)—F(00)}¢. (17) 


For the isolated atom we would obtain the simple 
result e’x7?, so that the quantity in curly brackets 
represents the effect of the medium. The first correction 
term is the familiar “local field’? correction, evaluated 
at the energy of the transition. Here a is the atomic 
polarizability of the host crystal atoms, of density mo, 
at the energy w;. The other terms are exchange terms 
defined in the appendix. The integrated absorption 
cross-section is obtained by dividing the energy ab- 
sorbed per second, that is, (W;— Wo) times the transi- 
tion probability, by the incident energy flux corre- 
sponding to one photon per unit volume. Since the 
energy carried by the photon is «&,?/2x and the velocity 
is c/n, we obtain 


n 4n? 
foseyae==—|C-u)*7- Wo) (18) 
« he 


Thus substituting for (W;—Wo) and for |C;-u|* we 
obtain the area under the absorption band u;(Z) for a 
density No of impurity atoms 


1 4x? 4dr 
futwaz--—| 1+—1o (ws) 
n he 3 


‘m€mo(M, 1 s 
coe 5 £F0,/)-F0,)] 


m (€m?—w7)x; 2w; 





X Nex 7w;, (19) 
where we have made use of the relation xn?. These 
last two factors may be related to the atomic oscillator 
strength fo; and we obtain finally 


f uj(E)GE 
12n%eth, = 4x 
| I-p— roma (03) -—2> 


- (en?— w)x; 


mm &(m, 7) 


1 2 
+—1F0,)-FO0)]| Nofos. (20) 
2w j 


This result may be compared with that obtained by 
use of the effective field and mass parameters, as dis- 
cussed by Lax,? 


1 2w%e?h ( Sess)? 
fusean= - | Nofoj, 


nme 


(21) 


and it is seen that the quantity in curly brackets in 
Eq. (20) is the effective field ratio in cases where the 
effective mass to be inserted in Eq. (21) is the electronic 
mass. (This will be the case in systems for which the 
foregoing calculation is justified.) Thus the effective 
field ratio in the present calculation is 


Set dr 
<1+—ne(w)+I+K, (22) 
j 


& 


where we have grouped together all the exchange terms 
in Eq. (19) in the symbol J. We may consider that K 
contains higher order corrections in the form of dipole- 
quadrupole and higher multipole effects, squares of 
parameters such as 4amga,(w;)/3 and the exchange 
terms in Eq. (19), and effects of overlap and non- 
orthogonality. 

If J and K may be ignored, we may derive a gener- 
alized “Smakula equation” by making use of the 
relations 

k=n’=1+-41a, 
(23) 
n?+-2 
= 1+-4anoa,(w;)/3+K’. 


Here a is the polarizability of the crystal and K’ is 
another term of the magnitude of K, and is dropped in 
the following. Thus by substituting Eqs. (23) in Eq. 
(22) and Eq. (21), we obtain 


1/29reh n?+2\?2 
f w(EaE=—( )( ) Nofoe (24) 
n\ me 3 


Equation (24) may be considered as describing an 
experimental method for measuring the conceitration 
of impurity centers Vo in cases where the above sim- 
plifying assumptions are valid. That is, the oscillator 
strength in the transition may be measured in vacuo, 
the index of refraction m of the host crystal may be’ 
determined optically, and the absorption band area 
found in the usual way. If the absorption coefficient is 
expressed in reciprocal centimeters and the energy in 
electron volts, Eq. (24) may be written 


1 
— | u,(E)dE. 
(n?+2)? fos 


No=0.821 X10" cm- (25) 


Two simple cases may be treated further. Smakula® 
treated the case for which y;(£) is of the classical, 
Lorentzian shape, so that the integral /yu;(E)dE is 
equal to (r/2)u;(max)U;, where u;(max) is the peak 
absorption coefficient and U; the width of the absorp- 
tion band at half-maximum. Thus we obtain the 
numerical coefficient as it has been commonly used, 


1 
—n;(max)U;. (26) 


(n?+2) fos 


No=1.29X10" cm“ 
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However, in solids the width of the band does not 
arise in the classical dispersion manner, but rather 
from interactions of the center with lattice vibration. 
Thus in simple centers the absorption band is more 
nearly Gaussian in shape, so that the integral in Eq. 
(25) is (3) (# In2)*u;(max)U;, and Eq. (25) becomes 


No=0.87 X10" cm=* —y;(max)U;. (27) 


(W?+-2)* fos 


This point has been recognized independently by 
Herring.’ 

The drastic simplifying assumptions made in deriving 
these last few equations are probably not even approxi- 
mately valid in ionic crystals. (For example, we have 
treated 4ra/3 as a small quantity; even in the alkali 
halides 4ra/3=(x—1)/3 is almost unity, and is larger 
than unity in other ionic crystals.) Appreciably better 
equations would entail vastly greater work, and would 
very iikely be appreciably better only for the particular 
crystal system for which the calculations were per- 
formed. One’s intuitive feeling is that because of overlap 
effects the interactions with the medium are less than 
those used here, so that the numerical coefficients should 
be increased over their values in Eqs. (25)-(27). 
Another way of viewing the overlap effects is that as 
the wave functions of the impurity atom extend over 
regions comparable with or larger than the unit cell, 
the field which is effective in inducing the transition is 
just the average field within the medium. However, in 
this case the wave functions become so distorted that 
they bear little resemblance to the initial atomic wave 
functions, and the type of calculation attempted here 
is not valid; Lax’® has recently discussed some of the 
problems of the diffuse center, such as impurities in 
germanium, and concludes that an equation such as 
Eq. (21) may describe the absorption, but that here the 
effective field ratio is unity, and the effective mass to 
be used is a harmonic mean of the effective mass tensor 
components in simple cases. However, in this case the 
oscillator strength is mot associated with a transition of 
the isolated atom itself but rather with that of the 
diffuse center. That is, the oscillator strength may not 
be measured independently of the crystal. 

The type of calculation presented here may have 
quantitative validity, particularly if exchange is 
included as in Eq. (20), in the solid rare gases or other 
molecular crystals in which van der Waals’ interactions 
are predominant. The investigation of the optical 
properties of xenon impurities in solid argon, for 
example, would be extremely interesting, but unfor- 
tunately the experiments would be difficult to perform. 

One additional restriction should perhaps be men- 
tioned here. If the energy of the transition in the 
impurity atom is close to the energy of the fundamental 

18M. Lax, Proceedings of the Atlantic City Conference on 


Photoconductivity, November, 1954 (John Wiley and Sons, Inc., 
New York, 1955). 


absorption band of the host crystal, the denominator 
in Eq. (11) becomes small, and resonant effects will 
become important. In fact, if we consider the energy of 
the transition to be just equal to that of the funda- 
mental absorption band, we have essentially the same 
problem as is discussed in the next section, where the 
resonance effects necessitate the introduction of exciton 
wave functions 


Ill. HOST CRYSTAL ABSORPTION 


In this section we shall treat the magnitude of the 
absorption in transitions to the exciton states of the 
system. The crystal model is that which we made use 
of above, except that we now have no impurity atoms 
present, but just V host crystal atoms. Since extensive 
calculations have already been made with this model, 
we shall draw on previous results for the sake of brevity. 
The ground state of the system is an antisymmetrized 
product of ground state atomic functions, Wo, plus 
an admixture of higher excited state wave functions 
coupled in by the dipole-dipole and exchange interac- 
tions [see Eqs. (4)—(7) of reference 13]. Specification 
of the excited states of the system by the location and 
state of an excited atom is not an adequate description 
because of the N-fold degeneracy arising from the 
periodicity of the crystal structure, and we are led to 
the exciton wave functions by choosing a suitable linear 
combination of the localized atomic excited wave func- 
tions. The N linear combinations of one excited atom in 
state / and N—1 atoms in the ground state, each com- 
bination characterized by a propagation vector, k’, are 
known as exciton wave functions [see Eqs. (8)—(10) of 
reference 13 for further details ]. These wave functions 
take into account the interactions among the atoms to 
the same approximation as in the previous section. 
Making use of these wave functions, we now apply 
time-dependent perturbation theory to calculate the 
transition probability of the system when an electro- 
magnetic field is applied (as contrasted with reference 
13, where the polarizability was computed). We find, 
as in reference 13, the value for |u-C,|, 
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Here the Kronecker delta function dy, states that 
transitions are only allowed to exciton states which 
have the same momentum as the absorbed photon; Z is 
a symbol for the several exchange terms. The denomi- 
nator W,(k’)— Wp is found to be 


4or noe? 
Wilk’) Wome 1-— “re )4I+7, (29) 
€1 











ABSORPTION OF LIGHT BY ATOMS IN SOLIDS 


where J denotes the exchange terms, and T the kinetic 
energy of the exciton. Since we are interested only in 
the states for which #k’ is equal to the very small 
photon momentum, we may set T equal to zero with 
high accuracy, as Heller and Marcus” have shown. The 
transition probability per unit time per unit volume in 
the energy range dE is given by 
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Note that the possibility of the same transition 0 to / 
in the other atoms increases the transition probability 
for each of the atoms. This is shown by the first cor- 
rection term in the curly brackets. The other transitions 
to states 7#/ account for the second correction term, 
and L’ is a sum of exchange terms which we shall not 
describe explicitly. The second correction term is of 
the familiar form, (4470/3) times the polarizability at 
energy e; arising from all transitions 7#/ in the atoms, 
but there is the additional correction, just mentioned, 
from the same transition to state / in the other atoms. 
This same dependence is exhibited by the extinction 
coefficient, equal to uihtc/(Wi— Wo), though not by the 
absorption coefficient. 

To obtain the absorption coefficient, we proceed as 
before. 
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In the vicinity of the absorption band, m and «x are 
functions of the energy, but the contributions to m and 
« by the other transitions 7#/ must be slowly varying 
if €; is not too close to ¢;, so that their contributions 
may be called constant. (If the energies are closely 
equal, the use of perturbation theory in deriving the 
wave functions is not justified anyway.) The dispersion 
near the absorption maximum makes the contribution 
to n and «x from the /th transition change sign on the 
two sides of the /th absorption band, and, to the 
approximation we have been following here, this con- 
tribution vanishes. Thus the integration may be carried 
out, and we obtain 
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In terms of the oscillator strength, fo, Eq. (32) may 


be written 
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This exhibits the interesting result that if only one tran- 
sition in the atom has appreciable oscillator strength, 
the total absorption per atom is uninfluenced by the 
presence of the other atoms. 

Thus, aside from the effects of transitions to states 
j#l and aside from exchange and higher order effects, 
the effective field ratio is 1+ (4mmo/3)(2er?/e:) in 
treating the low-frequency polarization of an atom, is 
1+ (ano/3)(2er?/e:) for purposes of calculating the 
transition probability, but is unity as regards the ab- 
sorption coefficient. Another way of stating this is that . 
although the transition probability is increased by the 
presence of the other atoms, the energy of the transition 
by the presence of the other atoms, the energy of the 
transition is reduced by the same interactions just 
enough to leave the total absorption unchanged. This 
result was not previously known to the writer and 
demonstrates that one must be careful in applying the 
“effective field” concept. Essentially this result may 
be obtained classically, as shown in Appendix B. 

This idealized model probably bears little resem- 
blance to most real crystals, except perhaps the sclid 
rare gases and possibly other molecular crystals. How- 
ever, even if there should be little practical application, 
the calculation seems worthwhile since with this model 
it is possible to carry out in detail the computations for 
the very commonly used van der Waals’ interaction, 
showing results rather different from those commonly 
assumed. The formal result that the van der Waals 
interaction between an oscillator and other identical 
oscillators produces no change in the amount of energy 
absorbed cannot obviously be carried over to other 
interactions, but it is at least suggestive. 


APPENDIX A 


In this section we wish to compute the transition 
amplitude C; given by Eqs. (16) and (A1), 
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There are three types of terms in W;“* and three in 
Wo", in each case one wave function with a large 
coefficient, and the others with small coefficients. We 
shall keep none of the product terms involving the 
product of two of the small coefficients. The leading 
term is 
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and there are additional terms with one small coefficient 
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The terms like 
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do not contribute, since Ys involves 2 excited host 
crystal atoms, so that it does not combine with ¥,;* 
with a one-electron operator such as V;. The same 
argument applies to the term labelled (A6). The leading 
term is 
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The first step involves first the recognition that the V! 
permutations P and P’ must be identical, because of 
orthogonality, in order to give a nonzero result, and 
second the integration over all the electronic coordinates 
except those describing the electron, say the Nth, on 
the impurity atom. In the next step we find a con- 
tribution in the sum }°; V.e**"* only for that same 
electron, the Nth. In the following, we shall choose our 
coordinate system to be centered on the impurity atom, 
so that expik-ry is unity. Note that the ¥ matrix 
element is computed between atomic states, so that we 
may apply the well-known theorem, 
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relating the gradient and dipole matrix elements. Thus 
the leading term is 
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and only those states j contribute which are polarized 
in the direction of polarization of the field u. 

The next term (A3) gives a contribution for all states 
L, m, in which the direction of polarization is parallel 
to u, but only for the impurity state m the same as the 
state j. Similarly in (A4) the state m must be the ground 
state for the impurity atom, in order to get a nonzero 
contribution, because of orthogonality. The correction 
terms are found in the same way as above to be 
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Here &,(m,j) is an exchange term 
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which drops off exponentially with the separation Ry. 
The summation over the atoms >>; may be performed 
with an integral for small k, as shown by Heller and 
Marcus”; for the dipole-dipole terms the result can be 
simply expressed, but the details of the wave functions 
must be known to evaluate the exchange terms. We 
shall use the symbol &(m,7) for 1 e**'*“8,(m,7), and 
assert that it does not depend appreciably upon k, 
since the wavelength of the light is much longer than 


‘the range of the exchange interaction. Thus we obtain 
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Here P; is the Legendre polynomial of order 2, and its 
argument is the cosine of the angle between k and u. 
This angle is, of course, r/2 for photons, so that P», 
is —}. The Bessel functions jp and j2 are functions of 
p=k(3/4ano)* which is of the order of the lattice 
spacing divided by the wavelength of the light, so that 
p is very small and jo— j2 can be replaced by unity. 
Thus we obtain 
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Now the polarizability a, of a host crystal atom at 
energy w; is 2¢? }>mmém/(€m’-—w7), so the second 
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term in the square brackets is (4am%o/3)a,(w,). Finally, 
we substitute for W ;— Wo from Eq. (14), and, defining 
the exchange terms 
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the square of which is given in Eq. (17). 


APPENDIX B 


A result similar to Eq. (33) may be obtained clas- 
sically, as follows. An oscillator in a vacuum satisfies 
the differential equation 


mé-+-mbéi+-mwex= eS, 


and has the solution 
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where wp is its resonance frequency and 0 is a damping 
term. Thus the polarizatio:. per oscillator is p=ex, the 
polarizability per oscillator is ag=/6, and the total 
polarizability a is mop/& (for an oscillator strength of 
unity). The dielectric constant x= (n—ik)? is 1+42a so 
we have 
e 1 
(n—ik)?=1-+42enp————_—_, (B3) 
M wer—w+iwd 
in terms of the extinction coefficient k and the index n. 
Solving for k, we obtain 
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Thus the integrated extinction coefficient is independent 
of the damping constant, and is inversely proportional 
to the resonance frequency. The absorption coefficient 


is wk/c, so that its integral is 


f 1 (w)dw= 2? nge*/me. (BS) 


If the oscillator is inserted in a medium where the 
effective field for polarization is not & but 6+4rP/3, 
the right hand member of Eq. (B1) should have added 
to it the quantity 4rPe/3=4ane*x/3. This term may 
be combined with the last term on the left of Eq. (B1), 
to give the solution 


x= (e/m) &/ (@’—w*+iwd), (B6) 
where 
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Thus the resonance frequency is shifted by an amount 
given by 


@/wo= 1— 2rnye?/3w,?, (B8) 


so that the integrated extinction coefficient is increased 
by the reciprocal of this ratio, or 
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to the desired order of approximation. However, the 
quantity e?/mw,* is the atomic polarizability at zero 
frequency, ag, so that the modified extinction coefficient 
integrates to 
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Since both the transition probability, quantum me- 
chanically speaking, and the extinction coefficient are 
proportional to the absorption coefficient divided by 
the frequency of the transition, they are proportional 
to each other, and hence the transition probability 
must be increased by the same ratio as in Eq. (B10). 
The agreement with Eq. (30), for the case of just one 
type of oscillator and no exchange, may be observed by 
noting that 2e’r?/e; in Eq. (30) is the quantum mechan- 
ical value for a, at zero frequency. 

On the other hand, since according to Eq. (B5) the 
integrated absorption cross section is independent of 
the resonance frequency wo or @, it is unchanged by the 
presence of the other identical oscillators, in agreement 
with Eq. (33). 
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Electron diffraction studies of x-irradiated sodium chloride crystals have shown that after sufficient 
irradiation the surfaces of these crystals break up into small crystallites which exhibit preferred orientations. 
The time required to produce surface damage is much greater for water-polished crystals than for untreated 


ones. 


INTRODUCTION 


oe of the mechanical properties of 
irradiated alkali halide crystals have shown that 
marked changes in hardness,' internal friction,? and 
creep’ occur. The changes in properties can be attributed 
to the presence of F-centers and to the changes in 
vacancy concentration and distribution which ac- 
company F-center formation. 

Although it has been shown‘ that prolonged x-irradi- 
ation results in changes in density, little more has been 
done to learn whether gross alterations in structure of 
irradiated crystals also occur. The soft x-rays which are 
most effective in producing F-centers are absorbed in 
passing through the crystal, and the resultant F-center 
concentration drops off very rapidly with distance.‘ 
Since electron diffraction provides a means for the 
investigation of the structure of thin surface layers, it 
seemed an appropriate method for this study. 

Sodium chloride crystals which had been irradiated 
for periods as long as 262 hours were examined. From 
the viewpoint of studies on radiation damage, x-irradi- 
ation offers some distinct advantages over such methods 
as pile irradiation and high-energy particle beams in 


Fic. 1. NaCl cleavage face. Crystal annealed at 600°C and water- 
polished. Beam in (110) direction. 


1D. Westervelt, Atomic Energy Research Department, North 
American Aviation, Inc., Report NAA-SR-888, May 1, 1954 
(unpublished). 

2D. R. Frankl and T. A. Read, Phys. Rev. 89, 663 (1953). 
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‘ Estermann, Leivo, and Stern, Phys. Rev. 75, 627-33 (1949). 
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that possible complications from extraneous interstitial 
atoms and mechanical damage by energetic particles are 
eliminated. Also, problems associated with the dissipa- 
tion of large amounts of heat in specimens during 
irradiation are avoided. 


EXPERIMENTAL 


Sodium chloride specimens were cleaved to approxi- 
mately 2X4X6 mm from larger single crystals which 
were obtained from the Harshaw Chemical Company. 
Some crystals were irradiated as cleaved, while others 
were first either water-polished, or annealed and water- 
polished. Annealing was done at 600°C for a minimum 
of 24 hours and was followed by furnace-cooling over a 
period of six hours. Water-polishing involved dissolution 
of the surface layer in a stream of water. The water 
treatment was immediately followed by a rinse in 
ethanol and then by one in acetone. This procedure 
has been previously shown to yield a surface free of 
imperfections and salt crystallites visible in a micro- 
scope.® The fact that diffraction patterns made prior to 
irradiation of crystals which had been water-polished, 
or annealed and water-polished, were characterized by 
well-defined Kikuchi lines indicated that such treat- 
ment produced undamaged surfaces. Likewise, well- 
defined Kikuchi lines were taken as the criterion for 
good surfaces when directly cleaved faces were studied. 

The irradiations were made with a Machlette A EG-50 
tube having a tungsten target and a beryllium window. 


Fic. 2, NaCl cleavage face. Crystal annealed at 600°C and water 
polished. Irradiated for 140 hours. Beam in (110) direction. 


®R. A. Lad, J. Appl. Phys. 23, 800 (1952). 





SURFACE STRUCTURE 


The tube was operated at 50 kv and 30 ma. The radia- 
tion intensity at the position of the crystal was found to 
be about 72 000 r/hr. The crystals were irradiated on 
one face and were kept in a light-tight aluminum foil 
receptacle during irradiation. They were removed only 
at intervals to obtain the diffraction patterns. The 
described experimental steps were performed with as 
little delay as possible. The observed radiation effects 
were not complicated by possible moisture adsorption 
and subsequent recrystallization. Crystals stored under 
the same conditions but without irradiation were un- 
changed. : 

The diffraction apparatus was a General Electric 
Model G-1 instrument with a modified pumping system 
which produced a working vacuum below 10-* mm. 
Grazing incidence technique was used in obtaining dif- 
fraction patterns. 


Fic. 3. NaCl cleavage face. Crystal annealed at 600°C and 
water-polished. Irradiated for 262 hours and then reannealed at 
600°C. Beam in (110) direction. 


RESULTS 


Crystal specimens which had been water-polished, or 
annealed and water-polished, yielded diffraction pat- 
terns which were indicative of a high degree of lattice 
perfection (Fig. 1). The well-defined Kikuchi lines 
arising from extensive ordered areas were always ob- 
tained. After prolonged irradiation, the sharp patterns 
of Kikuchi lines became less distinct and after irradia- 
tion times of about 120 hours, patterns consisting of 
extensive arrays of spots and arcs appeared (Fig. 2 is 
typical). These arcs and spots were taken to be an in- 
dication of the presence of small oriented crystallites 
on the surface. Preliminary studies indicate that certain 
orientiations are preferred. However, this aspect of the 
problem has not been completely investigated as yet. 

The effect of heating the irradiated crystals to 600°C 
was to alter the arced patterns to ones consisting of 
fairly uniform diffraction rings (Fig. 3). This behavior 
indicates that the heating treatment results in a random 
distribution of the crystallites on the surface. 

The sharpness of rings and arcs on the diffraction 


OF NaCl CRYSTALS 


Fic. 4. NaCl cleavage face after 117 hours of irradiation. 
Beam in (110) direction. 


patterns is generally similar to that obtained from 
powders in the size range of several hundred angstroms 
or more. 

Unirradiated cleaved crystals yielded diffraction pat- 
terns of well-defined Kikuchi lines ; no evidence of lattice 
distortion was observable. However, they showed arced 
and spotted patterns after only one hour of irradiation. 
On continued irradiation extensive arrays of spots in a 
layer-line pattern and sharp rings appeared (Fig. 4). 
Heat treatment at 600°C gave the same results as those 
obtained from water-polished crystals, namely sharp, 
continuous rings (Fig. 5). 


DISCUSSION 


The surface layers of a cleaved crystal are un- 
doubtedly far from equilibrium. The cleaving process 
itself introduces strain. In addition, the new surface 
layers may not have adjusted to the new equilibrium 
surface spacings. These spacings have been computed 
to be of the order of 6% less than those for the interior 
in both the directions parallel and normal to the 
surface.’ Possible mechanisms by which the adjustment 
can be made involve crack formation and ion diffusion 
from the bulk to the surface. Recent work at this labo- 


Fic. 5. NaCl cleavage face. Crystal irradiated for 117 hours and 
then annealed at 600°C. Beam in (110) direction. 


7 J. E. Lennard-Jones and B. M. Dent, Proc. Roy. Soc. (Lon- 
don) 121, 247 (1928). 
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ratory®'* has given evidence that cracking is effective in 
relieving surface strain and that it is a rate process. The 
rate is quite low at room temperature and is accelerated 
by radiation and mechanical working. The experiments 
described in the present paper show that cleaved faces 
require less irradiation to produce significant damage 
than those which have been water-polished. This fact 
may be interpreted to mean that the energy density 
introduced by cleavage is higher in a relatively thin 
layer at the surface. 

The tendency of the crystallites to assume preferred 
orientations is interesting in light of other work. Linear 
surface defects formed by irradiation and heat treat- 


8H. R. Leider and L. A. Girifalco (to be published). 
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ment of sodium chloride also occurred in preferred 
directions.* 

The present study indicates that the predominant 
orientations have the (100) direction of the crystallites 
parallel to the cube edge of the substrate and parallel to 
the diagonal of the substrate. A more extensive analysis 
of the diffraction patterns is needed to confirm this 
relationship. 
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The paramagnetic susceptibility xp* of conduction electron spins is isolated experimentally from the 
total magnetic susceptibility in metallic lithium and sodium by studying the intensity of the conduction- 
electron spin resonances. The absolute intensity of absorption is calibrated by comparison with the nuclear 
resonance of the metal nuclei in the same sample and at the same frequency, the two resonances being 
observed merely by changing the static magnetic field. In this manner xp* is measured in terms of the 
nuclear static susceptibility, xp", which in turn can be calculated accurately from the Langevin-Debye 
formula. A narrow band modulation technique gives improved signal to noise over our earlier work. The 
values of xp* are (2,080.1) X 10-6 cgs volume units for lithium at 300°K and (0.95+0.1) X 10-¢ cgs volume 
units for sodium at 79°K, in rather good agreement with the theory of Pines and Bohm, but in substantial 
disagreement with the simple Pauli model, or the results of Sampson and Seitz. Experimental precision 
does not permit conclusions to be drawn about the diamagnetism of conduction electrons. 


I. INTRODUCTION 


HE static magnetic susceptibility of a metal, xo. 
is in general composed of two terms, x» and xz, 
X» is the paramagnetic contribution arising from polar- 
ization of the conduction electron spin moments. xz is 
the diamagnetic contribution arising from the orbital 
motion of the conduction electrons and of the core 
electrons of the metal atoms. In practice x» and x4 are 
comparable in magnitude. Conventional methods of 
susceptibility measurement (e.g., via Gouy balance) 
determine the total magnetic susceptibility, xo, which 
is the sum of the various contributions to x» and xz, 
whereas theories of metallic susceptibilities give the 
various terms separately. Thus a comparison between 
theory and experiment is unsatisfactory even when 
numerical agreement is found between theoretical and 
experimental values of xo. 
Recently the interest in susceptibilities of metals has 
been revived by the major new advances of Bohm and 
* Supported in part by the Office of Naval Research. 
t Based on a thesis submitted in partial fulfillment of require- 
ments for Ph.D. degree, University of Illinois. 
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Pines! in the theory of ¢lectrons in metals. Largely as 
a result of their work, we have been stimulated to 
isolate experimentally for the first time the spin contri- 
bution x, to the total magnetic susceptibility xo.? One 
might wonder how it is possible to isolate the spin 
paramagnetic contribution to xo, if this cannot be done 
by conventional techniques. We will work out mathe- 
matical details below, but in brief, the technique 
involves the study of the conduction-electron spin 
resonance. Since the conduction-electron spin reso- 
nance arises solely from the spin magnetization, the 
presence or lack of spin magnetization determines the 
strength of the resonance, enabling us to measure xp. 
As will be shown below, the integrated area under the 
conduction-electron absorption curve is proportional to 
X» With well-known constants of proportionality. Thus 
an absolute intensity measurement will determine x». 
Such measurements are always difficult, although for 


1D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951); D. Bohm 
and D. Pines, Phys. Rev. 92, 609 (1953); D. Pines and D. Bohm, 
Phys. Rev. 85, 338 (1952); D. Pines, Phys. Rev. 92, 626 (1953); 
D. Pines, Phys. Rev. 95, 1090 (1954). 

? Schumacher, Carver, and Slichter, Phys. Rev. 95, 1089 (1954). 
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example Hutchison and Pastor® have used this method 
to measure susceptibilities of metal-ammonia solutions. 

The essentially new feature of our technique is to 
compare the spin resonance of the conduction electrons 
with the spin resonance of the metal nuclei in the same 
sample. By varying the static magnetic field Ho, leaving 
all circuit and sample parameters unchanged, we plot 
the resonance absorption first for the electrons (at 
Ho~5 gauss) and then for the nuclei (Hy~10 000 
gauss). The ratio of areas then gives us the ratio of x» 
to the nuclear static susceptibility. The latter is given 
by the well-known Langevin-Debye formula 


Xp"= Ny*#T (I+1)/32T, 


where N is the number of nuclei/unit volume, y the 
nuclear gy‘ox:agnetic ratio, J the nuclear spin, and 4, 
k, T all have their usual meaning. Thus we convert 
our experiment to a simple comparison of areas. 

The first measurements on lithium by Schumacher, 
Carver, and Slichter? have been reported previously. 
The resonances were observed by using an oscilloscope 
and photographic technique. In an effort to improve 
the precision, we have redone and extended those 
measurements using conventional narrow-band modu- 
lation techniques. In this paper we report results for 
both lithium (at room temperature) and sodium (at 
liquid nitrogen temperature) obtained by the improved 
method. 


II. INTEGRAL RELATIONS 


The basic equation relating x, to the resonance 
absorption is 
27 rf” 
—_— 
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x""dHp, (2) 


where vy is the (nuclear or electron) gyromagnetic 
ratio, w the angular frequency of the linearly polarized 
alternating magnetic field, and x’’ the imaginary or 
loss part of the complex magnetic susceptibility. We 
note that this relation applies to our experimental 
situation of fixed frequency and variable static field, 
Ho. This equation should not be confused with the 
well-known Kramers-Kronig relation*® 


2 6? x"dw 
“~=-f — (3) 
To w 


which involves an integral with respect to frequency. 

We now wish to justify Eq. (2). We have been able 
to do so for various special cases, which fortunately 
include our experiment. We suspect that justification 
can be given for more general cases. 

It is clear that for a resonance very narrow with 
respect to the resonant frequency, variation of x’’ with 

3C. A. Hutchison and R. C. Pastor, Revs. Modern Phys. 25, 
285 (1953). 


4H. A. Kramers, Atti. congr. fis., Como, 545 (1927). 
5R. de L. Kronig, J. Opt. Soc. Am. 12, 547 (1926). 
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w will be quite rapid, enabling us to pull 1/w outside 
the integral (3). Then, using the equivalence of field 
and frequency w=yHpo for resonance, we obtain Eq. 
(2). So Eq. (2) is satisfactory for narrow lines, the 
approximation being better the narrower the line. All 
nuclear resonance lines as normally observed fall into 
this class. The electron lines, however, are sometimes 
too broad. 

Another case for which we can justify the use of (2) 
is for solutions of the Bloch*® equations. In this case we 
have an explicit expression for x”: 


” 





x Mol of 1 1 
2 Lit(e—oPT? 14+(0+e)T? 


where wo=7yHo, and T, is the familiar transverse 
relaxation time. Substitution of this expression for x” 
in (2) and assuming 7» is constant independent of H» 
gives exact verification. It should be pointed out that 
it is necessary to include the second term in the bracket, 
often omitted since it is small at resonance, since 
omission of this term would give a divergent result for 
the integral. 

Equation (4) says that x”” vanishes at Hy)=0, whereas 
it should’® reduce to the Debye expression as observed 
in the classic experiments of Gorter.’ If we consider 
cases in which 7,= 7», we should find 


x” = xwT/(1+0*T,), (5) 


when Ho=0. The low-field difficulty can be remedied 
in the Bloch equations by saying the spins relax 
towards a magnetization Mo=x,(Ho+H.) rather than 
Mo=x,Ho, where H, is the applied alternating field. 
Then we obtain the relation 





1 1 
+ | © 
1+ (w—wo)?T? 1+ (w+w»)?T? 


which behaves properly at Ho=0. 

To our knowledge the problem of the correct limiting 
expression was first treated by Kronig® actually prior 
to the first experimental observation of any magnetic 
resonance in bulk material. He gives Eq. (6). It has 
since been rediscovered independently by various 
workers.’ We should remark that one error which 
appears in the literature is the statement that the 
Bloch solution is valid as long as H.XHp. This state- 
ment appears reasonable if one compares the two 
expressions for Mo. Actually, however, the condition on 
validity of the Bloch solution is Hp>1/2T). When Ho 
is large compared to the line width, we are dealing with 
the case Gorter? has termed “transverse,” but when 

°F. Bloch, Phys. Rev. 70, 460 (1946). 

7M. A. Garstens, Phys. Rev. 93, 1228 (1954). 

5 R. de L. Kronig, Physica 5, 65 (1938). 

°C. J. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Inc., New York, 1945). 

 R. K. Wangsness, Phys. Rev. 98, 927 (1955); Codrington, 
Olds, and Torrey, Phys. Rev. 95, 607 (1954). 
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Fic. 1. (a) Li’ resonance in Li metal at 10 000 gauss as plotted 
by recorder. Line width is approximately 4 gauss. (b) Integral 
of experimental curve (a) as plotted by the differential ana- 
lyzer. (c) Electron spin resonance in lithium metal as plotted by 
recorder. Field sweep is about —20 gauss to +20 gauss. (d) 
Solid line is integral of experimental curve (c). Circles represent 
points calculated from Eq. (6) with w7,;=3.5 and fitted to the 
peak height. All resonances are at room temperature. 


Hy is less than the line width we can no longer dis- 
tinguish between his “longitudinal” and “transverse” 
cases. Since the “longitudinal” case obeys a Debye law, 
we expect the Bloch equations to be valid only for Ho 
large compared to 1/77}. 

The assumption that the spins relax along the 
instantaneous total applied field appears reasonable 
when the relaxation mechanism is characterized by a 
correlation time very short compared to the period of 
the alternating field, since then the field Hy+H, is 
quasistatic during relaxation processes. Of course, the 
case of such short correlation times also is that for 
which 7,;=T7>2. The conduction electron relaxation is 
certainly characterized by such a short correlation 
time. Experimentally, it has been shown that 7;=7> 
for the conduction electron resonance." As we antici- 


UT. R. Carver, thesis, University of Illinois, 1954 (unpub- 
ished). 


pate, our experimental data fit Eq. (6). The comparison 
of experimental and theoretical lines for both lithium 
and sodium is given in Figs. 1 and 2. The method of 
processing the data is described in Sec. V. We see the 
theoretical points (circled for ease in reading) fall on 
the experimental curves. 

Substitution of Eq. (6) into (2) verifies that Eq. (2) 
holds exactly for this line shape also. Once again we 
assume 7, to be independent of Ho, a fact which has 
been verified experimentally all the way from low 
fields of several gauss" up to several thousand gauss 
for conduction electrons.” 

We can conclude by saying our basic expression, 
Eq. (2), holds for nuclear lines because they are so 
narrow, and for the electron lines because their line 
shape is given by Eq. (6). Since we depend less on the 
details of line shape the narrower the resonance, we 
are always anxious to get the electron line as narrow 
as possible. 

Using subscripts or superscripts of e and m to denote 
electron or nucleus we find, finally: 


fxsratt 
Ye Ye A, 


Xp°=Xp"*— 5 (7) 


Yn Yn An 
fran 


where A, and A, are the areas under the curves of 
absorption vs magnetic field obtained from the same 
sample without changing circuit parameters in passing 
from one resonance to the other. Equation (7) now 
gives us a convenient form to utilize our data in 
computing x>p°. 


III. THEORY OF THE EXPERIMENTAL TECHNIQUE 


Let us now turn to an analysis of the experimental 
method. The accuracy of the photographic experiment? 
reported previously was limited by the necessity of 
using broad band techniques in order to reproduce the 
exact line shape of the resonances for oscilloscope 
display. To extend the measurements to sodium, the 
resonance must be observed at liquid nitrogen temper- 
ature where the electron spin resonance is sufficiently 
narrow.'!:” At these temperatures the nuclear resonance 
broadens enough to make the photographic technique 
somewhat poorer than desirable. Hence we have em- 
ployed narrow band techniques to repeat the experi- 
ment for lithium and to measure the susceptibility in 
sodium. 

The method used to “narrow band” the apparatus 
is the standard one in magnetic resonance, employing 
30-cycle modulation of the magnetic field and detection 
of the resultant 30-cycle resonant signal by a phase- 
sensitive “lock-in” detector. For our experiment the 


12 George Feher and A. F. Kip, Phys. Rev. 98, 337 (1955). 
18 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
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output of the lock-in was recorded on a recording 
millivoltmeter. The aim is to obtain from the recorded 
output of the lock-in the quantity of Eq. (2): f*x’’Ho. 
We will perform an analysis of signal from the lock-in, 
following Andrew." From this analysis we will find 
that we will need knowledge of H,,, the modulation 
amplitude, and dH)/dt, the rate at which Hp is swept 
through the line. A somewhat surprising consequence 
will be that our results will be insensitive to modulation 
broadening of the resonance. 

Andrew shows that if one detects the absorption 
rather than the dispersion, the signal into the lock-in, 
Vin, may be written 

© Hy? sin? (wml) sd?” 
Vina x! (hi)+ a basentershine (—) (8) 
dh? 


= 


where h=(w/y)—Ho. In the presence of modulation, 























Fic. 2. (a) Na” resonance in sodium metal at 10000 gauss 
and T=79°K as plotted by recorder. Line width is approximately 
2.5 gauss. (b) Integral of experimental curve (a) as plotted by 
the differential analyzer. (c) Electron spin resonance in sodium 
metal at 7=79°K as plotted by the recorder. Field range is 
about —20 gauss to +20 gauss. (d) Solid line is integral of 
experimental curve (c). Circles represent points calculated from 
Eq. (6) with a=w7,=2.1 and fitted to the peak height. 


4 EF, R. Andrew, Phys. Rev. 91, 425 (1953). 
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h is written h=h,; +H, sin(wmt), where i; is the mean 
value of h, wm is the modulation frequency, and H,, is 
the amplitude of the modulation. The expansion (8) 
in a Taylor’s series is valid for values of H,, of the order 
of the line width or smaller. The output of the lock-in 
is proportional to the coefficient of sin(wmt) in Eq. (8), 
which Andrew writes as 





fa=X (9) 


e #,** [a] 
0 2g!(g-+1) IL dh?e! Sry 
The recorder records as a function of time, since its 
chart mechanism is driven by a synchronous motor. 
Equation (7) requires the integral with respect to Ho, 
or fh; in the notation above. The proper integral to 
perform then is 


f dh, 
fue “\f a( *) ste), 


where f(/,(¢)) is the function plotted on the chart. 
This can be seen to yield 


2 dh, é dh, 
J au(—) f ae(—) sae) 
0 dt 0 dt’ 
Hm “¥ 
-—f x” (Ho)dHo. (11) 
4 JHo=0 


All higher terms in the series have vanished identically 
because x’’ and all its derivatives vanish for Hyp=0 
and for the nuclear resonance. For the electron 
resonance, with an appreciable zero field absorption, 
odd order derivatives vanish at Hp=0 due to the 
symmetry of x’’ about Ho=0, and of course the ab- 
sorption and all derivatives vanish at Hp=© also. 
If dh,/dt is constant, the desired integral is proportional 
to 


© 1 sdhy\? p* t 
f x" Hatte~—(—) f arf dt’ f(hx(t’)). (12) 
0 H,,\ dt 0 0 


Equation (12) implies that we must measure both 
H,, and dh,/dt on the same relative scale for both the 
electron and nuclear resonances, and it tells us that as 
long as H,, is small enough that the Taylor expansion 
(8) is valid, we need not concern ourselves with the 
possibility of distorting the line by too large modu- 
lation. That only the first term of the series (9) remains 
after the double integration is a fortunate simplification. 
We also see that to integrate the recorded curves 
directly it is necessary to keep dh,/dt constant. 


(10) 


IV. APPARATUS 


The measurements were performed at 17.4 Mc/sec 
for lithium and 11.5 Mc/sec for sodium. The generation 
of the rf voltage, indicated schematically in Fig. 3, was 
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Fic. 3. Block diagram of the apparatus. 


done by a simple battery powered triode oscillator at 
the higher frequency, and by a Hewlitt-Packard Model 
608D VHF Signal Generator at both frequencies. 
Because a bridgeless technique for detecting the nuclear 
signal was used, considerations of oscillator noise were 
of prime importance. Although it was found that the 
Model 608D was slightly noisier, it was used for most 
of the runs for convenience. The internal amplitude 
modulation provisions were found convenient for gross 
tuning adjustments, and the calibrated attenuator on 
the output of the instrument made relative measure- 
ments of the voltage applied to the sample coil simple 
and accurate. 

Great stability was required of the rf circuits. For 
this reason and because of uncertainty of tuning, bridge 
circuits were considered and abandoned. Most desirable 
would be spectrometer circuits of the type described 
by Pound'® or Gutowsky.'* These circuits are stable 
and have the desirable property that they detect only 
x’. Unfortunately these circuits typically run at 
somewhat higher rf levels than it was possible to use 
in the experiment, because no detectable degree of 
saturation could be allowed. In order to eliminate 
instability due to warm up problems, the circuits were 
kept warm between runs by a commercial power supply. 
For the actual data runs all the amplifiers preceding 
the lock-in were switched to batteries. The circuits 
chosen allowed data to be taken over as wide a range 
of rf voltage on the sample coil as desired. 

The tuned sample tank circuit was followed by one 
or two stages of tuned rf amplifiers with gain ranging 
from 10 to 400. The number of stages used was deter- 
mined by the voltage level at the sample tank, since it 
was desired to work at all times with approximately the 
same amplitude of rf at the grid of the detector. The 
detector was of standard plate detector design. The 
tuned circuits preceding the detector were tuned to 
maximize the dc current through the detector. A 
maximum could be detected in a sensitive manner by a 


1s > V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 
(1949). 
ass” Meyer, and McClure, Rev. Sci. Instr. 24, 644 


differential voltmeter at the cathode of the detector 
tube. é 

A standard analysis of the rf circuits, similar to the 
analysis of Pake,'” shows that the output of the detector 
varies linearly with x” if the sample circuit is tuned to 
give a maximum rf at the detector. If, as must neces- 
sarily occur in practice, the tank condenser is imper- 
fectly tuned, deviating an amount AC from its proper 
value Co, the resonance signal from the apparatus will 
be proportional to 


x” —20(AC/Co)x’. (13) 


Q=R/wL is the conventional “Q-factor” for a parallel 
RIC resonant circuit. The integration of this signal, 
which is the quantity of interest to this experiment, 
yields just {'o*x’’dH» for the case of the nuclear line, 
since J'o*x’dH)=0 is an excellent approximation for 
this case. For the electron resonance, using the form of 
x’ predicted by the modified Bloch equations’: 


v4 wxpf1 1 
f x dtty-—~|-—+---] 
A y La? 3a4 


for a>1, where a=w7; is a parameter characterizing 
the sharpness of the resonance. The factor 2(AC/C)Q/a 
was estimated always to be <1/10 for a=2 by experi- 
ence with the “feel” of the tuning. Since the sign of 
AC was random, the average value of the parameter 
multiplying x’ should be zero over a large number of 
runs. A check on the effect of x’ was provided by the 
consistency of the value of zero-field absorption for the 
electron resonance, since the mixing in of x’ will alter 
this from the value for x”’ alone. The zero-field ab- 
sorption for sodium was particularly sensitive to this 
check since for our experiments a=2.1 for sodium 
whereas a=3.5 for lithium. Over approximately 25 
runs the value of the zero-field absorption in percent of 
peak signal was 37+5 percent. This value was checked 
by using a spectrometer which measures only x”, 
kindly loaned by Professor H. S. Gutowsky of the 
Department of Chemistry and agreement was found. 
The spread in zero-field absorption for the experimental 
runs turns out to be no greater than was found with 
several runs with the spectrometer. 

The audio-amplifiers are of standard design and of 
sufficient gain such that reasonably strong resonant 
signals could be displayed on a DuMont 304 oscillo- 
scope. The lock-in circuit is taken from a design by 
Shuster'® and is preceded by a 30-cycle twin tee ampli- 
fier of standard design. The output of the lock-in is 
recorded by a Leeds and Northrup Speedomax 0-10 
mv recorder. 

The static magnetic field Ho was provided by an 
electromagnet with the current provided by a regu- 
lated power supply, designed for the most part by Mr. 
H. W. Knoebel. The power supply provides maximum 


~11G. E. Pake, Am. J. Phys. 18, 473 (1950). 
18 N. A. Shuster, Rev. Sci. Instr. 22, 254 (1951). 


(14) 
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current of 5 amperes at 1000 volts to the main coils. 
This yields a maximum field of 10 600 gauss. The power 
supply is current regulated against slow drifts in 
current and voltage regulated against fast variations. 
At its best the magnetic field was stable to one part in 
10° over periods of a few minutes. 

The slow sweep of the “‘static’’ field Hy) was provided 
by two 2000-ohm coils placed around the iron near the 
pole faces. These were placed in the cathode of a 6080 
vacuum tube whose plate was tied to B+ and whose 
grid voltage was obtained from a motor-driven helipot 
connected between ground and a variable resistor 
connected in turn to B+. dH /dt was measured from 
the output of a pick up coil placed in the magnet gap 
as close to the sample as possible. This output was 
preamplified by a Leeds and Northrup dc “chopper” 
amplifier and recorded on a Brown 0-10 mv recorder. 
This furnished the value of dHo/dt on a relative scale 
as needed in Eq. (12). Equation (12) also requires that 
dH,/dt be constant. The operator was able to monitor 
dH,/dt by observing the pickup voltage on the Brown 
recorder. By varying the value of the resistance between 
the helipot and B+ he could correct for any small 
nonlinearities in dHo/dt. In addition, since a record of 
dH/dt was provided, a run could be eliminated if the 
sweep rate was not satisfactory. This method was found 
to be simple and satisfactorily effective. 

The 30-cycle modulation of the field was accom- 
plished by separate 1.8-ohm coils wound at the edges 
of the pole faces and driven from the output trans- 
former of the standard 30-cycle modulator. Equation 
(12) requires that the amplitude of the 30-cycle compo- 
nent of the modulation be known on some relative 
scale. To measure H,, without error from meter non- 
linearity, a known and adjustable fraction of the pick-up 
voltage from the gap coil was tapped off by a helipot, 
amplified by a 30-cycle tuned amplifier, and fed into a 
VTVM. The helipot was adjusted to produce a standard 
VTVM reading, so that relative values of H,, were 
given by the relative helipot settings. 

The apparatus used in the experiment described 
previously’ is shown also in Fig. 3. The only modulation 
of the field was provided by a Variac rather than by 
the modulator and slow sweep, and the known fraction 
of the pickup coil voltage was integrated by the RC 
integrator and applied to the x-axis of the oscilloscope 
as described in the earlier letter. 

For sodium the experiments were conducted at liquid 
nitrogen temperatures. Simple cryogenic apparatus was 
constructed from “floralfoam.” Briefly, the glass vial 
containing the sample rested on a brass bar which 
dipped into liquid nitrogen contained in a cavity 
scooped from floralfoam. Above the small metal sample 
box was another floralfoam vessel containing liquid 
nitrogen. The upper “Dewar” had a slow leak which 
allowed the nitrogen to flow over the sample box and 
to keep the lower Dewar full. The temperature, as 
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read by a thermocouple attached to the glass vial, was 
found to remain at 79°K as long as the upper Dewar 
was kept filled. 

The sample preparation has been described” in 
another publication from this laboratory. It is important 
that the particle size be small compared to skin depth 
in the metal at the frequencies and temperatures at 
which the experiment was conducted. The lithium 
particles averaged 15 microns in diameter and the 
sodium particles from 3 to 10 microns. These sizes are 
small enough so that the effects reported by Feher” 
and explained by Dyson” are safely absent. 


V. EXPERIMENTAL PROCEDURE AND ANALYSIS 
OF RESULTS 


In this section we will describe the experimental 
procedure and the method of analysis of data. A 
typical run involved the following procedure. As already 
mentioned, the rf circuits, detector, and audio amplifier 
were kept at thermal equilibrium by a commercial 
power supply between runs. Approximately half an 
hour before a run was to start, they were converted to 
batteries, and allowed to reach equilibrium again. 
During this time the sample tank circuit and rf amplifier 
were tuned and retuned. With the magnet on, the slow 
sweep mechanism was swept from about — 20 gauss to 
+20 gauss and the electron resonance was recorded. 
During this time dH/dt was recorded. After recording 
the modulation voltage from the reading on the helipot 
necessary to produce four volts rms on the VITVM at 
the output of the 30-cycle amplifier, the magnetic field 
was changed to slightly over 10 000 gauss. The nuclear 
resonance, modulation amplitude, and dH)/dt, were 
recorded as in the electron case. In the case of lithium, 
another nuclear resonance was immediately recorded, 
usually with different modulation amplitude, and then 
another electron resonance was recorded. In the case of 
sodium, the rf amplifiers and the sample tank circuit 
w<re retuned before the second nuclear and electron 
resonances in order that the cata might represent the 
largest number of values of AC, the “detuning” capacity 
defined in Eq. (13). For sodium a=2.1 as compared 
to 3.5 for lithium, so AC was somewhat more important 
for sodium. 

The data was integrated in a one-step process by the 
Nordsieck differential analyzer. This instrument makes 
it possible to plot the first integral of the experimental 
curve and at the same time record a number repre- 
senting the second integral. Care was necessary in the 
selection of the base line in order that the integral 
converge. It was found that it was necessary to select 
the baseline empirically within the noise, as variations 
within noise of the supposed base line could mean the 
difference between convergence of the integral and a 
first integral which does not return to zero off the 

”D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 


(1955). 
* Freeman J. Dyson, Phys. Rev. 98, 349 (1955). 
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resonance. Once a baseline was selected the area under 
the first integral could be reproduced within one 
percent. From the relative areas of the resonances, the 
relative modulation amplitudes, the recorded dH/dt, 
and the nuclear susceptibility calculated from the 
Langevin-Debye formula and known isotope abun- 
dance, a value of the electron paramagnetic suscepti- 
bility for lithium was calculated from an arithmetic 
average of the two nuclear and two electron resonances. 
This value is termed the result of a “run.” For lithium 
we have taken 21 such runs for sample 1 and 8 runs 
for sample 2. For sodium, because of the greater effect 
of an imperfectly tuned sample tank on the electron 
resonance area, the results of the two (or occasionally 
more) nuclear lines were averaged arithmetically and 
two values of the susceptibility were calculated from 
this average nuclear area and from the two electron 
areas which were taken under different tuning condi- 
tions. The sodium value represents the results from 25 
such electron areas. In addition, runs were taken over 
a wide range of rf voltages on the sample coi! in order 
that it be clear that the final results do not represent 
the effects of saturation of the nuclear resonance. 
Figure 1 shows the recorder traces for the nuclear and 
electron resonances for lithium, with the associated 
first integral obtained directly from the differential 
analyzer. The noise on the experimental curve was 
followed closely during the integration process. It is 
interesting to note the relative absence of noise on the 
integrated curve. Figure 2 shows the corresponding 
curves for sodium. 

Effects of impurities in the sample on the experiment 
fall into two general classes: impurities affecting the 
nuclear resonance and paramagnetic or ferromagnetic 
impurities affecting the electron spin resonance. Since 
the theory of the measurement requires the assumption 
of one conduction electron per nucleus (apart from the 
isotope abundance correction), the presence of a non- 
metallic lithium compound would possibly enhance the 
nuclear resonance anomalously. However, the magni- 
tude of the external magnetic field at which the nuclear 
resonance occurs differs for nuclei in nonmetallic sur- 
roundings from the resonance field for metallic nuclei 
due to the well-known Knight shift. For Li’ the shift is 
about 2 gauss at Ho= 10000 gauss, and for Na” it is 
about 10 gauss at H>= 10000 gauss. Both these shifts 
are large compared to the line widths of the respective 
resonances, so that had nuclei in nonmetallic compounds 
been present, they would have been removed from 
contributing to the “metal” line. 


TABLE I. Summary of experimental data. 








xe* (cgs volume 
Temperature units X10°) 


Method 


Oscilloscope 
Lock-in 
Lock-in 
Lock-in 





Room temperature 
Room temperature 
Room temperature 
Liquid N; 


2.0 +0.3 
2.08+0.1 
2.09+0.15 
0.95+0.1 
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TABLE II. Theoretical* and rimental values of x»° 
(cgs volume unitsX 10°), 








; Experimental 
Metal value 


Lithium 2.08+0.1 
Sodium 0.95+0.1 


Sampson and 
Pauli> Seitz® 


1.17 2.92 
0.64 1.21 


Pines@ 


1.87 
0.85 











* All theoretical values use m*/m =1.46 for Li and m*/m =0.985 for Na. 
These values are due to H. Brooks. 

> See reference 21. 

© See reference 23. 

4D. Pines, Phys. Rev. 95, 1090 (1954). 


Paramagnetic and ferromagnetic impurities in the 
sample might contribute to the electron resonance in 
such a way as to yield an anomalously high value for 
the susceptibility. This effect resembles the effects of 
these impurities on the static balance measurements of 
xo. However, many types of these impurities can be 
eliminated as producing no effect. Observed ferro- 
magnetic resonances, which are several hundred gauss 
broad, are too wide to be seen with our apparatus and 
will give no error. Any impurity, whether in the oil in 
which the metals were dispersed, or in the metal itself, 
which exhibits a hyperfine interaction would, in the 
weak fields used for the electron resonance, be removed 
in resonant frequency from the free-electron value. In 
addition, any fixed electron spin in the metallic lattice 
would have a line width equal to or greater than the 
rigid lattice line width for the nuclear resonance: three 
gauss for sodium, six gauss for lithium. These minimum 
line widths are greater than the observed two to three 
gauss electron resonances for lithium and about equal 
to the sodium electron resonance widths. In addition, 
any electronic impurity with a relaxation time less than 
or equal to 10-* second would have too broad a 
resonance to be observed. For any impurity to make a 
major contribution to our results it would have to have 
a line width and shape very close to the widths and 
shapes of the conduction electron resonances them- 
selves, since, as shown in Figs. 1 and 2, the experi- 
mental line shapes correspond quite closely to the 
predicted shapes. In support of the above arguments 
for lithium, we can report no sample dependence in the 
susceptibility for the two samples checked. A further 
check would be the observation of the temperature 
dependence of the susceptibility, since the conduction 
electron susceptibility is temperature independent, con- 
trary to expectations for a paramagnetic impurity 
susceptibility. Such checks are being considered for the 
future. 


VI. RESULTS AND CONCLUSIONS 


The results for xp* are listed in Table I. The two 
lithium samples were chosen because they differ in the 
width of the conduction electron line, but it is seen 
that the value of x,* is sample-independent. 

No systematic difference is found in going from the 
oscilloscope to the lock-in technique. The lock-in value 
for Li 1 (Fig. 1) is the result of twenty-one runs. Only 
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Taste IIT. Experimental estimates of xp (cgs volume unitsX 10°). 


AND Na 


TABLE IV. x,* from Knight shift data. 








Metal Xo 


Lithium 1.89+0.05* 
Sodium 0.70+0.03> 


a Xp 


—0.05° —0.18+0.15 
—0.18° —0.07+0.11 


Xp* 


—0.204 
—0.244 











* See reference 24. 

b See reference 25. 

¢ J. H. Van Vleck, Theory of Electric and Magnetic Susce ptibilities (Oxford 
University Press, Oxford, 1932). 

4D. Pines, Solv ay Conference Report, 1954 (unpublished). 


four of the runs gave values significantly outside the 
rms error quoted. The lock-in results for Li 2 result 
from eight runs. The larger rms error results partly 
from the smaller number of runs, and partly because 
the electron line in Li 2 was 25% broader. It is believed 
that the Li electron line width is determined by scat- 
tering from impurities. The scattering does not require 
the impurity to be paramagnetic, and in general it will 
not be. Thus we do not expect an impurity resonance. 

The data for Na, taken at liquid nitrogen temperature 
to narrow the electron line, result from twenty-five runs. 
The quoted limit of error is slightly larger than the 
actual rms deviations. 

Table II gives a comparison with the theoretical 
values obtained from the Pauli theory” (corrected for 
effective masses m*/m of 1.46 for lithium and 0.985 for 
sodium”), the theory of Sampson and Seitz,” and that 
of Pines.! We see that the agreement is best with the 
value of Pines, his theoretical values falling a bit below 
the experimental. The disagreement with Pines is 
probably not significant, although we believe the dis- 
agreement with the Pauli and the Sampson and Seitz 
values must be considered real. 

From the measured values of xo together with our 
values of x»* we can determine the diamagnetic contri- 
bution. Actually, we shall take the theoretical ion-core 
values, xion, aS being reliable, and compute values of 
xp, the diamagnetism from the conduction electron 
motion, using xa=xXp+Xion- Unfortunately there is a 
wide range of experimental values of xo from which to 
choose. In the absence of any better criterion, we shall 
use the latest values of Pugh and Goldman” for lithium 
and those of Bowers*® for sodium. The theoretical values 
are due to Pines. The results are given in Table III. 
It is not clear whether or not there is agreement between 
theory and experiment for xp. 

Studies of the Knight shift in metals give us experi- 


FF, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940). 

% Values of effective mass for lithium and sodium from Harvey 
Brooks, private communication to D. Pines. 

23 J. B. Sampson and F. Seitz, Phys. Rev. 56, 633 (1940). 

*W. Pugh and J. E. Goldman, Phys. Rev. 99, 1633(E), 
1641(A) (1955). 

25 R. Bowers, Phys. Rev. 99, 1640(A) (1955). 


Theoretical 
Metal Pr/Pa 


Lithium 0.49+0.05* 
Sodium 0.80+0.03> 


x* 
(This research) 


2.08+0.1 
0.95+0.1 (79°)K 


Xe* 
Knight shift 


1.85+0.20* 
0.830.03> 











* See reference 27. 
> See reference 28, 300°K. 


mental values of the product x,*Pr/Pa. Pr is the 
average value of |y(0)|? at the Fermi surface, ¥(0) 
being the electron wave function at a nucleus. P, is 
the value of |¥(0)|? for a free atom (which can be 
determined spectroscopically). Townes, Herring and 
Knight, Kohn,” and Kohn and Kjeldaas* have 
computed Pr/P4. We may use their data with the 
experimental Knight shift data of McGarvey and 
Gutowsky” to give an independent value of x,*. The 
results are given in Table IV. The values of x,° obtained 
from Knight shift experiments plus theoretical Pr/P 
fall slightly below the experimental values, but there 
is no serious disagreement. 

It therefore appears that our experimental results 
confirm the susceptibility calculations of Pines, and 
are in substantial agreement with the theoretical results 
of Pp/P a. 

The resonance method we have used is unfortunately 
not applicable to a wide variety of metals since the 
conduction-electron spin resonance has been found 
only in the alkali metals and in Be. It may be that 
other resonances will be found in very pure samples at 
low temperatures. It will also be worthwhile to extend 
the measurements on lithium and sodium over a wide 
temperature range since x,* should be independent of 
temperature, whereas any paramagnetic impurity would 
presumably obey a Curie’s law (1/T) dependence. 
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The electronic wave function at the Fermi surface of metallic Na has been calculated. The resulting value 
of |¥|* at a Na nucleus is discussed with reference to measurements of the Knight shift and the paramagnetic 


susceptibility. 





I. INTRODUCTION 


HE interaction of conduction electrons with 
nuclear magnetic moments in metallic lithium 
and its connection with the Knight shift and the 
paramagnetic susceptibility was discussed in detail in 
a recent paper,' to which the reader is referred for 
general background and notation. In the present paper, 
we wish to report the results of a similar investigation 
for metallic sodium. 
The Knight shift is given, according to the theory of 
Townes, ef al.,? by 


AH hcAvIM Pr 


opamp natin, 
H wrmo(2J+1) Pa 
In their paper, (Pr/P.) was calculated by perturbation 
theory and gave the value 0.81, while the then available 
value* of AH/H was 1.04X10-*. When substituted into 
Eq. (1) this leads to x,=0.77X10-* cgs mass unit. 
Meanwhile, a direct measurement‘ of x, at liquid 
nitrogen temperature has yielded a value of (0.93+-0.10) 
X10-* cgs mass unit, which is in fairly good agreement 
with a theoretical estimate by Pines’ who finds 0.84 
X 10-6 cgs mass unit, with an uncertainty of 10 to 20%. 
It therefore appeared worth-while to report some of 
the details of a theoretical calculation® of the ratio 
(Pr/Pa) giving the value 
(Pr/P 4) theoret = 0.81 (2) 
at 77°K, in good agreement with reference 2. When 
this is combined with the value AH/H=1.09X10-* 
derived from more recent Knight shift measurements’ 
one finds, from Eq. (1), the value x,=0.82X10-* cgs 
mass unit at 77°K. 
It will be noticed that while this value agrees very 


(1) 


* This work was supported in part by the Office of Naval 
Research. 

1W. Kohn, Phys. Rev. 96, 590 (1954) hereafter called I. 

* Townes, Herring, and Knight, Phys. Rev. 77, 852 (1950). 

3 W. D. Knight, Phys. Rev. 76, 1259 (1949). 

#R. T. Schumacher and C. P. Slichter, preceding paper [Phys. 
Rev. 101, 58 (1956) ]. 

5D. Pines, Phys. Rev. 95, 1090 (1954). 

* T. Kjeldaas, Jr. and W. Kohn, Phys. Rev. 99, 622(A) (1955). 

7H. S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 
1472 (1952); B. R. McGarvey and H. S. Gutowsky, J. Chem. 
Phys. 21, 2114 (1953). These ane were done at higher 
temperatures. The value of the shift quoted for 77°K is derived 
from an extrapolation based on volume contraction. 
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well with the theoretical estimate of Pines, it is about 
12% smaller than the best experimental value. A dis- 
crepancy of the same sign and similar magnitude exists 
in the case of Li.'* This indicates that the calculated 
values of (Pr/P.4) may be too large or that Eq. (1) 
requires refinement. 

We have also calculated the volume dependence of 
P» in the vicinity of Vo, the room temperature volume 
per atom, and find 


(APp/Pr)=—0.26(AV/V). (4) 


This result is of interest in connection with the experi- 
ments of McGarvey and Gutowsky,’ who have meas- 
ured the temperature dependence of the Knight shift 
between 200° and 400°K, and those of Knight,* who 
has reported a strong temperature dependence between 
25° and 75°K. 

According to Eq. (1), 


Fractional change of Knight shift 

Br (Ax»/x»)+ (AP r/Pr). (S) 
Between 200° and 370°K, McGarvey and Gutowsky 
observe a 2.7% increase in the Knight shift. In this 
temperature range, V changes by 3.5% giving, by (4), 
APr/Pr=—0.009, so that to obtain agreement with 
experiment we would require Ax,/x,=0.036. The 
theory of Pines leads to Ax,/x,»=0.022 corresponding 
to this volume change. 

Knight® has reported a 10% drop of the Knight shift 
between 75° and 25°K. This evidently cannot be 
attributed to a change of Pr resulting from a volume 
change, since by (4) it would require AV/V~0.4. In 
addition, the fact that McGarvey and Gutowsky ob- 
serve only a 3% change of the Knight shift on melt- 
ing, makes it unlikely that Knight’s result is due 
to a change of Pr as a result of a phase transformation. 


Il. DETAILS OF THE CALCULATION 
The Quantity P, 


P, in (1) equals |y~4(0)|*, where Wu is the normalized 
3s wave function of atomic sodium. Using the Prokofjew 
potential,® we find 

(PA) theoret = 0.685a¢~*. 


8 W. D. Knight, Phys. Rev. 96, 861 (1954). 
® W. Prokofjew, J. Physik 58, 255 (1929). 


(6) 
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The measured” hyperfine splitting of the 3s state 
leads to 


(Pa)expti=0.756ag-*. (7) 
The error in the quantity Pr/P, occurring in (1) 
should be much less (perhaps 1-2%) than the 10% 
discrepancy of (6) and (7), especially since the energy 
at the Fermi surface is very nearly equal to the atomic 
3s energy. 


Metallic Wave Function in the Spherical 
Approximation 


We write for the wave function on the Fermi surface, 
normalized in the equivalent sphere, 


v=d a1, (8) 


where ¢; is a similarly normalized wave function corre- 
sponding to angular momentum /. Using the same 
variational method as in I, and the radial wave func- 


10M. Fox and I. I. Rabi, Phys. Rev. 87, 472 (1951). 
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tions calculated by Von der Lage,'' we find with trial 
functions, including up to 7 terms, 


| a1|*=0.45, 


6 
D |a,?| =0.01, 
1=3 


| ao|?=0.45, | a2|2=0.09, 


leading to the value for (Pr/P4)theoret quoted in Eq. (2). 
The various checks described in I were also applied to 
the present calculation and indicate that as a solution 
for the potential chosen this result has an error of less 
than 2%. 

The calculation was repeated for a slightly different 
lattice constant in order to obtain the volume de- 
pendence of Pr quoted in (4). 
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Nuclear Spin-Lattice Relaxation Time in Copper and Aluminum* 
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Nuclear spin-lattice relaxation times of Al?” in pure Al and Cu® in annealed pure Cu have been measured 
at 2 and 4.2°K, using the adiabatic fast-passage technique suggested by L. E. Drain. At 4.2°K, T;=260+100 
milliseconds for copper and 370+40 milliseconds for aluminum. The relaxation time is apparently inversely 
proportional to temperature, as predicted by Korringa, from 2 to 300°K. 


ORRINGA' has calculated the spin-lattice relaxa- 

tion time 7 in metals and has shown that 7; 
should be inversely proportional to temperature and 
should be related to the Knight shift.2 Early low 
temperature measurements’ of 7; in Cu, Al, and Li 
were in rather poor agreement with Korringa’s theory, 
but recently Holcomb and Norberg* have found 
reasonable agreement in Li, Na, and Rb near room 
temperature. Using two independent techniques, the 
writer’ found that 7;=5.5+1 milliseconds for Al?’ in 
aluminum, and 7,;=3.55+0.7 milliseconds for Cu® in 


* Partially supported by the Office of Naval Research. 

t Now at IBM Watson Laboratory, 612 West 116th Street, 
New York 27, New York. 

1 J. Korringa, Physica 16, 601 (1950). 

2W. D. Knight, Phys. Rev. 76, 1259 (1949). 

3 J. Hatton and B. V. Rollin, Proc. Roy. Soc. (London) A199, 
222 (1949). 

4N. Bloembergen, Physica 15, 588 (1949). 

5N. J. Poulis, Physica 16, 373 (1950). 

6D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 


(1955). 
7A, Redfield, Phys. Rev. 98, 1787 (1955). 


copper,® consistent with Korringa’s theory. It seemed 
desirable to check the earlier low-temperature measure- 
ments on aluminum and copper to see if the discrepancy 
with theory is real. 

The relaxation times were measured by the method 
of adiabatic fast passage previously used to study 
liquids by Drain® and by Ciaroti ef al.'° The fact that 
this method can also be applied to solids was discussed 
in a previous paper.’ It is necessary that the time taken 
to sweep through resonance be short compared to 7; 
and long compared to T: or (yH,)~', whichever is 
smaller. Also, H, (the rf field) must be several times 
the value of rf field required to saturate the resonance 
under steady-state conditions. 

The apparatus was similar in principle to that of 

5 These values of 7; are quoted from Sec. IV of reference 7. 
The writer now feels that they are more reliable than those 
obtained conventionally and quoted in the abstract and Sec. II 
of reference 7. 

9L. E. Drain, Proc. Phys. Soc. (London) A62, 301 (1949). 


#” Ciaroti, Cristiani, Giulotto, and Lanzi, Nuovo cimento 12, 
519 (1954). 
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Fic. 1. Adiabatic fast-passage signals in aluminum at 2.07°K. 
The sweep frequencies are, from top to bottom, 0.1, 0.2, 0.5, 1.0, 
and 2.0 cycles per second. The shift in horizontal position of the 
pulses is caused by phase shifts in the sweeping circuits and is not 
important. 


Ciaroti et al.!° The reader is referred to their paper for a 
description of the method. The dispersion mode of the 
nuclear magnetization was observed by using a compact 
nuclear induction (crossed-coil) bridge immersed in the 
liquid helium. The rf level was about 2 gauss peak 
linear amplitude and the frequency was 5874 kc/sec. 
A triangular wave generator provided the horizontal 
deflection to an oscilloscope, and also reversed a 
polarized relay every half-cycle. The relay contacts, 
connected to a battery, supplied a 90-volt square wave 
to the sweep circuit of a Varian magnet. The resulting 
modulation of the magnetic field was a square wave 
rounded by eddy currents, with a peak-to-peak ampli- 
tude of about 200 gauss. When properly adjusted the 


REDFIELD 


field swept symmetrically through the resonance in 
opposite directions every half-cycle. The output of the 
bridge was amplified and detected, and the detector 
voltage was applied to the vertical amplifier of the 
oscilloscope. The oscilloscope was direct coupled. 

The metal samples were powders filed from 0.9999 
pure ingots, sieved through 325 mesh, and annealed to 
remove strain and avoid quadrupole effects.'! These 
particles were evidently small enough to allow the 
rf field to penetrate the whole volume, as evidenced” 
by the fact that the steady-state absorption line was 
almost symmetric at 4.2° when the rf bridge was 
balanced to observe the absorption mode. The fact that 
the rf field penetrates such a large (diameter ~0.004 
cm) particle is not completely understood by us. The 
bulk classical skin depth at 4.2° is much smaller than 
the diameter. 

A series of signals obtained under ideal conditions is 
shown in Fig. 1. The time taken to sweep through 
resonance is roughly equal to the pulse width, which is 
seen from Fig. 1 to be about 50 milliseconds. This time 
is short compared to 7; and long compared to (yH;)~' 
and 7», as required for adiabatic fast passage. Previous 
analysis” shows that the pulse amplitude should vary 
as [1—exp(—1/2/T;) ][1+exp(—1/2/7T,)}°, where f 
is the sweep frequency. The experimental variation 
of the signal was in good agreement with this prediction. 

We now list the experimental values of 7. For Al’’, 
T,:=370+40 milliseconds at 4.2° and 730+40 milli- 
seconds at 2.07°K. For Cu®, 7,=260+100 milli- 
seconds at 4.2° and 640+150 milliseconds at 1.9°K. 

These measurements and the writer’s previous ones’ 
are consistent with an inverse temperature law within 
experimental error. The significance of the magnitude 
of T; is discussed in the previous paper.’ Over the 
whole temperature range from 2 to 300°K the experi- 
mental values of 7; are evidently in good agreement 
with Korringa’s theory. It is not clear why the early 
measurements** in aluminum and copper were so 
inaccurate. Possible sources of trouble are quadrupole 
effects due to strain, mixing of the absorption and 
dispersion modes, and the use of a modulation period 
short compared to 7;. The adiabatic fast-passage 
method is thought to be much more direct and reliable 
than the saturation method because it involves only 
the simultaneous measurement of sweep frequency and 
pulse amplitude. 
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The configurations 2p", 2s2p""1, and 252p"~* are analyzed for all observed spectra of the respective 
isoelectronic sequences. The semiempirical Slater method is amended to include the polarization correction 
and, wherever possible, configuration interaction. The polarization parameter A is found to be approximately 
linear in the degree of ionization, g. The Slater parameters characteristic of the term separations of 2s"2p" 
and of configuration interaction are found to be linear functions of m, n, and q, partly corresponding to the 
Bacher-Goudsmit theory in second approximation. A comparison with self-consistent field calculations is 
made. Other consequences of the analysis are discussed. 





1, INTRODUCTION 


HERE are two different levels on which the 

energies of the electronic structure of atoms are 
usually calculated. One is the completely theoretical 
approach in which one tries to solve the many-body 
problem by some suitable approximation, e.g., the 
Hartree self-consistent field approximation. There are 
no arbitrary parameters to adjust and the accuracy 
of the final result depends in principle only on the 
precision with which a well-defined mathematical 
problem can be solved. 

The other level is a semiempirical one. Following 
Slater’s method of the central field approximation one 
expresses the energies in terms of certain radial in- 
tegrals, F* and G*. The difficult mathematical problem 
of finding the radial dependence of the wave functions 
is now circumvented by treating these radial integrals 
as adjustable parameters. They are determined by 
fitting the theoretical energy levels to the observed 
ones, usually by the methods of least squares. This 
latter approach is much easier and quicker than, for 
example, the Hartree calculation, and is actually the 
only one that is practical for very complex atoms. 

The accuracy of the semiempirical method can be 
improved by going beyond first-order perturbation 
theory (Slater method) and including configuration 
interaction. Also, one is not restricted to Russell- 
Saunders coupling, but can include spin-orbit as well as 
spin-spin and spin-other-orbit interactions. All these 
refinements introduce additional parameters, which, of 
course, lead to an improved agreement between calcu- 
lated and observed energies. 

There are two difficulties with this method. 


(a) The first is the lack of any check on the values 
of the parameters. Only in the few cases where calcu- 
lations on the purely theoretical level have been made 
can one compare with such results. A check on the 
internal consistency of the semiempirical method is 
possible to a limited degree, when analyses of neigh- 
boring elements are available and the corresponding 
parameters are “about the same.” 

(b) The second difficulty is in certain cases the lack of 
sufficient experimental data to determine all the 


necessary parameters. A typical example is the problem 
of classifying stellar spectra which cannot be produced 
in the laboratory, as, for example, the emission lines of 
the solar corona. The calculation of the associated 
energy levels requires an extrapolation of the param- 
eters (e.g., along isoelectronic sequences) which in- 
volves considerable uncertainty and arbitrariness. 


The various parameters are all functions of the con- 
figuration and the net charge of the (ionized) atom (the 
degree of ionization, q). If it were possible to show 
certain regularities of the parameters as functions of 
the configuration and gq, both difficulties would be 
alleviated appreciably. But such results cannot come 
from the analysis of individual atoms, but must come 
from a simultaneous, systematic analysis of all atoms 
associated with certain configurations and degrees of 
ionization. It is the purpose of this paper to advocate 
such analyses, and to show in a relatively simple case, 
that one is indeed led to regularities of the parameters 
which are in fact much more striking than anticipated. 

One cannot expect such regularities to appear unless 
the method which one adopts permits the calculation 
of the levels within quite high accuracy. It will be 
necessary to include configuration interaction as well 
as a recently discovered interaction which describes 
certain higher order processes effectively in first order, 
thereby improving considerably the agreement with 
experiments that can be obtained by a “linear” theory. 
Following Trees we shall refer to this interaction—for 
lack of a better name—as the polarization effect.’ 

At this point one must recall a method proposed by 
Bacher and Goudsmit? which enables one to calculate 
the energies of an atom from those of its ions. The 
success of this method clearly indicates regularities of 
the Slater F* and G* integrals as functions of g. Re- 
cently, a more detailed analysis of the Bacher-Goudsmit 


1D. Layzer, Ph.D. thesis, Harvard University, 1950 (un- 
published) was the first to point out that in the analysis of spectra 
in the iron group considerably improved agreement can be ob- 
tained by a term proportional to L(L+1). This was confirmed 
independently by R. E. Trees, Phys. Rev. 83, 756 (1951) and 84, 
1089 (1951). Ms first step towards an understanding of the physical 
effects underlying this correction term was made by G. Racah, 
Phys. Rev. 85, 381 (1952). 

?R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 (1934). 
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TaBLE I. Polarization energy Ep of p". 
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approach* showed in fact that a linear dependence of 
certain Slater parameters on the number of equivalent 
electrons in a configuration would be sufficient to 
satisfy the basic assumptions of this method. 

A linear dependence on the degree of ionization was 
obtained by Catalan, Rohrlich, and Shenstone‘ in an 
analysis of the low configurations in the long periods. 
But these results were relatively crude, since g ranged 
from 0 to 5 only, and configuration interaction and the 
polarization effect were completely ignored. 

The first period is ideally suited for the purpose of 
this investigation. Spectra exceeding the tenth have 
been observed’ for many elements in this period, and 
the configurations are simple enough to permit good 
accuracy without calculations of forbidding complexity. 

Following a discussion of the polarization effect 
(Sec. 2) and configuration interaction (Sec. 3) in which 
all necessary formulas are derived, we give in Secs. 4 
and 5 the equations for the term values for the con- 
figurations s"p" from which the parameters are calcu- 
lated. Section 6 deals with the polarization parameter 
A and Sec. 7 gives the results for the Slater parameters. 
A comparison with the meager data available from 
Hartree calculations is attempted in Sec. 8. The final 
section gives a summary of the results obtained by the 
above outlined program. 


2. POLARIZATION 


As was shown by Racah,! the effective first-order 
interaction that accounts for the distortion of the wave 
functions due to various higher order effects is given 


by the operator 
> (2al;- 1;+849:;) 


i<j 


(2.1) 


for the configuration /". The operator q;; is defined by® 
(PLM | qi;|PLM) = (2/+-1)8(L,0). 


*R. E. Trees, J. Research Natl. Bur. Standards 53, 35 (1954). 
The Bacher-Goudsmit method was extended by S. Meshkov and 
C. W. Ufford, Phys. Rev. 94, 75 (1954). 

* Catalan, Rohrlich, and Shenstone, Proc. Roy. Soc. (London) 
A221, 421 (1954), esp. Figs. 4, 5, and 6. In an earlier paper [F. 
Rohrlich, Phys. Rev. 74, 1381 (1948), especially Fig. 4], this 
author pointed out that deviations from a smooth variation 
of term differences as a function of m in d*~*sp and d"™~'p seems to 
be an indication of wrong classification. 

5C. E. Moore, Atomic Energy Levels (U. S. Department of 
Commerce, National Bureau of Standards, Washington, D. C., 
1949), Vol. I. We have taken all the experimental material for 
the present work from these tables. 

®G. Racah, Phys. Rev. 63, 367 (1943), in the following quoted 
as (RITI). 


The polarization energy in a state of definite orbital 
angular momentum L and seniority »v is therefore’ 


Ep(I"vL) =a L(L+1) — nl (/+1) ]+80,(n,0), 


where® 


(2.2) 


Qi(n,v) =} (n—v) (414+4—n—2). 
For the configuration s” 
0 (n=1, 2S state) 


B (n=2, oS state). 


(2.3) 


Ep(sL) = (2.4) 


For the configuration p", we find easily the results 
listed in Table I. The seniority numbers are omitted in 
that table, because for each m and L there is only one 
value of v. 

We see from Table I that the Ep of conjugate con- 
figurations differ by constants from each other, inde- 
pendent of » and L: 


Ep(p*)— Ep(p*) = —4a+8 
Ep(p*) — Ep(p) = —8a+ 28. 


3. CONFIGURATION INTERACTION /*—s?*l”-? 


(2.5) 
(2.6) 


In this section, we want to derive the formula which 
expresses the off-diagonal matrix element of electrostatic 
repulsion between the configurations /" and s*/"~*, in 
terms of the associated radial integral G,(s,l). This 
formula is 

i<i 135; 


(tess 

= (—1)'6(0,0")6 (a,0’)[Or(n,0) 'Gi(s,), 
where Q; is given by (2.3) and 
n=21+2 and $v odd 
n=21+3 and $(v—1) odd, 


e=-+1 otherwise. 


e 
age b*saleSL ) 


(3.1) 


e=—-1 for| 
(3.2) 


Here, v denotes the seniority number, defined in RIII, 
and a@ is any set of quantum numbers which is necessary 
in addition to », S, and L, in order to specify the states. 

To prove this relation, we first note that Eqs. (33c) 
and (49’) of RIII can be combined to give 


e 
(Pass pe In*sal¥SL ) 


<0 15; 


= a ‘5(a,a’)5 (v,0’)[Or(n,v) } 


e 
os), 


x(s|= 
r 
7 Alternatively, lacking a deeper understanding of this inter- 


action, Eq. (2.2) may be regarded as a definition based on semi- 
empirical evidence. 








ANALYSIS OF FIRST 


But 


Fy) 
(° 1S|—|s? s) = (PF 4S| P:(cosw) | s* 1S) R'(Il,ss) 
r 


= (P1S|C,-C.| 5218) R*(Is,s1) 


(-1)! 
= G(s). 
(21+1)! 


The result (3.1) follows from the last two equations if 
we observe that 


G'(s,l) = (2/+-1)Gi(s,)). (3.3) 
by definition. 

Equation (3.1) is a generalization of Eq. (75) in RII, 
the latter being the case /= 2. 

In the following, we shall be concerned with p-elec- 
trons so that it will be useful to list the matrix elements 
of the p"— p”*s* interaction explicitly. The coefficient 
g1(s,p) by which G,(s,p) must be multiplied to give the 
matrix element, is listed in Table II. 


4. ANALYSIS OF 2s2p" 


The configurations 252" are less disturbed by other 
configurations than are 2p" and 2s?2p"-*. Typical con- 
figurations with which 252" can interact are 2p"3s, 
2s°2p""*3s, and 2s2p""13p. These are all associated 
with very high excitation, so that their effect on 2s2p” 
can be assumed to be negligible. 


A. 2s2p and 2s2p' 


These simple configurations contain only the two 
terms *P and 'P whose spacing is determined by the 
parameter G,;=G,(2s,2p). However, since spin-orbit 
interaction may be appreciable in some cases, we chose 
that particular combination of levels which is inde- 
pendent of the coupling, 


Gi=$('P1+*Pi—*P2—*P»). (4.1) 


There is no polarization effect and the Slater parameter 
F; does not appear. 
B. 2s2p' 


This configuration has the terms *:°S, }°P, and !4D. 
In order to eliminate any effects due to deviations from 
Russell-Saunders coupling, we form the four coupling 
independent combinations® 

a='D;, 

b=*P, 

c=*Dot'Dot* Pot Sa, 

d=*D,+*Pi+' Pit Si, 
whose energies can easily be expressed in terms of the 
Slater parameters and the polarization parameters a 


8 E. U. Condon and G. W. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951). 


(4.2) 


SHORT PERIOD 


TABLE II. Coefficient g:(s,p) for configuration 
interaction p*— p* s*. 








Term g1(S,p) 











and £6 of Sec. 2. We define 
A=4a-~B, 
f=3F2+2a, 
A=Foy—3G,—5f+A+8, 
and find for p*s: 
5S=A, 
*S=A+4Gi, 
®‘D=A+3f+Gi, 
1ID=A+3f+3Gi, 
®P=A+5f+Gi—2), 
1P=A+5f+3G,—2). 


It is important to note that these expressions involve 
only the 4 parameters A, f, Gi, and A, even though we 
have originally 5 parameters, Fo, F2, Gi, a and 8. The 
above coupling independent combinations become 


a=A+3f+Gi, 
b=A+5f+Gi—2h, 
c=4A+11f+5G,—2), 
d=4A+13f+9G,—4). 
The solution of these equations is 
Gi=}(a+d—b—o), 
A=§(2G1+-9a—b—2c), 
b—a 
“20-W/f 
A=a—3f-Gi. 


(4.8) 
=3(Git3a+b—0), 


C. 2s2p? and 2s2p‘ 


These configurations have the terms *S, 2“P, and 2D. 
But in this case the spin-orbit interaction cannot be 
eliminated in a simple way without losing the number 
of equations necessary for the determination of the 
remaining parameters. We must therefore be satisfied 
with the center of each multiplet as a sufficiently good 
approximation to the term value. As in the case of 
2s2p* there occur in 2s2f* only four parameters, 


A = Fy—5F.—2G,—2a, 
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f and X, as defined in Eqs. (4.4) and (4.3), and G;. The 
terms are 
‘P=, 


*P=A+3G,, 
*D=A+2f+Gi, 
2S= A+5f—3\+G. 


(4.9) 


The solution of these equations is 
A=‘P, 
Gi=3?P—*P), 
f=3CD-P), 
P=}(2 ‘P+?P) 


i s(2) 


For p*s the same equations hold except that A must 
be redefined according to the remarks at the end of 
Sec. 2, 

A=F)—5F2—2G;—6a+8, 


(4.11) 
= Fy— 3 (5f+2A—8)—2G,. 


5. ANALYSIS OF 2p" AND 2s*2p"-? 


In the analysis of these configurations, it is essential 
that their mutual interaction be included, since they 
are quite close in energy and even overlap for the 
lowest elements of the isoelectronic sequence. The 
matrix element of this configuration interaction is a 
multiple of G,(2s,2p), as was derived in Sec. 3. This is 
the only way in which G; affects the term separations 
in these configurations. 


A. 2p? and 2s? 


Here, as in 252°, we must be satisfied with the 
multiplet centers and ignore the spin-orbit interaction. 
The terms of #* are then given by 


‘P= A, 
1D=A+2f, 
IS=A+5f—3), 


(5.1) 


whereas s* has only the one term 'S= A’. The configura- 
tion interaction —V3G; therefore affects only the 1S 
terms and yields a quadratic equation. We thus have 
four terms and the five parameters A’, A, f, A, and Gi. 

We shall now assume that the polarization parameter 
A=h/f of 2s2p? is the same as that of 2p. This seems 
to be plausible from the derivation and interpretation of 
the polarization interaction and will also be borne out 
in the numerical results. 

Thus, we are left with four equations for four param- 
eters which can easily be solved. The solution need 
not be given here, 


B. 2p' and 2s°2p 


The 2s2p configuration gives rise to only one term, 
*P= A’, which interacts via configuration interaction 
with the *P term of 29°. The other terms of p*, 2D, and 
“S are thereby affected only via the spin-orbit interac- 
tion terms. When these are taken into account too, 
there results a 2X2 matrix for /=}, a 4X4 matrix for 
J =}, and a single equation for *Dy, yielding 7 equations 
in all. We have the 7 parameters A’, A, f, A, Gi, ¢(p*), 
and ¢’(p’s), so that these are uniquely determined. 
However, since the spin-orbit interaction parameters 
¢ and ¢’ are relatively small, and an exact solution in 
terms of the 7 parameters is obviously quite compli- 
cated, we take again the multiplet centers and calculate 
the terms only. For 29’, we have in our notation 


‘S=A, 
*D=A+3/, 
*P=A+5f—2r, 


(5.2) 


A=Fy—15F2—6a 
=Fo—Sf+A+8. 


Including the interaction *P(p*)—*P(ps?) which is 
—v2G, we have again 4 equations for the 4 parameters 
A’, A, f,G:, provided we take A from the 2s2p” analysis. 


(5.3) 


C. 2p‘ and 2s’2p’ 


Unfortunately, the configuration 2 lies so high 
that there is no case in the whole isoelectronic sequence 
of C J in which all its terms have been observed.’ If, in 
first approximation we neglect the interaction of 2s?2* 
with 2* and restrict ourselves to an analysis of 25°29’, 
we can refer to the work by Garstang” who analyzed 
2s°2p? with great accuracy, including spin-orbit, spin- 
other-orbit, and spin-spin interaction. We shall use 
his results in the following. 


D. 2° and 2s’2p' 


As in the case of 2* and 2s°2p, only the ?P terms 
are affected by configuration interaction. The procedure 
is in every respect the same as in that case, p> and p 
being conjugate to each other. Following Eq. (2.4), 
A (2s?2p*) is however different from A (2%), 


A (2s°2p*) = Fo—5f+A+8(p*)+-8(s*) 


and Fo now refers to 2s?2%. 


(5.4) 


E. 2p* and 2s’2p‘ 


The configuration 2p* is not observed, so that we 


must be content with an analysis of 2s?2* without 


® More precisely, the *P term is known in O 111 to Na vi, the !D 
term is known in Om and Na v1, and the 'S term is known in 
O m1 only, and with some uncertainty (see reference 5). 

( ” 5 H. Garstang, Monthly Notices Roy. Astron, Soc. 111, 114 
1951), 
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configuration interaction. We can here again take over 
the results of Garstang," but the neglect of configuration 
interaction will make the over-all agreement relatively 
worse than for the other configurations, especially for 


large q. 
6. RATIO PROBLEM AND THE PARAMETER A 


Consider the following ratios of term differences: 


R= ('S—'D)/(¢:D—*P) for p’, p', s*p’, and s*p', 
Ri= (S—*D)/@D-P), [P=4(2P+*P)] 
for sp* and sp', 
R;= (4S—?D)/?D—?P) for p* and s*p', 
R;'= (S—D)/(D—P), [P=3(3 *P+'P), 
D=}(3 *D+'D), S=}(5 §S+3 8S) ], for sp’. 
(6.1) 


According to the Slater theory, all these ratios should be 
R=}. (6:2) 


The problem is that the experimental values of R 
deviate appreciably from 3, the deviations being 
towards larger values for R; and R;’, and towards 
smaller values for Rz and R2’. 

Examples of these discrepancies were given, e.g., by 
Condon and Shortley (reference 7, p. 198 ff.) and very 
recently by Racah." He was also the first to point out 
that the deviations from $ are almost independent of 
the degree of ionization g, and that the polarization 
correction, A, could account for the difference, simply 
because there is one more parameter available.! 

In the theory given above, where in addition to the 
polarization correction also configuration interaction 
plays an important role, this “explanation” cannot be 
applied so simply, since R will in general depend on 
both, A and G;,. In those cases, however, where con- 
figuration interaction is not important, i.e., in the sp" 
configurations, R does indeed depend on A only, even 
though G, occurs explicitly in the expression for the 
term energies. 

Consider first R2’. From Eq. (4.10), we see that 


R,’=}$(1—A). (6.3) 


The polarization effect alone is thus responsible for the 
deviations from $. Similarly, from Sec. 4B when spin- 
orbit interaction is ignored, we find from Eq. (4.6) and 
the definitions (4.3) and (4.4), 

S=A + 3G, 

D=A+4G6i+3f, 

P=A+3G,+5f—2, 


4G. Racah, International Conference on Spectroscopy, Lund, 
Summer, 1954 (unpublished). I am grateful to Dr. Trees for 
showing me a copy of this paper. 


and, therefore, 


1 
ee (6.4) 


—A 

R,’ and R;’ are thus seen to depend on A only and the 
reason for the deviations in opposite directions is now 
quite clear. 

For R, and R; the situation is more complicated, 
since they depend on A and G;. However, there is no 
more problem regarding the agreement between theory 
and experiment, since the terms are fitted exactly by as 
many parameters as there are terms in the configuration 
(see Sec. 5). 

At this point the reader may question the wisdom 
of this “solution” of the ratio problem, since A is an 
arbitrary parameter which can always be so chosen as 
to reproduce the experimental value of R. Indeed, 
nothing seems to be gained by finding a set of A’s from 
the observed ratios R. 

It is the purpose of the remaining part of this section 
to show that the A’s are more fundamental than the 
R’s, and that they have a number of properties which 
put them in one class with the Slater parameters F and G. 

In general, to each configuration and to each degree 
of ionization, g, there corresponds a different set of 
Slater parameters and a different polarization param- 
eter A. For example, for the configurations 2s"2p", A 
will depend on m, n, and g. The experiments now 
seem to show that, to a very good approximation, A is 
independent of m and n, and that it is a linear and 
slowly varying function of q. 

We were able to verify this assertion only for the 
configurations 252", since the importance of spin-orbit 
interaction together with configuration interaction 
prevents a detailed calculation on 2p" and 2s*2p" 
without a prohibitive amount of labor. However, 
reasonable results for f, which depend on A, were 
obtained by assuming the same A for these configura- 
tions as for 2s2p", though, unfortunately, these results 
are not very sensitive to the value of A. 

Consider now the configurations 2s2p", where con- 
figuration interaction can be neglected, as was pointed 
out in Sec. 4. But spin-orbit interaction, described by 
the parameter ¢, can easily be eliminated for n=3 only 
(Sec. 4B). (The cases n=1 and 5 do not involve A.) 
The values of A obtained from this configuration will 
therefore be the most reliable. For n=2 and n=4, we 
can take the “centers of gravity” of the multiplets as a 
first approximation to term values. Since the Landé 
interval rule is not very well satisfied, the resultant A 
are not as reliable as those for n=3. The result of this 
calculation is given in Table III and plotted in Fig. 1. 

In this figure, a straight line was fitted by least 
squares to the most reliable points, i.e., A(2s2p*) for 
q=3. The points for the first few values of g are very 
poor, because configuration mixing is very large for 
these stages of ionization. The situation improves 
markedly with increasing g. The points for A(2s2p*) 
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TaBLe III. The parameter A. The results for 252° are ¢-in- 
dependent; for 2s2p? and 2s2* the terms are approximated by 
the multiplet centers, except in the last column (2s2/*) where the 
levels of highest J were used instead of the centers. The degree 
of polarization, g, is the number of electrons missing from the 
neutral atom. 








2s2p? 


— 1.343 
—0.535 
—0.407 
— 0.300 
—0.261 
—0.209 
— 0.183 
—0.165 
—0.147 
—0.125 
— 0.082 


7) 





SOONIAURWHHEO 


as 








are seen to be in very good agreement with the straight 
line for large enough g. For A(2s2p*), the points lie 
below the line even for large g. In order to see how 
significant this deviation is, we recalculated A(2s2p") 
using the levels of largest J instead of the centers of 
these inverted multiplets. The points for larger g’s now 
lie above the straight line, indicating that the deviations 
from the straight line are not significant.” Within this 
approximation we conclude, therefore, that A(2s2p") 
is independent of » and is a linear function of g. The 
g-dependence is"* 


A(2s2p")=0.0170g—0.2777 


which is obtained by a least square calculation of 7 
points of 2s2p* and has a standard deviation of 


A=+0.0080. (6.6) 


Ge 


Fic. 1. The polarization parameter A as a function of the degree 
of ionization, g, calculated from the configurations 2s2p". The 
straight line is the best fit to 252%. 


12 These points actually give better agreement with 2s2* than 
do the points calculated from the centers. We have therefore 
used the levels with highest J consistently for all inverted 
multiplets. 

18 Since A is dimensionless the labeling “kK” of the ordinate 
in Fig. 1 should be omitted. 


7. THE PARAMETERS G, AND f 


The analysis of 2s2p" according to Sec. 4 leads not 
only to A(2s2p") which we discussed in the previous 
section, but also to G\(2s,2p) and f(2,2p). These 
results are given in Tables IV and V, and are plotted in 
Figs. 2, 3, and 4. 

These figures show the linear variation of G, with 
q, for q not too small. As remarked previously, for small ¢ 
the configurations overlap so strongly that good results 
cannot be expected from this simple analysis. 

The linear dependence of G; on q for fixed n is sur- 
prisingly accurate for g>2. In fact, in a number of 
cases relatively small deviations from linearity can be 
traced back to uncertain experimental data, as is the 
case for n=2 and g=5 (see below). It is therefore 
justified to take the well established points for which 
the overlap of configurations is not expected to be 
important, and to fit straight lines to them with least 
square methods. The results with their standard devia- 
tions A are as follows: 


2s2p: g=2-5, 7-11, G;=6.575q+ 11.864, 
2s2p*: g=2-+4, 6-10, Gi=6.6369+ 16.359, 
2s2p*: g= 2-9, G,= 6.6369q+ 21.275, 
2s2p*: g=3-8, G:= 6.628¢+ 25.491, 
2s2p*: q=3-7, G,=6.6859+ 29.915, 


A=+0.160, 
A=+0,093, 
A=+0.074, 
A=+0.054, 
A=+0.146. 

(7.1) 


Since the magnitude of G,; ranges from about 25 to 
85 kK, these mean deviations correspond to a few 
tenth of one percent. A surprising accuracy indeed. 
The above mentioned point n= 2, g=5 is now seen to 
be the largest deviation from the straight line (for 
q>2 or 3) it stems from the 252? configuration in the 
spectrum of Ne vi. This spectrum was observed by 
Paul and Polster’* who did not find any intersystem 
combinations. They were therefore forced to estimate 
the position of the quartet levels and gave a value of 


2s2p? P= 99.340.5 kK. (7.2) 


Since the calculation of G; is based on the difference 
between the *P and the ‘P term [see Eq. (4.10) ] an 
error in this estimate will affect the value of G;. On the 
other hand, our above analysis leads to a value of 


2252p Gi=49.55+0.09 kK, 


From this result, one obtains with Eq. (4.10) a theo- 
retical estimate 


2s2p? *#P=101.22+0.19 kK. (7.3) 

We believe that this is a more reliable estimate than 
(7.2). 

The straight lines (7.1) are also shown in Fig. 2. 

It is clearly apparent that these lines are very nearly 


parallel and very nearly equidistant. This implies that 


4 F. W. Paul and H. D. Polster Phys. Rev. 59, 429 (1941). 
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TABLE IV. The parameter G,(2s,2/). All values are in units of kK = 10°K = 10° cm“. 








2s2p? 2s2p8 


<= 


2s2p4 


2s2ps 2s? —2p2 2st2p —2p3 2s22p3 —2p5 





14.578 
22.544 
29.566 
36.445 
42.968 
(50.180) 

56.139 
62.772 
69.32 

76.03 

82.80 


20.724 
28.388 
34.455 


RFP OC ONOAMPwWNHe OS 


— 


37.317 
42.431 
49.870 
56.907 
63.743 
70.465 
77.026 


26.12 
33.54 
39.59 
45.96 
51.46 


29.68 
38.70 
44.32 
50.72 


47.46 
53.51 
59.52 


62.61 
69.46 
77.99 
82.79 


64.19 
71.35 
78.01 
85.99 








G;(2s,2p) as calculated from 252” is in good approxi- 
mation a linear function of g as well as m. Again, a 
family of equidistant parallels can be fitted to the 
calculated points by a least square computation and 
one finds for the 36 points considered in (7.1) for 252", 


G,= 6.60989+ 4.7002n+- 7.0533, (7.4) 
with a standard deviation of 
A=+0.239, (7.5) 


The parameter G, does not enter into the formulas for 
the term values of the configurations p” and s*p”~*, but 
enters only in the interaction between these con- 
figurations,'> according to the results of Sec. 3. Though 
configuration interaction occurs only between terms of 
the same S, L, and parity, other terms will also be 
affected, because of the deviations from pure Russell- 
Saunders coupling, which is appreciable in some cases. 
It is therefore not a very good approximation to neglect 
spin-orbit interaction. This is done here only to simplify 
the otherwise rather complicated calculations. The 
following results must therefore be judged accord- 
ingly and are subject to improvement by a better 
approximation. 

With the aid of Secs. 3 and 5, we find the values for 
G, shown in Table IV and in Fig. 3 where the five 
parallels from the 2s2p" analysis are plotted for com- 
parison [see Eq. (7.4) ]. We observe that the experi- 
mental data are much more incomplete than in the 


TABLE V. The parameter /(2,29). 








2s2pt 2st2pt 2p? 
2.235 
4.684 
7.104 
9.595 
11.816 
14.766 


2s2p?  2s2pt 2st2p* ~—-2s22p3 


2 





7,899 
10.350 
12.755 
15.271 
17.703 
20,061 
22.385 
25.085 
26.66 


1,718 
4.225 
6.644 
8.866 
11.355 
15.93 
18.10 
20.51 
22.64 


11.40 
13.95 
15.86 
18.05 


SCSI AUewWHHKO 


—_ 








16 The interaction of the p-electrons with the closed subshell 
2s? is not analyzed here. It would also involve G,, but it does not 
contribute to the term separations. 


2s2p" case, which is understandable, since the 2p" 
configuration is never among the lowest configurations. 
Specifically, neither the 2p* nor the 2° configuration 
was observed with all its terms for any atom or ion.° 
However, even the relatively incomplete data show 
the main characteristics observed previously for the 
2s2p" configuration: G; is a linear function of both, 
gq and m. The g dependence seems to have very nearly 
the same slope as for the 252" configuration. Ignoring 
the lower g values the line for G, from the 2s*— 2? inter- 
actions lies just about half-way between the parallels 
for 2s2p” and 2s2p*. The distance between the parallels 
which would fit the 2s*—2f? and the 2s?2p—2p% inter- 
action is within our accuracy the same as the distance 
between the 2s2p""! and 2s2p” lines. Similarly, the 
2s?2p’—2p* line is about twice that distance away from 
the 2s?2p—2s*2p* line, the difference in the configura- 
tions being two p-electrons. Using Eq. (7.4), we can 
therefore give an approximate formula for G,(2s,2p) 
when it occurs as configuration interaction between 
2s?2p”"? and 2p", 


Gi=6.619+4.70n+9.40. (7.6) 





Qe 


Fic. 2. The Slater 
calculated from 252). 
value of n. 


arameter G,(2s,2p) as a function of 4 
he straight lines are the best fit for eac 
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G, (2s, 2p) 


CALCULATED FROM THE INTERACTION 
OF 2p” WITH 2s*2p*"* 


THE FAMILY OF EQUIDISTANT PARALLELS 
G,"6.6096q + 47002n + 70833 kK 
WHICH FITS 36 VALUES OF G, FOR 
2s2p" WITH AN ACCURACY 4*#0239 kK 
'S DRAWN FOR COMPARISON 


i 


n 4 L n 
Ld 8 9 10 ut 
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Fic. 3. The Slater parameter G,(2s,2p) as a function of gq, 
caltulated from the configuration interaction of 2p" with 2s*2p"-*. 
The set of parallels is the best overall fit of G; for 2s2p"" and is 
drawn for the purpose of comparison. 


We note that G; for 2s*2p*—2p* with g=8 (P rx) is the 
only very large discrepancy with this formula. No 
explanation is offered for this one case. 

Since the calculations involve poorer approximations 
than those for 252", little weight should be put on the 
absolute value of G, in (7.6). In fact, if one computes 
G, for the 2s°2p°—2p° interaction using the centers 
instead of the highest J levels in the inverted multiplets 
(see footnote 11), the results fall on the 252° line. This 
indicates that a better calculation may well shift the 
set of parallels (7.6) towards lower values, decreasing 
the constant 9.40 by perhaps as much as 2.35. In that 
case the G, values for the s*p"— p"** interaction would 








Fic. 4. The parameter /(2,2p) as a function of g, calculated 
from the configurations 2s"2". The set of parallel straight lines 
constitutes the best over-all fit to all the points with g>2. 


coincide with those of sp"**. It is then suggestive to 
argue that the parameter G, of the 252" configuration 
(which we did not include explicitly in our energy 
formulae, because it does not contribute to the term 
separations) should be equal to the parameter G, 
which determines the configuration interaction of 
2s*2p" with 2p"**. In that case, the above coincidences 
lead to the approximate equality 


G1(2s°2p") =G,(2s2p"*2). (7.7) 


When this equation is valid, Eq. (7.4) can be generalized 
to the configuration 2s"2p", 
G,=6.60989+4.7002.N — 2.3471, 
(N=2m+n). 
An experimental check on Eq. (7.7) can only be made 
simultaneously with an analysis of the parameters 
A of Secs. 4 and 5. 

The results for the parameter f(2p,2p) are given in 
Table V. A plot (Fig. 4) shows that the configuration 
2s2p” gives again a linear dependence on gq, 
2s2p?: g=3, 4, 6-9, f=2.343¢+2.510 kK, 

A=+0.055 kK, 
2s2p*: g=3-9, f=2.3409g+4.005 kK, 7.9) 
A=+0.153 kK, (" 
2s2p*: g=3-8, f=2.4129+4.985 kK, 
A=+0.075 kK. 


(7.8) 


The standard deviations are of the same order as those 
for G, [Eq. (7.1)], but since f ranges from about 10 to 
25, this corresponds to a somewhat larger relative error, 
about 3 to 1 percent. 

As in the case of Gi, the 2s2? configuration of Ne v1 
gives a poor result and was not included in the least 
square analysis (7.9). Using Eq. (4.10), we find from 
the above semiempirical value of f for the 4P term of 
2s2p* in Ne v1, 


*P=100.91+40.17 kK, (7.10) 


in good agreement with Eq. (7.3). 

The straight lines (7.7) are almost parallel and 
equidistant, though a set of three such lines would not 
give as good overall agreement as for G;. However, 
when we add the f values calculated from 2p" and 
2s°2p""* to those for 2s2""", we notice that also these 
data are well represented by parallels with the same 
distances as those for 2s2p""1. 

One of the most important results of Fig. 4 is the 
fact that f(2s2p*) and f(2s?2p*) coincide. This means 
that, if the parameter f for 2s"2p" and any gq can be 
approximated by 


f=ag+Bm+yn+6, 
the constants @ and y satisfy the relation 
B=2y. 
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TasLe VI. Comparison of Slater parameters obtained semiempirically and by self-consistent field calculations for 2s°2/*. 








Oxygen 
G,@) AG Gi 


q Gi 








Carbon 
Gi) AG 


Nitrogen 
Gi) AG Gi 














33.345 30.800 


35.255 34.275 0.980 30.554 
37.164 37.523 —0.359 
39.074 39.798 —0.724 


1 
0 
1 
2 
3 


40.983 42.358 





25.532 


29.666 0.888 24.449 


25.854 











F;) F:(@) AF F;0) 








F,(4) AF F20) Fi) AF 











2.862 2.441 


3.169 2.901 0.268 2.609 
3.470 3.368 0.102 
3.767 3.718 0.049 


1 
0 
1 
2 
3 


4.059 4.152 








2.049 


2.520 0.089 2.039 0.010 














This is exactly the relation which for G; leads to Eq. 
(7.7), but which could not be obtained from the experi- 
mental evidence in that case. Also here, because of the 
incomplete experimental data, this assertion cannot be 
checked for all cases, but for the ones available it is 
indeed very well satisfied. We can thus write 


f=aq+yN+6, (V=2m+n) (7.12) 


and try to fit this family of parallels to the data of 
Fig. 4. The results for the 50 best points is 


f=2.3374q+1.4743N —3.4470 kK, (7.13) 
with a standard deviation 
A=+0.164 kK. (7.14) 


8. COMPARISON WITH HARTREE CALCULATIONS 


Unfortunately, there are only very few self-consistent 
field calculations with exchange which involve the con- 
figurations of interest here, and for which the two 
Slater integrals F2(2p,2p) and G,(2s,2p) have been 
calculated. Furthermore, practically all these calcula- 
tions involve very low g for which our results cannot be 
expected to be very good, so that the following com- 
parison cannot be regarded as definitive in any sense. 
Its main purpose is to show that the main relations 
for f and G; which we have obtained are within the 
expected errors consistent with a calculation “on the 
purely theoretical level.” At the same time, this com- 
parison will give us a very rough estimate of the order 
of magnitude of the parameter £. 

There exists one example of a 252" configuration. 
That is the 2s2p Be 1 term system.'® Since the one- 
electron Hartree wave functions depend slightly on S 
and ZL, the Slater parameters differ somewhat for 
different terms of each configurations. With few excep- 
tions these variations are of the order of one percent. 
We have taken the average of these values. There is also 
a conversion factor from atomic units to kK, a factor 
4 for Hartree’s G;, and a factor 1/25 for Hartree’s Fe, 
to convert these parameters into G; and F»2 as defined 


16D, R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
154, 588 (1936). 






here. We thus obtain the self-consistent field value 


2s2p: Gi(2s,2p)=1141kK (g=0). (8.1) 
Our formula (7.4) yields the result 
2s2p: Gi(2s,2p)=11.75kK (g=0). (8.2) 


The agreement between Eqs. (8.1) and (8.2) must be 
considered very good, since we are dealing here with 
q=0 for which (7.4) is certainly not very accurate. 
For the configurations 2s°2p", calculations for the 
elements carbon!’ (Cr), nitrogen’? (N- and Nr), and 
oxygen” (O-, Or, Om, Or, and Orv) are available. The 
best we can do here is to use the somewhat hypothetical 
formula (7.8) for G;. For F2, we find from (4.3) and 
(4.4) 
Fy=F,—48, (8.3) 
where 
F,=}$f(1—4A). (8.4) 


Thus, a direct comparison of F: can only be made if we 
know the parameter 8. We shall therefore compare F, 
with the Hartree values, hoping that a consistent 
difference between the two quantities will give some 
indications of the presence of 8. 

The comparison of G, and F; is conveniently 
carried out by expressing first G and f in terms of g 
and Z. The linear relation between the number of 
equivalent 2s and 29 electrons, g, and Z is 


Z=24+m+n+4q, (8.5) 
so that Eq. (7.8) becomes 
2s™2p" : Gi(2s,2p) = 1.910 
+4.700(Z-+m)—11.748, (8.6) 
and Eq. (7.13) becomes 
25"2p": f(2p,2p) =0.863q. 
+1.474(Z+m)—6.396. (8.7) 


These relations and Eqs. (8.3) and (8.4) permit the 
construction of Table VI where our idealized semi- 


17 A. Jucy, Proc. Roy. Soc. (London) 173, 59 (1939). 

1D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
193, 299 (1948). 

1 Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London) 
A238, 229 (1940). 
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empirical values of G, and F2 are compared with 
those from the Hartree calculations. Since the latter 
include negative ions, we have extrapolated our for- 
mulas accordingly. 

A study of Table VI reveals the following. First of 
all, it confirms qualitatively the increase of G, and F,; 
with g and with Z. The values of G, agree generally 
within a few percent, except for the negative ions 
(g=—1) where the Hartree values, G;“”) are about 10 
percent lower. This agreement is satisfactory, since the 
table lists low g values. As can be seen from Figs. 1, 2, 
and 4 the parameters approach their linear behavior 
with increasing g, the deviation being all to one side. 
On this basis, one would suspect that G; should perhaps 
be larger by about 1.5 to 2, so that AG is positive 
throughout and approaches zero for g>3. In that case, 
G,(2s*2p") would be closer to the configuration inter- 
action values G:(2s’2p"—2p"**), Eq. (7.6), than to the 
idealized Eq. (7.8). It is very unfortunate that G,” 
values for g>3 are not known. 

In the case of F; one might be inclined to detect a 
linear behavior in AF, and conclude from (8.3) that 8 
varies like —0.99g+ 1.8. But the tendency of approaching 
the linear behavior from one side, as for G,, may invali- 
date such a conclusion. In fact, within the errors of 
this comparison, 8 may actually be zero. 

Finally, one should not take the Hartree values as 
the perfect basis of comparison, because the self- 
consistent field calculations do not give complete 
agreement with experiment. In particular, the ratio 
problem of Sec. 6 is not resolved within that approxi- 
mation: An attempt to include configuration interaction 
did not improve the situation.” In this respect our 
semi-empirical analysis teaches us that it is primarily 
the polarization parameter A which is responsible for 
the deviations from R=. The versatility of the 
semiempirical approach shows here definite superiority. 


9. SUMMARY 


As was stated in the introduction, the purpose of 
this work is primarily to show by a relatively simple 
example how a systematic analysis of certain con- 
figurations leads to a study of the dependence of the 
semiempirical parameters on the number of equivalent 
electrons, the degree of ionization, etc. In particular, it 
was found that the linear theory (Slater theory amended 
by polarization terms) together with configuration 
interaction leads to parameters G,(2s,2p) and {(2p,2p) 
which are in good approximation linear functions of 
m, n, and q for the configurations 2s™2p" [see Eqs. 
(7.8) and (7.13)], and that the polarization parameter 
A is linear in g and independent of m and n. These 
statements are valid for large enough g. The polariza- 
tion parameter 8 is probably small, and there are some 
indications that it decreases with increasing gq. 

The possiblity of an analysis of this type is of interest 
in itself from a practical standpoint: It eliminates the 


arbitrariness of the parameters associated with the 
analysis of a single spectrum, and it allows extrapola- 
tions to unknown cases in a far more satisfactory 
manner than was hitherto possible. As an application 
and illustration of this point we carried out an extrapola- 
tion leading to the identification of the famous yellow 
coronal emission line \ 5694. This work will be published 
elsewhere. 

However, an analysis of the above type also has 
theoretical interest; it was for this purpose that the 
first steps towards a similar analysis were carried out 
by Trees* for the case of 4s and 3d electrons. 

In order to discuss the theoretical aspects, let us 
first observe that we could take the idealized linear 
equations for A, G:, and f, and compute the terms of 
the various configurations in the isoelectronic sequences 
of the first period. If we restrict ourselves to values of 
q not less than 2 or 3, the over-all agreement will be 
given by a standard deviation of the order of, or 
slightly larger than, A in Eqs. (7.5) and (7.14). This 
means a very good agreement indeed. 

The most extensive previous analysis of configura- 
tions in the first short period is that by Bacher and 
Goudsmit.? Their agreement is not as good as the 
present one for several reasons. Their method was 
mentioned in the introduction and seems to be very 
different from the Slater method. However, Trees* was 
able to show that the linear theory in which the param- 
eters are allowed to vary linearly with m, n, and q 
(strictly, the Slater theory requires the same F* and G* 
for all m, n, and q) is essentially equivalent to the 
Bacher-Goudsmit method in second approximation: 
Trees’ arguments for s and d electrons is valid for s and 
p electrons with only trivial modifications. Higher 
approximations of the methods by Bacher and Gouds- 
mit correspond to higher powers of m, m, and gq in the 
expressions for the radial integrals. It follows that, had 
we neglected configuration interaction, our agreement 
with experiment should be about the same as obtained 
by them. (They used their second approximation in their 
numerical work.) This is probably the case. A large 
part of our improved agreement is due to the restriction 
to spectra with g>2 or 3. Bacher and Goudsmit at the 
time did not have available the experimental material 
of all the highly ionized elements. But at least a small 
part of the improved agreement must be due to our 
taking account of configuration interaction. The latter, 
however, has little effect on /, as can be seen from Fig. 4 
where 2s°2p? and 2s*2p* are calculated without con- 
figuration interaction, whereas 2s?2p* and 2” include it. 
The self-consistent field calculations bear this out too: 
The Slater parameters change only very slightly when 
configuration interaction is included. 

Our results, however, seem to show additional 
features, not expected from a comparison of the linear 
theory with the Bacher-Goudsmit theory. In particular, 
we mention the following: 

(a) The relation (7.11) which says that each s-elec- 
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tron contributes to the parameters just twice as much 
as each p-electron, arises naturally from a study of Fig. 
4 for f. It is somewhat suggested for G, too, but it has 
no good experimental basis for that parameter. 

(b) G,(2s,2p) calculated from the interaction of the 
configurations 2" and 2s?2p"~? is not very different 
from, and has the same m and q dependence as the 
G(2s,2p) expected from 2s?2p"-? (though it does not 
enter into the multiplet separations), provided Eq. 
(7.8) is assumed. The latter can be regarded as con- 
structed in analogy to Eq. (7.13) for f. 

(c) The linearity with g and the approximate inde- 
pendence from m and n of the polarization parameter 
A is unexpected. A is negative, indicating an effectively 
attractive interaction. 
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These are some of the points that are raised by the 
present investigation and which need to be understood 
and clarified. To what extent some of these results are 
of an accidental nature can perhaps be learned from 
further analyses of this type, e.g., by a study of the 
second short period. Also, the parameters A will have 
to be investigated and their dependence on m, n, and g 
will have to be checked. The more difficult problem of 
the long periods will probably be easier to attack, once 
the problems of s and # electrons are resolved. 
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Hfs Separations and Hfs Anomalies in the ?P,; State of Ga®*, Ga”, T1?°*, and T1?°}* 
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By use of the method of atomic beam magnetic resonance, the ground-state hyperfine structure splittings 
in the two common gallium and thallium isotopes have been measured. The measured values are: Av(Ga®) 


= (2677.9875+-0.0010) X10® sec, 


Av(Ga") = (3402.6946+0.0013) X 10° 


sect, Av(TI%) = (21 105.447 


+0.005) X 108 sec, and Av(TI™) = (21 310.835+0.005) X 10° sec. A comparison of the ratio of the dipole 
coupling constants in the ground state of the two isotopes with the ratio of the nuclear g; factors yields the 
hfs anomaly. Theoretical and experimental values of the anomaly are compared. 


INTRODUCTION 


ONSIDERABLE success has been achieved in 
explaining the hfs anomaly in atoms whose ground 
states are in an S; configuration. Bohr and Weisskopf! 
have explained the observed anomalies as a consequence 
of the penetration of the external unpaired electron into 
the nucleus. The theory of Bohr and Weisskopf predicts 
an anomaly for a P; configuration which, however, is 
considerably smaller than the anomaly for a S; con- 
figuration, since the amplitude of the unpaired electron 
wave function at the nucleus is much less for P than for 
S states. Up to the present time no critical measure- 
ments have been made of the hfs anomaly for atoms in a 
P, state. In order to test the applicability of the theory 
to such atoms, the hfs of the stable isotopes of gallium 
and thallium has been measured. A comparison of the 
ratio of the magnetic interaction constants as observed 
for two isotopic atoms in the same state with the known 
ratio of the nuclear gyromagnetic constants gives the 
t This work was supported in part by the Office of Naval 
Research. 

* Submitted by A. Lurio in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy of pure science at 
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New Haven, Connecticut. 
1A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 


hfs anomaly. Both gallium and thallium have two com- 
monly occuring isotopes and are, therefore, suitable for 
a measurement of the anomaly; for gallium the spin of 
both isotopes is $ and for thallium it is }. 

In both gallium and thallium the atomic ground state 
arises from a single P electron outside of a closed (2s)? 
subshell. This leads to a fine structure doublet of which 
the P; is the lower-lying level. To an excellent approxi- 
mation the energy levels of gallium and thallium in this 
state in a magnetic field are given by the Breit-Rabi 
formula. They are shown in Figs. 1 and 2. Small second- 
order corrections have been given by Clendenin? who 
has shown that the zero-field hfs splitting Av may be 
written as follows: 


Av= (I+ })[a”—2(a’"”")?/8], (1) 


where the (a’’’) term is the correction term arising from 
the perturbation by the *P, state, separated from the 
*P, state by 6. 

This correction term is of interest here in that Av does 
not arise solely from the magnetic dipole interaction 
constant a” in the P; state. From Clendenin’s expres- 
sion for the (a’’’) term it is found that a” is increased by 
0.49 kc/sec and 0.79 kc/sec for Ga® and Ga” respec- 


2W. W. Clendenin, Phys. Rev. 94, 1590 (1954). 
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Fic. 1. Energy levels of Ga Py state in a magnetic field. 


tively, and by 3.68 and 3.76 kc/sec for Tl and Tl® 
from the value which would be obtained from Av if the 
correction were ignored. 

The transitions which were observed in measuring the 
Av are labeled a and @ on Figs. 1 and 2. Since the a 
transitions, which were observed at small magnetic 
fields, are between magnetic substates each of which has 
my=0, there is no linear dependence of the frequencies 
of these transitions on magnetic field. There is, however, 
a quadratic field dependence which at low magnetic 
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Fic. 2. Energy levels of Tl Py state in a magnetic field. 
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field and for both Ga and TI, is given by 
f(@)=Av(1+2°/2) «=(gs—gr)uoH/hdv. (2) 


The 8 transition, which was observed in the case of 
gallium at the same field as the a transition, is field- 
dependent. The expression for the frequency of this 
transition is given by 


f(8)=xAv/4+3x°Av/16. (3) 


From a measurement of the frequency of the @ transi- 
tion, the magnetic field in the transition region may be 
computed. The value of the magnetic field is then used 
to correct the frequency of the a transition to its zero- 
field value which is identical with Av. 


APPARATUS 


The hyperfine structures of gallium and thallium were 
measured with an atomic-beam magnetic resonance 
apparatus of the type described by Zacharias.’ The 
beams of gallium and thallium atoms were detected in 
the usual way by ionization on a hot wire filament. 


fh 
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Fic. 3. The rf 
circuit traversed by 
the gallium beam. 











For gallium the frequency source was a Sperry 2K-41 
klystron. To obtain the frequency stability required to 
measure the frequencies to one part in four million, 
batteries were used for all klystron voltages except the 
cavity voltage which was obtained from a power supply 
regulated to better than one part in a hundred thousand. 
The klystron was maintained in a shock-mounted oil 
bath to avoid rapid thermal drift of the frequency and 
to reduce mechanical disturbances. 

Figure 3 shows the rf loop used for the gallium transi- 
tions. The direction of the rf magnetic field was princi- 
pally parallel to the direction of the dc magnetic field in 
the transition region, so that o transitions could be 
strongly excited. With sufficient rf power in the loop the 
low-frequency lines could also be observed. The reson- 
ance pattern expected and observed was similar to a 
Ramsey‘ pattern excited by two separated rf loops, 
oscillating out of phase. 


8 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 
4N. F. Ramsey, Phys. Rev. 78, 695 (1950). 
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For thallium the high-frequency source was a OK -306 
klystron stabilized in the same manner as the 2K-41 
klystron. Figure 4 shows a diagram of the high-fre- 
quency rf circuit for thallium. The apparatus as con- 
structed contained a C magnet with a 0.635-cm gap. 
Since the magnet itself served to shield the transition 
region from stray magnetic field, it appeared undesirable 
to increase the width of the magnet gap. At the fre- 
quency of the thallium transition, however, energy is 
propagated down K band wave guide only in the lowest 
(TF) mode which means that H,.. is parallel to the long 
dimension of the cross sections of the wave guide. To 
observe the transition it is necessary that Hose be 
parallel to the field in the C magnet. Since the long 
dimension of the guide was larger than the C magnet 
gap into which the wave guide was to be inserted, the 
wave guide was tapered from its standard outside di- 
mensions of 0.635 cmX 1.27 cm to 0.625 cmX0.625 cm. 
For these new dimensions, the wave guide is below 
cutoff for the Tl frequencies of about 21 200 Mc/sec. 
To enable energy to be propagated down this piece of 


TABLE I. Values of Av(Ga™) and Av(Ga”) obtained from meas- 
urement of the transitions F=2, Mr=0 to F=1, Mr=0. All 
frequencies are in megacycles per second. 








A» (Ga®) 


2677.9879 
2677.9862 
2677.9879 
2677.9879 


Av (Ga™!) 


3402.6953 
3402.6945 
3402.6931 
3402.6931 
3402.6952 
3402.6951 
3402.6949 
3402.6958 


3402.6946+0.0013 





Weighted average of all data 
2677.9875+0.0010 








guide, the interior of the tapered section of wave guide 
was filled with Teflon whose dielectric constant is about 
2 at 20 000 Mc/sec. 

A block diagram of the frequency-measuring equip- 
ment is shown in Fig. 5. The beat note between a 
harmonic of the frequency standard and the klystron 
was fed into a radio receiver. A signal from the General 
Radio 620 A heterodyne frequency meter was also fed 
into the receiver and adjusted to zero beat against the 
difference frequency between the klystron and the 
standard. The 620 A was itself calibrated by means of 
50-kc/sec harmonics from the frequency standard. 


PROCEDURE AND RESULTS 
I. Gallium 


Since the shape of each gallium resonance line was 
similar to an out-phase Ramsey pattern, the frequencies 
of the central minimum and the maxima on either side 
of this minimum, were observed. During all runs, the 
mean of the two peak frequencies agreed, to within our 
quoted uncertainty, with the frequency of the central 
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minimum and the intensity of the two peaks was 
observed to be the same to better than 2%. The 
half-width of the central minimum was 12 kc. The 
results of the gallium measurements after the’ applica- 
tion of a small correction for the quadratic dependence 
of the line frequency on field are shown in Table I. 
Each number represents the mean of about 10 observa- 
tions made on the same day. The quadratic corrections 
applied to the measured frequencies to obtain Av varied 
from 1 to 3 kc/sec depending on the residual field in the 
transition region. 

It was observed that all the readings made on a 
particular day were internally consistent to better than 
+0.5 kc/sec while the results on runs on different days 
varied by as much as +1.5 kc/sec. For this reason the 
uncertainty assigned to the measurements was taken to 
be large enough to encompass the results of all runs. 

The present results differ from the previous measure- 
ments of Becker and Kusch® by several times their 
quoted uncertainty. Since their method for obtaining 
Av involved the measurement of Amp=+1, AF=0 
transitions at intermediate magnetic field, the calcula- 
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Fic. 5. Block diagram of the frequency-measuring equipment. 


5G. E. Becker and P. Kusch, Phys. Rev. 73, 584 (1948). 
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TaBLE II. Values of Av(TI®™) and Av(TI™5) obtained from 
measurement of the transitions F=1, Mr=0 to F=0, Mr=0 
All frequencies are in megacycles per second. 








Av (T18) 


21 105.4480 
21 105.4456 
21 105.4442 
21 105.4494 
21 105.4483 


Average 21 105.447+0.005 


Av (T15) 


21 310.8356 
21 310.8320 
21 310.8362 
21 310.8343 


21 310.83520.005 











tion of Av from the data depended on deviations of the 
line frequencies from a linear dependence on field. 
Further, the line frequencies were markedly dependent 
on field and thus the lines were subject to distortion by 
magnetic field inhomogeneities. In the present work 
Av is measured directly through observation of essen- 
tially field-independent lines. In addition, improved 
techniques of frequency measurement have been em- 
ployed. 


II. Thallium 


The frequencies at the maximum intensity and half- 
intensity points of the thallium resonance line were 
observed. For all runs, the mean of the frequency of the 
two half intensity points agreed with the peak fre- 
quency to better than +2 kc/sec. From measurements 
of the gallium @ transition, the magnetic field in the 
transition region was known to vary from 2 to 5 gauss 
for the present range of experimental conditions. For 
these measured fields the quadratic correction to the 
thallium @ line would have been less than 0.5 kc/sec. As 
this correction is much smaller than the experimental 
uncertainty, in the measurement of the frequency of the 
a line, no quadratic correction was applied. The results 
of the measurements are given in Table II. 

The present results differ from those of Berman® by 
several times his experimental uncertainty. As his 
method of measurement was similar to that of Becker 
and Kusch, the same sources of error occurred. Since, 
however, the discrepancy between the present result 
and Berman’s result is of the same magnitude and in 
the same direction for both isotopes, the effect of this 
discrepancy on the experimental value of the hfs 
anomaly is very small. 


DISCUSSION 
I. Theory 


The hfs anomaly constant A for heavy elements is 
defined by the expression 


A=[a?/a'—g/gr ](gr'/gr), (3) 


where 1 and 2 refer to the two isotopes of the atom 
(1 heavier than 2) and a is the coefficient of the inter- 


6 A. Berman, Phys. Rev. 86, 1005 (1952). 


action I-J. When the mass of the atoms is small, addi- 
tional significant reduced-mass effects occur. 

A relativistic treatment of the P; state hfs yields the 
expression? 


8euo 7” 
8°4r--—— 
3 


FiGodr. (4) 


0 


In the derivation of this expression for a, the nucleus is 
treated as a point charge with a point magnetic dipole 
moment, so that the Dirac radial functions Fy and Gp 
will be the same for both isotopes and A will have a null 
value. Two second-order corrections lead to nonzero 
values for the anomaly constant A. These corrections 
result from the effect of (1) the distribution of charge 
in the nuclear volume and (2) the distribution of mag- 
netization in the nuclear volume. These effects have 
been considered separately.':7:* Breit and Rosenthal 
have computed the decrease in the integral in the ex- 
pression (4) for an isotope as a consequence of the 
change in the F and G functions arising from the dis- 
tributed nuclear charge. Their calculations, however, 
treat the magnetization as a point moment. Bohr and 
Weisskopf! have considered the decrease in the hfs 
splitting for an isotope as a consequence of the deviation 
of the nuclear magnetization from a point moment. 
They compute the fractional decrease in a arising from 
a nucleus with distributed charge and moment com- 
pared to a distributed-charge, point-moment nucleus. 
For very heavy elements where the anomaly for each 
isotope becomes large, addition of the Bohr-Weisskopf 
and Breit-Rosenthal anomalies for each isotope is not 
exact. To treat the anomaly exactly, one should com- 
pute the fractional decrease of the point-nucleus dipole 
coupling constant arising from consideration of the 
effect of the actual distributed-charge, distributed- 
moment nucleus. The results of this exact treatment 
are expressed in terms of previously defined constants: 


Asre=(WY—W,')/We, (5) 
e= (W,'—W,)/W,’, (6) 
Arp= (W.°—W,)/W.’, (7) 


where W,’ is hfs splitting computed for a point nucleus, 
W,’ is the hfs splitting computed for distributed charge 
point moment nucleus, and W, is the hfs splitting 
computed for distributed-charge distributed-moment 
nucleus. 

With these definitions one finds 


Arp=Asrt (1—Aszer)e. (8) 
We may write the hfs anomaly defined in Eq. (3), as 


A= (@/gr?—a'/g1')(gr'/a’). (9) 


7G. Breit and J. E. Rosenthal, Phys. Rev. 41, 459 (1932). 
8 A. Bohr, Phys. Rev. 81, 331 (1951). 
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Now we have 


a/gr=K(1~Are) f F Godr, 
0 


(10) 


where K involves numerical constants. Substitution of 
(10) into (9) yields 


A=[Axp(1)—Azp(2) [1—Axp(1) }. (11) 


This is the form for the anomaly which should be 
used when z is greater than about 70. 


II. Gallium 


A comparison of the ratio of the magnetic moments 
of the gallium isotopes measured by Rice and Pound,’ 


p/n =0.7870147+0.0000012, (12) 
with our measured ratio of the ground-state hfs splitting, 
Av®/Ay™ =0.7870196+0.0000006, (13) 

yields for the experimental value of the anomaly, 


A;=0.00062+0.00023%. (14) 


If the ground state of Ga is a pure P; state, then we 
fina 1or the theoretical value of the anomaly 


A,=0.0012%, 
since 
e(1)—€(2)=0.00087%, 
Apr(1)—Azr(2)=0.00030%, 


where we have taken R=1.2A!X10-" cm. 

As Schwartz’ has recently pointed out, however, 
any mixing of higher S-state configurations into the 
ground P; state can have a profound influence on the 
computed value of the hfs anomaly. This is obvious 
when it is realized that only a few percent admixture of 
a higher S state will alter the value of the electron charge 
density at the nucleus by many times the fractional 
admixture. The fact that a large anomaly exists in the 
P; state of the gallium isotopes” is an indication that 
higher S states are present in the Py; state and there- 
fore, presumably, in the P; ground state. Consequently, 
any comparison of the theoretical and observed values of 
the hfs anomaly is suspect until the wave function for 
the gallium ground state is accurately known. 


III. Thallium 


A comparison of the ratio of the magnetic moments of 
the thallium isotopes measured by Gutowsky and 
McGarvey," 


8/42 = 0,9902578+0.000001, 


9M. Rice and R. V. Pound, Phys. Rev. 99, 1036 (1955). 

” C, Schwartz, Phys. Rev. 99, 1035 (1955). 

1H. S. Gutowsky and B. R. McGarvey, Phys. Rev. 91, 81 
(1953). 
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with our measured ratio for the ground-state hfs 
splitting, 
Av®/Av®> = 0,9903622+0.0000005, 


yields for the experimental value of the anomaly: 
A,=0.0105%+0.00015%. 


As in the case of gallium, one would expect configura- 
tion interaction to modify the hfs of the thallium P; 
state. Measurements of the hfs of the P; and P; states 
by Schuler and Keyston” show that the experimental 
ratio of the P; to P; splitting is smaller by a factor of 
ten than that predicted by theory. To explain these data 
Fermi and Segré" have shown that the P; state can be 
strongly perturbed by a 6s6f7s configuration. 

From the work of Schwartz one also expects the P; 
ground state to be perturbed by the higher S configura- 
tion. If we use the data of Schuler and Keyston, 


Av(??P;)=0.707 cm“, 
Av(??P,)=0.008 cm“, 


in Schwartz’s expression for the fractional contribution, 
6, of the higher S-state to the hfs splitting, we find 


8i0.046. 


This is only an order of magnitude estimate for §;, in 
view of the fact that Schuler and Keyston consider 
Av(*P;) only a qualitative estimate of the hfs splitting. 
With increasing z, the hfs anomaly for a P; state in- 
creases much more rapidly than that for an Sj state. 
For Ga(Z=31) the anomaly for an S; state is about 20 
times that for a P; state, while for T1(Z=81) the anom- 
aly for an S; state is only three times that for a P, 
state. For this reason the anomaly in the thallium P; 
state is much less sensitive to the admixture of higher S 
state than is the anomaly in the gallium P, state. In 
view of this, the comparison between the observed value 
of the anomaly and that calculated for a pure P; state 
is probably meaningful. 
The theoretical prediction for the anomaly in a pure 
P, state is 
A,=0.0095%, 
where 
e(1)—e(2)=0.0012%, 


Apr(1)—Asr(2)=0.0080%. 


The agreement between experiment and theory is 
good, and consideration of the admixture of higher S- 
state may improve the agreement. 
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A statistical description is developed for collision phenomena such as atomic excitation, where it is 
important to recognize that the motion of the bound and free particles is ordered, rather than chaotic. 
This is accomplished by using the concept of a collision complex which is permitted to decay only into 
final states of ordered motion in which conservation of the initial energy and angular momentum would 
allow the system to be found long after collision. A major feature of this approach is that, while it deals 
with ordered motion exclusively, the interparticle interaction does not appear explicitly, but is implied by 
the formation of the complex and by the usual assumption in statistical mechanics that it is the mechanism 
for establishing a uniform distribution in the accessible phase space. The theory is applied in a semiclassical 
form to the single excitation of atoms by electron impact. Cross sections for H and He are compared with 
the Born approximation and for He with experimental data. 





I. INTRODUCTION 


N the usual applications of statistical mechanics, 

the probability associated with a particular con- 
figuration for a system of given energy (E,dE) is 
proportional to the corresponding volume in phase space 
enclosed in the energy shell (Z,dZ). When both bound 
and unbound configurations are consistent with the 
given energy, however, the enclosed phase volume 
corresponding to an unbound configuration is arbitrarily 
large as compared with the phase volume of a bound 
configuration, because the spatial part is unrestricted. 
Consequently, the unbound states are given an over- 
whelming weight. This paper will be concerned with 
the application of statistical mechanics to collision 
processes for which this result does not agree with 
experiment and for which a new approach must be 
developed. 

The collision of electrons with hydrogen atoms is 
conceptually one of the simplest of these processes. 
Classically, the electrons taking part in the collision 
process follow orbits rather than the random paths 
allowed by the usual formulation of statistical me- 
chanics in which only the total energy is given a well- 
defined value. A statistical description should, therefore, 
take this fact into account by confining the phase point 
representing such a system to that small portion of 
phase space representing orbital motion (actually, its 
quantum analog) since this limited region is not 
statistically probable a priori. When this is done, it 
will be shown that bound and escaping electrons sweep 
out volumes in phase space at comparable rates, so 
that the relative probabilities for bound and unbound 
motion are comparable. 

Although such collision processes seem to be simple 
conceptually, they lead to calculations which are highly 
complicated mathematically. No exact calculations 
have yet been made and the usual approximations are 
difficult to evaluate and have a limited range of validity. 
This in itself is motivation for attempting a statistical 


*This research was supported by the Bureau of Ordnance, 
Department of the Navy. 


approach. The fact that a good deal of experimental 
and theoretical data are available for atomic excitation 
suggests that this is an appropriate test case for such 
an approach. 

While excitation of atoms by collision apparently 
has not been treated previously from a fundamentally 
statistical approach, statistical concepts have been 
used in approaches to closely related problems. The 
elastic cross sections and total differential cross section 
for inelastic collisions of an electron with an atom have 
been treated with the aid of the Fermi-Thomas “sta- 
tistical atom.”” It does not appear possible, however, 
to determine excitation cross sections using the Fermi- 
Thomas charge distribution without the aid of addi- 
tional approximations. A second approach utilizing 
statistical concepts is that of the collision complex 
which has been applied to nuclear and chemical reac- 
tions? and, by Fermi, to high-energy nuclear scattering.* 
These treatments are not applicable to the excitation 
phenomena of interest here, because they do not take 
into account the absence of “chaotic motion.” This 
has been taken into account by Wannier* in obtaining 
a threshold law for ionization of hydrogen, by utilizing 
the concept of a collision complex which can decay 
only into dynamically realizable states corresponding 
to approximate solutions of the three-body problem 
near threshold. Although we would like to use this 
same approach, the specification of dynamically real- 
izable states of even the three-body problem away from 
threshold is a highly formidable task. It seems desirable, 
therefore, to attempt to take into account the inter- 
electron interaction by some simplifying approximation. 

Such an approximate statistical treatment has been 
recently developed by Hart and Guier® for a related 


1See, for example, P. Morse, Physik. Z. 33, 443 (1932); and 
N. F. Mott and H. S. W. Massey, The Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), p. 240. 

? For a brief discussion of the application of these methods to 
scattering, and for further references, oa for example, N. F. 
Mott and H. S. W. Massey, reference 1, p ff. 

8 E. Fermi, Progr. Theoret. Phys. (apa) 5, 570 (1950). 

*G. Wannier, Phys. Rev. 90, 817 (1953 

5 R. W. Hart and W. H. Guier, Phys. a 97, 841 (1955). 
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problem concerned with the distribution of bound 
orbits in a Newtonian potential. They limit the acces- 
sible phase space to that part corresponding to inde- 
pendent orbital motion for each particle in the central 
field, with the additional constraints of total energy 
and angular momentum. The probability associated 
with any particular configuration (of orbits) is then 
determined by the phase volume corresponding to that 
configuration in accordance with the fundamental 
postulate of equal a priori weights for equal volume 
elements in phase space. In this way, the interaction is 
treated statistically in the usual sense that it is the 
mechanism for establishing the “most probable distri- 
bution” (e.g., as in a perfect gas). 

A comparable approach for taking the interaction 
into account approximately does not seem to exist in 
quantum mechanics, and for this reason the develop- 
ment is principally classical. Such a classical approach 
to atomic excitation seems reasonable, at least for 
energies well above threshold, where the incident elec- 
tron has a wavelength relatively small compared with 
the distance over which it interacts and can be regarded 
as a classical particle. In spite of obvious disadvantages, 
this application to atomic excitation does retain the 
conceptual and analytical simplicity which are major 
reasons for a statistical treatment, and the results 
agree well in many respects with experiment and other 
theory. 

The purely classical development is given in the first 
part of Sec. II. This is then used as a guide for devel- 
oping an analogous quantized (semiclassical) statistical 
treatment which retains many of the essential quantum 
features not dependent on spin. In Sec. III the sta- 
tistical theory is applied to the calculation of excitation 
cross sections, which are then compared with the results 
of other theories and experiment. A summary is given 
in Sec. IV. 


II. THEORETICAL DEVELOPMENT 


We consider a collision of an unbound particle with 
a particle executing bound motion in a central field, 
and develop an approximate expression for the sta- 
tistical distribution of bound states after collision. 
Since these states correspond to orbital, rather than 
chaotic motion, the approach will depart from the 
usual statistical mechanics. With respect to inter- 
particle interaction, however, we adopt a point of view 
analogous to that adopted in the statistical mechanics 
of ideal gases: we neglect the explicit form of the 
interparticle interaction and assume only that it estab- 
lishes a uniform distribution in the phase space of the 
free and bound particles long after collision. 

One consequence of this assumption is that the 
distribution function which we find should be regarded 
as expressing the conditional probability for excitation, 
given that the incident and bound particles have 
actually interacted to form a kind of collision complex 
(which can then decay into any of the dynamical states 


consistent with energy and angular momentum conser- 
vation). For this reason, it will be possible to obtain 
only relative, rather than absolute cross sections. The 
condition that a collision complex be formed implies a 
restriction on the allowed angular momenta of the 
incident and outgoing electrons. A further restriction 
is imposed on the maximum transfer of angular mo- 
mentum, either by the conservation law, or by the 
possibly more severe restriction of the impulse avail- 
able.® 

Another consequence which can be expected to arise 
from the assumption of uniform distribution in the 
phase space of independent particle orbits is an over- 
estimate of cross sections near threshold. It arises 
because very near threshold, excitation can be expected 
to result only from very particular initial configurations 
of the particles (leading to their closest approach). The 
assumption of uniform distribution among the states 
in the complex, on the other hand, implies that excita- 
tion is equally likely to result from all initial configur- 
ations which lead to approaches close enough to result 
in significant interaction between the particles. This 
assumption is expected to be satisfactory, however, 
sufficiently far above threshold where excitation can 
result from any such initial configuration. 


Classical Theory 


Ratios of cross sections are given by the ratios of 
the corresponding volumes in phase space and can be 
expressed in terms of the distribution function 
(Eyl; EL) 


P(E,,h; E,L)=———— say ap 
(Exh; E,L)dExdl; 


where 2(£;,/,; E,L) is the accessible volume in phase 
space associated with systems having an energy in the 
interval (Z,dZ), angular momentum in the interval 
(L,dL), and for which the bound particle has the 
corresponding quantities in the ranges (£,,dE,) and 
(l,,dl;), respectively. 

The phase space associated with the ordered motion 
of each independent particle in a central field is con- 
veniently expressed in terms of a coordinate system in 
which the constraints on the motion are canonical 
variables’ and where the conjugate variables are the 
time and the initial conditions. Hamilton-Jacobi theory 
provides such a system of coordinates, and we write 
for the element of phase space (dQ,) associated with 


‘If the phase volume associated with a state were specified 
only by its energy, it would include elements corresponding to 
all angular momentum substates consistent with that energy. 
Since some of these substates cannot contribute, it is necessary 
to treat them individually. 

7 This obviates the introduction of several delta functions or 
other devices to restrict the accessible phase to that corresponding 
to ‘ordered motion. 











the kth particle®: 
dQ, = dE ,dt,dl.dmyd gxdur, 


where m, is the z-component of the angular momentum 
vector; g% is canonically conjugate to m,, and is the 
initial azimuth angle of the line of nodes; w; is canoni- 
cally conjugate to J,, and is the initial angular position 
of the particle in the plane of the orbit, measured, say, 
from the line of nodes. 

The phase space (Q) available to the system of two 
particles executing independent motion under the above 
constraints can then be obtained by integrating over 
all the phase volume allowed by the constraints, 


Q(E£,h; E,L)dE dL dEydl, 
-| f dindted Exdl,dmdmed gd gxdwrdw2 }dE\dh, (2) 


where the subscript 2 refers to the unbound particle, 
and Q, is always used to denote integration over the 
region allowed by the constraints. 

Although it is not actually necessary to carry out 
the integrations over ¢,; and fg because we are interested 
only in ratios of phase volumes (long after collision), 
it is perhaps still worth indicating how the linear time 
dependence of these phase volumes arises. In order that 
the statistical treatment can be thought of as describing 
the distribution (at some specific time) resulting from 
the collision, we require that the orbits corresponding 
to the final states originate simultaneously, i.e., in an 
infinitesimal interval at t=0.° This restriction of the 
phase space can readily be accomplished by writing 


t t 
dtdrs= f au, f 5(t:—ts)dt.=1, 
Qe 0 0 


so that we find the expected linear time dependence: 
Q(4,,h; E,L)dE dL 


«tf dg id gedwidwodEdledmidm:2. (3) 


ec 


This time dependence is also characteristic of an exact 
solution of the mechanical system including interaction 
as can be seen from Hamilton-Jacobi theory, according 
to which a set of canonical variables can (in principle) 
be introduced in which the energy and time are conju- 
gate variables, and all other variables are time-inde- 
pendent. For the present case, the energy is fixed and 
integration over time establishes the above result. 


8 See, for example, H. Goldstein, Classical Mechanics (Addision- 
Wesley Press, Cambridge, 1950), Chap. 9. 

® The time interval during which the interaction can take place 
can be presumed to be of the order of the atomic radius divided 
by the incident particle velocity. Since we are to be concerned 
only with relative cross sections for events produced by incident 
particles of similar energies, this time interval need not be intro- 
duced explicitly. 
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We shall now carry out the integrations indicated in 
Eq. (3). Since the constraints do not involve the 
orientation of either orbit in its plane, the integration 
over w; and we: can be carried out immediately : 


f dw dws = (27). 
Qe 


In order to carry out the remaining integrations, it is 
convenient to transform to new coordinates for which 
the limits of integration imposed by the constraints are 
apparent. For this purpose, we make a canonical 
transformation to new variables (see Fig. 1) E, L, M, 
®, and 71, to replace EZ, m, me, ¢1, and ge. Integrations 
over E and L are not carried out, since they are con- 
straining variables appearing on the left hand side of 
Eq. (3). The limits of integration for ® and +; are the 
usual ones for the azimuth angle of a spherical polar 
coordinate system since they are not affected by the 
constraints. Finally, the Jacobian for the transfor- 
mation can be shown to be unity, so that 


Imax L 
(Exh; E,L) « (2m)! f dl, f dM 
tmin —L 
= (2n)4(2L)Al, (4) 


where Al=/max—/min, the maximum angular momen- 
tum that can be transferred to the bound particle. For 
very long range interactions or very long interaction 
times, the impulse can be thought of as limited only 
by the law of conservation of angular momentum, 
(lmax=hL+L, lmin= |L—1,|). When the impulse is more 
severely limited, it is necessary to introduce an appro- 
priate cut-off on Al. The distribution function Eq. (1) 














































Fic. 1. Geometry of phase space variables. 
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can now be written in the form 


AldE\dEdl,dL 


Emax LED ‘ 
f ar. { dl,Al 
E 0 


o 


P(E; E,L)dE\dEdl,dL = 





provided that E,S Ei: S Emax, and OS/,S £(E;), unless 
more severely limited as indicated above; P is zero 
otherwise. Here E, is the ground-state energy of the 
bound particle; Emax=0 or E, whichever is smaller; 
and £(#,)=largest angular momentum for the bound 
particle allowed by its energy and by the assumption 
of a complex. Equation (5) is the desired normalized" 
distribution function for the bound particle. 


Semiclassical Theory 


We now develop an analogous, semiclassical descrip- 
tion of the collision of a free particle with one which is 
bound by a central field and for which the final states 
are quantized. 

An exact statistical theory would determine the total 
accessible phase volume by associating with each 
eigenstate of the interacting system the phase volume 
h® implied by the uncertainty principle, and then 
counting the number of allowed eigenstates. Since the 
eigenstates of the interacting system are not known, 
the phase volume might be computed approximately 
using the eigenstates of the noninteracting system, 
computed in terms of observables which are simultane- 
ously determinable at least long after collision when 
the particles can be regarded as essentially independent. 

This procedure is possible for that part of the phase 
volume associated with the angular momentum vari- 
ables L (which is regarded as observable since it 
specifies the incident partial wave components), M, lh, 
l.," which can be specified simultaneously” and are 
pertinent to the description of the interacting system 
long after collision. The uncertainty principle then 
implies a phase volume of / for each such quantized 
degree of freedom. In our approximation, therefore, 
the accessible phase volume (associated with the 
degrees of freedom L, M, 1,, 12) for a system of specified 
L and |, is obtained by counting the number of values 
lz and M can assume when ZL and /, are fixed, and then 
multiplying this number by A‘. This is actually equiva- 

It is readily verified that for a Coulomb potential, £(£;) 
«1/,/E;, and that the resulting distribution is normalizable 
even without the assumption of a complex. 

The actual quantum-mechanical operators referred to are 
13, 12, L* with eigenvalues /:(/:+1), lo(2+1), L(Z+1). For 
convenience, however, we shall continue referring to the states as 
indicated in the text, and regard all angular momentum variables 
to be measured in units of h. 

2 Tt might at first appear that the accessible phase space could 
be approximated merely by assigning to each state (Jk, mz, Ex) 
of each “independent” particle the phase volume /*, and then 
determining the total accessible phase volume by counting states. 
This would actually lead to a serious overestimate because the 
specification of these states in terms of 1, mi, lx, and me is not 
consistent with the simultaneous specification of total angular 
momentum (LZ). 


lent to replacing by sums the integrals over /, and M 
in Eq. (4) for the accessible phase volume in the 
analogous classical approximation. 

We have not yet succeeded in handling the remaining 
quantized degree of freedom (Z£;) from a quantum 
viewpoint. It turns out, however, that results in rather 
good agreement with experiment can be obtained by the 
previously developed classical theory through the 
correspondence principle. In this limit we are justified 
in retaining the concept of orbits in the sense of the 
Bohr-Sommerfeld model of the atom and in regarding 
the phase volume associated with a discrete value E, 
of the energy of the bound particle (having angular 
momentum /,) as the (integrated) phase volume be- 
tween this energy and the energy E£,* corresponding to 
the next higher principal quantum number (and the 
same orbital quantum number). 

We obtain, therefore, a semiclassical phase volume 
and probability : 


0, (Ei h; E,L)dE« (2m)4t(2L+1)(£,*—E;)(1+Al)d, E 


and 
0,(£1,h; E,L)dE 


pd 0,(Eih; E,L) 
Ei,li 

for any value of E, allowed by the constraints E and L 
and for values of J, and LZ consistent with formation of 
the complex ; the sum extends over these allowed values 
of E; and j;. (It will be noted that Q represents a 
density of states for the entire system containing both 
bound and unbound particles, and is not the usual 
density of states appearing in time-dependent pertur- 
bation theory which pertains only to the unbound 
particle.) 

This is the main analytical result and expresses the 
relative probabilities for the excitation of the discrete 
states in terms of the energy and angular momentum 
of the system and the state excited. It will be used in 
the following section to obtain ratios between atomic 
excitation cross sections for several special cases. 

No assumption has actually been made in the deriv- 
ation of Eq. (6) regarding either the presence of addi- 
tional not excited particles, or the form of the inter- 
action between the (scattered or bound) “electron” 
and the “atom’”—other than that both electrons 
experience central fields long after collision. Even for 
complex atoms this assumption appears to be reasonable 
for the scattered electron and it has often proved a 
useful approximation for the bound electron. This 
implies that the statistical approximation may be more 
valid for complex atoms than for hydrogen atoms 
because interaction between many electrons may pro- 
duce a more uniform distribution in the approximate 
phase space. 


III. APPLICATION TO ATOMIC EXCITATION 


In order to indicate the extent to which collision 
phenomena of this kind can be described statistically, 





Py(Fih; E,L)dE= (6) 
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we give a detailed comparison of the predictions of the 
statistical theory for atomic excitation with experi- 
mental results and with theoretical calculations reported 
in the literature. It will be shown that for energies not 
too close to threshold the dependence of excitation 
cross sections on the energy of the excited state, and, 
for optically forbidden transitions, on the energy of the 
incident electron, is rather well predicted. On the other 
hand, the dependence on the angular momentum of 
the excited states appears to be predicted reasonably 
correctly only for S and D states. 

Although statistically predicted cross sections should 
be most accurate for complex atoms, at present it does 
not appear to be possible to compare these with experi- 
ment or other theory because of lack of data. There are 
sufficient data, however, for a comparison with theo- 
retical excitation cross sections for atomic hydrogen 
and helium and with experimental cross sections for 
helium. For this reason, this section is principally 
concerned with these atoms. Bates ef al.'* and Massey 
and Burhop™ present summaries of theoretical and 
experimental results which are convenient for such a 
comparison. Although a few more recent theoretical 
calculations exist'®* which may be more accurate than 
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Fic. 2. (a) Experimental excitation functions for the 6'Pi—n'S» 
series of mercury. a: 6'P:—8'So; b: 6 Pi:—9'So; c: &P1—10'So. 
(b) Ratios of the experimental excitation functions. d: 
(OP,— 10'S») /(6'P1—9'So) 3 @: (6P\— 10'S») /(6'P1—8'Sp). 


8 For a comprehensive discussion of the Born and Oppenheimer 
approximations, see Bates, Fundaminsky, Leech, and Massey, 
Phil. Trans. Roy. Soc. (London), A243, 93 (1950). 

4H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952). 

16H. S. W. Massey and B. L. Moiseiwitsch, Proc. Phys. Soc. 
(London) A66, 406 (1953). 

16 G. A. Erskine and H. S. W. Massey, Proc. Roy. Soc. (London) 
A212, 521 (1952). 
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the theoretical results given, we feel that these are 
adequate for a preliminary study. 

The assumptions and approximations made in the 
development of the statistical theory impose two types 
of limitations on its application to atomic excitation. 
First, the theory has been developed semiclassically, 
omitting spin and exchange effects. This implies that 
it cannot be applied to excitations involving a change 
of multiplicity since these would not occur in the 
absence of spin, nor to excitations at energies very 
close to threshold, where the incident electron cannot 
be regarded as a classical particle and where-exchange 
effects may also be important. In addition, since the 
energy dependence is obtained using the correspondence 
principle limit, it is not necessarily valid for energy 
states too close to the ground state, i.e., when E,*—E 
is not small compared with £. 

A second type of limitation arises from the fact that 
the form of the interelectron interaction does not 
appear in the theory, but that its existence is implied 
by the assumption of a uniform distribution in the 
phase space. Such a distribution can be regarded as a 
reasonable approximation only for configurations for 
which the electrons actually come close enough to 
interact strongly. For this reason the probabilities 
have been regarded as conditional on the formation 
of a collision complex which, in this application leads 
to rather severe limitations on the allowable angular 
momenta of the incident electron and the excited state. 
The precise limits placed on the angular momentum of 
the free particle by the condition that it pass close 
enough to the bound particle to interact strongly and 
form a complex are of little importance in computing 
most conditional probabilities. The concept of a complex 
does imply, however, that partial cross sections corre- 
sponding to angular momenta greater than some well 
defined limit are relatively very small, in agreement 
with experiment and other theory. Further limits 
imposed by the maximum allowable angular momentum 
transfer do not appear in the evaluation of cross sections 
for excitation to states having the same angular 
momenta, but they do play an important role in 
determining where the cutoff occurs for the excitation 
of high angular momentum states. 

A further limitation of the second type arises from 
the fact that all angular momentum states are treated 
on an equal basis. This approach, therefore, makes no 
provision for distinguishing between the two different 
kinds of transitions, (i) transitions to optically allowed 
states and (ii) transitions to optically forbidden states. 
The theory, while applicable to relating cross sections 
of the same kind, cannot predict relationships involving 
cross sections of different kinds. 

The statistical theory is applied to three illustrative 
cases: (1) ratios of cross sections for excitation of states 
having the same angular momentum but different 
energies; (2) ratios of cross sections (of type ii) for 
excitation of states having different angular momenta, 
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TABLE I. Ratios of excitation cross sections for transitions from the ground-state helium atom. The numbers tabulated are the 
ratios of the cross sections for exciting the states labeling the rows to the cross sections for the states labeling the columns. The values 
tabulated for the Born approximation and for the experimental data are taken from page 148 of Massey and Burhop. The experimental 
data given in parentheses are by Lees; the other experimental data are by Thieme. 
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3'P Statistical theory + — 0. “ 
Born approximation 0.339 0.304 0.28 = 
3 
4'P Statistical theory . 0.163 — 0.464 ——_--———+ 
Born approximation 0.11 0.125 0.13 0.39 0.39 0.41 0.47 
Experiment 0.215 0.22 0.213 0.18 
Experiment (0.210) (0.186) (0.191) (0.20) Pp 
4) 
5'P Statistical theory ——— 0.088 — .252 0.544 ——_-, 
Experiment 0.060 0.067 0.071 0.21 0.20 0.22 0.26 0.53 0.53 0.54 0.55 
Experiment (0.035) (0.037) (0.033) (0.037) (0.16) (0.20) (0.173) (0.18) 
2's 
3'S Statistical theory ———. 0.327 ~ 
Born approximation 0.22 0.22 0.26 0.25 8 
1 
4'S Statistical theory —— 0.147 0.448 . 
4) 
5'S Statistical theory 0.0781 ————— 0.239 aa — 0.533 ————— 
Experiment 0.65 0.69 0.65 0.60 
5'S 
6'S Statistical theory ——— 0.0465 = o 0.142 — 0.317 + +——-— 0,595 ——_-— 
Experiment 0.33 0.30 0.24 0.25 0.51 0.44 0.37 0.42 
Experiment > (0.60) (0.64) (0.45) 
3 
4'D Statistical theory +--—— -——— 0.463 ———__-— } 
Born approximation 0.54 0.55 0.53 mn ' 
4) 
5'D Statistical theory ———— 0.251 —_—__—— —— 0.543 ———_-— 
Born approximation 0.30 0.31 0.30 0.55 0.56 0.56 0.57 
Experiment 0.60 065 0.58 0.35 
Experiment (0.61) (0.71) (0.71) (0.69) _ 
1 
6'D Statistical theory —— 0.152 —___—+ ——— 0.327 ———. ——— 0.603 ——___- 
Experiment 0.32 0.32 0.32 0.20 0.54 0.50 055 0.57 





















but having the same principal quantum number; (3) as Hg. In Fig. 2(a) (taken from Bates ef al.)! the 
ratios of forbidden cross sections to elastic cross experimental excitation functions (which are directly 
sections. measured) are given for the transitions 6'P,—8'So, 
(1) To evaluate the ratio of total cross sections, 6'P;—9'So and 6'P,;—10'So. According to Bates et al., 
Q(E,,1,)/Q(Ey',), we note that according to Eq. (6) these should be similar in form (but not in magnitude) 
the ratio of partial cross sections for excitation of such to the cross section curves for excitation of the 8'So, 
states by electrons having a given angular momentum 9S» and 10'S» states.'7 The ratios of the excitation 
is given by (£,*—£,)/(£:’*—£;’). Since this ratio is functions should be approximately independent of the 
independent of the angular momentum of the incident bombarding energy, therefore, but their values should 
electrons, it follows that the ratio of /ofal cross sections _ not be predictable by Eq. (7). These ratios are plotted 
is the same, i.e., that in Fig. 2(b), and are approximately constant except 
O(E:,h)/O(Ey'h) = (Ex*— E,)/(E:*— Ey’), a in agreement with the statistical 
(Ey’, Ei<£) (7) The extent to which the magnitudes of the ratios of 
irrespective of the energy and partial wave components _¢ross sections for helium and atomic hydrogen predicted 
associated with the incident electrons. On the basis of by Eq. (7) are in agreement with experiment and the 
experimental data, such ratios have long been recog- Born approximation is indicated in Tables I and II. 
nized to be essentially independent of the energy of the These tables give all the relevant ratios which can be 
incident electron (except close to threshold), and calcu- obtained from the data in Massey and Burhop.'* While 
lations utilizing the Born approximation also exhibit in the case of helium the agreement of the statistical 
this property. An analytical comparison of Eq. (7) theory with both experiment and the Born approxi- 
with the Born approximation is extremely difficult mation is remarkably good, for hydrogen it is not so 
because of the complexity of the latter. It simplifies striking. This may be because a uniform distribution 
for hydrogen in the limit of large principal quantum in phase space is less likely to be set up in hydrogen 
number, m, and high incident energy, however, to give where the incident electron interacts with only one 
Q(E:,h)/Q(Ey' jh) = (n'/n)*. ee eee 
Pa 17 The excitation function for a transition measures only the 
The statistical theory (Eq. 7) predicts the Born sate at which a state is depopulated by the one particular transi- 
approximation result for this case. tion under consideration. In order to obtain the excitation cross 
Figures 2(a) and 2(b) illtistrate that these ratios are section for that state, it is necessary to correct for all other transi- 


. tions to and from that state. 
approximately constant even for so complex an atom 18 Reference 14, pp. 148, 170, 172, 173. 
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TABLE II. Ratios of excitation cross sections for transitions from the 


und-state hydrogen atom. The numbers tabulated are the 


ratios of the cross sections for exciting the states labeling the rows to the cross sections for exciting the states labeling the columns. 
The values tabulated for the Born approximation have been computed by us from the equations of Goldstein.* 








Electron energy 
150 ev 


20 ev 50 ev 100 ev 


Electron energy 


50 ev 100ev 150ev 200 ev 





2P 





0.350 


3P Statistical theory 
0.17 


Born approximation 0.16 0.17 


0.162 


0.17 





4P Statistical theory 


Born approximation 0.055 0.061 0.061 


2S 
0.350 





0.060 





3S Statistical theory — 
Born approximation 0.18 0.20 0.20 


0.162 


0.20 





4S Statistical theory « 
Born approximation 0.065 0.074 
4D Statistical theory 


Born approximation 














* L. Goldstein, Ann. phys. 19, 305 (1933). 


(2) The predictions of the statistical theory regarding 
angular momentum can be studied through the ratios 
of partial cross sections for excitation of states having 
different angular momenta but the same energy. These 
ratios are readily obtained from Eq. (6): 

Q.r(Eih) P(Eih;2,L) (Al+1) 8) 
iiesgeaane -_ = : ( 
Qr(Eih’) P(Eih’; EL) (Al’+1) 





Since the ratios of partial excitation cross sections are 
not readily available, the angular momentum predic- 
tions will be studied through ratios of total cross 
sections. These ratios, however, cannot be deduced 


Taste [{II. A comparison for helium of ratios of cross sections 
for excitation to states having the same principal quantum 
number. The experimental data given in parentheses are by 
Lees; the other experimental data are by Thieme. Experimental 
and Born approximation data are taken from page 148 of Massey 
and Burhop. The results for the statistical theory are obtained 
from Eq. (10a) using a maximum angular momentum transfer 
of 2; values in parentheses are obtained without introducing a 
cutoff. 








Principal Ratio 
quantum com- 
number puted 


Q(3d) Statistical theory 1.14 
3 (1.16) 
Q(3s) 


Electron energy 
100ev 200 ev 


1.30 1,54 
(1.38) = (1.77) 


0.27 0.22 


60 ev 





Born approximation 
Q(4d) 
Q(4s) 


Statistical theory 1.18 1.34 1.59 
(1.20) (1.42) (1.82) 


Experiment 1.26 1.29 1.2 
Q(4f) Statistical theory 


0 
— (1.00) 
Q(4d) 


0 
(1.03) 
0.013 


1.20 1.37 1.62 
(1.23) (1.45) (1.86) 


1.21 1.05 
(2.3) (2.2) 


Statistical theory 1.21 1.38 1.64 
(1.24) (1.47) (1.88) 


Experiment 1,2 1.4 1.6 


0 
(1.00) 
Born approximation 0.015 


Q(Sd) 
Q(5Ss) 


Statistical theory 


Experiment 1.16 
(1.64) 
Q (6d) 


Q(6s) 








directly from the statistical theory because the ratios 
of the partial cross sections depend on the angular 
momentum of the incident electron. Such a test of the 
theory, therefore, requires knowledge of the partial 
cross sections for any one state (for example, the partial 
elastic cross sections) and is a somewhat less direct 
test than the corresponding test involving only the 
energy. 

We use Eq. (6) to obtain an expression for the ratio 
of total excitation cross sections in terms of partial 
elastic cross sections (Q.:”) which are readily approxi- 
mated using the Born approximation, or the Fermi- 
Thomas model of the atom, for example’: 


Q(Ei,h) 


Q(£i,h’) 
Q(E,,h’; E,L) 


4 


‘3 el 
L Q(E,,0; E,L) 


Q(£,,),; E,L) af 

TQ(E,,0; E,L) 

=¥ (AI+1)Qu4/E (Al'+1)0u%, (9) 
L L 


where the sum extends over all allowed L. 

In Tables III and IV we tabulate all of these ratios 
that can be computed from the experimental data and 
the results of the Born approximation for H and He 
given in Massey and Burhop'* and compare them with 
the statistical theory [using the Born approximation 
to obtain the elastic cross sections” required in Eq. (9) ]. 

For helium, it is evident that insofar as the angular 


1 Equation (9) is valid only to the extent to which the phase 
volume associated with the ground state has the dependence on 
L predicted by Eq. (6). (To the extent to which a single partial 
wave dominates, however, the ratio of these cross sections can be 
obtained without introducing the ground state phase volume, so 
that Eq. (9) may prove useful even if the above restriction is 
violated.) 

* See, for example, N. F. Mott and H. S. W. Massey, reference 
1, pp. 191, 192. [The total elastic cross sections were computed 
using phase shifts given by their Eq. (19).] 
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TaBLE IV. A comparison for hydrogen of ratios of cross sections for excitation to states having the same principal quantum number. 
Born approximation data have been computed by us from the equations of Goldstein.* The results for the statistical theory are obtained 
by using Eq. (10a), using a maximum angular momentum transfer of 2; the values in parentheses are obtained without introducing 


a cutoff. 








Principal 
quantum 
number 


Ratio 
computed 


Electron energy 


50 ev 100 ev 150 ev 200 ev 





Q(3d) 
Q(3s) 


Statistical theory 


Born approximation 


Q(4d) Statistical theory 


Q(4s) 


Born approximation 


Statistical theory 


Born approximation 


Statistical theory 


Born approximation 


® See reference a of Table II. 


momentum dependence of the excitation cross sections 
is concerned, the statistical theory is in qualitative 
agreement with experiment and the Born approximation 
for S and D states. The F-state cross sections are much 
too large when the maximum angular momentum 
transfer is limited only by the conservation law, 
indicating that the above-mentioned cutoff should 
forbid A/> 2. 

For hydrogen, it at first appeared that these angular 
momentum predictions of the statistical theory were in 
serious disagreement with the Born approximation for 
all levels. However, a recalculation of the Born approxi- 
mation cross sections indicated that numerical errors 
had been made in the source from which the table in 
Massey and Burhop was taken. This recalculation 
indicates (see Table IV) qualitative agreement for 
excitation to the first two angular momentum states 
and disagreement for F-state excitations. The rela- 
tively small F-state cross sections for H also indicate 
that no complex is formed for an angular momentum 
transfer larger than 2. 

(3) Although the statistical theory does not permit 
a direct calculation of absolute cross sections, it does 
yield a relation between excitation and elastic cross 
sections. Only cross sections of type (ii) can be obtained 
in this way, however, because the elastic cross section 
does not correspond to an optically allowed transition. 
From Eqs. (7) and (9) we obtain an expression for the 
excitation cross section of an excited state of energy E; 
and orbital quantum number /; in terms of the elastic 
partial cross sections: : 

E\* 


1/£\*-E, 
, sth tll iinmsabsitdetnignetiapsile L 
O(Ft)=—(——) Ear neat, 
(hx1, Ai<£E]. 


“9 ~ 6 


(10a) 


1.60 
(1.76) 


0.68 


1.87 2.0 
(2.25) (2.59) 


2.08 
(2.81) 


0.72 0.74 0.74 


1.87 2.0 
(2.25) (2.59) 


0.92 


1.60 
(1.76) 


0.86 


2.08 
(2.81) 


0.94 0.95 


0 0 
(2.36) (2.78) 
0.015 


0 
(1.78) 


0 
(3.09) 


0.016 0.015 


0.015 
0 0 


0 0 
(1.01) (1.05) (1.08) (1.10) 


0.018 


0.017 


0.016 


0.016 





The factor } is an approximation to take into account 
“shadow scattering,” which is included in Q., (either 
experimentally, or from a quantum-mechanical calcu- 
lation), but which has not been included in our semi- 
classical phase space. (A more refined approximation 
would not seem to be warranted by a statistical theory.) 
In the high-energy limit, Eq. (10a) yields an energy 
dependence in agreement with the Born approximation. 
Near threshold, the statistical theory is clearly incorrect, 
as has been discussed above. 

Since we have already considered relations between 
excitation cross sections of states having different 
orbital quantum numbers, we will consider here only 
excitation to S-states. For this case, the relation between 


TaBLeE V. A comparison of the S-state cross sections (in units 
of wao*) for excitation of helium as given by the statistical theory 
with the cross sections obtained by experiment and by using the 
Born approximation (tabulated on pages 59 and 172 of Massey 
and Burhop). The experimental data given in parentheses are by 
Lees; the other experimental data are by Thieme. 





Electron energy 
200 ev 


0.010 
0.0049 


0.0033 
0.0012 


Level 


excited 400 ev 


0.0055 
0.0025 


0.0018 
0.0007 





2S Statistical theory 
Born approximation 


3S Statistical theory 
Born approximation 


0.0015 
0.0011 


0.00086 
0.0007 


4S Statistical theory 
Experiment 


5S Statistical theory 
Experiment 


0.00080 
0.00068 
(0.00031) 
0.00048 


0.00025 
(0.00014) 


0.00040 
(0.00018) 


0.00026 
0.00017 


0.0011 
(0.00042) 
0.00084 


0.00049 
(0.00026) 


Statistical theory 
Experiment 
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TasBLe VI. A comparison of the S-state cross sections (in 
units of ao") for excitation of ony as given by the statistical 
theory with those obtained using the Born approximation. The 
distorted wave and variational approximation data are from 
recent calculations by Massey and Moiseiwitsch* and Erskine 
and Massey,” respectively. 








Level 
excited Electron energy 





Statistical theory 
Born approximation 
Distorted wave 
approximation 
Variational 
approximation 


3S Statistical theory 

ia Born approximation 
4S Statistical theory 

F Born approximation 
5S Statistical theory 

, Born approximation 








* See reference 15. 
> See reference 16. 


the excitation and elastic cross sections is readily found 


to be 
E\*—E, Qe” 
ees as 
2 


(E,<E£). 
E,*-E,/ t 


(10b) 


Q(Ei,0)= ( 


Excitation cross sections for H and He_have. been 
calculated from Eq. (10b) (using Born approximation 
elastic cross sections)” and are compared with experi- 
ment and other theoretical results in Tables V and VI. 
Although the energy dependence agrees rather well 
with experiment (particularly Thieme) and Born 
approximation, the absolute values, for the most part, 
are predicted only to within factors of 2 or 3. The 
disagreement between the statistical theory and the 
Born approximation tends to be most pronounced at 
the lower energies, as would be expected. More recent 
calculations'*"* (Table VI) for the 2s level of hydrogen 
suggest that there the statistical theory may sometimes 


not be so much in error as is suggested by the compari- 
son with the Born approximation. 


IV. CONCLUSION 


The difficulties arising from the unrestricted con- 
figuration part of phase space, which are usually 
encountered in attempting to apply statistical me- 
chanical methods to problems involving both bound 
and unbound motion, may be avoided by appropriately 
limiting accessible phase space to that corresponding 
to ordered motion. Many general features of atomic 
excitation can be predicted by such a statistical theory 
and appear, therefore, to be insensitive to the precise 
form of the interelectron interaction. This is illustrated 
by the comparison in Sec. III with other theoretical 
results and with experiment, which indicates that this 
theory can be useful in predicting (i) ratios of cross 
sections for transitions to S and D states, and also 
other ratios of cross sections for transitions (allowed 
or forbidden) to states having the same orbital quantum 
number, and (ii) cross sections for transitions to S and 
D states in terms of partial elastic cross sections. 

On the other hand, the success in tying together 
general features through relatively simple rules has been 
achieved at the expense of washing out more details 
than appears desirable. This is indicated by the fol- 
lowing: (i) essential differences between excitation to 
optically allowed and forbidden states have been 
obliterated; (ii) the correct behavior near threshold, 
which depends on the form of the interaction, is not 
obtained ; (iii) dependence on spin has not been taken 
into account; and (iv) correct cross sections for exciting 
high angular momentum states are not obtained. 
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The radiations from the 7.1-hour selenium-73 activity have been investigated using magnetic lens, scintil- 
lation pulse-height, and coincidence counting techniques. Two gamma rays of 65.8- and 359-kev energy and 
of nearly equal intensity are observed to be in prompt coincidence with each other and in delayed coincidence 
with annihilation radiation resulting from the positron decay of the selenium-73 parent. Energy and intensity 
measurements indicate that a main group (Emax= 1.29 Mev, log ft=5.3) excites the gamma-ray cascade, 
while a weaker group (Emax= 1.65 Mev, log ft <8.0) excites the 65.8-kev transition only. These data coupled 
with internal conversion information lead to a level scheme in As” as follows: ground level, ~3; 65.8-kev 
level, fs/2; and 425-kev level, 2/2, ry= 6 usec. The 7.1-hour level in Se”? is in a go/2 state. 





INTRODUCTION 


HE 7.1-hour radioactivity occurring in selenium 

was first isotopically assigned to Se” by Cowart, 
Pool, McGowan, and Woodward! who bombarded with 
alpha particles both naturally-occurring germanium 
and germanium electromagnetically enriched to 90% 
Ge” and determined relative yields for formation. 
Scott? made a further study of this activity, using a 
high resolution magnetic spectrometer. He reported a 
complex positron spectrum and resolved this spectrum 
into four groups with end-point energies of 0.250, 
0.750, 1.318, and 1.68 Mev, with relative intensities 
1.1, 10.3, 87.4, and 1.2%, respectively. Four gamma 
rays were reported with energies of 67.1, 361, 860, and 
1310 kev. From internal conversion measurements, 
Scott suggested that the 67.1-kev transition was of an 
M3 multiple order in the parent Se” and that the 361- 
kev transition was an M2 type following the 1.318-Mev 
positron transition. The other two gamma rays were 
presumed to follow the two low-energy positron groups. 

Recently, Hooge and Aten*® reported a 44-minute 
positron activity assigned to Se” on the basis of 
threshold and cross section measurements for alpha 
bombardment of germanium. An end-point energy 
of approximately 1.7 Mev was determined by absorption 
techniques and no gamma radiation was observed. 
The cross section for the formation of the 44-minute 
activity was about one-fifth of that for the 7.1-hour 
activity as the alpha-particle energy was varied from 
33 to 52 Mev. 

The independent-particle model‘ predicts that for 
nuclei with 39 odd protons or neutrons the two lowest- 
lying states will be ; or go/2 levels with nearly the 
same energy. Isomeric transitions of the M4 type 
between these two states would be expected. Of the 
twenty-one known species having 39 odd nucleons of 
one kind, only four cases are known to have isomeric 
transitions, all being of the M4 type. 

1 Cowart, Pool, McCowan, and Woodward, Phys. Rev. 73; 
1454 (1948). 

2F. R. Scott, Phys. Rev. 84, 659 (1951). 


3 F. N. Hooge and A. H. W. Aten, Physica 19, 1047 (1953). 
4See, e.g., P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 


Se®, containing 39 odd neutrons, would be unique 
if the M3 transition really occurred. The present work 
was undertaken to investigate the nature of this 
transition in the light of the known systematics in this 
region of Z and NV. 


BETA- AND GAMMA-RAY SPECTRA 


The samples of Se” were prepared by irradiating 
powdered pure germanium metal with 28-Mev alpha 
particles from the Carnegie Institution of Washington, 
Department of Terrestial Magnetism, sixty-inch cyclo- 
tron. Arsenic and selenium carriers were added to the 
target which had been dissolved in aqua regia and the 
material was boiled to near dryness to remove the 
excess nitric acid and then taken up in 1N HCl. 
Selenium metal was precipitated by the addition of 
hydroxylamine hydrochloride and potassium iodide, 
centrifuged, washed, and then used in this form to 
prepare beta- and gamma-ray sources. The separation 
was performed a second time for several of the gamma- 
ray sources since, after several half-lives of the Se” 
activity, some radiations characteristic of the 26-hour 
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Fic. 1. Scintillation spectrum of the electromagnetic 
radiation from Se”. 
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Fic. 2. Internal conversion electrons from the 65.8-kev transition. 


As” due to growth from the 9.5-day Se” impurity 
became a measurable fraction of the total activity. 

The electromagnetic radiations emitted by the Se” 
were examined with a scintillation pulse-height spec- 
trometer employing a thallium-activated sodium iodide 
crystal two inches in diameter and two inches long 
viewed by a type 6292 photomultiplier tube coupled to 
a conventional linear pulse amplifier and a single- 
channel differential discriminator. The spectrum so 
obtained is shown in Fig. 1. This spectrum has peaks 
corresponding to radiations of 66, 359, and 511 kev. 
The peak at 39 kev is due to the iodine K x-ray escape 
from the photoelectric capture of the 66-kev gamma ray 
in the sodium iodide crystal. The relative intensities of 
the radiations are shown in Table I along with other 
characteristics to be discussed below. No other gamma 
rays of an intensity greater than one percent of that for 
the annihilation radiation were observed. After a 
period of time the 840-kev gamma ray from the decay 
of As” could always be found, but would disappear 
upon further chemical purification of the source. 

The conversion electron spectrum and positron 
spectrum were investigated with a magnetic-lens 
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Fic. 3. Fermi plot of the positron spectrum from Se”. 
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beta-ray spectrometer having approximately two 
percent transmission and two precent resolution. The 
Se® source was mounted on a thin formvar-polystrene 
film supported by a Lucite ring. The source thickness 
was appreciable so that some self-absorption and 
backscattering occurred. The conversion electron peaks 
occur at 53.96, 64.5, and 347 kev. The first two peaks 
correspond to the K and L conversion of a 65.8-kev 
transition in arsenic and the last peak to the K con- 
version of a 359-kev transition, also in arsenic. The 
L conversion peak for the 359-kev transition was not 
well resolved. 

The conversion peaks for the 65.8-kev transition are 
shown in Fig. 2. The ratio of the number of K electrons 
to the number of Z+M electrons as measured is 
10.2+0.2, agreeing closely with other ratios in em- 
pirically classified M1 transitions and with ratios of 
calculated K and L conversion coefficients of Rose 
et al. The K to L+M conversion ratio for the 359-kev 
transition was measured as 8+2, the value being not 


TABLE I. Radiations from Se”. 











Transition Energy Intensity Half-life 
(a) Beta spectrometer measurements 
Positron 1 1.29+0.01 Mev 100 7.1 hr 
Positron 2 1.65+0.02 Mev 1 
Int. conv. K,  53.96+0.1 kev 27.5 
Int. conv. LZ; 64.50+0.1 kev 2.7 
Int. conv. Ke 347+1 kev 1.7 1.87 
Int. conv. Lz 0.2/°° 
(b) Scintillation spectrometer measurements 

Gamma 1 66 kev 82 <5X10~ sec 
Gamma 2 359 kev 100 6.0+0.2 usec 
Annihilation 511 kev 130 








very accurate since the K and L peaks were not entirely 
resolved. 

The Fermi analysis of the positron spectrum is shown 
in Fig. 3. It consists of a main group having an end-point 
energy of 1.29+0.01 Mev. A weaker group of about 
one percent of the other group is consistent with the 
present data, the end point being about 1.65 Mev. 
Scott, who had a much more intense source available, 
obtained a better separation from the background and 
arrived at a similar figure for the intensity. No com- 
ponent was observed having an end point in the region 
of 0.750 Mev and it is felt that the deviations from the 
straight-line Fermi plot at the lower energies are 
attributable to source thickness. 

The relative intensities of the conversion electron 
groups corresponding to the 65.8- and 359-kev transi- 
tions and of the positron groups are listed in Table I 
along with other measured characteristics. 


COINCIDENCE MEASUREMENTS 


Gamma-gamma and gamma-annihilation radiation 
coincidences were measured using pulse-height discrimi- 


5 Rose, Goertzel, and Swift (privately circulated tables). 











DISINTEGRATION OF Se” 


nation in both channels. The pulses from sodium iodide 
detectors were amplified through pulse amplifiers of 
0.1-microsecond - rise time and then selected with 
single-channel differential pulse-height analyzers with 
a total delay time of less than 0.5 microsecond. These 
selected pulses were fed to a coincidence circuit of 
adjustable resolving time, the value used in most of the 
experiments being one microsecond. The single-channel 
and coincidence counting rates were recorded as one 
channel was adjusted to count a particular gamma ray 
and the entire spectrum was recorded differentially with 
the other channel. Results of one of the runs is shown 
in Fig. 4. The coincidence counting rate for the 65.8 
-359-kev gamma rays has been normalized to the 
single-channel counting rate for the 359-kev gamma ray. 
On the assumption that both the 65.8- and 359-kev 
transitions follow positron decay, one would expect 
many more 65.8-511 and 359-511 gamma-gamma 
coincidences than are observed, unless some physical 
situation were destroying “‘true’’ coincidences. 

A search was made for delayed coincidences by 
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Fic. 4. Gamma-gamma coincidences in selenium-73 as function 
of energy. Solid line represents single-channel counting rate. 
Circles represent coincidence counting rate. 


introducing additional time delay into one of the 
channels between the pulse amplifier and the coin- 
cidence circuit. Time delays up to about two micro- 
seconds were made through the use of RG-65U cable, 
which has a nominal time delay of 0.042 microsecond 
per foot. For longer time delays, i.e., up to forty 
microseconds, an electronic time delay generator was 
employed. A number of coincidence resolving times up 
to two microseconds were used. Results of the measure- 
ment of delayed positron annihilation radiation with 
the 65.8- and 359-kev gamma radiation are shown in 
Fig. 5. The results have been corrected for the random 
coincidence counting rate and the finite time resolution 
of the circuit as determined from “prompt” coin- 
cidences from annihilation radiation. Both gamma rays 
are delayed, indicating that they follow the decay of a 
metastable level having a half-life of 6.0+0.2 usec. 
Since the positron spectrum is complex there is a 
possibility that prompt coincidences may occur be- 
tween, the weaker positron branch and the lower 
energy gamma ray since the end-point energies of the 
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Fic. 5. Delayed coincidences of 65.8- and 359-kev gamma rays 
with positron annihilation. Resolving time=1 ysec. 


two positron groups differ by about 360 kev. Delayed 
coincidences were measured between the annihilation 
radiation and the 65.8-kev gamma ray with a coin- 
cidence resolving time of 5X 10-8 sec, employing delay 
times from zero to three microseconds. Results of this 
measurement are shown in Fig. 6. The prompt 
coincidences represent about one percent of the total 
integrated delayed coincidences and thus represent an 
upper limit to the positron branch that can feed the 
65.8-kev state. The reason for the upper limit is the 
possibility of a prompt coincidence between an annihila- 
tion radiation pair where one of the pair has been scat- 
tered and degraded in energy so as to be recorded 
as a 65.8-kev gamma ray. 


DISCUSSION OF RESULTS 


In order to obtain the internal conversion coefficients 
of the 65.8- and 359-kev transitions, it is necessary to 
determine the ratio of the number of conversion elec- 
trons to the number of gamma rays involved in the 
particular transition. 

It is not possible to make a direct measurement of 
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Fic. 6. Delayed coincidences of 65.8-kev gamma ray with positron 
annjhilation radiation. Resolving time=0.05 usec. 
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TABLE II. Half-life and internal conversion coefficients. 








Theoretical 
7} sec 
Fi 1 10-2 
<5X107 E23: 10-5 
Mi 10-” 


Fi 1. 10-" 
E2 6. 10-8 


Experimental 


Transition ax 7} Sec 





65.8kev 0.22 


E3 107 

0.011 (6.0+0.2)X10* M1 3. 107% 
M2 10-* 

M3 10° 








this ratio, but a comparison of the ratio of conversion 
electrons to positrons as measured with the beta-ray 
spectrometer with the ratio of gamma quanta to 
annihilation quanta as measured with the scintillation 
spectrometer will provide the information required. 
This method, however, is difficult to apply here, not 
only because of the wide separation in energy of the 
quanta involved, but also because of the geometrical 
uncertainties due to the annihilation of positrons after 
they have escaped from the source. Another method, 
experimentally simpler but based on some theoretical 
assumptions, is to use calculated electron capture to 
positron ratios to determine the total intensities of 
the particular transitions. If the rate of population 
and depopulation of the state are equated, one obtains 


Nar (1+fe-/far)= Ny tN. 


The value of electron capture to positron emission, 
fe-/fe4, may be evaluated from the tables of Feenberg 
and Trigg® for the particular positron groups involved. 
The second method was employed here since the 
relative intensities of the radiations and coincidence 
measurements allow a rather unambiguous decay 
scheme to be determined. 

Determinations of a=N,_/N, based on the decay 
scheme in Fig. 7 are listed in Table IT for each of the 
transitions. Comparisons with theoretically calculated 
conversion coefficients’? are made and it is seen that 
an assignment of a M1 multiple order for the 65.8-kev 
transition is the most likely, the assignment being 
the same as that derived from the K/L conversion 
electron ratio. Likewise, the assignment of an M2 
multipole order for the 359-kev transition is the most 
likely. The assignment on the basis of the K/L ratio is 
ambiguous for this energy region and atomic number. 

The half-life of 6 usec for the 360-kev transition also 
agrees best with the calculated value for M2 radiation 
using the formulas of Blatt and Weisskopi.* Values are 
compared in Table II for the various multipole orders. 
The effects of internal conversion on the lifetime have 


®E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). 

7 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report No. 1023, 1951 (unpublished). 

8]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 627. 


been included. An attempt to measure the half-life of 
the 65.8-kev transition resulted only in an upper limit 
of 5X10~ sec since the lifetime was too short to be 
measured by the coincidence circuit. 

The ground state of As” is most likely a py single 
particle state as deduced from the single-particle 
model, or from the decay of this state to Ge”, or by 
analogy to the measured spin of As’ which differs by 
two neutrons. The multipole assignments of transitions 
depopulating the excited states allow the spin assign- 
ments to be made as fs2 for the 65.8-kev level and 
g/2 for the 425-kev level as shown in the decay scheme 
in Fig. 7. 

The value of log ft=5.3 for the main positron group 
leading to the 425-kev state is characteristic of an 
allowed transition. The gy/2 configuration suggested by 
the shell model is the likely assignment for the 7.1-hour 
Se™ state. The weaker, higher energy positron group 
having a log ft>8.0 is compatible with this interpre- 
tation since the spin change of two units and a parity 
change provided by the spin assignment agrees with 
the observed first forbidden nature of this transition. 
This disintegration scheme is in disagreement with 
that reported by Scott.? 

The 44-minute state decaying with a positron group 
of 1.7 Mev reported by Hooge and Aten would most 
likely be a p; level. The positron transition to the ground 
state would be allowed with log ft=4.8. Any transition 
se”® 
a ae 


2mc 


359 kev 





Fic. 7. Disintegration scheme for the Se” 7.1-hour state. 
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to either of the higher levels would be twice forbidden 
or greater and hence could not possibly compete. If 
the approximate energy measurement of 1.7 Mev is 
taken at face value, this 44-minute level would lie 
about 50 kev higher than the 7.1-hour level. The 
partial lifetime for an M4 transition between the two 
states would be of the order of 10* to 10° days, based on 
the Weisskopf lifetime formulas. The branching would 
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be negligible, and thus the decay schemes would be 
more or less independent of one another. 

The authors wish to express their thanks to Dr. 
N. P. Heydenburg of the Department of Terrestrial 
Magnetism, Carnegie Institution of Washington, for 
the use of the cyclotron to make several bombardments 
and to Mr. A. N. Thorpe for his assistance in making 
some of the measurements. 
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Systematics of Fission Thresholds 


W. J. SwIATEcK1 
Institute for Mechanics and Mathematical Physics and The Gustaf Werner Institute for Nuclear Chemistry, Uppsala, Sweden 
(Received July 27, 1955) 


An examination of the experimental data on fission thresholds and ground-state masses of nine nuclei 
shows that (i) there is experimental evidence for a difference between the masses of even-even, odd-A and 
odd-odd nuclei in the deformed saddle-point configurations, analogous to the well-known difference for the 
ground states, (ii) the trend with Z?/A in the saddle-point masses is consistent with simple theoretical esti- 
mates based on a liquid drop type of model. This leads to a semiempirical formula for fission thresholds, 
which is found to be consistent also with estimates of thresholds made with the aid of the observed spontane- 
ous fission half-lives of 28 nuclei. An analogous semiempirical formula for spontaneous fission half-lives 


is given. 


T is well known that the observed fission thresholds 
do not show the expected decrease with increasing 
Z*/A.) The threshold energy is the difference between 
the mass of the nucleus in its ground state and the mass 
in the saddle-point configuration? through which a 
nucleus must pass when its excitation energy is only 
just sufficient to surmount the potential barrier op- 
posing division. It is instructive to examine, separately, 
the available experimental information on the trends 
with Z?/A in these two sets of masses. 

Of the lower set of points in Fig. 1 those joined to- 
gether by lines show the experimental ground-state 
masses® of the nine compound nuclei for which the 
threshold energies have been measured, as seen from a 
smooth reference surface M,.+(A,Z), where 


Mvet(A,Z)—A = —8.3557A+19.120A# 
+0.762782?/A!+25.444(N—Z)*/A 


+0.420(N—Z) millimass Units. (1) 


This is the semiempirical liquid drop formula for 
nuclear masses,‘ which follows closely the experimental 
values except for oscillations associated with shell 
structure. The nine points exhibit the well-known dif- 
ference between the masses of even-even, odd-A and 
odd-odd nuclei (representable,’ on the average, by a 
term +0.77 mMU in this region of A). 

The experimental masses of the same nuclei in their 


1 See, for example, D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 
1102 (1953). 

2N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

8 Glass, Thompson, Seaborg, J. Inorg. Nuc. Chem. 1, 3 (1955). 

4A. E. S. Green, Phys. Rev. 95, 1006 (1954). 


saddle-point shapes are shown in the upper part of 
Fig. 1. They are obtained by adding the threshold y-ray 
energy to the ground-state mass in the case of photo- 
fission, or the neutron energy and mass to the ground- 
state mass of the target nucleus in the case of neutron 
fission. (The neutron binding energy need not be known 
if the experimental target mass is available.) 

It will be noted that there is experimental evidence for 
a difference between e-e, o-A and 0-0 masses also in the 
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Fic. 1. The masses of nuclei in the ground state and at the 
saddle point, as seen from a smooth reference surface. All ground- 
state masses are from reference 3. The nine saddle-point masses 
shown by points joined together by lines were obtained by adding 
measured threshold energies (Table I), the remaining ones by 
adding thresholds estimated from the known spontaneous fission 
half-lives (reference 8). In the latter case, the threshold of U™* 
was taken as standard for even-even nuclei and Pu® for odd-A 
nuclei. 
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Fic. 2. The points refer to the same set of nuclei as in Fig. 1, but 
the even-even masses were increased by 0.77 mMU for the ground 
state and 1.2 mMU for the saddle-point configuration, with 
similar reductions for odd-odd nuclei. (Also all except nine of the 
ground state masses shown in Fig. 1 were omitted for the sake of 
clarity). The curves are the saddle-point masses as given by a 
theoretical formula with one parameter adjusted arbitrarily. 


deformed saddle-point configurations. This is not un- 
expected since this difference is associated with spin- 
degeneracy which is not removed by the deformation. 
The splitting of the three mass surfaces appears to be 
somewhat larger than for the ground states (about 
+1.2 mMU). 

With the object of bringing out more clearly the 
trends with Z?/A, we have made a second plot (Fig. 2) 
in which the e-e masses were increased by 0.77 mMU 
in the ground state and by 1.2 mMU in the saddle- 
point configuration, with similar reductions for 0-0 
nuclei. (All nine points are now shown circled.) 

In order to examine the resulting trends in the light 
of the theory of fission we note that, according to the 
liquid drop model (in fact more generally®:*), the mass 
of the drop in the symmetric saddle-point configuration 
is expected to exceed the ground-state mass [Eq. (1) ] 
by an amount Ey,™ given by’ 


Ew®™=«a[(Z27/A)o—Z7/A }*, (2) 


where (Z?/A)o~50.4 The energy of the asymmetric 
saddle point shape, which appears for Z*/A <(Z*/A), 
and which is what the experimental results refer to, is 
lower by an amount®:® 


Eu" — Ey*™= cs (Z*/A)-—Z/A F, (3) 


5 W. J. Swiatecki, Phys. Rev. 100, 936 (1955). 

® W. J. Swiatecki (to be published). 

7 This formula is derived from an expansion which assumes 
[1— (Z*/A)/(Z*/A )o}1. More exact calculations with the liquid 
drop model® show that this lowest order formula continues to 
represent the (liquid drop) threshold energies to about 10% for 
Z/A values down to about 35, even though the expansion ceases 
to be good already at Z?/A~45. 
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where (Z?/A).=40.2+0.7, as determined empirically 
from the observed trends in fission asymmetries.® 

The curves in Fig. 2 show the masses of the sym- 
metric and asymmetric saddle-point configurations cal- 
culated with (Z?/A)o=50.13, c:=0.00424 [the values 
given by the liquid drop formula (1)], (Z?/A),= 40.2, 
and only c; adjusted arbitrarily. (No reliable theo- 
retical estimates of c; are available.) It will be seen that 
with cs=0.178 the nine observed saddle-point masses 
are fairly well reproduced. This leads to the following 
semiempirical formula for fission thresholds: 


e-€ —1.2 
Bale 0 |-omastsoss— 7/0? 
0-0 +1.2 

—0.178[40.2—(Z?/A) F—5M mMU, (4) 


where 6M is the deviation of the measured ground state 
mass from formula (1). Table I compares the observed 
thresholds with the values calculated by means of (4). 

The range of Z*/A values in the comparison may be 
extended by using the observed spontaneous fission 
rates (known for nuclei with Z*/A values up to 39.4) to 
estimate thresholds that have not been measured ex- 
perimentally. An analysis of the empirical material* 
shows that there is a correlation between the spontane- 
ous fission half-lives and the fluctuations in the quantity 
5M from nucleus to nucleus. This correlation suggests 
that every mMU of extra stability (as revealed by a 
small 6M) corresponds to a lengthening of the half-life 
by a factor ~10°. (There is evidence for a decrease of 
this factor from ~10? around Th to ~10*-' around Fm). 
If the hypothesis is made that this reflects primarily 
the increased height of the barrier against fission as 
seen from a relatively low ground state, it becomes pos- 
sible to deduce the difference between the threshold 
energies of two nuclei from the difference between their 
spontaneous fission half-lives. This hypothesis is sup- 
ported by a test in the case of the even-even pair Th*™ 
and U*8 for which both the thresholds and the half- 
lives are known. (The difference in the values of logo 


TaBLE I. Fission thresholds. 








Formula (4) 
(in Mev) 


Compound Experimental* 
nucleus® (in Mev) 


Th 6.11 
Th 
U™ 

U8 

Pa™ 
Us 
U5 ? 
U3 

Np** 
Pu 


Remarks» 





n 
ph 
n 


ph 


n 


n 
ph 
ph 
n 
ph 


on 
SBeeSSzas 
SRREBSELZAS 


Pn nD 
TIBSNISSIGAS 


—_— 
nn nn Hn ncn 








* These values follow from the data summarized in reference 1, coupled 
vith the use of nuclear masses from reference 3 in the case of neutron fission. 

> Here n stands for neutron fission, ph for photofission. The error in ine 
absolute values of the photofission thresholds is of the order of 0.25 Mev 
(less for relative values). 

© The nuclei are listed in order of increasing 22/A. 


8 W. J. Swiatecki, Phys. Rev. 100, 937 (1955). 
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(half-life) is 2.25, the difference in the thresholds is 0.35 
mMU. The ratio is therefore ~6.) It may be noted that 
a theoretical estimate based on the liquid drop model?® 
also suggested that for nuclei around U every mMU in 
the barrier height should correspond to a factor ~107 
in the lifetime. 

The thresholds, estimated by assuming that a factor 
10° in the half-life corresponds to a reduction of the 
barrier by 1 mMU, have been added to the ground 
state masses and plotted in Figs. 1 and 2 for the 28 
nuclei for which spontaneous fission half-lives are 
known. The decrease with Z?/A found for these esti- 
mated saddle-point masses joins on with the trend in 
the nine directly measured masses, and, within the un- 
certainty of the estimate, is consistent with the semi- 
empirical formula (4). 

According to the present discussion, the reason why 
the nine observed thresholds do not show a more 
marked decrease with Z*/A is to be found in the pres- 
ence of a systematic trend in the ground-state masses— 
a decrease of 5M with increasing Z*/A (lower part of 
Fig. 2). The deviation 6M is associated with shell 
structure and illustrates the limitations of the use of a 
liquid drop model for nuclear ground states. On the 
other hand, in analogy with the case of spontaneous 
fission half-lives,* there is evidence that, apart from shell 
structure in the ground-state configuration (which may 
be studied with the aid of the empirical quantity 6M), 
the trends in the masses of the distorted saddle-point 
shapes can be accounted for in terms of a model in which 
single-particle features are treated in an average way. 

In comnection with Fig. 2 and formula (4), it is of 
interest to make an analogous plot of the spontaneous 
fission half-lives discussed in reference 8. As found 
there, if the logarithm to base 10 of the experimental 
half-lives is increased by an empirical correction kiM 
(k=42.5—Z?/A) and then plotted against Z?/A, three 
parallel curves are suggested. The result of making the 
curves coalesce by adding 6.6 units to the even-even 
points and subtracting 4.9 units from the odd-odd 
point is shown (by dots) in Fig. 3. These points repre- 
sent the result of “correcting” the half-lives empirically 
for shell structure in the ground state and it is of inter- 
est to discuss the resulting trend with reference to the 
liquid drop theory of spontaneous fission. 

An argument of a degree of generality similar 
to that underlying the derivation of formulas (2) 
and (3)°® suggests that for 1—(Z*/A)/(Z?/A)o<1 
the half-life for symmetric fission should be propor- 
tional to exp{ca[(Z*/A)o— (Z?/A) ]*},"° whereas for 


9S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 

10 The penetration through a potential barrier of height Fin 
and thickness 6 is taken to be proportional to exp{—Ey,%d}. 
For 1—(Z?/A)/(Z?/A)o1, the height Ey, is proportional to 
[(Z?/A)o—Z?/A} and b is proportional to [(Z*/A)o—Z?/A]; 
hence the result quoted. See also reference 7. 
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_ Fic. 3, The points are the experimental spontaneous fission half- 
lives, empirically corrected for shell structure in the ground state 


(reference 8). The curves refer to a theoretical formula with two 
adjusted parameters. 


Z/A<(Z?/A)- the exponent should be less by 
cs (Z?/A)-— (Z?/A) P. Writing logy) (half-life)=7 we 
have, approximately, 


(r—10)?= cal (Z?/A)o— (Z?/A ) FP" 

for Z*/A>(Z?/A),., 
and (5) 
(r—10)<= (7— 10)? —es[ (Z?/A) -— (Z?/A) F 

for Z?/A <(Z*/A)e. 


Here ro corresponds to the half-life in the limit Z?/A 
= (Z*/A)o, of the order of 10-*° years, i.e., ro== — 29. 
Figure 3 shows that with the values of (Z*/A)» and 
(Z*/A)- as before and cq and cs adjusted to 0.1041 and 
0.691, respectively, a fair representation of the 28 ex- 
perimental points is possible. The result can be stated 
in the form of a semiempirical formula for half-lives: 


o —6.6 
j mh 0 | av4osomcca ‘A)o— (Z?/A) }*” 
0-0 +4.9 


—0.691[ (Z?/A).—(Z2/A) P—kbM, (6) 


where, in the range Z?/A=35 to 39.5, k=42.5—Z?/A. 

It is a pleasure to acknowledge the stimulating con- 
tacts with Members of the Institute for Theoretical 
Physics in Copenhagen and the financial contributions 
of C.E.R.N., which have made these contacts possible. 
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Alpha-Gamma Reaction* 


H. Morrnacat 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received August 11, 1955) 


The cross section of the reaction Ni**(a,y)Zn™ was measured as a function of the incident alpha-particle 
energy from ~10 to 17 Mev. The cross section at 17 Mev is about 0.4 mb and decreases gradually with 
decreasing energy. The experimental curve is compared with calculations assuming the formation of the 
compound nucleus. Two different gamma-ray width formulas are used; one is Weisskopf’s single-particle 
formula for electric dipole radiation and the other is obtained from the known gamma-ray width derived 
from photonuclear absorption cross sections. The former has about the right order of magnitude at the 
middle of the range investigated but behaves quite differently from the experimental curve. The latter shows 
fairly good agreement with the experiment, indicating the existence of the giant resonance. A calculation 
is also made for the reaction Ni®(,7)Cu® cross section and the results fit quite well again with the experi- 
mental cross section reported by B. L. Cohen et al., indicating the possibility of explaining the reaction cross 





section without the assumption of the “‘capture of the proton from the orbit.” 


In both cases, the calculated 


values are too low at the high-energy side. This may be explained by some failure of the assumptions in the 


calculations. 





INTRODUCTION 


HOTONUCLEAR reactions have revealed many 
interesting characteristics, especially since ex- 
tensive studies were started after the development of 
high-energy electron accelerators. One of the useful 
methods to investigate the phenomena of the photo- 
nuclear reactions is, however, the study of the inverse 
reactions. Especially, this method may be helpful to 
determine the occurrence of the “direct emission”! in 
photonuclear reactions or “the capture of the incident 
particle from the orbit’® in the case of the inverse 
reactions The conclusion of most of the experiments is 
that the photonuclear reaction goes mainly through 
compound states of the nucleus,** but there are always 
some indications of direct processes in the photonuclear 
reaction®:’.and it has been reported that the assumption 
of “capture of the protons from the orbit’”-* is necessary 
for explaining the (,7) reaction cross sections. 

In this connection, an investigation of the (a,y) 
reactions is interesting since the reduced charge of an 
alpha particle in the vicinity of a nucleus is zero or very 
small compared to that of a proton (~e/2) or a neutron 
(~—e/2). Therefore the capture of the alpha particles 
from the orbit is very unlikely. So, the cross section of 
the (a,y) reaction should give the gamma-ray width of 
the highly excited compound nucleus. 

Also, the comparison of the (,7) and the (a,) cross 
sections should answer the question of whether the 
capture of protons from the orbit occurs to a significant 
extent or not. 


* Supported by the U. S. Atomic Energy Commission. 
T On leave from the University of Tokyo, Tokyo, Japan. 
1E. D. Courant, Phys. Rev. 82, 703 (1951). 
2 P. Jensen, Naturwiss. 35, 190 (1948). 
3D. H. Wilkinson, Phil. Mag. 45, 259 (1954). 
«B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
5M. E. Toms and W. E. Stephens, Phys. Rev. 82, 709 (1951). 
( 6 a M. Hoffman and A. G. W. Cameron, Phys. Rev. 92, 1184 
1953). 
7S. A. E. Johansson, Phys. Rev. 97, 434 (1955). 
§ Cohen, Blosser, Coombe, McCormick, and Newman, Phys. 
Rev. 99, 656(A) (1955). 


EXPERIMENTAL PROCEDURE AND RESULTS 


The reaction Ni®*(a,y)Zn® was chosen for the first 
investigation. Zn® has a convenient half-life of 9.33 hr, 
with a 10-min daughter which emits high-energy posi- 
trons. Zn®, which emits high-energy positrons with a 
half-life of 38.3-min, is produced simultaneously by the 
(a,n) reaction on Ni® and provides a convenient cali- 
bration. Since the excitation curve for the reaction Ni® 
(a,n)Zn® is known, the comparison of the two activities 
will be sufficient to determine the (a,7y) cross section. 

A stack of 0.001-inch foils of natural nickel was bom- 
barded with the external beam of the Purdue cyclotron. 
The alpha-particle energy was reduced to 17 Mev by an 
absorber since the reaction Ni®(a,2m)Zn® has a thres- 
hold of 17.8 Mev. The first four foils were dissolved in 
small amounts of HCI with the help of positive poten- 
tials on them. Cu, Zn, and Ga carriers were added. In 
order to remove Ga activities, especially the 9.4-hr Ga®, 
which might be produced from a possible Cu contamina- 
tion of the target, an ether extraction of Ga from 6N 
HCl was performed twice. After removing Cu by two 
sulfide precipitations the Ni was removed as the 
hydroxide from a strongly basic solution. Zn(OH)2 was 
finally precipitated by making the solution nearly 
neutral. Since only the ratios of the two Zn activities 
were to be measured, the chemical yields were not 
determined. 

The four samples were covered with thin Scotch tape 
after drying and counted for about three days with four 
Geiger counters. The first part of one of the decay curves 
is shown in Fig. 1. The activity clearly consists of two 
components. After correcting for small differences in the 
beta counting efficiencies for the two components, for 
the beam intensity changes during the bombardment, 
and for the isotopic abundances, the cross section for the 
(a,y) reaction was calculated from Ghoshal’s (a,7) 
cross sections. The results are given in Fig. 2 (curve 
a). Compared with other reactions, the excitation 


"9S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 
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Fic. 1. One of the decay curves of zinc 
separated from nickel target. 


curve is quite flat in the energy region covered and the 
cross section is of the order of one thousandth of the 
(a,n) cross section. 


CALCULATIONS OF THE CROSS SECTIONS 


The experimental cross sections are to be compared 
with calculations made under the assumption of com- 
pound nucleus formation. The cross sections are given 
by" 

o(a,y)=0.(a)F,'/> Fi, SiFi~Fit+F>, (1) 


where o@,(a) is the capture cross section for the alpha 
particle. For this, the values listed in reference 10 with 
ro=1.5X10-" cm was used. F,, Fn, and F,’ are func- 
tions proportional to the neutron, proton, and the 
radiation width of the compound nucleus. F,’ should 
correspond, however, not to the total radiation width 
but to that part of the radiation width which corres- 
ponds to the emission of gamma rays without subse- 
quent particle emission. 
The functions F,, and F, have the following forms: 


204M R? p¥e Fin 
F,(E)= J E,w(E)GE, 
0 


he 
(E,=E,—Ey.—E); (2) 


QeMR? cE 
F,(E.)=——— f S(E,)Eyo(E)dE, 
0 
(E,=E.—Ey,—2).. (3) 


Here M is the nucleon mass, R is the nuclear radius 
(ro taken to be 1.5X10-" cm), S(E,) is the barrier 
penetration probability for the protons, and w(£) is the 
level density of the residual nucleus. £, is the excitation 
energy of the compound nucleus, Zy, and E», are the 
binding energy of neutron and proton in the compound 
nucleus, respectively. 

For evaluating these formulas, a method similar to 
that empolyed for the calculation of the proton and 
neutron yield ratio from self-conjugate nuclei was used." 

1 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 


(John Wiley and Sons, Inc., New York, 1952), p. 370. 
1H. Morinaga, Phys. Rev. 97, 1185 (1955). 
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Fic. 2. Cross section of the reaction Ni®*(a,y)Zn® as a function 
of energy in millibarn. a, Experimental; }, calculated by using 
Eq. (5); ¢, calculated by using Eq. (6). 


In the present calculation the assumption of identical 
level densities for the residual nuclei, especially when 
the assumption is extended to the calculation of F,’, is 
not strict and there is no a priori reason to assume so. 
However, when the level density formula is written as 


w(E)=Ce, (4) 


as in the case of reference 11, there is no reason to sus- 
pect that a is violently different from one nucleus to the 
other over a small range of mass numbers, and also the 
proton spectra from (p,p’) on Cu and Ni measured by 
Gugelot” show very similar behavior. So we might 
assume that the same and constant @ value can be used 
for all the pertinent nuclei in the region under considera- 
tion. The values of C for the (a,p), (a,n), and (a,y) 
products were taken to be 2:2:1 in the ratios according 
to the original treatment of the statistical theory by 
Weisskopf and Ewing." The value of 1/a, or the temper- 
ature of the compound nucleus, was taken to be 1 Mev 
according to the recent measurement by Bleuler“ in 
this laboratory of the proton energy spectra from the 
(a,p) reaction on Cu. This value differs somewhat from 
the (p,p’) data by Gugelot which give about 1.5-Mev 
if the value is taken from rather safe parts of the data, 
namely, proton spectra in the backward direction with 
the excitation energy of the residual nucleus less than 
10 Mev but higher than 3 Mev. However, it is considered 
to be more reasonable to use the data from the (a,p) 
reaction, so the temperature 1 Mev was used for the 
calculation. The penetration probability for the protons 
were taken to be (1—kB/E,) with k=0.65, which was 
obtained in a similar way to that in reference 11. 

For calculating the F,’, two different procedures were 
tried. In the first calculation, the estimate of the 
gamma-ray width given in reference 10, p. 649, which 
corresponds to an E,' dependence, was used. This 
method has been used for the analysis of (n,y) reactions 


2P. C. Gugelot, Phys. Rev. 93, 437 (1954). 

3'V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 

“E. Bleuler, reported in Brookhaven National Laboratory 
Report BNL-331(C21), p. 91. 
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with 10-Mev neutrons by Hayakawa and Kikuchi,'* but 
in the present case F,’ should include only that part of 
F., of the above reference, which leads to the residual 
activity due to only the gamma-ray emission from the 
compound nucleus. For the sake of simplicity, it was 
assumed that only the gamma rays which lead to the 
excited state of the residual nucleus with energies lower 
than its porton threshold plus 1.6 Mev were considered 
to be responsible for the (a,y) reaction. For energies 
higher than this value, the successive proton emission 
was considered to become predominant. This cutoff is 
somewhat arbitrary but a more refined procedure does 
not seem warranted in view of the more serious un- 
certainties in the gamma-ray transition probabilities. 
The function F,’ is thus given by 


3@s/R\"71 c®™ 
F,/=- ~(—) —] (E,—E)jw(E\dE. (5) 
4hc\hc] Dow 


Here Dy is taken as 0.5-Mev and E* is the cut-off energy 
mentioned above. The result is given in Fig. 2 (curve 
b). While there is some agreement between this cal- 
culation and the experiment as to the order of magni- 
tude of the cross section, the energy dependence is 
wrong. The fact that the experimental cross section is 
smaller than the calculated one at low excitation ener- 
gies is interpreted to reflect the reduction of the dipole 
matrix element for lower gamma-ray energies. 

The second calculation was made by using the 
gamma-ray width obtained from the known photo- 
nuclear absorption cross section. The function is defined 


as!0 
F,'=D'P’o.(y). (6) 


Here again >°’ means the summation should be made up 
to the cut-off energy of the residual nucleus mentioned 
before. k is the wave number of the gamma rays and 
a-(y) is the cross section for the capture of the gamma 
rays by the residual state under consideration. For 
changing the sum into an integral the same level density 
formula as used before was employed and the same 
cutoff as before was assumed to determine the limit of 
the integral. Of course, «.(y) should be the cross section 
for gamma-ray absorption by the final nucleus in its 


18 S. Hayakawa and K. Kikuchi, Progr. Theoret. Phys. (Japan) 
11, 513 (1954), sels 
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excited state, but there seems to be no reason to suspect 
that it should be very much different from that for the 
ground state, most certainly if the excitation is not so 
high. It was assumed, then, that o.(7) has a Gaussian 
shape with the location of the maximum and the half- 
width being the same as for the measured (y,m) cross 
section for Zn®,'® which should be very close to those of 
Zn®, and the integrated total absorption cross section 
was taken to be equal to the dipole sum with x=0.5.!" 

The result is also given in Fig. 2 [curve (c)]. The 
agreement with the experiment appears quite satis- 
factory, except for the high-energy end, where the 
calculated values are too low. 

This divergence may be due to a variety of reasons. 
An increase in the nuclear temperature at high excita- 
tion energies would reduce the competing particle emis- 
sion and increase the (a,y) cross section above the value 
calculated for a constant temperature. The energy 
dependence of the capture cross section for the gamma 
rays is not Gaussian but is flatter on the high-energy 
side.'*® This tail also may increase the alpha-gamma 
reaction cross section at higher energies. Finally, the 
basic assumption that o,(y) depends on the gamma-ray 
energy only, may break down. 

Recently, the reaction Ni®(p,y)Cu®™ was measured 
up to a proton energy of 22 Mev.® The excitation curve 
was reported to be flat with a value of o(p,y)~10-” 
cm*. By using the same procedure as for the (a,y) 
reaction, an excitation curve was calculated with a 
maximum cross section of about 1 mb, in good agree- 
ment with the experimental value. There seems to be no 
reason, then, to assume that the (,7) reaction does not 
involve the formation of the compound nucleus. 


ACKNOWLEDGMENTS 


The author wishes to express his most sincere grati- 
tude to Professor E. Bleuler whose help and numerous 
discussions during the course of the experiment and 
calculation made it possible to carry out this work. He 
is also grateful to Professor D. C. Peaslee for many 
helpful discussions and to Professor D. J. Tendam for 
the bombardment of the targets. 

( 16 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
1953). 
17 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 


18 R. Sagane, Phys. Rev. 84, 587 (1951). 
” Barber, George, and Reagan, Phys. Rev. 98, 73 (1955). 








PHYSICAL REVIEW VOLUME 


101, 


NUMBER 1 JANUARY 1, 1956 


Measurements of Inelastic Scattering Cross Sections for Fast Neutrons*t 
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Cross sections for inelastic neutron scattering by Fe, Mn, I, and F have been measured with a collimated 
neutron beam by observing the gamma radiations from the excited states. Excitation curves for the 850-kev 
level of Fe®*, the 128-kev level of Mn® and the levels at 62, 208, 435, and 632 kev in I? were compared 
with the Hauser-Feshbach theory. The nuclear penetrabilities were obtained from the “cloudy crystal ball” 
model. In general, the best agreement with theory was obtained for the value of the nuclear absorption 
corresponding to a “‘black” nucleus. The angular distribution of the 850-kev radiation from Fe®* was given 
by: W(@)=1+(0.54+0.05) P2(cosé) —- (0.28+0.05) P,(cos@). Excitations of levels at 980 kev in Mn®; at 
390, 725, and 950 kev in I’, and at 110, 197, and 1560 kev in F"™ were also observed. No levels in S® or Sr 
below 1 Mev were found. The excitation curves cannot be used to determine spins of excited states and 
even where spins and parities are known the agreement with theory is not good. 





INTRODUCTION 


NELASTIC scattering of neutrons offers a con- 
venient means to study the bound energy states of 
medium and heavy nuclei because the uncharged 
neutron can readily penetrate the nuclear surface to 
form a compound system. Usually the decay of the 
system takes place with the emission of a neutron or 
gamma radiation. If a neutron is emitted, the target 
nucleus may be left in its ground state or any excited 
state energetically possible. By controlling the energy 
of the ingoing neutrons only a limited number of states 
will be excited. In addition, it is possible for a relatively 
large angular momentum transfer to take place, so that 
states of almost any angular momentum may be excited 
by the process. 

Experiments on the scattering and transmission of 
fast neutrons by Barschall and co-workers! have resulted 
in a revision of earlier ideas concerning the interaction 
of fast neutrons with the nucleus and have given impetus 
to the development of the “cloudy crystal ball” model. 
In the past the Bohr concept of compound nucleus 
formation has been used to interpret the interaction of 
fast neutrons with nuclei. The incoming neutron was 
assumed to interact strongly with nuclear matter and 
thus share its energy quickly; the decay of the system 
was independent of the mode of formation and all 
allowed modes of decay had the same intrinsic prob- 
ability. This model, however, has not been able to 
account fora large number of experimental observations. 

The success of the shell model suggested that the 
interaction of the neutron may not be strong and led 
to the development of the “intermediate coupling” 
model or the “cloudy crystal ball” model.?:* The neutron 
is assumed to interact with the nucleus as though it 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Wisconsin Alumni Research Foundation. 

+ The work is discussed in detail in a thesis submitted by J. J. 
Van Loef to the faculty of the University of Utrecht. 

t Now at the Physisch Laboratory, University of Utrecht, 
Utrecht, Holland. 

1H. H. Barschall, Am. J. Phys. 22, 517 (1954). 

2 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

3 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 


were in a potential well. An imaginary term in the 
potential accounts for the formation of the compound 
nucleus. The potential represents the average effect of 
the individual levels of the compound nucleus which 
are usually so closely spaced that they cannot be dis- 
tinguished. The potential well is given by 


V=—Vo(it+it), r<R, 


V=0, r>R, (1) 


where R is the nuclear radius, V» is the potential depth 
and ¢ is the absorption parameter. Vo is usually assumed 
to be 42 Mev, ¢ equal to 0.05 and R=1.45X 10-4! cm. 
Most calculations assume a square well although calcu- 
lations have been made both for a diffuse boundary‘ 
and for spheroidal-shaped wells.® If one takes appropri- 
ate averages over resonance levels, then the elastic 
scattering cross section may be broken into two parts. 


Te=Tset Tce. (2) 


ze is the average potential or “shape elastic’ scattering 
cross section, o, is the “compound elastic” cross section 
and a, is the total elastic cross section. The cross section 
for formation of the compound nucleus is given by the 
relation 

Tc=OcetOr. (3) 


The reaction cross section o,, contains the inelastic 
scattering as well as all other possible reaction cross 
sections. The elastic scattering cannot be separated into 
the compound-elastic scattering and the shape-elastic 
or potential scattering, and there is no method for 
measuring directly the value of the cross section for 
compound nucleus formation. However, when only 
neutron scattering and capture are energetically pos- 
sible, the value of the inelastic scattering cross section 
provides in some cases a good lower limit on the value 
of o-. Since this quantity is directly related to ¢, such 
measurements provide a means for determining values 
of this parameter. 

4C, F. Porter (private communication) and Z. Jankovic, Phil. 


Mag. 46, 376 (1955). 
5D. C. Choudhury (communicated by L. Wilets). 
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Inelastic scattering and compound elastic scattering 
are identical processes except for the different final 
nuclear states. The cross section for excitation of a 
given level will depend on the properties of the ground 
state and the excited state and also on the properties 
of the compound nucleus. Hauser and Feshbach* have 
calculated the cross section for inelastic scattering 
assuming that the statistical model is valid. In medium 
and heavy nuclei the level spacing in the compound 
nucleus at energies corresponding to the excitation 
energy of the system will be small compared to the 
level widths and to the experimental neutron energy 
spread. Hence many states of the compound system may 
be occupied and it is assumed that all possible J values 
and parities are found among these states. Thus in 
carrying out averages over resonance levels .inter- 
ference effects will cance! out. The resultant cross 
section is expressed as the product of a cross section, o-, 
for compound system formation and the probability 
that the system decays by neutron emission leaving the 
target nucleus in any of the states permitted by the 
conservation of energy and angular momentum. The 
cross section for compound nucleus formation, o., is 
given by 


Fe= Loe =, (24+ 1)e"T)(E). (4) 


o- is the partial cross section for incoming partial 
waves of orbital angular momentum /; 4 is the wave- 
length of the incoming neutron divided by 2x. T;(E) 
is the penetrability for / wave neutrons of energy, E, 
and is defined as the probability that a neutron im- 
pinging on the nuclear boundary will be captured by 
the nucleus. The effects of the compound nucleus 
properties are contained in 7;(E) and its value is given 
explicity in terms of Vo, ¢, R, and the neutron energy, 
E. It is also assumed that the breakup of the compound 
nucleus is governed entirely by corresponding trans- 
mission factors, T(E’), where EZ’ is the outgoing neutron 
energy. The final expression of Hauser and Feshbach 
for the cross section for excitation of a state of spin J’ is 


wh? 
gin(I, E/T’, E’)=———_ © 
2(2I+1) 7 


€4,07 (2I+1) Sv ej, eT (E+) 
> ” 
LD ev Ty (Ee) 
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T)(E) 





here X is the neutron wavelength divided by 2x; J and 
I’ are the spins of the ground and excited states; E and 
E’ are the energies of the incoming and outgoing neu- 
trons; and / and /’ are the angular momenta of incoming 
and outgoing particles respectively. J is the spin of the 
compound state. Channel spins j are defined by the 
relations 7,=/+43 and j,=J—}4. The sum in the de- 
nominator is over all states of the target nucleus which 
can be excited including the ground state and the 


° W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
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particular excited state with spin J’ and over all 
outgoing partial waves, 1’, which can couple with the 
outgoing channel spin j”’ to give J. The factor ¢ is 
introduced to conserve angular momentum; e=2 if 
both 7:=J+ 3 and j,=I—} satisfy the condition: 
|J-l| <j: (J+); €=1 if 7: or 72, but not both, 
satisfies this condition; and e=0 if neither j; nor Je 
satisfies the condition. Written in this manner, Eq. (5) 
is valid when competition between several excited 
states and the ground state is considered. The basic 
assumptions used to derive Eq. (5) are the same 
whether intermediate or strong coupling is valid.’:’ The 
competition for the alternative modes of decay of the 
compound nucleus is given by the 7;(E) functions. 
The summation over J implies that all possible states 
formed by combination of the orbital and channel spins 
contribute to the scattering. There has been some 
evidence that a process quite analogous to Coulomb 
excitation exists in which the neutron excites the col- 
lective modes of the nucleus. This would be a direct 
interaction and exhibit different excitation and angular 
distribution properties. It would contribute to the 
absorption potential {V» but could not be expressed as 
a potential which is uniform over the nuclear volume. 

Several investigations of inelastic scattering of 
neutrons have been made® in which the gamma rays 
from excited states were observed. To overcome the 
problem of low intensity a ring-shaped scatterer sur- 
rounding the detector was used, and the detector was 
shielded from the direct neutron beam by a suitable 
conical shield. The gamma-ray spectra were partially 
obscured because the Nal scintillation spectrometer 
was sensitive to scattered neutrons also. A preliminary 
study of the conditions about the Wisconsin electro- 
static generator convinced us that the ring geometry 
could not be used. The results reported in this paper 
were obtained with a collimated beam of neutrons and 
a well-shielded detector. The intensity was considerably 
less than with the ring geometry but the background 
was reduced sufficiently to enable us to make adequate 
measurements. Furthermore much smaller samples 
could be used so that the troublesome corrections for 
multiple scattering and absorption could more easily 
be carried out. Finally this geometry was more suitable 
for angular distribution measurements. 


EXPERIMENTAL DETAILS 


The experimental arrangement is shown in Fig. 1. 
The collimator was of the modified Preston-Stelson 


7 All nuclear properties of the compound system are contained 
in the values of T;(Z). Wigner e¢ al.,’ argue that for the low-lying 
excited states the values of Vo and ¢ are the same as for the 
ground state. It is known from hp o> mene evidence that ¢ must 
be a function of energy since at 4-Mev neutron energy the inter- 
action is much stronger than at lower energies.® 

® M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 

°R. B. Day, Phys. Rev. 82, 908(A) (1953); R. M. Kiehn and 
C. Goodman, Phys. Rev. 95, 989 (1954); M. J. Poole, Phil. Mag. 
43, 1060 (1952); J. M. Freeman, Phil. Mag. 46, 12 (1955); G. L. 
Griffith, Phys. Rev. 98, 579 (1955). 
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Fic. 1. Neutron scattering arrangement. A beam of neutrons 
from the Li?(p,n) reaction is defined by collimating apertures 
placed axially in the barrel filled with H;BO; in water. The NaI 
scintillation spectrometer placed just outside the neutron beam 
detects the gamma radiation from the disk scatterer situated in 
the beam (67 cm from the neutron source). The lead shielding 
around the scatterer and detector is to reduce the local background 
radiation. 


type,'” and the neutrons were produced by the Li’(p,n) 
reaction. The target holder projected into the axial tube 
through the shielding barrel which was 60 cm long by 
60 cm in diameter and was filled with a saturated solu- 
tion of boric acid in water. The neutron beam was 
collimated by paraffin and copper cylinders were placed 
axially in the tube so as to form a conical hole with an 
apex at the target. The cylindrical lead piece at the 
exit of the collimator served only as a gamma ray shield 
and did not “see” the primary neutron beam at all. 
The scattering chamber 30 cm on an edge was com- 
pletely enclosed by 5 cm of lead save for an exit port 
for the primary beam. The additional shielding shown 
about the detector improved the background consider- 
ably. Even with no scatterer in the primary beam there 
was a small background flux of slow neutrons which 
could not be removed by extensive additional shielding. 
Twenty-five to 40% of the detector background was 
associated with neutron production. 

Three detectors were used in this work. A cylindrical 
Nal(TI) scintillator 4.4 cm in diameter and 5 cm in 
length was used for the gamma radiation, a ZnS and 
Lucite button was used for monitoring the neutron 
flux"; and a 1-cm cube of stilbene mounted on a 5 cm 
long Lucite light pipe was used for auxiliary neutron 
measurements. All the photomultipliers were connected 
through preamplifiers to nonoverloading amplifiers." 
Either a single-channel or a 10-channel analyzer was 
used for pulse-height analysis. The system was linear 
to 1% for pulses up to 80 volts and the over-all gain 
was stable to about 2%. 

The beam profile at the position of the scatterer is 
shown in Fig. 2. The detector was the stilbene crystal 
mounted on the Lucite light pipe. The contribution due 


10 P, H. Stelson and W. M. Preston, Phys. Rev. 86, 132 (1952). 

1 This button was kindly supplied by Dr. W. Hornyak of the 
Brookhaven National Laboratory. 

12 We are indebted to Mr. C. Johnstone of the Los Alamos 
Scientific Laboratory for supplying us with the design of the 
Model 250 amplifier. 
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to gamma-ray contamination in the neutron beam is 
probably of the order of 1%. The observed profile agrees 
quite well with the geometric profile to be expected. For 
most of the scattering work the Nal spectrometer was 
set at a distance of 4.4 cm from the axis which is well 
outside the beam. The beam flux for E,=1.2 Mev at 
the scattering sample was 1.85X10* neutrons/cm? 
microcoulomb. 

The energy spread of the neutron beam from the 
lithium target was about 80 kev as determined by the 
threshold rise. To determine the true energy spectrum 
emerging from the collimator, a transmission experi- 
ment was performed in the region of the 445-kev neutron 
resonance in O!*, This resonance has been carefully 
measured at high resolution.'* The neutron transmission 
of a stannic oxide (SnO,) scattering sample was deter- 
mined as a function of neutron energy. SnO, was 
packed into a thin-walled iron can 3 cm in diameter. 
The 1-cm cubic stilbene detector was located 14 cm 
behind the scattering sample and was biased to detect 
primarily neutrons but some 478-kev gamma rays from 
the beta decay of Be’ in the Li target were also detected. 
The experimental transmission curve shown as the solid 
line in Fig. 3 has been corrected for transmission of the 
iron can and for the small gamma-ray contamination 
in the neutron beam. The transmission function was 
calculated using the total cross section data for Sn and 
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Fic. 2. Profile of the collimated neutron beam. The neutron 
beam profile at the position of the scattering sample was measured 
with a stilbene detector 1 cm on an edge biased to count neutrons. 
The distances are measured from the collimator axis and the 
vertical bars indicate the geometrical limits of the beam defined 
by the collimator. 
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Fic. 3. The 435-kev resonance peak in the total neutron cross 
section of O'*. The circles represent the transmissions measured 
with a stilbene detector through an SnO: scattering sample. The 
resonance width is 45 kev. The dashed curve is the transmission 
calculated from the true resonance curve and the assumed energy 
spectrum shown in the insert. The match is sensitive to the mag- 
nitude of the low-energy tail, which was set at 15%, but not to 
its shape. 


O'* assuming the energy distribution to be that given 
by the histogram shown in the inset. The dashed curve 
represents this function. The fit is the best that could 
be attained and is quite sensitive to the amount but not 
to the shape of the low-energy tail on the neutron dis- 
tribution. The tail amounts to about 15% of the total 
intensity ; this result is in qualitative agreement with 
measurements by Rosen" using photographic plates. A 
histogram of the form shown in Fig. 3 was used to 
analyze the scattering data. Fortunately a precise 
knowledge of the neutron energy distribution is not 
necessary for our measurements. 

The scattering samples were in the form of disks 43 
mm in diameter and about 10 mm thick. When neces- 
sary the samples in powder form were pressed into thin 
walled aluminum cans. The sample was located ac- 
curately with respect to the primary beam and detector 
and oriented so its normal made an angle of 60° with 
the beam direction. In addition, the sample could be 
dropped out of the beam. The supporting assembly and 
aluminum can contribute no background. 

The neutron flux was monitored by a ZnS-Lucite 
button which in turn was calibrated by comparison 
with a standard long counter. The ZnS button was 
operated at a bias such that Co® gamma rays were 
counted with an intrinsic efficiency of 0.001%. The 
efficiency for neutrons as a function of energy is given 
in Fig. 4; the efficiency represents the fraction of 
those neutrons incident on the detector which produce 
output pulses greater than the bias setting. Below 
500-kev neutron energy, the long counter was used as 
a monitor. In all experiments, the monitor detector was 


41. Rosen, Los Alamos Scientific Laboratory (private com- 
munication). 
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placed behind the scattering sample and outside the 
lead house. Since readings were taken with the sample 
in and out of the beam, the monitor data gave the 
average transmission of the sample for neutrons. This 
value was usually about 20%. 

The absolute calibration of the neutron flux was 
made by comparing with a long counter the yield of 
1-Mev neutrons from the Li’(p,n) source with that of 
a calibrated Ra-Be neutron source.'® The long counter 
was built according to the recipe of Hanson and 
McKibben,'*® and the sensitivity was assumed to be 
independent of energy. Yields at other neutron energies 
were based on the long-counter response. The accuracy 
of the flux calibration was estimated to be 12%; this 
includes the 7% uncertainty in the primary standard. 

The cross section for capture of neutrons by I'?’ has 
been measured with an accuracy of 7%.'" The error in 
this measurement results almost entirely from the 
error in the primary neutron standard. A Nal scintilla- 
tion crystal of known weight and size was bombarded 
for a given time in the neutron beam and then placed 
on a photomultiplier. The absolute beta activity was 
measured at zero bias as a function of time after it was 
ascertained that only the 25-min I'** activity was 
present. Several determinations of the neutron flux 
obtained by this method were consistently 15% lower 
than the value obtained by comparison with the stand- 
ard Ra-Be neutron source so were not used except as 
a rough check. 

The Nal detector was calibrated by using a set of 
standard gamma-ray sources made up as disks the 
same diameter as the scattering samples. Sources of 
Ce, Hg*®, and Na” gave calibration lines at 0.080, 
0.134, 0.279, 0.511, and 1.28 Mev. The strength of the 


0.5r 


PER CENT EFFICIENCY 





1 1 J 


10 15 2.0 
NEUTRON ENERGY MEV 


Fic. 4. The absolute efficiency of the ZnS-Lucite button used 
as a flux monitor. The efficiency was determined as a function of 
neutron energy by comparing the response with that of a long 
counter. The bias was set so that Co gamma radiation (1.25 
Mev) was detected with an efficiency of 0.001%. The solid 
curve represents the value when a correction is made for the 
second group of neutrons from the Li’(p,7)Be’ reaction. 





18 We are indebted to Dr. C. Eggler of the Argonne National 
Laboratory for calibrating our Ra-Be source against the Argonne 
standard neutron source. 

16 A. QO. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

17H. C. Martin and R. F. Taschek, Phys. Rev. 89, 1302 (1953). 
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Na” source was determined by comparison with Co™ 
sources standardized at the National Bureau of 
Standards. The other sources were calibrated by passing 
a narrow collimated gamma-ray beam through a Nal 
crystal 5 cm long. The transmission of the crystal for 
the gamma radiation was always less than 10%. 
The complete pulse-height spectrum and the solid 
angle subtended at the source by the collimation dia- 
phragm were sufficient to determine the absolute gamma- 
ray yield of the sources. Absolute efficiency and energy 
calibrations of the NaI detector were then made by 
placing the disk sources at the position of the center 
plane of the scattering samples. Figure 5 shows the 
counting efficiency of the system as a function of gamma- 
ray energy when the area under the photopeak only is 
used. The bars on the points indicate the probable 
deviations due to counting statistics alone. 

During the neutron scattering experiment the com- 
plete pulse-height spectra with and without scatterer 


10 
af 
6 
4 


*SOURCE AT 3.1 CM 


*SOURCE AT 4.4 CM 


> 
oO 
z 
w 
4 
we 
we 
wW 
= 
2 
WwW 
oO 
x 
WwW 
a 


2 





0.! 





ce a 2 
(MEV) 


Oo! ttt? ath 


GAMMA RAY ENERGY 
Fic. 5. The absolute efficiency of the NaI detector as deter- 
mined by the number of pulses in the photopeak per photon 
emitted by the source plotted against gamma-ray energy. The 
crystal was 4.4 cm in diameter and 5 cm thick. The sources were 
disks 4 cm in diameter placed at the same position as the scat- 
tering sample. The distance was measured from the face of the 
crystal to the center of the source. 


and with a carbon scatterer'® were taken. The angular 
distribution of the elastically scattered neutrons from 
the sample” and from carbon” are known so that cor- 
rections for the effect of neutrons scattered into the 
detector crystal could be made. These corrections were 
important only for measurements under 500 kev. 

The corrections for gamma-ray attenuation, neutron 
self-absorption, and multiple scattering in the sample 
are the most difficult to make. Fortunately the use of 
small scattering samples usually made these corrections 
small. The attenuation of the neutron beam by most 
samples was less than 30% ; however, the correction for 


18 A carbon scatterer of approximately the same attenuation 
for neutrons as the scattering sample gives a good indication of 
the effect of neutrons on the detector crystal since no inelastic 
neutron scattering can occur below 4.35 Mev, the energy of the 
first excited state of C”. 

19M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 

* Willard, Blair, and Kington, Phys. Rev. 98, 669 (1955). 
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Fic. 6. The observed cross section for the reaction Fe®*(n,n’)Fe* 
(850-kev gamma ray) plotted versus the sample thickness for 1.77- 
Mev neutrons. The dashed curve is fitted to the observed data, 
and the horizontal bars on the ordinate axis indicate the probable 
error of the true cross section. The solid points are the values cor- 
rected for neutron and gamma-ray attenuation in the sample. 
The negative slope of the solid curve probably results from multiple 
scattering in the sample. 


the attenuation of the low-energy gamma rays was 60 
to 70%. A correction factor which gave the ratio of the 
observed yield to the true yield was calculated for each 
sample. The sample was divided into a number of thin 
circular disks and the true neutron flux incident on 
each slab was computed. The counting efficiency for 
gamma radiation from the slab could also be computed 
since the efficiency for a distributed disk source of the 
same geometry was known. The summation over all 
slabs yielded a factor, F, which related the true inelastic 
cross section to the observed cross section. This relation 
is given by o,= For. o, is the experimental cross section 
calculated from the observed neutron flux incident on 
the sample and az is the true cross section. For an 8-mm 
thick iron disk the value of F is 0.80 for the 850-kev 
gamma ray and 0.50 for the 128-kev line of Mn®*. An 
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Fic. 7. Pulse-height spectrum for the gamma radiation observed 
from Fe at a neutron energy of 1.2 Mev. The crosses and dots 


are the spectra obtained with and without the Fe scatterer respec- 
tively. The open circles represent the difference spectrum. 
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Fic. 8. Excitation curve for the 850-kev gamma ray following inelastic scattering of neutrons by Fe®*, The neutron 
energy spread, indicated by the width of the triangles, is sufficiently broad to give a partial average over residual 
resonance effects. The full curve was drawn to represent the mean value of the cross section as a function of energy. 
The points which deviate considerably indicate resonance effects. The dotted curve is calculated from the Hauser 
Feshbach theory for an opaque nucleus with the spin assignments shown. 


estimate of the multiple scattering in the Fe sample 
shows that 10% of the incident neutrons suffer multi- 
ple scattering in the disk. An experimental check 
of the corrections discussed above was made for iron. 
Figure 6 shows the experimental cross section plotted 
as a function of sample thickness. All samples were 
43 mm in diameter and were placed with their planes 
making an angle of 30 degrees with the beam direction. 
The dashed curve represents the best fit to the experi- 
mental values; the value obtained by extrapolation to 
zero thickness should be the true observed cross 
section. The horizontal bars on the ordinate axis indi- 
cate the limits of error of the extrapolated cross section. 
When corrections for all effects except multiple scat- 
tering are made, one obtains the solid curve. The slight 
downward slope toward zero sample thickness repre- 
sents the effect of multiple scattering and agrees with 
the estimate made above. 


RESULTS AND DISCUSSION 


Iron 


The reaction Fe**(n,n’)Fe®* has been studied exten- 
sively." States are known at 0.85, 2.04, and 2.25 Mev 
from studies made with neutron energies up to 2.8 Mev. 
In the work of Keihn and Goodman the energy reso- 
lution was sufficient to show the resonance structure, 
whereas in our work the effects of resonances are par- 
tially averaged out. Figure 7 shows the pulse-height 
spectrum of the 850-kev gamma ray obtained with and 
without an iron scatterer. The difference spectrum is 
the sum of the true gamma ray and the neutron effects 

21R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954); 


G. L. Griffith, Phys. Rev. 98, 519 (1955); Jennings, Weddell, 
Alexeff, and Hellens, Phys. Rev. 98, 582 (1955). 


in the detector crystal. Above the 850-kev photopeak 
the difference spectrum dropped almost to zero, so an 
excitation curve was taken by observing the difference 
between a single channel set to bracket the photopeak 
and an equal channel set just on the high-energy side of 
the peak. Figure 8 shows the excitation curve obtained 
in this way. The triangles indicate the extent of 
the energy spread of the neutron beam. The points 
show some residual effects of the numerous resonances 
seen with higher resolution,”! however, for the purpose 
of testing the Hauser-Feshbach theory we have drawn 
the full line so as to average over the resonance effects. 
The theoretical curve calculated for the complex square 
potential well given by V=Vo(1+i¢) with parameters 
Vo=42 Mev, ¢=0.2, and R=1.45X10~—"4! is shown.” 
No spin-orbit interaction was used. 

Several independent measurements of the inelastic 
scattering cross section were made at E,=1.18 Mev. 
The value obtained for oj, was 0.56+0.08 barn after 
corrections for the neutron and gamma-ray attenuation 
as well as for multiple scattering had been applied. A 
correction of 15% has also been applied for the angular 
distribution anisotropy. The accuracy of the result is 
limited mainly by an estimated 12% uncertainty in the 
absolute neutron flux calibration and an estimated 
uncertainty of 5% in the gamma-ray detection efficiency. 
The other sources of error are insignificant in com- 
parison. When the value at E,=1.0 Mev is corrected 
for the energy spread in the neutron beam, one obtains 
a value of 0.39+0.04 barn. Beyster et al. report a 


2 We are indebted to Dr. R. G. Thomas of the Los Alamos 
Scientific Laboratory for running the computations of all T 
values used in these calculations. 

23 Beyster, Henkel, and Nobles, Phys. Rev. 97, 563 (1955). 
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value of 0.41-+0.04 barn for the nonelastic cross section 
obtained from sphere measurements at this energy. 

In order to check the Hauser-Feshbach relation [Eq. 
(5) ], the excitation curve in the vicinity of the threshold 
was plotted after the effect of the neutron energy 
spread was removed. Figure 9 shows this curve as a 
solid line up to E,=1.25 Mev. The point at 1.18 Mev 
is the best value of the cross section obtained from our 
measurements, and the point at 1.0 Mev is the value 
obtained by Beyster et al. For purposes of comparison 
with theory, partial waves up to /=3 were assumed to be 
present in the incoming beam. Spin and parity assign- 
ments of 0+ and 2+ were made for the ground and 
excited states, respectively. Other spin assignments are 
excluded by the systematics of even-even nuclei and the 
angular distribution data, although J =1 for the excited 
state cannot be ruled out by the excitation data. Values 
of the transmission coefficients, 7;, calculated for 
¢=0.04 and 0.2 were used in Eq. (5) for ain. The dashed 
curve of Fig. 9 shows the result for ¢=0.2 and the 
the dash-dot curve that for ¢=0.04. The agreement 
between the curve for {=0.2 and experiment is perhaps 
fortuitous but indicates that ¢=0.04 does not give a 
sufficiently large cross section. 

The angular distribution of the 850-kev gamma ray 
was measured at E,=1.77 Mev. For these measure- 
ments the detector crystal, 4.4 cm in diameter by 5 cm 
long, was suspended vertically so that the center line 
was 7.5 cm from a cylindrical scatterer 2 cm in diameter 
by 4 cm long. The detector was mounted on a lead plate 
which enclosed the top of the house constituting the 
scattering chamber. The assembly of detector and plate 
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Fic. 9. Comparison of the experimental and theoretical cross 
sections near the threshold for the 850-kev line of Fe®*. The full 
curve represents the os eae cross section. The value is 1.2 
Mev of 0.560.080 is the best determination of the cross section 
from this work; the point at 1.0 Mev of 0.410.040 is the value 
given by Beyster ef al.,% for the natural element. The two theo- 
retical curves are calculated from the Hauser-Feshbach theory for 
¢=0.04 and 0.2. 
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Fic. 10. The angular distribution of the 850-kev gamma radia- 
tion excited by the Fe*(n,n’)Fe5* reaction at 1.77-Mev neutron 
energy. The full curve represents a least-squares fit to the experi- 
mental points which have been corrected for the finite aperture 
of the detector and size of the source. It is given by the expression 
W (0)=1+ (0.54+0.05)P2— (0.2840.05)P,. The dashed curves 
are distributions calculated from the Hauser-Feshbach theory for 
values of ¢=0.04 and 0.2 with spin assignments of 0+ and 2+ 
for the ground and first excited state, respectively. 


could be rotated through 360 degrees so that observa- 
tions on both sides of the neutron beam could be made 
between angles of 25° and 160°. The yield was taken as 
the difference between a channel bracketing the photo- 
peak and an equal channel at the high-energy side of 
the line. Preliminary checks with a carbon scatterer 
indicated that neutron effects were entirely negligible. 
Figure 10 shows the experimental points which represent 
the average of values taken on both sides of the neutron 
beam. The full curve represents a least-squares fit to the 
experimental points. Corrections have been applied for 
the angular resolution of the detector and the size of 
the scatterer by the method of Feingold and Frankel.” 
The experimental distribution function is given by the 
expression W (@)=1+- (0.54+0.05)P2(cosé)— (0.28-0.05) 
X P,(cos6). Satchler®® has calculated the triple corre- 
lation function for inelastically scattered neutrons and 
gamma rays on the assumption of a statistical model as 
used by Hauser and Feshbach.* If one integrates 
Satchler’s expression over angles of the outgoing neu- 
trons, one obtains the relation: 


W (6) =2To(E)T2(E)+71(E)T1(E)[5+ P2(cosd) ] 
+T3(E)To(B)[2+2.713P2(cos8) 
—1.716P,(cos@)], (6) 


where @ is the angle of observation of the radiation with 
respect to the neutron beam; E and E (E = E—850 kev) 
are the ingoing and outgoing neutron energies, respec- 
tively. Partial waves for /<2 are considered and the 
level assignment of 0+ and 2+ for the ground and 
first excited states respectively is made. If Eq. (6) is 
written as W(0)=1+a2P.2(0)+asP4(0), the values of 


% A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
25 G. R. Satchler, Phys. Rev. 94, 1304 (1954). 
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Fic. 11. Excitation curve for the 128-Mev gamma ray from 
Mn*, The experimental curve has been corrected for the neutron 
energy spectrum shown by the histogram. The theoretical curves 
were calculated for values of ¢=0.04 and 0.2 assuming that the 
excited state has spin 7/2. The high point at 1.2 Mev is probably 
real and represents the effect of a cascade transition from the 
0.98-Mev level. 


az and a, are 0.893 and —0.554 respectively for ¢=0.04 
and 0.651 and —0.360 for ¢=0.2. The dash curve in 
Fig. 10 is the value for {=0.2; the dot-dash curve that 
for §=0.04. Experimental effects such as multiple scat- 
tering in the scatterer and spurious background tend to 
decrease the anisotropy. Again {=0.2 seems to give the 
best agreement with experiment. There is little error 
introduced by the restriction to partial waves with 
1€2. 


Manganese 


A state at 128 kev is well known in Mn*® from 
Coulomb excitation studies.2* In addition, a state at 
0.98 Mev has been observed in the (,n’) reaction by 
Freeman*’ who reports that 95% of the decays of the 
0.98-Mev state go to the 128-kev state and 5% to 
the ground state. The excitation function was measured 
from 200 kev to 1.2 Mev by using a powdered manganese 
target. The results are shown in Fig. 11. The full curve 
represents the best fit to the experimental points after 
correction for the energy spread of the neutron beam 
is made. The histogram is the assumed neutron energy 
spectrum. At E,=650 kev, the cross section, ojn, for 
excitation of the 128-kev level is 0.59+0.10 barn.?* 
The point at 1.2 Mev is quite high although there is 
( 2°G. M. Temmer and N. Heydenburg, Phys. Rev. 96, 426 

1954). 

27 J. M. Freeman, Phil. Mag. 46, 12 (1955). 

28 No correction for the internal conversion of the radiation 
is made. The Coulomb excitation work indicates that only E2 or 
M1 transitions are possible, hence the correction would not be 
larger than about 10%. Guernsey” has obtained an excita- 
tion curve for the 128-kev line by a different technique which 
employs a very thin crystal and scatterer. The combination is 
placed directly in front of the neutron source together with a lead 
filter to remove gamma radiation from the source. The values for 
gin Which she obtains are about one-half those given in Fig. 11. 


#% J. Guernsey, Massachusetts Institute of Technology Progress 
Report, Feb. 28, 1955 (unpublished). 
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considerable spread in the points. When the level is 
0.98 Mev was reported,”” we re-examined our pulse 
height data and concluded that a line at 0.84+0.04 Mev 
was present and that the cross section for excitation 
was 0.15+0.06 barn at Z,=1.2 Mev. This is to be 
compared with the value of 0.21+0.08 barn obtained 
by Freeman. The excitation curves were calculated 
from Eq. (5) assuming the 128-kev level to be a 7/2— 
state. If the ground state assignment of 5 /2—* results 
from the coupling of a (f7/2)~* proton configuration, 
one should also expect a low-lying 7/2— state and 
Coulomb excitation studies** do not rule out the 7/2— 
assignment. All other assignments gave a lower cross 
section but the experimental data cannot be used to 
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Fic. 12. Pulse-height spectrum produced by 640-kev neutrons 
falling on an Nal scintillation crystal. The open circles represent 
the gross spectrum which includes gamma radiation from the 
neutron source as well. No 440-kev gamma radiation from the 
first excited state of Be? is present at this energy. The decom- 
position into the 478-kev radiation from Li’, and peaks at 435, 
208, and 62-kev from I'*? is shown. The dashed curve represents 
the net spectrum when the effects of the higher energy lines and 
background are removed. 


* Pp. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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determine the spin because the theory of the process is 
not sufficiently reliable. The dash curve represents the 
value for ¢=0.2 and the dot-dash curve that for ¢=0.04. 
The large peak at the threshold is the result of an S 
wave giant resonance for low neutron energy in this 
mass region.*! 


Iodine 


Early in the investigation it became evident that the 
Nal detector crystal showed spurious peaks arising 
from neutron bombardment. There is also evidence 
that peaks belonging to I'?? have been reported in the 
literature as gamma rays from other scatterers under 
investigation. A sample of crystalline iodine was packed 
into a standard aluminum container; the sample 
thickness was such that the F factor which corrects for 
neutron attenuation and gamma-ray self-absorption 
was approximately 0.8 for the 435-kev line. The con- 
tribution to the line intensity from neutron in-scattering 
to the Nal detector was determined by using a carbon 
scatterer to be about 25%. Corrections for this effect 
were applied to all the data obtained with the external 
iodine scatterer. Because of the strong self-absorption 
for gamma rays in the sample, the peaks below 400 kev 
result almost entirely from neutron scattering. The 
yield of the 62- and 208-kev lines were obtained by 
bombarding a NaI crystal mounted on a photomultiplier 
with the primary neutron beam. Figure 12 shows the 
pulse height spectrum produced by 640-kev neutrons. 
The gross spectrum includes the 478-kev gamma radia- 
tion from that state in Li’ but no 440-kev gamma ray 
from the first excited state of Be’ was present at this 
neutron energy. The decomposition into the 478-kev 
line and lines at 435, 208 and 62 kev from I'?’ is shown. 
The pulse-height distributions obtained for standard 
sources placed on the Nal crystal were used to deter- 
mine the line profile for a single gamma ray. In the 
analysis of the data corrections had to be made for the 


TABLE I. Summary of data from inelastic scattering 
of neutrons by I’. 








Inelastic 
scattering 
cross section 

(barns)¢ 


Observed gamma-ray 
energies (kev) 


This work Day*® 


3142 
6242 
145+5 


208+ 2 
390+ 10 
4354 
632+6 
750+20 
950+20 


Neutron 
energy 
(Mev) 





0.30+0.05 0.40 


0.310.08 


0.44+0.12 
0.59+0.10 


0.65 


1.18 
1.18 








® See reference 32. 
b See reference 34. sod 
¢ An isotopic angular distribution is assumed for the radiation. 


31 The effects of the resonance are not seen in the case of Fe®* 
because the excitation energy of 850 kev brings one out of the 
energy range where the resonance effects are greatest. 
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Fic. 13. The experimental excitation curves for the 62-, 208-, 
435- and 632-kev radiations from I?’ excited by the (n,n’) reaction. 
The full curves are experimental curves corrected, however, for 
the energy spread of the neutron beam. ¢;,(total) represents the 
sum of the cross sections obtained for the four lines. The 62-kev 
cross section is assumed to remain constant at 0.30 barn, but no 
contribution of the 390- or 725-kev levels is included. The dotted 
transitions in the level scheme are weak compared to the full lines, 
and no other cascade transitions were observed. See text for the 
discussion of the excitation curves. 


escape of radiation and for the ratio of the photopeak 
to the total number of pulses in the differential pulse 
height spectrum. No corrections were made for neutrons 
scattered into the crystal by the surrounding material, 
but that effect should have been less than 10%. 

The results on the excitation of I?’ are summarized 
in Table I and in Fig. 13. The gamma rays are listed in 
Table I along with values reported by Day® for neutron 
excitation.* From beta-decay studies of Xe'?’, there is 
evidence of levels at 58, 200, and 365 kev.* Figure 13 
shows the excitation curves obtained for the 62-, 208-, 
435-, and 632-kev lines, and a proposed level scheme 
based on these observations. The data have not been 
corrected for internal conversion; the 62- and 208-kev 
lines need no such correction. The full curve in each 
case is the excitation curve corrected for the spread in 


# R. B. Day, Los Alamos Scientific Laboratory (private com- 
munication). 

% Coulomb excitation studies by R. H. Davis and A. Divatia 
in this laboratory have shown the existence of the same levels 
reported in Table I. 

* J. Bergstrom, Arkiv Fysik 5, 191 (1952); H. Mathur, Phys, 
Rev. 97, 707 (1955). 
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Fic. 14. Theoretical cross section for compound nucleus 
formation, oc, for Fe** and I?’ calculated for a complex square 
well with the parameters shown. 


the beam energy. The 390-kev line is very weak but is 
present when the neutron energy is below the threshold 
of the 435-kev line. A cascade line of 145 kev is reported™ 
in coincidence with the 58-kev line. The lines at 145 
and 31 kev increased in intensity as the neutron energy 
decreased and were present below a neutron bombarding 
energy of 150 kev. This suggests that they arise from 
capture and may not be lines of ['*’ at all. The origin 
of these lines is not known.* It is remarkable that only 
ground state transitions are observed ; if cascade transi- 
tions did occur with appreciable intensity (greater than 
25% of the ground state transition) they would be 
apparent in the excitation curves. The accuracy of the 
I’ intensity data is not as good as for Fe because the 
decomposition of the spectra leads to some unavoidable 
uncertainties. 

The interpretation of the excitation curves is very 
difficult because the assignments of the various states 
are not known. The ground-state particle configuration 
is (g7/2)*(ds/2) with an assignment of 5/2+.” The beta- 
decay data™ do not permit an assignment of the excited 
states. Excitation curves for a number of assignments 
of the excited states were calculated for the strong 
coupling case, {=0.2. Competition for decay to other 
excited states as well as the ground state was taken 
into account in the computation of the excitation 


%5 The weighted mean iodine K x-ray energy is 29 kev so we 
first interpreted the 31-kev line as the x-ray line from internal 
conversion. However, the gamma ray source is inside the detector 
crystal so conversion x-rays could not be observed. Furthermore, 
the excitation does not follow that of any of the I?” lines. 


functions. The magnitude of the cross section decreases 
in the following order for the excited state spin assign- 
ment: 7/2, 5/2, 3/2, 9/2, and 1/2. In each case the 
curves for assignments which seem most reasonable are 
shown, but again the experimental data cannot be 
used to determine spins. The data of Guernsey” show 
the same general trend for the 62-, 208- and 435-kev 
excitations in the regions where the data overlap. 

If one uses the total inelastic cross section as a lower 
limit on the cross section for compound nucleus forma- 
tion, then the data can be used to determine the values 
of ¢ one must use. Equation (4) relates this cross section 
to the transmission coefficients 7; which are functions 
of ¢. Figure 14 shows the theoretical value of the cross 
section, ¢-, as a function of neutron energy for Fe** 
and I’, Fe® is close to a giant S-wave resonance and 
TI?’ is in a trough between P and S maxima. For com- 
parison the values of cjin(total) for I'°’ are plotted at 
the bottom of Fig. 12. Contributions from only the 
four levels for which excitation curves are known are 
included. Table II summarizes the data for Mn*, Fe**, 
and I'*’, The reaction cross section, o,, is given by 
or=Jint+Gcap. The capture cross section, dap, is a small 
contribution to o,. (For I’, see curves given in 
reference 16.) Since o, includes all reactions as well as 
compound elastic scattering, it should always exceed a,. 
The value of cin for I’? may continue to increase as 
more levels contribute to the inelastic scattering.** The 
theoretical curves for o- do not rise rapidly with 
neutron energy above 1 Mev so these data would 
support the conclusion that for I’? at E,=1.2 Mev the 
value of ¢=0.2 gives the best agreement. This con- 
clusion is independent of the model for inelastic scat- 
tering. 


Fluorine 


The first four excited states of F at 110 and 197 kev 
at 1.35 and 1.57 Mev have been investigated by neutron 
scattering, particle reactions, and beta decay.*” We did 
not carry out a complete study of F", but Fig. 15 shows 
the excitation curves obtained. These have not been 
corrected for the neutron energy spread which is 
indicated by the triangles. The data up to Z,=1.2 Mev 


TaBLe II, Comparison of measured reaction cross sections with 
cross sections for compound nucieus formation. 








Neutron energy 
ev o,(total) 


0.7740.15 
0.60+0.08 
0.90+0.12 
0.9340.20 
1.650.35 


t=0.04  ¢=0.2 


1.2 0.92 1.15 
1.2 0.92 1.15 
1.8 0.70 1.14 
0.5 
12 


Element 


Mn 
Fe 


I 





0.79 1.59 
: 1,18 1.63 








36 The excitation curves for I'27 should show the effects of com- 
etition from higher levels. There was no marked effect noticeable, 
Leone Guernsey” finds that the excitation of the 62-kev line 
does decrease above 600 kev. 
37 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955); C. F. Barnes, Phys, Rev. 97, 1226 (1955). 
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were taken with a teflon scatterer 1.1 cm thick by 4 cm 
in diameter. From 1.2 Mev to 1.8 Mev, a right circular 
cylinder of Teflon 4 cm in diameter by 3.8 cm in length 
was used. The yields of the 0.110-, 0.197- and 1.37-Mev 
radiations follow the resonance structure of the total 
neutron cross section, although some of the detail is 
lost because of the beam energy spread. No attempt 
was made to compute cross sections or to match the 
data obtained with the two scatterers. The threshold 
for the 1.37-Mev radiation is at 1.55+0.02 Mev indi- 
cating that the state at 1.57 Mev decays mainly to the 
0.197-Mev state.** The resonance structure of the 
compound state is too complicated to warrant a detailed 
analysis of the data in terms of single resonances. Also 
the statistical assumptions of Hauser and Feshbach*® 
are probably not valid here, so an interpretation of 
these data would be very difficult from that viewpoint. 
High-resolution data might yield more useful infor- 
mation about the levels in F™. 

A search was made in several nuclei for gamma rays 
from low-lying levels. Levels in P* at 0.4 and 0.9 Mev® 
have been reported. No excitation was found so we 
conclude that the cross section must be less than 0.05 b 
and 0.15 b, respectively for the two lines at a neutron 
energy of 1.2 Mev. Recently, Olness and Lewis® con- 
firmed the absence of low-lying levels by inelastic 
proton scattering from P*'. The data of Walt indicates 
a large value for the reaction cross section at 1 Mev in 
Sr. We found no evidence for inelastic neutron scat- 
tering; an upper limit of 0.26 b was placed on this 
cross section. 


CONCLUSION 


The evidence from excitation curves for Mn®, Fe®, 
and I? and the angular distribution of the 850 kev 
radiation from Fe** is consistent insofar as it requires 
a value of the absorption parameter {=0.2. This value 
corresponds to an almost “black” nucleus. In the same 
energy range elastic neutron scattering data!’ suggest 
the much smaller ¢ value of 0.03 to 0.05. However, at 
4-Mev neutron energy the angular distribution of the 
elastically scattered neutrons indicates that a value of 
¢ between 0.1 and 0.2 is necessary. The square well 
model is certainly not correct and a diffuse nuclear 
boundary should be a better approximation.” Oleksa* 

38 Day® has found gamma rays of 1.24, 1.35, 1.44, and 1.56 
Mev with relative intensities of 0.17, 1.00, 0.19, and 0.07, respec- 
tively at E,=2.5 Mev. We would have missed all but the strongest 
line in our observations. 

% P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

4 J. W. Olness and H. Lewis, Phys. Rev. 99, 654(A) (1955). 

41M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 

# Quantitative results on calculations carried out by Porter‘ 


for the diffuse boundary are not yet available. 
4S. Oleksa (to be published). 
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Fic. 15. Excitation curves taken with a teflon sample of the 
levels at 110 and 119 kev in F. The excitation curves are not 
corrected for neutron energy spread which is indicated by the 
triangles. It shows the marked effect of resonances which appear 
also in the total cross section. A third gamma ray of 1.37 Mev is 
observed above 1.55-Mev neutron energy. The curves above 1.20 
Mev were taken with a different sample so yields cannot be 
compared. All three curves go through a broad resonance peak 
at 1.6 Mev. 


has attempted to fit the Hauser-Feshbach theory to the 
excitation of the 13/2+ level of Pb’. The fit is very 
sensitive to the values of Vo and ¢; however, with ¢ 
about 0.03, she was able to obtain a reasonable fit with 
a rather small change in Vo. An investigation is being 
made to determine the contribution to the inelastic 
scattering from the process of direct excitation through 
coupling of the incoming neutron to the collective modes 
of the target nucleus. At present it appears that inelastic 
scattering data cannot be used to make spin assign- 
ments to excited states. A better understanding of the 
nature of the interactions is needed to permit an inter- 
pretation of the data. In certain special cases however 
the inelastic scattering data provide the most direct 
measure of the complex part of the interaction potential. 
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Differential cross sections for the elastic scattering of protons from Li? were measured over the energy 
range 1350 kev-3000 kev at the center-of-mass angles 70°, 90°, 110°, 130°, 150°, and 167°. The various 
proton groups scattered from different elements in the lithium target and target backing were separated by 
a magnetic analyzer. The 167° data agreed well with the earlier work at 166.3° by Bashkin and Richards. 
At all six angles the curves showed a maximum at about 2000 kev, a dip at 2230 kev, and an anomaly near the 
1882 kev Li’(p,n)Be’ threshold. Exclusive of the anomaly, the energy dependence of the data suggests the 


presence of two interfering levels in Be’. 





I. INTRODUCTION 


EASUREMENTS of the differential cross sec- 
tions for the elastic scattering of particles by 
nuclei as a function of energy and angle have proven 
very fruitful for the determination of the properties of 
the energy levels of the compound nuclei involved. The 
present experiment concerns the elastic scattering of 
protons from Li’. In this case the compound nucleus, 
Be®, is formed in highly excited states. Warters, Fowler, 
and Lauritsen’ have measured this elastic scattering 
cross section at seven angles in the bombarding energy 
range between 360 kev and 1400 kev. A yield curve for 
one angle at higher energies has been obtained by 
Bashkin and Richards.* This curve exhibited interesting 
variations near the threshold and the first resonance 
for the Li’(p,n)Be’ reaction. The following experiment 
was undertaken to obtain data above 1400 kev at 
several angles in order to assist in determining the 
structure of the Be® nucleus. 


Il. EXPERIMENTAL PROCEDURE 


The proton beam was supplied by the State Uni- 
versity of Iowa statitron. A magnet which deflected 
the beam by 25° before it entered the target chamber 
prescribed the proton energy. A second magnet was 
used to separate the protons elastically scattered by 
the lithium from the protons scattered by other ele- 
ments in the target and target backing. 

The target chamber and magnetic analyzer are shown 
schematically in Fig. 1. The deflected proton beam 
enters from the left and then passes through the slits 
S, and S2, the tube E, the }-in. diameter aperture A,, 
and the target 7, being finally caught in a Faraday 
cage F. The protons emerging from the target passing 
downward into the tube to the right are subjected to 
analysis by the magnet M ; the selected group passes on 


down into the thin end-window proportional counter: 


t This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Work performed in part while an Atomic Energy Commission 
Predoctoral Fellow. Present address: Naval Research Laboratory, 
Washington 25, D. C. 

1 Warters, Fowler, and Lauritsen, Phys. Rev. 91, 917 (1953). 

2S. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 (1951). 


C;. Possible particle paths are determined by the set- 
tings of the slits S,, S7, and Ss. The other slits (53, Ss, 
and S,) and the apertures (A», As, Ag, As, As, and A7) 
do not interfere with these paths, but minimize spurious 
counts due to protons scattering off the walls and sur- 
faces of this analyzer section. As shown in the detail, 
there is a sliding joint, sealed by the “O” ring O, be- 
tween the upper and lower halves of the cylindrical 
target chamber. This allows rotation of the lower half 
of the target chamber together with the magnetic 
analyzer about a vertical axis through the target center 
while the upper part remains fixed. In this manner, the 
angle of detection with respect to the beam direction 
may be varied between 15° and 165°. 

Not shown on the drawing are two proportional 
counters in the upper half of the target chamber facing 
the target which were used for detecting the alpha 
particles from the Li’(p,a)a reaction. This reaction was 
used for comparing different targets, for measuring 
variations of targets with time, and for monitoring 
target thicknesses during their preparation. 

The target was a thin lithium layer evaporated from 
a furnace onto the backing while it is in place in the 
target chamber. The target backing was a thin Zapon 
film upon which a layer of aluminum had been evapo- 
rated to prolong its life under bombardment. The total 
target, including backing, was only a few kilovolts 
thick to the proton beam. The post on which the target 
holder was mounted was rotated to minimize the total 
path length in the target and backing for the scattered 
protons. 

The 85° angle between the entrance and exit edges 
of the magnet causes a focusing action in the direction 
of bending. Because of this focusing, a particle group 
passing through slit S, will be smaller in width than the 
opening of slit S7 in front of the counter. Thus there is a 
small flat portion on the top of the resolution curve in 
which the counting rate is independent of the exact 
magnet current. With the particular settings of the 
slits used, the acceptance solid angle of the magnet was 
10~ steradian and the resolution in momentum was 
2.6%. 

A spectrum of the protons from a natural lithium 
target may be seen in Fig. 2. A clear separation of the 
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Fic. 1. Target chamber and analyzer path. Protons entering through tube EZ are scattered in the target 7, analyzed 
by magnet M, and counted in the counter C;. C2 is a counter used for auxiliary measurements. The laminated shield 
L attached to the magnet and the high permeability tape wrap W minimize the influence of the fringing field of the 
magnet on the entering beam. D is a disk interposable in front of the counter for background measurements, P is a 
cooled plate used as a cold trap, O is an “O” ring, F is a Faraday cage, and V represents a vacuum lead to a dif- 
fusion pump. The A’s and S$’s are various apertures and slits. 


proton groups in this curve at the maximum backward 
angle available was obtained; at the more forward 
angles they moved closer together limiting the minimum 
angle for the present experiment to 70°. To minimize 
the Li® contribution at the forward angles, isotopically 
enriched Li’ was used for some of the data. 

In taking a datum point at a given angle and energy, 
the current in the analyzer magnet was adjusted to 
select the protons elastically scattered from the Li? 
and counts were then taken for a given amount of beam 
charge as measured by a current integrator connected 
to the Faraday cage. Points were taken at closely spaced 
proton energies for six different angles. A run at one 
angle took several days. A target usually lasted through 
such a run without breaking. The beam currents used 
were between 0.17 and 0.35 microampere. 

The apparatus was checked for possible systematic 
errors by measuring the elastic scattering of protons 
from thin gold evaporated targets. This gave agreement 
within 2% of the expected dependence on energy and 
angle as predicted by the Rutherford law. 


Ill. RESULTS 


Since the thickness of the targets varied with time 
and between different targets, the data using the 
Li’(p,a)a counters were used to convert the Li’(p,p)Li? 
data for all angles and energies to the same relative 
cross section scale. Absolute target thicknesses were 
not measured because the lithium content of the very 
thin targets used could not be determined with adequate 
precision. Therefore, the factor used in converting to 


an absolute cross section scale was obtained by a com- 
parison with the data of Warters, Fowler, and Lau- 
ritsen! in the small region of overlap in energy. 

Figure 3 shows the data for the six angles at which 
measurements were made. The maximum error in 
energy of a point is considered to be +1%. Several 
factors enter into errors in the values of the cross sec- 
tions. Some of the counts recorded were from protons 
corresponding to tails of other groups in the spectrum 
curve, some due to particles from other reactions (e.g., 
Li®(p,)He*) which get through the analyzer at certain 
current settings, some from knock-on protons in the 
methane counter gas due to the neutron background 
in the room. Corrections for these background contri- 





Fic. 2. Momentum 
spectrum curve for pro- 
tons scattered from a 
lithium target. Proton 
energy was 1075 kev 
and angle of analyzer 
was 165°. Arrows indi- 
cate ones peak posi- 
tions for the protons 499 
elastically scattered 
from the indicated iso- 
tope. 
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butions were made and are considered accurate only 
to a factor of 2. However, these corrections to the data 
amounted to 4% or less except at 70° where they were 
somewhat higher. Counting statistics varied between 
1 and 3%. The accuracy of the Warters, Fowler, and 
Lauritsen data! is quoted as 5%. Based upon this, it 
is believed that the present absolute cross section 
measurements are accurate to 10% except at 70° where 
a somewhat larger uncertainty might be assigned. The 
relative cross sections which do not depend upon an 
absolute calibration have an internal consistency better 
than 10%. 

Absolute values for the cross sections were also 
measured by Bashkin and Richards’? with a stated 
uncertainty of at least 20%. These data for the slightly 
different angle of 166.3° are given on the 167.1° graph 
as the solid line. The good agreement between these and 
the present data may be noted. 


IV. DISCUSSION 


All of the Li’(p,p)Li’ differential cross section curves 
exhibit an anomaly near the Li’(p,m)Be’ threshold. 
This anomaly is seen to change in shape as the angle of 
detection changes. Also, the position of the peak of this 
anomaly is lower than the threshold energy for 167.1°, 
but moves up to this energy at the smaller angles. An 
examination in greater detail of the anomaly for 90° is 
seen in Fig. 4. While gathering the proton data, neutrons 
from the Li’(p,n)Be’ reaction were detected with a 
shielded long counter at 0° to the incident beam. 
Figure 4 also shows this neutron curve. The threshold 
is indicated by the point at which the neutron counting 


rate starts rising; the target thickness is given by the 
energy interval of rising portion. This interval is seen 
to coincide with the energy interval of the approxi- 
mately flat portion of the proton peak. This behavior 
is consistent with a spike just at threshold which is 
rounded off by the target thickness. Such a spike or 
cusp in a reaction or scattering has been predicted by 
Wigner® to occur at the thresholds for competing re- 
actions. Newson‘ and Haeberli® have made the sug- 
gestion (which is equivalent above threshold to Wig- 
ner’s prediction) that the anomaly might be explained 
on the basis of the effects of the rapidly changing total 
width of a resonance when the neutron partial width 
becomes a possible contribution. 

From the curves at the six angles, it would appear 
that they may represent the result of two interfering 
resonances. A dip occurs in all of the curves near the 
energy of 2240 kev at which the companion Li’(p,”) Be’ 
reaction indicates a resonance. It is possible, therefore, 
that this is one of the resonances. The other resonance 
would be lower in energy and several hundred kev wide 
and perhaps would correspond to a resonance indicated 
by the yield of hard gamma rays*.’ from the Li’(p,y) Be® 
reaction. Although other combinations of two or more 
levels might be possible, the discussion to follow is based 
on the assumption of these particular two levels. 

Certain limitations on the values of the orbital 

’ Eugene P. Wigner, Phys. Rev. 73, 1002 (1948). See also 
reference 2. 

4H. W. Newson (private communication). 

§ W. Haeberli (private communication). 

®P. C. Price, Proc. Phys. Soc. (London) A67, 849 (1954). 


7 Swann, Rothman, Porter, and Mandeville, Phys. Rev. 98, 
1183(A) (1955). 
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angular momenta (/) of the incident protons and on the 
angular momenta (J) of the states of the compound Be® 
nucleus follow from the widths of the levels and the 
magnitudes of the resonant cross sections. Such in- 
formation concerning the level at 2240 kev is obtained 
from the Li’(p,) Be’ data’ while the information about 
the other level is inferred from the Li7(p,p)Li’ data of 
the present experiment. Because of the other contri- 
butions, in particular the Coulomb, it is difficult to 
give precisely the resonant part of the cross section for 
this Li’(p,p)Li’ scattering. However, an estimate of its 
value may be made by integration of the differential 
cross section data over the six angles for which it is 
given. 

The reso: «nt part of the total cross section for the 
Li’(p,n)Be” action at resonance is 


(2J+1) 47, I’, 
———— 7 ———————, (1) 
(27+1)(2i+1) (P,+T,)? 


and for the Li’(p,p)Li’ scattering is 


47,” 


(2J+1) 
ot 1h- ’ 
(27+1)(2i+1) (f,+T',)* 





(2) 


where J is the angular momentum of target nucleus, 7 is 
the angular momentum of bombarding particle, 274 is 
the wavelength of the incident proton, I’, is the partial 
width for proton emission from the state in Be’, and 
I’, is the partial width for neutron emission. The total 
widths I of the levels have been assumed to be equal 
to the sum of only the proton and neutron widths as 
other competing reactions show only a small, if any, 
resonance cross section due to these levels. Comparison 
of the experimental data with cross sections calculated 
from (1) and (2) shows that J must be at least 2 for the 
Li’(p,2)Be’ resonance, and at least 1 for the other 
resonance. 

The partial width I, is equal to 2k,v,,y,? where kp 
is the wave number, v, is the penetration factor for 
protons of angular momentum /, and y,? is the reduced 
width for emission of a proton. A similar relation holds 
for neutron emission. The same / value should be in- 
volved in I’, as in I’, as the modes of decay of Be® into 
Li’+ and into Be’+mn are similar since the ground 
states of Be’ and Li’ are mirror states. Teichman and 
Wigner’ have given a theoretical upper limit (sum rule 
limit) of 34?/2MR for the reduced widths, where M is 
reduced mass of separating system and R is maximum 
radius of nuclear interaction. Using this upper limit 
for computing I’, and T’,, the sum of I’, plus’, is much 
smaller than the widths of the two levels for / values 
greater than 2. Thus these higher values of / are not 
permitted. Application of relations (1) and (2) in con- 
junction with the small maximum value of I’, allowed 


8 R. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 (1948). 
° T, Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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Fic. 4. Detail of 
the anomaly for de- 
tection angle of 90°. 
The Li’(,p)Li? data 
are given by the 
open circles with the 
scale given to the 
left. The data given 
by the;solid circles 
with the scale at the 
right are for the for- 
ward traveling neu- 
trons from the Li? 
(p,n)Be? reaction. 
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for /=2 eliminates /=2 protons for the Li’(p,n)Be? 
resonance and J values larger than 3 for the other 
resonance. 

The angular momenta /, i, and / combine to give the 
angular momentum J of the compound state. Since the 
parity of Li’ is odd, the parity of a Be® state is (—). 
As a result of the above limitations, the J and parity 
values of 2+ or 3+ for the Li’(p,2)Be’ resonance and 
of 1+, 2+, or 3+ for the other resonance are allowed. 
The 2+ value is improbable for either state unless it 
has total isotopic spin 1 since a resonance for the decay 
of the Be’ into two alpha particles is not observed in this 
region.!® 

Exact fitting of parameters to these two levels has 
not been successful at present. 

On the basis of both experimental evidence and 
theoretical prediction, Lane" states that it is probable 
that levels formed in the 1p nuclear shell by P-wave 
protons will have reduced widths small compared to the 
theoretical limit, whereas states formed by S-wave and 
D-wave protons will have reduced widths comparable 
to this limit. If this is the case, P-wave and D-wave 
states can form distinguishable resonances in this 
region, but the maximum limit for I’, for S-wave states 
is so large that these states would be spread out to form 
a background. The presence of an appreciable S-wave 
background has been implied by other experiments. 

Adair” has analyzed the neutron data from the 
Li’(p,n)Be’ reaction in the region of the 2240-kev 
resonance and has shown that they are consistent with 
a 3+ state formed by /=1 protons. The 90° Li’(p,p)Li? 
curve indicates interference effects at this resonance. 
This state can interfere only with odd-/ states since at 


10 Heydenburg, Hudson, Inglis, and Whitehead, Phys. Rev. 74, 
405 (1948). These Li?(p,a)a yield data are presented on a relative 
scale. During the course of the present experiment, the differential 
cross section for this reaction at one energy and angle was deter- 
mined for the laboratory system. The result was 0.97 millibarn 
/steradian+20% at 132° for 1550 kev. 

1 A. M. Lane, Atomic Energy Research Establishment (Har- 
well) Report 7/R 1289, 1954 (unpublished). 

12R. K. Adair, Phys. Rev. 96, 709 (1954). 
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90° the interference with even-/ states and with the 
potential and Coulomb scattering vanishes. This would 
imply that the other resonance is also formed by /=1 
protons as an interference effect of such magnitude due 
to more remote resonances is unlikely. Interference 
between these two levels might be expected to occur in 
the Li’ (p,m) Be’ reaction also. However, the predominant 
interference as indicated by the angular distribution of 
the neutrons® is between states of opposite parity. 
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The scattering of low-energy neutrons by molecules is investigated by a method which facilitates the 
treatment of inelastic processes. Dynamical systems characterized by the degrees of freedom of gas molecules 
are examined in detail. The formalism is applied first to the derivation of the differential cross section for 
scattering by an ensemble of coupled harmonically oscillating nuclei in thermal equilibrium. Rotator scatter- 
ing is investigated in the limits of high and low energy, and inelastic corrections to the static approximation 
are also calculated. The cross section of a thermally excited monatomic gas is presented in a closed form 
which shows its dependence on the ratio of the mean velocity of thermal motion to the neutron velocity. 
Results appropriate to large and to small values of the velocity ratio are derived. Quantitative estimates for 


the validity of the various approximations are given. 


1, INTRODUCTION 


N recent years, the diffraction of slow neutrons by 
gases has grown in importance as a research tool, 

providing a useful complement to other techniques for 
the determination of nuclear scattering lengths and 
various molecular properties. But precise theoretical 
formulas for the differential cross sections have been 
exhibited, heretofore, only under the restrictive as- 
sumption of elastic scattering, or more accurately, the 
assumption that the energy transferred in a neutron- 
molecule collision is negligible in comparison with the 
incident neutron energy. In practice, molecules in 
thermally excited quantum states may impart to the 
neutron, and molecules of small inertia may absorb, 
energy in amounts which bear a significant ratio to the 
neutron energy. For these reasons, in many cases of 
experimental interest, the explicit consideration of 
inelasticity is necessary for a quantitative understand- 
ing of the neutron cross sections. . 

In principle, the cross sections can be computed by 
an explicit summation over contributions from all the 
scattering processes that occur. But the large number of 
molecular states encountered in a gas at thermal equi- 
librium and the large number of energetically permis- 


* Preliminary accounts of this work were presented at the New 
York and Washington meetings of the American Physical Society, 
1954, Phys. Rev. 94, 790(A) (1954) and Phys. Rev. 95, 605(A) 
(1954). 

t National Science Foundation Predoctoral Fellow. 


sible quantum transitions of the gas molecules will, as a 
rule, render such a procedure impractical. Recourse to 
more general and implicit methods of performing the 
required summations must then be sought. 

A convenient step in achieving this is the use of 
operator representations in the description of the 
internal and external coordinates of the scattering 
molecules. Expressions for the cross section may then 
be developed which implicitly sum, in closed form, the 
contributions of all transitions permitted by the con- 
servation laws. This device is the central one of the 
present work. We return to it repeatedly, considering 
in turn interactions with the various molecular degrees 
of freedom. 

The operator techniques to be used are formulated in 
Sec. 2. In the three succeeding sections, they are illus- 
trated by separate applications to problems involving 
vibrational, rotational, and translational degrees of 
freedom. The assembly and generalization of these 
results for application to the full problem of diffraction 
by gases is given in the paper which follows. 


2. GENERAL FORMULATION 


The scattering of neutrons by the nuclei of chemically 
bound atoms may be accurately treated by means of the 
familiar Fermi pseudopotential approximation.'! The 


short-range potentials acting between neutrons and 


1 E. Fermi, Ricerca sci. 7, 13 (1936). 
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nuclei are replaced by point interactions (delta func- 
tions). The latter are treated using the formalism of the 
first Born approximation, a procedure whose accuracy 
rests upon the adjustment of the interaction strengths 
to yield correctly the amplitudes for scattering by 
isolated, fixed nuclei. The interaction between a neu- 
tron at r, and a nucleus at r’ is then? 


U(ta,t’) = (24a/m)6(t.—r), (2.1) 


in which m is the neutron mass and @ the bound 
scattering length. The effects of the spin-dependence of 
the scattering length are treated in detail in the paper 
which follows; for the present work we assume the 
scattering independent of spin. 

The potential experienced by a neutron traversing 
a molecule is effectively the sum of the contributions 
(2.1) due to each of the nuclei y=1, 2, ---, NV: 


V(r.) - Le v (rn,0,) = (2x/m)>» 4,6 (tn— r,). 


We consider a collision in which the neutron momen- 
tum changes from ky to k, while the molecule simul- 
taneously undergoes a transition between the initial 
and final states y; and y,, for which the molecular 
energies are E,; and E, respectively. The differential 
cross section in the laboratory system for such a process 
we denote by o,;(@): 
o7i(0) = (m/27)?(k/ko) 
x | Ws] fete #0 V (1q)drn| Yi) |? 
= Lo,» Gedy (k/ko)(Ws| e** 9) *| Y,) 
Kp] FBO) “44 y,), 
It is convenient to introduce notations for the neutron’s 
gain of momentum and its gain of energy. We write 
x= k _ ko, 
e= (1/2m) (R’—k,?). 
We note the restrictions on the energies entering (2.4): 
The conservation of energy, 


e=E;— Ey, 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


(2.6) 


and the requirement that the final neutron energy be 
non-negative, 


se He (2.7) 


where &)=ko?/2m is the initial neutron energy. Since 
the various molecular transitions accompanying scatter- 
ing processes remain unseparated experimentally, the 
complete differential cross section is obtained by sum- 
ming the contributions of transitions to all admissable 
final states of the scattering molecule. The cross section 
o:(0) so defined depends on the initial state of the 
molecule; we shall later determine its average (o;(0))7r 
over a distribution of molecular states in thermal equi- 
librium at temperature T. 


2 A system of units in which # has unit magnitude is employed 
throughout the present paper and the one that follows. 
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The conditions (2.6) and (2.7) may be incorporated 
into the expression for o;(9) by making use of the delta 
function and its Fourier representation in carrying out 
the final state summation’: 


(0)=5 f de 5(E;—Ey—0o3(6) 
f 


— & 


= (22) f de f dt eittei(Bi-B/)tg (9), (2.8) 
1 Fig See 


Introducing the molecular Hamiltonian H, we may, by 
using the relations exp(—iE,l)~;=exp(—iHi)y,, etc., 
rewrite (2.8) in the form 


o(0)= (ny E aaty f f (k/ka)e- 


X (Wile! exp(ix- r,)e~#*| y,) 
X (Wl exp(—ix-r,)|ys)dide. (2.9) 


Assuming the final states form a complete set, we may 
immediately sum over them. 


ai(0)=(22)" © aay J [ero 


X Wil e* exp(ix- r,)e~*#* exp(—ix-r,-)|ps)dide. (2.10) 
The energy spectrum of the scattered neutrons is con- 
tained in the integrand of (2.10). If we define o;(0,¢) as 


the differential cross section for scattering of neutrons 
with energy transfer e, we may write 


o;(0,€)= (k/2rko) au aay fe 


X (W;| ce! exp(ix- r,)e~* exp(—in-r,-)|y)dt (2.11) 


together with the integral relation 


(2.12) 


oi(0)= f o;(0,¢)de. 
— & 


The expressions (2.10) and (2.11), representing the 
cross sections in terms of expectation values in the 
initial state of the molecule, furnish a convenient start- 
ing point for the development of a number of techniques 
to be used in treating the various molecular degrees of 
freedom. The Hamiltonians for these coordinates are 
sufficiently simple to permit the exact or approximate 


3 This device was first used in a similar context by W. Lamb, 
Phys. Rev. 55, 190 (1939). 

‘When identical nuclei are present in the molecule, the final 
states will be restricted by symmetry requirements. The summa- 
tion may nevertheless be carried out over the complete set since 
the interactions are symmetrical among the like nuclei, and 
matrix elements for yy of symmetry character different from 
yx vanish. 
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evaluation of the required operator products by ele- 
mentary methods. In this way we characteristically 
avoid all explicit use of the molecular wave functions. 
The expression (2.10) implicitly computes and sums 
the transition probabilities corresponding to all non- 
vanishing matrix elements, a property particularly 
convenient when, as is frequently the case, large num- 
bers of different transitions take place. 

To simplify the operator products entering (2.11), 
two devices* will later prove useful. We may introduce 
the time-dependent position coordinate r,(/) of a 
nucleus as an operator satisfying the Heisenberg equa- 
tion of motion: 


id(r,(t))/dt=r,()H—Hr,(t). 


The solution, written in terms of the time-independent 
operator r,, is 


(2.13) 


r,(t) =e ze, (2.14) 


The expectation value required in (2.11) may then be 
expressed more compactly as 


(W;| e“#* exp(ix-1,)e~#* exp(—ix- r,-) |p) 
= (yi|exp[ix-r,(¢)] expl—ix-1,(0)]lys), (2.15) 


where the time-independent coordinate r, has been 
written in the time-dependent notation as r,-(0). 

Alternatively we may note that in virtue of the canon- 
ical commutation relation between the coordinate r, and 
its conjugate momentum p,, the function exp(ix-r,) 
acts as a translation operator on the momentum: 


(2.16) 


exp(ix-r,)p, exp(—ix-r,)=p,—x. 


The same transformation performed on the molecular 
Hamiltonian H yields a new Hamiltonian, which we 
denote as H,,)’. This is 


H wy)’ =exp(ix-r,)H (p,,r,) exp(—ix-r,) 
=H(p,—«,r,) (2.17) 


in which only the dependence of H on p, and r, has 
been indicated. The expression H,,)’ may be regarded 
as the effective Hamiltonian of the molecule after the 
incident neutron has gained a momentum x in a col- 
lision with the vth nucleus. The direct scattering terms 
(v= »y’) of (2.11) may now be simplified by noting that 
they contain the same transformation, applied to an 
exponential function of the Hamiltonian H, 


(W;| e** exp(ix- re exp(—x- r,) |y:) 
= YileMteto'tly,). (2.18) 
To illustrate the application of the foregoing work we 


begin by discussing the interaction of the incident 
neutrons with the vibrational degrees of freedom. 


3. SCATTERING BY VIBRATING SYSTEMS 


Taking the molecular center of gravity as origin, we 
represent the equilibrium positions of the vibrating 


5 These have also been noted by G. C. Wick, Phys. Rev. 94, 
1228 (1954). 
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nuclei by the vectors b, (v=1, ---, NW). The displace- 
ment of the vth nucleus from its equilibrium position 
b, at any instant ¢ we denote by u,(#), so that the posi- 
tion vector r,(#) is 


r,(¢)=b,+u,(d). 


In a rotating molecule, the equilibrium positions b, are, 
of course, themselves dependent on time. We shall save 
the consideration of the b,’s as dynamical variables, 
however, till the next section and the succeeding paper, 
where the effects of rotation will be treated in some 
detail. For the present we confine our attention to the 
vibrational degrees of freedom by assuming the vectors 
b, fixed. Then, by applying (2.11) and (2.15), we may 
find the scattering by molecules in the vibrational state 
¥; from a knowledge of the expectation values 


Wi | exp[ix- r,(é)] exp[—ix- r,-(0)]| yx) 
=exp[ ix: (b,—b,-) (yi exp[ix-u,(d) ] 
Xexp[—ix-u,-(0) ]]¥,). 


However, the target molecules are in general in thermal 
equilibrium at a given temperature T rather than in 
predetermined initial states. The quantity desired for 
the prediction of experimental cross sections is therefore 
the mean value of (3.2) computed for a thermal dis- 
tribution of initial states y;. We denote such average 
values by the brackets ( )7, and introduce the abbrevia- 
tion x,,’ for the products of the exponential functions of 
the displacement coordinates. The quantities to be 
calculated then take the form 


(xo) r= (exp[ix-u,(é) ] exp[—ix-u, (0) ])r. 


These expressions may be evaluated exactly without 
difficulty for harmonically oscillating systems. 

The molecular vibrations may be resolved into 
normal modes by introducing the set of normal coordi- 
nates g,, where A=1, 2, ---, 2V—6 (or 2N—5S for 
linear molecules), together with the amplitude vectors 
c,™ for each particle and each mode: 


u,(4)=D e™gr(d). 


The dynamical independence of the normal modes 
makes it possible to separate their effects on the 
scattering. Since the normal coordinates of different 
modes commute with one another, exponential func- 
tions of u,(¢) may be factored into products of exponen- 
tials, one for each mode, 


exp[ix-u,(¢) ]=]], exp[ix-e,™g,(é)]. (3.5) 


A further consequence of the independence of the modes 
is equipartition of energy among them. The Maxwell- 
Boltzmann thermal distribution function for the 
molecule as a whole may likewise be expressed as a 
product of factors, one for each mode. The mean value 
(3.3) of the product of two exponentials may accord- 


(3.1) 


(3.2) 


(3.3) 


(3.4) 
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ingly be separated into a product of mean values: 


(x»)r=I]a (xv) 
=a (expLix-e,g.(4)] 
Xexpl— ix: cy ¢,(0) })r. 


Since the averages to be evaluated take the same 
form for all modes, we may confine our attention to 
one of them and omit the index \. To exhibit the time 
dependence of a normal coordinate more explicitly, 
it is convenient to introduce the time-independent 
operators a@ and at which are conventionally used in 
the quantization of the harmonic oscillator. These 
obey the commutation relations 


[a,at] =1, 
[a,a ]=[at,at]=0. 


(3.6) 


(3.7) 


The normal coordinate g(t), which we shall take to 
have the same formal properties as the coordinate of a 
one-dimensional harmonic oscillator of unit mass and 
angular frequency w, may then be expressed as 


q(t) =i(2w)—*(ae~***— atei@*), (3.8) 


This defines the normalization of the amplitude vectors 
e,, 

Exponential functions of the normal coordinates 
such as occur in (3.6) may be multiplied by means of 
the rule 

eAeB = cAtBHiIA,B) (3.9) 
which holds for any operators A and B which commute 
with their commutator [A,B]. Hence, for each of the 
modes we may write 


(xo) r= (expLix-e,g(t) ] exp[—ix-e,¢(0)])z 
= (exp{i[x-¢,g(t)—«-e,-q(0) }} 
Xexp{} (x: c,) (x: e)L¢(4),q(0) J})r. 


The thermal averages which must be evaluated are 
thereby reduced to those of single exponential functions 
whose arguments are displaced oscillator coordinates. 
The evaluation of such averages may be performed im- 
mediately by use of a corollary of Bloch’s theorem on 
the distribution function of an oscillator coordinate®: 
If we let Q be any multiple of an oscillator coordinate 
or linear combination of them, we have 


(expQ)r=exp{3(Q")7}. 


A simple, self-contained proof of this relation using the 
methods of the present section is given in Appendix A. 
Employing this evaluation of the thermal average in 
(3.10) and noting that expectation values of g*(¢) are 
the same as those of q?(0), we find 


(Xo) r= exp{ —3L (x: C,)?-+ (x: ey)? (P(0))r 


+ (x-¢,) (x-e,)(g()q(0))r}. 
* F. Bloch, Z. Physik 74, 295 (1932). 


(3.10) 


(3.11) 


(3.12) 
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The averages of the expressions bilinear in the co- 
ordinates which occur in (3.12) may be found directly 
from the expansion (3.8) and the commutation rules 
(3.7). These yield 


(q(t)q(0)) r= (2w)-{ (aat) pe~*#*-+ (ata) pei*t} 
= (2w)-"{ ((n) r+ 1)e~**+-(n) ret} (3.13) 


in which we have introduced the thermally averaged 
excitation quantum member (#)7. With the notation’ 


z=exp(w/T), (3.14) 
(n)r is given by 

(n)r= (2-1), 
and (3.13) becomes 


(g(4)q(0))r=[2w(s—1) }*(ze-*!+e%*), (3.16) 
The thermal average (3.12) is therefore given by 
(xo»)r=exp{ —$L (x-e,)?-+ (x-e,)?] 
X (2+1)/2w(z—1)} exp{ (x-c,) (x-e,-)z! 
X (she int g-Heiet) /Iu(z—1)}. (3.17) 


As we have shown in the previous section, the dis- 
tribution of energy transferred by the neutron to the 
scattering system is given by a Fourier integral over 
time of the thermal average (3.3). The latter, by means 
of (3.6), may be expressed as a product of factors of 
the form (3.17), one for each mode. Since the scattering 
system is equivalent to an assembly of harmonic oscil- 
lators, energy transfers must be confined to the dis- 
crete values e=}-m,w,, where the w, are the normal 
mode angular frequencies and the m are integers. This 
restriction of the energy transfers may be seen to 
follow, in the present context, from the fact that the 
expressions (3.17) for the different modes are periodic 
in time with the fundamental frequencies w,. Fourier 
integrals of these expressions are easily evaluated by 
expanding them first as complex Fourier series. As we 
shall see, the coefficients of the series may then be 
identified with the probabilities that the different quan- 
tum transitions take place. 

To expand (3.17) as a Fourier series, we need only 
note that the second of its two exponential factors 
already has the form of the generating function for the 
modified Bessel functions® /,,: 


(3.15) 


eft (vH/y) = > y"I,(x). 


n=—20 


(3.18) 


Carrying out the expansion as indicated, and eliminat- 
ing z via (3.14) we find for (3.17) 


(xo»)r=exp{ —[(x-¢,)?+ (x-y)*](4w) coth (w/2T)} 


° (x-c,) (x-e,-) 
xz conte oatn t (>), (3.19) 
n=—20 2w sinh (w/2T) 


7 By measuring the temperature in units of energy, we eliminate 
explicit occurrence of the Boltzmann constant. 
G. N. Watson, Bessel Functions (The Macmillan Company, 
New York, 1948). 
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To find the distribution of scattered particles we sub- 
stitute this expansion, performed for each of the modes, 
in the appropriately specialized form of Eq. (2.11), 


(6, de ¥ on, f ei 


2rko ».”’ 


Xexp[ix: (b,—b,-) ] II (xo™ dt. (3.20) 


The individual Fourier components of the product 
IL (x»»™)z in (3.20) will contribute delta functions of 
the energy transfer e. From the coefficients of these we 
may identify the partial cross sections for any given 
excitation processes. In particular, for a scattering 
characterized by the energy transfer e=}°) mw), we 
find the partial differential cross section® 


(ofn,1(0)) r= (k/ko) Xo», »* Ory 


Xexp[ix:(b,—-b,) Wy» (3.21) 


where 


Woy =Th exp{ oc C(x: Cy) ?-+4- (x *Cy 0) 


X (4c) coth (w/2T)} exp(—me/2T) 
(x-c,) (x-c,-) 
| . (3.22 
. ( Quy sinh (w,/27) ) aha 


For many of the cases occurring in practice the argu- 
ment of the modified Bessel function is sufficiently small 
to permit approximation of the function by the first 
term of its power series expansion: 


T,(x)~(3x)!"I(|n] 


4. SCATTERING BY ROTATORS 





(3.23) 


The scattering of slow neutrons by a gas may induce 
large numbers of different rotational transitions among 
the molecules. In this situation, which prevails charac- 
teristically for neutron energies larger than the rota- 
tional level spacings, the labor of computing the cross 
sections by direct summation of the transition probabili- 
ties becomes prohibitive. The present section is devoted 
to the development of convenient approximation 
methods for finding the cross sections and energy dis- 
tributions of neutrons scattered by rotators. 

Many features of the problem may be understood by 
treating the simplest model of a scattering system 
possessing only rotational degrees of freedom. We 
consider the collisions of neutrons with a single point 
scatterer constrained to move on the surface of a sphere. 
Let b denote the position coordinate of the scatterer, 
M its mass, @ its scattering length, and b=|b| the 
radius of the sphere. The Hamiltonian for the rotator 

® Equivalent results are quoted by N. K. Pope, Can. J. Phys. 
30, 597 (1952). The present procedure of treating all the inelastic 
processes at once and performing the thermal averaging before 


computing the individual transition probabilities considerably 
simplifies the derivation. 
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is given by 
= L*/(2b*) = (bX p)*/ (29n*), (4.1) 


where L is the angular momentum of the scatterer. 
This model proves of considerable practical use in 
treating the scattering by spherical top or linear mole- 
cules. Molecules of both these types with moment of 
inertia J rotate with energy L?/(2/). The direct scatter- 
ing by a nucleus at distance b from the center of mass of 
either of these is described by the model if an effective 
“rotational mass” IN=J/? is given the nucleus. 

A number of approaches will be developed for treat- 
ing the rotator. For sufficiently high neutron energies 
the scattering may be described in an essentially classi- 
cal way. Using the techniques of Sec. 2, the classical 
limit may be taken as the starting point for an approxi- 
mation method which computes successive quantum- 
mechanical corrections to the cross sections and energy 
distributions. Alternatively, for the frequently occur- 
ring cases in which (m/S1)<<1 an expansion of the 
general expression for the cross section in powers of the 
mass ratio may be performed. These methods are de- 
veloped in turn and compared. The interference effects 
which arise when the rotator consists of more than one 
scatterer are treated at a later point. In Appendix C 
another approximation method is introduced which 
treats neutron scattering in the very low energy regions 
where the other methods are unsuitable. 

For the rotator, the Hamiltonian after collision, 
defined in the sense of (2.17), is 


= [bx (p—x) F/ (2318") 
=[L?+«: (bx L—LXb)+ (bXx«)*]/(2918*). (4.2) 
The scattering by rotators with angular momentum / 
may be described in terms of an expectation value of 


the form (2.18) averaged over all orientations of the 
axis of rotation. Writing this as (x):, we have 


1 
= m| ,iHt,—iH’t 1™ 
(x)= 41 Fs (Yy™| 2 te-i2’*| Y™) 


= (gltg- 18's), 


(4.3) 


(4.4) 


where the wave functions Y,;"= Y,;"(8,¢) are normal- 
ized spherical harmonics. 

A classical description of the scattering is obtained 
by considering the limit of large values of kod, or 
effectively, by neglecting the contributions of the 


operator L in H’ and H. Then (4.4) reduces to the form 
(x)i= (exp —it(bXx)?/ (29108*) ):. 


Since this form no longer contains operators which fail 
to commute with the coordinate b, the average over 
orientations (4.3) may be performed classically. If x 
is the cosine of the angle between x and b, we have 


+1 
rae f exp[ —ite?(1—2)/291 de. 

















Substituting this in the expression (2.11) for the cross 
section and integrating over time yields 


oe1(0,€) = $07(k/ho) f5(e+?(1—2?)/2M) dx. 
Performing the integral of the delta function, we find 


k x? 
o-1(0,e) =a*— —————— for ——— <<, 
ko k(x?-+29e)! 29 (4 5) 
=0, otherwise. 


In terms of the neutron momenta, the inequality in 
(4.5) becomes 


ko> k> Rol.m cosd+ (IN2—m? sin?6)4](IN+m)—, 


which states the bounds of the outgoing neutron spec- 
trum. The differential cross section o-:(0) = /-a-1(0,e)de, 
which may be found by a numerical integration, is 
more easily determined, in most cases, from an expan- 
sion in powers of the mass ratio m/M: 


oe1(8)/a*= 1— (m/IM)[ (4/3) — (4/3) cosé] 
+ (m/3m)?(1—cos#)[ (4/3) — $ cosé] 
— (48/35) (m/9)* (1 —cos6)? 
+ (16/315) (m/o)*(1—cos8)? 
X (27—10 cos#—5 cos*#)—---. 


These terms occur in the calculation of the cross section 
of methane, described in the following paper. 

A cross section ¢)(6,e) taking into account the first 
quantum corrections to ¢-;(6,¢), i.e., corrections of 
order (xb)~*, may also be calculated. We record here 
only the result; the derivation is given in Appendix B: 


o) (0,€)=o1(8,€)[1+3 (xb) F (y) J, 
where 
y=r(P+2Me) 4, 
Y (y)=y+4y?—Sy*+1(/+ 1) (6y?+2y). 
For a development of the general expression for the 
differential cross in powers of the mass ratio (m/M), 


we return to (4.4). 
Consider a Taylor expansion, 


x)= a (=), 


in which the coefficients c, are functions of x and 1. 
Then o,(0,e) can be expressed formally in terms of 
derivatives of the 6 function as follows: 


a* k 


é(ij-——% (—-) * etd 
71(0,€-)=— — 2. eal —— f e~*tdi 
2m ko » mM de 


—2 


=0?(k/Ro) > n (—M)~"end™ (e). 


(4.6) 


Integration over the variable « may now be performed 
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so that the differential cross section becomes” 


o1(8) = @ko> m-"(d/de) fk (Ren) eno 
= ako" (m/M)"(k-"d/dk)"(ken)e =to. (4.7) 


Thus the expansion of the expectation value in powers 
of the time expresses the differential cross section as a 
power series in (m/S1). This ratio measures the in- 
elasticity of the scattering. A small amount of inelas- 
ticity means a slowly varying time-dependence of the 
expectation value. This, in turn, implies small coeffi- 
cients of ¢ in the time expansion and rapid decrease of 
the successive terms. The zeroth-order term of the 
expansion is the well-known static approximation which 
neglects inelasticity entirely. 

We must now develop a technique for evaluating the 
coefficients c, for the case of a point scatterer constrained 
to move on a sphere. For states in which the scatterer 
has angular momentum /, the expectation value (4.4) 
may be written as 


(x)i= (21-1) (Fi |B Vy) (4.8) 


where E;=/(/+-1)/(2916*) is the energy of the rotational 
state. Making use of the expression (4.2) for H’, we 
may write 


H’— E,= (H— E,) — (ix/Mb)B+ (?/2M)y, (4.9) 
where the operators 6 and y are defined as 
8=}ix: (bX L—LXb)/xb 
=x: (b+ibX L)/xd, (4.10) 


1= («Xb)*/(e8"), 


and the commutation relation between b and L has 
been used in deriving the second expression for 8. 
Explicit representations of these operators may be con- 
structed by choosing a system of polar coordinates" 
(8,¢) with its polar axis in the direction of x. Then we 
have the angular momentum components: 


L,=i sing(d/d8)+i cot6 cose(d/d¢), 
Ly=—i cose(d/d8)+7 coté sing(d/d¢), 
L,= —i(d/d¢), 


in terms of which we may evaluate H, 8, and y. Letting 
x=cosd we find 


L? —-1;1 0 0 m? 
H=——= == <i sind— ) _ 
291d? = 291? (sind ad ood sin?d 














—-11,90 0 m? 
= |—a-s)—-—"_|, (4.11) 
291d? | Ox ox 1—x? 
B=sind (0/d8)+cosd = (x?—1)(d/dx)+2, (4.12) 


y= sin? = 1—2°. (4.13) 


© A similar procedure was employed by Wick (reference 5) to 
derive the approximation of Placzek for total neutron cross 
sections, G. Placzek, Phys. Rev. 86, 377 (1952). 

1 The azimuthal angle ¢ is measured from the x axis. 
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Since, owing to the choice of coordinate system, these 
operators are independent of ¢, the spherical harmonics 
Y, occurring as wave functions in (4.8) may be re- 
placed by the associated Legendre functions P;"(x), 
multiplied by suitable normalization constants NV;, »'. 
We now define the “quantum number” operator 
and the “raising” and “lowering” operators ® and £ by 


MP," (x)=1P,"(x), 
RPy"(x)= Piy™(x), 
LP "(x)= Prs™(x), 
=0 if |m|=l. 
By means of the recursion relations 


(x*— 1) (d/dx) Py" (x) — (1—m+1)Pi41™(z) 
+ (I4+-1)xP;"(x) =0 


and 


(21+-1)aPy"(x) — (l—m+1)Pii™(x) 
— (l4-m) Pi_1"(x)=0 
we infer 


H=K(N+1)/(2906"), 
Pat seb a. 

2n-+1 2N+1 
y= 2(2+N—1-+m")/(2N—1)(2N+3) 
(N+2—m)(R+1—m) — (R—1+m)(R+m) 
(29t-+3)(291-+1) (29%—1)(29-+1) 








Further, if (St) is any function of 9, 
RA(M=f/(M—-HYR, Lf(M)=f(M+1)g, 


and 
LR=1, RL(MW—m*)=W?—m’. (4.14) 

We now expand exp[—it(H’—E,)] in powers of 1, 
retaining only those terms with diagonal matrix ele- 
ments (terms which may be reduced to a form inde- 
pendent of ® and £). Note that only even powers of 8 
contribute to diagonal matrix elements. Moreover, as 
H-—E, yields zero when standing adjacent to P,"(x), 
the only terms involving H — £; which need be kept are 
those in which it has factors of 8 or y on both sides of it. 
The use of the ®, £, and M representation, with the 
simple prescriptions (4.14) for commutation relations 
provides a straightforward method for evaluation of the 
time expansion coefficients to any order. We exhibit 
here the calculation to terms in ?. 

Keeping only terms with diagonal matrix elements, 
we have 


(Py™| exp —it(H’—E,) ]| Pi)=(Pi"|1—4(it/)ey 
+ (it/ST)* (uy? 4e'B*O-*) +++ - | Pr”. 
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The part of 6? which contributes is 
PP cb alli mls 
2%+1 2N+1 
(N+m)R (R+1—m)(R+1) 
eee a 








Hence, 
Ni, m(P1™|8?| Pi”) 
—/? (P— m*) 
~ (21—1)(21-+1) 
1 I 


21+-1 m= 





C(¢-+1)?—m*}(/+-1)? 
(214+-3)(2i+1) 


m?=3l(1+1), 
I 


it follows that 
(27-1) Dom Ni, m(Pi™| 6? | Pi) = —4(P+/+1). 


Spatial averages of powers of y unmixed with powers of 
8 or H—E, are easily obtained from the representation 
(4.13), so that 


(sin?) = 3, (sin’d?)4=8/15. 


Thus, 


si it ne puma 
m3 \o/lis' ot J 





Therefore, by (4.7), we obtain 


o1(8)/a*=1—(m/M)[ (4/3) — (4/3) cosé] 
+ (m/M)*{ (1—cos6)[ (4/3) —4 cos] 
+4(P+I41) (bob) 2} — ++. 


Each power of (m/SI)" in the series development multi- 
plies a sequence of m terms of which the first is solely a 
function of angle. The further terms contain successively 
higher powers of (kob)~? as well as polynomials in /. For 
a gas in thermal equilibrium, thermal averages of these 
polynomials must be computed. The leading terms 
represent the formal expansion in powers of (m/SM) of 
the classical cross section, o.;(0). The calculation of the 
diffraction cross section for methane discussed in the 
paper to follow requires the consideration of terms of 
the latter category to order (m/I)*. The sum of the 
second terms constitutes the first correction ¢(@) to 
o-1(8). For low energies, kob<1, the last terms of the 
sequences multiplying powers of m/IN predominate. A 
low-energy approximation to the cross section given in 
appendix C is shown to constitute a selective summation 
of precisely these terms of the mass expansion. The 
closed expression representing this sum indicates that 
the mass expansion fails to converge for neutron energies 
smaller than the rotational level spacings. 

We consider next the interference terms which result 
from the presence of more than one scattering center in 
a rotating molecule. Since particle interference is in- 


(4.15) 
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herently a quantum phenomenon, there is no classical 
approximation analogous to (4.5). 

Let b,, a; and be, a be the position coordinates and 
scattering lengths of two nuclei rigidly bound to a 
molecule that rotates as a spherical top or linear con- 
figuration. Let J be the moment of inertia of the mole- 
cule. We employ a device earlier applied to the treatment 
of direct scattering by introducing a Hamiltonian H(2)’, 


H 2)’ =exp(ix- b:)H exp(—ix: be) 
=[L?+ 2x: (box L—ibe)+ («X be)? ](22)7. 
The expectation value for an interference term, 
averaged over all states ¥; of angular momentum /, 


(xine)e= (Wile! exp(ix- bye“! exp(—ix- be) |Yi)m, 
can then we written as 
(xint)i= (i! exp(ix- bie) exp[_—it(H (2)’—E,) ]| Wi) v(4.16) 
with bj2=bi—be. To first order in t, (4.16) becomes 
(xint)s= (Ya| exp (ix: biz) |Yz)w— (it/20) 
X (Wi! exp (ix: bie) — 2i%- be+ (xX be)? | Yr) av 
— (it/T) i) exp(ix- bie) («xX be: L)|Yi)u. (4.17) 
In the third term of (4.17) the operator L acts directly 
upon a wave function y;. As is easily seen by choosing 
the axis of quantization along (xXbz), the indicated 
average of a component of L over all orientations of the 
rotation axis vanishes. Averages of the other terms can 
be performed classically. The integrations which occur 
give rise to the spherical Bessel functions 
jo(x) =a sinx, 
ji(x) = —a cosx+a sing. 
With these definitions, we find 
Wi | exp(ix- bie) |Wi)w= (4) exp(ix: bi.) d2 
= jo(xbi2), 
(Wi| exp (ix: bie)in- be | Yi)a0= x12 (b2?— by - be) j1(kd12), 
and 


(Wi| exp (ix by2) («XX be)?| Yi) av 
= °b,9? (bi X be)? jo(xbiz) 
+-xby2[ 2b? — 3b, (by X be)? ] 71 (xb12)- 
The portion of the differential cross section arising 
from interference effects is derived from the expectation 
value (4.16) contributed by scatterers 1 and 2, which 
we have computed in first order, plus an equal term in 
which the roles of 1 and 2 are interchanged. To find 
the interference cross section contributed by this pair 
of scatterers, we substitute the averages computed 
above into an obvious adaptation of the time expansion 
formula (4.7), to interference terms, obtaining 


aint”) (0)/a1d2= 2 jo(Kdi2) 
m 1 d kx*(b iXb.)? 
—————— jo(xbi2) 

by? 


(biX be)? 


(4.18) 


+ “Labs b.)— — 3—__—_— Jina} . (4.19) 
k=ko 


12) 12” 
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Further corrections would be rather lengthy expressions 
involving Bessel functions of higher order. However, 
inelastic effects are manifested characteristically as 
corrections to wide angle scattering while interference 
itself, for wavelengths smaller than molecular dimen- 
sions, is a forward angle effect. Thus, in (4.19), we find 
the combinations x*j9(xbi2) and «j:(xbi2) whose deriva- 
tives with respect to & are small for both large and 
small angles. The static approximation, 


Tint! (0) on 24142jo(b12), 


is in fact adequate for the analysis of many diffraction 
experiments. 


5. SCATTERING BY A MONATOMIC GAS 


Neutrons scattered by a gas exchange energy with 
the molecules via translational recoil. To study the 
effect of such processes upon the cross sections, we 
consider the scattering by a gas of single particles which 
have no internal degrees of freedom. The techniques 
thereby developed, which apply directly to the case of 
a monatomic gas, will later be of use in treating the 
scattering by complex molecules. 

To obtain the cross section for direct scattering, we 
utilize the form (2.18) of the expectation value. For gas 
densities which are not too great, we may neglect the 
possibility that a scattering atom collides with another 
during the time associated with a neutron collision. 
Accordingly, an atom participating in a direct scatter- 
ing event may be treated as a free particle with a 
Hamiltonian which consists solely of its kinetic energy. 
(However, certain interference effects, to be discussed 
later, require a more careful examination of inter- 
particle interactions.) If M is the atomic mass, we have 


H=~°/2M, H’'=(p—x)?/2M. 


Choosing wave functions y for the atom which are 
eigenfunctions of momentum as well as energy, we have 


(py e#tei#’t| )) = exp[it(2p-x—1)/2M | 


where p now specifies a momentum eigenvalue. The 
particle momenta are distributed with the Boltzmann 
weighting factor fr(p)=(2*MT)~ exp(— p?/2MT) for 
a gas in thermal equilibrium. Hence the thermal average 
becomes 


iter) f(y eitte-*|Y) fol) (a) 


—tk? tT? 
-en| .: | (5.1) 
2M 2M 


PT? 
" fe 
2M 


M \ik —M x? \? 
menree ey 
2nTx?/ ko 2T x? 2M 


so that we obtain 


. a’ k : x? 
(o(8, anne exp| —i( e+) 


2m ko 
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The operator formalism thus provides a compact 
evaluation of the energy spectrum of neutrons scattered 
at any angle. 

In order to carry out the integration over final ener- 
gies, we introduce a dimensionless variable z= k/ko pro- 
portional to the scattered neutron momentum and a 
parameter a defined by 


a= (mT)/(M 80). 
An equivalent relaticn is 


a= (§)*(0m/ 0), (S.3) 


where 2, is the mean thermal gas velocity and v9 the 
incident neutron velocity. We also write \ for the mass 
ratio m/M. We find then, by (2.12) and (5.2), 


(7(6))r= (0 (6,<))rde 
&0 


= f (0 (0,e))1(ko?/m)adz 


=a'x-to f $(0,2) exp{—[A(0,2)/aP}ds, (5.4) 


where 
(0,2) =2"(1—2z cos#+2")-}, 


z*(1+A)—2Az cos#— (1—d) 


h(6,z)= 
2(s?—2z cos#+1)! 





(5.5) 


Thus, the details of the differential cross section are 
determined by two physical parameters, the ratio \ of 
the masses of projectile and target, and the mean ve- 
locity ratio a. 

In many experiments on neutron diffraction, the 
relevant velocity ratio is rather small. An expansion of 
(5.4) about the value assumed at a=0 is therefore of 
practical value. The cross section for scattering by a 
monatomic gas may, in any event, be computed 
numerically from (5.4). However, the approximation 
for small a is applicable, as we shall see in the second 
paper, to the treatment of more complicated scattering 
systems where analogous but more complex integrals 
appear. 

Because the integrand in question is not analytic at 
a=0, the expansion of (o(@))7 about this value need not 
be a simple Taylor series in powers of a. As a approaches 
zero, the function a~! exp[h(@,z)/a ? vanishes strongly 
for all values of z save those which satisfy 


h(6,2) =0. (5.6) 


Thus, the dominant contributions to the integral come 
from the neighborhoods of the roots of this equation. 
The expansion of (5.4) is accomplished by a device 
which approximates the integrand well in the vicinity 
of these roots, though crudely elsewhere. 

The extrema of /(0,z) as a function of z are determined 
from (d/dz)h(0,z)=0 which is a cubic equation. Its 
sole real root, which we denote by zm, corresponds to a 
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minimum value h»,(@) of h(6,z). If we define a new vari- 
able of integration s by 
s=h(0,2)/a, (5.7) 

the implicitly defined function s=z(as) has two 
branches. These are specified by the notation 

s=s(as) for t>2m, 

z=s—(as) for 2<Zm. 
An inspection of (5.5) shows that z,, is positive and thus 
within the region of integration of (5.4) only when 
6<90°. 

Introducing the change of variable into (5.4), we 
obtain 
(*(6))r 

= f exp(—s*)®™ (as)ds 
Gr Sin)ia 


h(0,0)/a 
+ exp(—s*)@- (as)ds for 0<90°, 


hm(0)/a 


(5.8) 
and 
(o(6))r_ 
an} ze 
where 


Let 


f exp(—s?)®@ (as)ds for 6>90°, (5.9) 
h(0,0)/a 


&* (as) = (2 (as) )dz*/d(as). 


$ (as)= Po cn as” (5.10) 
n=) 

be the formal Taylor series for +) and ®@) about 
s=0. Upon substitution of these series into (5.8) and 
(5.9), we encounter integrals over terms of the general 
type exp(—s*)a"s". It is now assumed, as part of the 
approximation, that a@ is small enough to permit the 
replacement of the (negative) limits of integration 
h(0,0)/a and h»,(0)/a by — ©. This corresponds to the 
neglect of contributions to the cross section of order 
a exp[ —h(0,0)/a}? and a exp[—hm(0)/a?. 

Then the differential cross section takes the form of a 
power series in a’, 


(o(6))p=a%e- f ” exp(—st) (as)ds 


—« 


=a YS aT (n+4), (5.11) 
n=) 


the odd powers of (as) canceling in the integration. The 
computation of the initial terms of the series is straight- 
forward, if tedious, and yields 


(o(0))r=(0 (6))r+(o@))r+-+, 
[A cos#+ (1—? sin’)! ? 
(1+d)2(1—? sin’)? 
(0 (0))a$a°a*[ 1+ (A+4A*) (3 cos’*?— 1) 
+)! sin?0(5 cos’@—- 1)+O(A‘) ]. 


(5.12) 


(6 @))r=a 
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Because of the complexity of the exact expression for 
(a (0)) it is written here as a power series in the mass 
ratio. The cross section for a=0, or equivalently, zero 
temperature, is given by the leading term of (5.12). 
It is just the result ordinarily derived by kinematical 
transformation to the rest system of the scatterer from 
the center-of-mass system, in which the cross section is 
isotropic. 

(We have noted earlier the nonanalytic dependence 
on a of the function whose integral determines the cross 
section. In consequence, the series (5.11) likewise fails 
to behave analytically at a=0. Convergence of (5.11) 
for any range of values of a implies that c2,‘+) tends to 
zero with increasing m with sufficient rapidity to assure 
that d°ce,‘+)s*" is an entire function. Since the even part 
of @*)(as) is manifestly not an entire function, we 
recognize that (5.11) and (5.12) represent an asymp- 
totic series.” 

The utility of the expansion of the cross section is 
limited by its asymptotic character; its region of ap- 
plicability is dependent on the accuracy desired. For 
scattering by particles whose mass is at least twice the 
neutron mass, the use of solely the zeroth-order term 
of (5.12) may be shown to cause an error of less than 
1% when a<1/10. The cross section for somewhat 
heavier scatterers, e.g., A< 1/5, is given to within 1% 
by retaining only the first two terms of (5.12), provided 
that a<1/5. 

It may be remarked that the series (5.12) is precisely 
the result which would have emerged had the time 
expansion method of Sec. 4 been applied to the cross- 
section formula. The present method of deriving the 
expansion indicates the extent to which the former 
procedure represents the cross section accurately, and 
permits a study of the analytical properties of the 
series. These considerations will be seen in the next 
paper to apply equally well to the scattering by com- 
plex nuclei. The application of the time expansion 
method in the more general context yields additive 
corrections to the static cross section which are asso- 
ciated with the different molecular degrees ot freedom 
with which the neutron may exchange energy. Among 
these corrections will appear the terms of (5.12). 

The form of the approximate cross section in the 
limit of large a, i.e., high temperature or low incident 
neutron energy, is easily derived. If the region of inte- 
gration in (5.4) is separated, for example, into (0,a') 
and (a!,o), then for a>>1, the integral over the first 
region is less than 


at 
aa tat f (22— 2z cosé+1)~tdz 
0 


12 See, for example, E. T. Whittaker and G. N. Watson, A 
Course in Modern Analysis (The Macmillan Company, New York, 
1945), pp. 150-159. 
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which goes to zero, whereas the integral over the second 
region becomes 


otetet f z exp[ —2*(1+A)?/4a? |dz. 
4 


Setting y=2*(1+))?/4a*, the latter integral becomes 
simply that of an exponential, and as a becomes large 
the lower limit goes to zero. Hence we find asymptoti- 
cally for large a, 


(0 (0))r~a? (1+)? (2ar-?). 


For intermediate values of a a weak logarithmic 
singularity in the forward direction is contributed to the 
differential cross section by scatterers moving with 
nearly the same velocity and direction as the incoming 
neutron. The scattering by these particles is clearly 
elastic and confined to small angles. 

Interference between the amplitudes scattered by 
independent atoms of the gas (the “outer effect”) 
produces a change in the intensity well known in the 
case of x-ray diffraction. To calculate the intensity 
exactly, however, requires detailed information on the 
interparticle interactions and the position correlations 
they lead to. In particular, to treat the inelastic part 
exactly a knowledge of the time dependence of the 
position correlations is required as well. Since the inter- 
ference effect varies as the square of the density of the 
scattering system it is not often of great importance in 
gases. Furthermore, at the neutron energies commonly 
employed the effect is confined to very small scattering 
angles. Since high accuracy is not required for its esti- 
mation we may employ the simple model introduced by 
Debye" for the x-ray case. We assume the interparticle 
correlations vary relatively slowly with time and 
replace r,(¢) by r,(0) in (2.15). If now the particles are 
treated as hard spheres of diameter d, whose overlap is 
forbidden, we have for the interference cross section 
per atom: 


oint (0) = — ap (4ard*/3) (3nd) 7,(kd)| k=. (5.13) 


Here p is the number of particles per unit volume, and 
jx is the first-order spherical Bessel function (4.18). 
APPENDIX A 


In Sec. 3, use was made of the thermally averaged 
expectation value of an exponential function of a har- 
monic oscillator coordinate. The theorem employed is 


(expQ)r=exp{3(Q")r}, (A.1) 


where Q is any multiple of a harmonic oscillator coordi- 
nate. This relation, a corollary of Bloch’s theorem, may 
be demonstrated quite directly by employing the 
operator representation for 0. We express Q in the form 


Q=)a+)*at 
13 P, Debye, Physik. Z. 28, 135 (1927). 
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where a and at are the familiar quantization operators, 
obeying the commutation relations (3.7), and the 
coefficients \ and \* may contain an oscillating time 
dependence. To find a matrix element of a function of 
Q it is convenient to carry out first a rearrangement of 
the operators a and at which collects the powers in 
which they occur and fixes their order. For this purpose 
we employ the identity (3.9), by means of which the 
function expQ may be expressed as 


expQ=exp(A*at) exp(Aa) exp(3]A|?), 


a form which is chosen so that the annihilation operators 
precede the creation operators. The diagonal element of 
expQ in the mth excitation state is then found by intro- 
ducing the series expansions of the functions exp(A*a*) 
and exp(Aa), which may be terminated at the mth order 
since no more than m quanta may be annihilated. 


d|2 
. ((at)?(a)?), exp(3|A}*). 
(p!)? 


(expQ).= 3 (A.2) 
po 


Using the elementary rules for the application of the 
quantization operators to the state vectors V,, 


av,= nhy,_1, aty,, = (n+ 1) Wass, 

we have 
((at)?a?),=n!/(n—p)! 

which, substituted in (A.2), yields 

n n'! 


(expQ) n= 2 Goer” exp(3|A|*). (A.3) 


The thermal average of the operator expQ is given by 


(expQ) r= Trace[exp(— H/T) expQ]/ 
Trace[exp(— H/T) ] 
=(1—exp(—w/T)]2'n exp(—nw/T) 
X (expQ)n. 


Letting z=exp(—w/7) and combining (A.4), (A.3), we 
have 


n 
eilenti-b See 
~ ” Sano | 


< 2 |d|27g7 dP : 
=(1—2) ZX po? yy exp(}|A|?). 


(A.4) 


1] | 272" 


exp(3|A|*) 


In the latter form, the summation over n is seen to be 
that of a geometric series, which yields 


o |\|27gP d? 

(expQ)r= (1-2) 2 —(1—z)* exp(3|A|?) 
rp (p!)? dz 

= (p !)*|A]?227(1—2)-? exp($|A|*) 


=exp{|d|*L3-+2(1—2)}. 
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The argument of the latter exponential may im- 
mediately be identified as }(Q*)r for 


(Q)r=|A|?(2n+1)r=2|d|?[3+2(1—2)7] 
which establishes directly the result (A.1). 
APPENDIX B 


A classical approximation to the cross section o(6,¢) 
for scattering of neutrons at a given angle and at a 
given energy, valid for large kob, has already been 
derived in the text. To compute o (8,¢), which includes 
the first quantum-mechanical correction, we begin by 
examining the operator function f(A), 

SO) =e At B+ CO) 

where, in terms of previous notation, A=H—E,, 
B=(—ix/bM)B, C= («?/2M)y. The classical approxi- 
mation consisted of treating the term C exactly and 
neglecting A and B. To find corrections of relative order 
(xb)~*, we note that C contains implicitly a factor of ky’. 
Hence we expand f(A) to first order in A and second 
order in B. Since the commutators [[A,C],C] and 
[B,C] commute with C, we find, after a short calcu- 
lation, 


fa)= rf" (0)/n! 


=1+d(A+B)+4d2([A+B,C]+B?) 
+$a*(([4,C],C]+2[B,C]B+ BLB,C)) 
+$‘([B,C})’. 


Noting that the expectation values of terms containing 
either a factor of A adjacent to a wave function or odd 
powers of B vanish, we have 


(x)= (CHA BHO) = 3 Ly! expl—it(1—22)e2/ 2907] 
X [1+ (—it)?X2(x)+ (—it)®X s(x) + (—it)*X a(x) Jd 
with 
Xo(x) = 42(ON) [3 — 722+ (1—2°)1(1+-1)], 
X3(x) = §x4M—*b-* (744— 822+-1), 
X q(x) = —Jx®OM—-*b 22? (1 — 2”)?. 
Employing the formal relation 
—ite**t= (8/de)e-**, 
we infer 
a) (0,6) = }a*(k/ke) S-s![1+ (8/d6)*X2(x) 
+ (9/d¢€)*X s(x) + (0/d6)*X4(x) J 
K5(e+n?(1—2?)/2M)dx 


(i 38 of 
= [1+ —X,(#)+ —X;(Z)+ — Xa) alt 
dé dé de 


#=«7°(e+2Me). 
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Applying the indicated differential operations to all 
explicit occurrences of ¢ lying to the right of the oper- 
ators, we obtain the expression for o(4,e) given in 
the text. 


APPENDIX C 


The approximations thus far used in treating the 
rotator have been aimed at summing the effects of the 
large number of rotational transitions which occur for 
all but very small neutron energies. When the neutron 
energies are low the convergence of these methods may 
be slow or may fail entirely. To supplement them in 
this region it is convenient to develop the cross section 
as an expansion in positive powers of (kob)*. This may 
be accomplished either by summing explicitly the 
partial cross sections due to the individual rotational 
transitions, which are few in number in the lowest 
approximations, or by using operator techniques 
similar to those described earlier. For example in 
the approximation to order (hob)? the operator 
exp[A(A+B+C)] (using notation defined in Ap- 
pendix B) is expanded to second order in B and first 
order in C before carrying out the required integrations. 
In this approximation the scattering cross section of a 
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rotator of angular momentum / is 
o1(0)/a? = 1—2 (Rob)? (1—cos6) 
+41 (21+ 1)! (kob)*L 1+ 2/7}! 
X {1+/r—cos61+ 2/7 }}} 
+3 (1+1) (2/+1)-1(hob)*L1— 20+ 1) 7}! 

X {1— (/4+-1)r—coso[1— 2(/+-1)7 }}} 
where r=m/(INk,?"). The contributions on the first 
line represent the partial cross section for the transition 
ll, while the remaining terms correspond to /—/—1 
and /—/+-1 respectively. For (m/I1)<1, it is of interest 
to expand this result in the mass ratio. We obtain 


o1(8) = 1— (4/3) (m/M) (1—cosA) 
+3 (m/M)?(P+1+-1) (kob)?+ - -: 


which is seen to contain the terms which dominate at 
low energies in the more general expansion (4.15). 
Since the present series fails to converge for values of r 
larger than (2/+2)-", the expansion (4.15) may be 
expected to break down for (kob)?< (m/IM)(2/+-2) or 
for energies & less than the rotational level spacing 
AE,=Ey4:—E;. The expansion in positive powers of 
kob, together with the earlier methods, covers the 
entire range of neutron energies of interest. 
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The methods developed in the previous paper for the treatment of neutron scattering by simplified molecu- 
lar models are extended to form a unified description of scattering by real molecules. The generalization takes 
into account the influence on scattering of the interactions that appear among the different molecular degrees 
of freedom. The effect of spin correlations within molecules due to symmetries occurring in the presence of 
like nuclei is explicitly determined. The slow-neutron cross section of methane is calculated and compared 


with experiment. 


1, INTRODUCTION 


OLECULAR scattering of neutrons is of principal 
interest at neutron energies low enough to pro- 

duce significant interference effects. These energies are 
in practice comparable with those of thermally excited 
molecular degrees of freedom. Therefore, single colli- 
sions often suffice to alter the neutron energy by 
amounts comparable to or larger than its initial value. 
In the preceding paper,! the scattering of slow neu- 
trons by various simplified molecular systems was 
studied by a method which facilitates the treatment of 
inelastic processes. The method utilizes operator repre- 
sentations for the dynamical variables of the scattering 
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system and yields simple formal expressions for the 
cross sections. The systems treated include coupled 
harmonic oscillators, rotators, and a gas of particles in 
thermal equilibrium. 

By combining these results we construct, in the 
following sections, a unified description of neutron 
diffraction by gases. Certain new features are en- 
countered, principally the interactions of the various 
dynamical modes, e.g., the rotation of the axes of 
vibration during a collision. At the same time, con- 
siderations of the spin dependence of neutron scattering 
and of spin correlations within the molecules are 
introduced. 

The diffraction of neutrons by methane is studied in 
detail in the last section. The inelasticity of the scat- 
tering by this gas is an important feature in virtue of the 
small rotational inertia of the methane molecules. 
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2. SPIN DEPENDENCE 


In Sec. 2 of I we presented the differential cross 
section as an integral over time and energy transfer of 
the expectation values of certain functions of the mo- 
lecular coordinates. If r, denotes the position vector of 
the vth nucleus of a specified molecule, the expectation 
values take the form 


(Xv) =(W| a,ay exp[ix-r,(t) ] 
Xexp[ —ix-r,(0)]|y)r. (2.1) 


These describe both direct scattering (v= v’) and inter- 
ference effects (v+¥v’) that take place within a single 
molecule of the gas. Since the scattering lengths a, and 
a,» are in general spin-dependent, they have been in- 
cluded within the expectation value brackets. 

To describe the spin-dependence more explicitly, we 
let S, be the spin of nucleus », s the neutron spin, and 
a, and a, the scattering lengths for the system of 
neutron plus vth nucleus in states whose spins are S,+} 
and S,—} respectively. Then the scattering lengths 
appearing in (2.1) are spin-dependent operators which 
may be written 


(2.2) 


in terms of projection operators x,, «, to the parallel 
and antiparallel spin states. The projection operators 
are easily expressed in terms of spin vectors: 


x, = (1+5,+2s-S,)(1+25,)-1, 
x, = (S,—2s-S,)(1+25S,)-1. 


With the customary definitions of the coherent scat- 
tering amplitude A,, 


S,+1 S, 
= a,» 
2S,+1 


a,=0,P2,0+¢,02,, 


a, 


25,41 


? 


and the incoherent scattering amplitude C,, 


S,(S,+1) }! 
— ESHOP 
2S,+1 


a, — a,—), 


the scattering length (2.2) becomes 
a,=A,+2C,(S,-s)[S,(S,+1) }3. (2.3) 
Employing the neutron spin averages appropriate to 
the diffraction of unpolarized neutron beams, 
$Lenus(8-S),=0, $Ds-ax4(8-S,)(s-S,))=1(S,-S,), 
we find, inserting (2.3) into (2.1), 
(X»)=W| frr{ Adv +C,C»(S,-S,) 


X[SASADS»(Sy+1) 14} |\Y)r, (2.4) 


where 
} =exp (ik 5 r,(t)) exp[ — ik: Ty (0). 


The wave functions for a molecule containing identical 
nuclei are restricted by the requirements of nuclear 
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statistics. Such restrictions introduce correlations of the 
otherwise independent nuclear spin orientations. In the 
absence of symmetry restrictions, each molecular wave 
function y may be chosen as a product 


V=G= (2.5) 


of a spatial function ¢ and a spin function ¢ Averages 
over molecular states then separate naturally into 
spatial averages and spin averages, performed inde- 
pendently of each other. In this case, we have 


(é| (S,-S,)| B= S.(S,+15,y, (2.6) 
and hence 


(Xv) =ArA O| fw |b>7, 
(Xv) ” Bio! Suv | ¢)r, 


~= otCr. 


When spin correlations are present, we find a further 
contribution to the expectation values (x,,) whose 
origin may be seen in (2.4). This takes the form of an 
additional interference effect between the amplitudes 
scattered by the identical nuclei. It contributes to 
(x»») the term 


CHW| fv (S,-S,-)|v)r/S,(S,4+1), (2.8) 


which is seen to depend on the incoherent, rather than 
the coherent scattering amplitude. The correlation effect 
is most familiar in neutron scattering by.ortho- and 
para-hydrogen. In diatomic molecules containing like 
nuclei, parity considerations imply a complete correla- 
tion of nuclear spins in an energy eigenstate. 

The explicit evaluation of the spin correlation effect 
for molecules of arbitrary symmetry type is carried out 
in the Appendix. The result can be summarized as 
follows: Let 7 denote the number of occurrences of a 
given type of nucleus in a molecule and let gz(Q) be the 
fraction of molecular wave functions? of energy E for 
which the total spin of the like nuclei in question is 2. 
Then, as a consequence of the nuclear symmetry, the 
value of (x,,») given by (2.7) must be replaced by the 
thermal average of 


2(Q+1)—nS,(S,+1) 


S,(S,+1)n(n—1) 
X(o| flo); 


when y and »’ denote identical nuclei. Evaluations of 
this expression in some particular cases are also given in 
the Appendix. It is noted that in all molecules save those 
of the smallest rotational inertia (e.g., H, and D2) the 
close spacing of different rotational levels compensates 
the exclusion of certain values of Q for particular levels. 
As a result, in all but the lightest molecules the correla- 
tion effect is confined to very low temperatures, and we 
may neglect it in further work. 


vy’, 
(2.7) 


where 





A &+C z gz(Q) 
Q 


(2.9) 


? Tables of gz(Q) for all molecules of common symmetry types 
are given by E. B. Wilson, J. Chem. Phys. 3, 276 (1935). 
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3. MOLECULAR SCATTERING 


In order to treat the dynamical modes of the molecules 
simultaneously, it is convenient to separate the nuclear 
coordinates into a sum of terms corresponding to the 
different degrees of freedom. The position vector r, of 
nucleus »y may be represented as 


r,= R+b,-+u,, 


where R is the position vector of the molecular center of 
mass, b, is the displacement of the equilibrium position 
of the vth nucleus from the mass center, and u, the 
instantaneous displacement of this nucleus from its 
equilibrium position due to vibration. The molecular 
Hamiltonian is taken as the sum of three parts 


H= Hyivt Brot Airans; 


which are separately the Hamiltonians for the trans- 
lational, rotational, and vibrational motions of the 
molecule. If we neglect rotation-vibration interactions 
in constructing the molecular wave functions, these 
assume the form 


Y=WspinWvibW rotWtrans; (3.1) 


in which the effects of different dynamical modes are 
explicitly separated. In a treatment of the outer effect, 
(3.1) must, of course, be supplemented by a specification 
of intermolecular correlation. 

We introduce normal coordinates, following the nota- 
tion of I, but abbreviating the dynamical variables 
evaluated at /=0 by writing, e.g., r,(0)=r,, etc. Then 


r= R+b,4+-d.¢-q,, (3.2) 
r,(t)= R(t) +b, (+E €™ (Ngr(d). x4 


The coordinates of the type R and g commute with each 
other and with b and ¢, regardless of the times at which 
they are evaluated. The coefficient vectors ¢ used in 
defining the normal modes, like the vectors b, are fixed 
in the molecule and rotate with it. The behavior the 
latter vectors have in common as rotator coordinates is 
reflected by their failure to commute save when evalu- 
ated at equal times. As a consequence, rotation and 
vibration effects cannot be completely separated from 
one another in the calculation of expectation values. 
This feature is due to the rotation of the axes of vibra- 
tion in the course of a scattering event. It is to be 
distinguished from the effect of rotation-vibration inter- 
action alluded to in the previous paragraph. The latter 
depends, characteristically, on the rotation which takes 
place during a vibrational period. 

The substitution of (3.2) into the expression (2.1) for 
(x»»’) provides a partial separation of the influence of the 
different degrees of freedom because of the separability 
of the wave functions (3.1). Thus, by (2.7) and (I, 5.1), 
we have 


(xv) = (A yA ytbyC Cy) 
Xexp[ — (it?+PePT)/2M ] 
XWrot | exp(ix: b,(é)) Vi» 


Xexp(—ix-by)|Pro)r, (3.3) 
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where 


Vv» = Wvir | exp[ ix > A c,™ (é)qa(t) ] 
Xexp[ —ix- De gr ]|Pvivdr. (3.4) 


In a calculation of the vibrational expectation values 
V,,, the noncommutativity of ¢, (¢) and e,,™ must be 
respected. The time-dependent coefficient vectors all lie 
to the left of their time-independent counterparts and 
an expression for V ,,,- inserted into (3.3) must retain the 
ordering of the coefficient vectors. With this under- 
standing we infer, by comparison of (3.4) with Eqs. 
(I, 3.6) and (I, 3.19) that 


Vw=II X exp[mw(it—37-) ] 


Xexp{ — for [x- ¢, (2) P coth (w,/27)} 
(xe €, (1) (re) 
a( Quy sinh (o,/2T) ) 
Xexp{ —fwr[x- ec, P coth(w,/27)}. 





(3.5) 


The explicit time-ordering of the argument of the 
modified Bessel function may be accomplished by intro- 
ducing the power series representation of the latter. In 
practice, the arguments of the J, are often so small that 
only the leading term of each series is required. 

The cross section for scattering by an ideal gas in 
thermal equilibrium is then given by 


(o(0))r=Dop, (Qe) SS (k/ ode **Xx,»)dide, (3.6) 


with (x,») determined from (3.3). The outer effect, 
which is due to the mutual interactions of gas molecules, 
is considered at the close of this section. 

We have seen in the previous paper how expressions 
similar to (3.3) can be evaluated with the aid of various 
approximate techniques. The characteristics of the 
scattering of neutrons by the rotational and transla- 
tional degrees of molecular freedom were investigated 
separately in the limits of both high and low incident 
neutron energy. The method of most general utility is 
based on an expansion of the expectation values (x,,-) in 
powers of ¢ and has already been applied in the discus- 
sion of rotator scattering. With the aid of this device, 
the cross section is represented as a series whose initial 
term is the familiar static approximation. The suc- 
ceeding terms describe the consequences of energy 
transfer between the neutron and the scatterer. Since 
the various inelastic processes contribute additively to 
the cross section, the time expansion method is well 
suited to the simultaneous treatment of neutron inter- 
actions with different degrees of freedom. 

As a preliminary step in the application of this 
procedure, it is convenient to effect a transformation of 
variables in (3.6). A consequence of this transformation, 
as will appear later, is the more compact expression of 
certain quantities which the time expansion method 
would otherwise yield as infinite series. We begin by 
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introducing a center-of-mass coordinate frame. We take 
this to be the frame of reference which moves with the 
mass center of the system formed by an incident neutron 
plus a molecule at rest in the laboratory. The change of 
variable contemplated is from k, ko, ¢ to similarly defined 
quantities which, however, are referred to the center-of- 
mass frame. The velocity of the center-of-mass frame 
relative to the laboratory is (u/M) times the incident 
neutron velocity, where yw is the reduced mass of the 
neutron-molecule system. Then the transformation of 
momenta becomes 


k’=k— (u/M)ko, 
Ko’ = ko— (u/M)ko= (u/m)ko, 
while the momentum transfer x is expressible as 
x=k’—ky’. 
The energy transfer ¢’, given by 
e' = (2u)-"(k”— ko”), 


differs from ¢ by a term equal to the recoil energy of the 
molecule, 


(3.7) 


e=e+"/2M. (3.8) 


The angle of scattering 6’ in the center-of-mass coordi- 
nate system is determined from the well-known relation 


- sind’ 
~ c0s6’-+ (mke’)/(Mk’) 


which implies 6’ =6+sin™[ (mk '/Mk’) sin8]. By formal 
algebraic manipulation, we find that 


k u\? k’ (Rk? dk 
—de= (=) —(— — Jae. 
Ro m ho’ Rk’? dk’ 


Z (6,k'/Ro') = (h?/k’) (dk/dk’) 


may be determined from (3.7). It is a double-valued 
function, 


mk’ mko! 2 $2 
Z(0,k' /ko’) = | cos | 1 (—) sin 
Mk’ Mk’ 


imho! 3 Sel 
x1 ca (—) sin , (3.10) 
Mk’ 
in which the sign preceding the square root is negative 
when 6<90° and k/ko<(u/M) cos#, and positive 


otherwise. 
We have then, by (3.6), (3.8), and (3.9), 


(0 (6))r= Qo», » (2) (u/m)? 
XS S (kl /ko)Ze-* Xx py" dide’, (3.11) 
where (x,»’) is obtained from (x,,.) by dropping the 


factor exp(—itx?/2M). The arguments of the Z function 
have been omitted for brevity. 





(3.9) 


The factor 
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If we now introduce the time expansion 
c<] 
(Xow)= DL call)”, 
n=O 


we obtain, in analogy to (I, 4.7), 


(o(0))r=Snv-(u/m)? f ( /hko!)Z Cin —1) "a5 (©) de! 


(3.12) 


The n=0 term of (3.12) represents the static approxi- 
mation to the cross section. It follows directly from 
(3.11) by ignoring the time dependence in (y,,-’). A 
delta function of energy transfer thereby emerges from 
the integration over ¢. The succeeding terms of (3.12) 
are inelastic corrections which take into account the 
role of scattering processes in which an appreciable 
fraction of the incident neutron energy is exchanged 
between the neutron and the molecule. 

The apparent inelasticity of scattering processes de- 
pends on the coordinate system in which they are 
viewed. A static approximation applied directly to (3.6) 
would signify elasticity in the laboratory and the 
inelastic corrections would include infinitely many terms 
arising from the time expansion of exp(—ifx?/2M). 
These terms constitute the development of Z(6,1) in 
powers of (m/M). 

The terms of (3.12) which are due to the thermal 
motion of the gas molecules form a power series in a”. 
They are, in fact, the terms appearing in (I, 5.12). The 
inelastic effects of rotator scattering are given by the 
correction terms of (I, 4.15), (I, 4.19) provided that the 
neutron mass in the latter formulas is replaced by the 
reduced mass, and additional factors of (u/m)*Z (6,1) are 
appended. Finally, there are additional corrections in 
which the effects of the translational, vibrational, and 
rotational degrees of freedom are mixed. 

When vibration effects and time dependence are both 
ignored in the rotational expectation values, the latter 
reduce to spherical Bessel functions: 


Wrot | exp[ ix: (b,— b,) ] | Vroor= jo(xby»), b,, = b,— by. 


If, in addition, we were to neglect the translational 
motion of the molecules (i.e., a—0), then (3.11) would 
become 


((6))r= (u/m)?Z (8,1) Xo», » (AvAv +CCy5,") 
X jo(xby»)| k’=ko’. (3.13) 


Equation (3.13) is the “semiclassical approximation” of 
Spiers,* and Alcock and Hurst‘ for scattering by rigid 


3 J. A. Spiers, Phys. Rev. 75, 1765 (1949); National Research 
Council (Canada) Report CRT-417, April, 1949; N.R.C. No. 1940 
(unpublished). 

4N. Z. Alcock and D. G. Hurst, Phys. Rev. 75, 1609 (1949) and 
Phys. Rev. 83, 1100 (1951). 
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molecules. It is applicable when the energy (measured in 
the center-of-mass frame) gained or lost by the rotational 
modes and by the translational modes of the molecule 
is a small fraction of the incident neutron energy. The 
considerations of I have shown that the first condition 
rests upon the validity of the inequalities 


(u/M,)K1, ((AE1)r/&)<K1, 


where the SM, are appropriately defined rotational 
masses of the nuclei. The second condition depends on 


(mT'/M &)<1. 


When these conditions do not obtain, corrections to the 
semiclassical approximation may be derived in the 
manner prescribed by (3.12). 

In treating the outer effect, we shall be content with 
the Debye approximation (I, 5.13). The independence 
of the internal coordinates of different molecules permits 
the separation of internal expectation values. The ex- 
pectation value (¢,,-) for interference between nuclei », v’ 
of different molecules becomes 


(S1)= — AA v[ (4/3) mpd® ] (Gud) j, (xd) 
X Wrot| dey exp (ix: b,) lWrot)r 
X Wrot| Vy exp(—ix-b,-) lWrot) 7; 
where 
V= Win exp(— ix: Don BN |Wvin)r- 


The quantity V, is a particular form of the general ex- 
pression (3.4). It is obtained from the latter by placing 
each ¢,(#) therein equal to zero. Since /)(0)=1, 
T,,(0)=0 for n¥0, 


V,=[Ia exp[ —iwx!(x-¢,™)? coth w/27) ]| k=. 


Then the outer scattering term which adds to (3.6) to 
complete the expression for the differential cross section 
is 


~¥,,» AA v[ (4/3)epd®] (ud) js (xd) 
X jo(xby) jo(xby-)| V,|?| k= ko. 


4. DIFFERENTIAL CROSS SECTION OF METHANE 


The slow-neutron cross sections of methane and of a 
number of other gases have been measured by Alcock 
and Hurst.‘ Their approximate formula, Eq. (3.13), 
sufficed in most cases to reproduce the observed angular 
distributions. Pope’ has applied this formula, suitably 
generalized to include the effects of molecular vibration, 
to the analysis of the scattering data on methane and 
carbon tetraflouride. He obtained good agreement with 
the experimental cross section for carbon tetrafluoride 
where the masses of the constituent atoms are large 
compared with the neutron mass, and interference 
scattering is dominant. However, the approximation did 
not adequately account for the observed decrease of 
scattering intensity at large angles in methane. ' 

The moment of inertia of a methane molecule, ex- 


‘NN. K. Pope, Can. J. Phys. 30, 597 (1952). 
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pressed in terms of the carbon-hydrogen bond length 8, 
is given by 
I= (8/3)mé?. 


Therefore, the hydrogen atoms in methane each possess 
a rotational mass 9M, in the sense defined in Sec. 4 of I 
equal to 8m/3. We have seen that inelastic corrections to 
the static or semiclassical approximation which are due 
to the excitation of rotational energy levels are of order 
of magnitude (u/31). Consequently, the effect of inelastic 
processes in the scattering of slow neutrons by methane 
may be considerable. The evaluation of this effect 
affords an illustration of the methods developed in the 
present paper, and the preceding one. 

The experiment on methane was performed by Alcock 
and Hurst at room temperature with 0.0732-ev neutrons. 
Since the neutron energy was too low to excite vibra- 
tional transitions, only the elastic term (no change in 
vibrational quantum numbers) of the summation (3.5) 
is required. Pope has already determined the normal 
coordinates for methane and CF,, and calculated the 
time-independent analog of (3.5). His result for the 
elastic term of the summation is 


exp{ —(y,+-7»)—36,(«-b,)?— 36, (x-b,)*}, (4.1) 


where b,, 6, are unit vectors oriented along b,, by, re- 
spectively and the y,, 6, are constants related to the 
force constants of the molecule. For methane, Pope 
found 

4 (ko’)*yH = 0.2863, 


4(ko’)*yo= 0.01323, 


4(ko’)?3u=0.1017, 
bc=0. 

The subscripts refer to carbon and hydrogen nuclei, and 
ko’ =5.563X108 cm™ is the incident neutron wave 
number in the center-of-mass coordinate system. A 
value of 1.093X10-* cm was used for the carbon- 
hydrogen bond length. 

Bearing in mind the ordering of time-dependent and 
time-independent operators which must be preserved in 
the vibration expectation values, we infer from (4.1), 


Vi» =expl—«(7,+7,)_] expl—36,(«-b,(0))?] 
Xexp[ — 35, («-b,-)?] 
=exp[— (y+) ] exp (tH rott) exp —36,(x-b,)?] 
Xexp(—iH rot) exp —36,-(x-b,-)? ]. 


The coherent scattering amplitudes of carbon and 


hydrogen are® 
Ay=—040X10-" cm, Ac=0.64X10-" cm. 


The bound-scattering cross sections for these nuclei are 
given by’ 


4nBy?=80.4X10-% cm, 49Bo?=4r Ac’. 


Carbon, which is spinless, has no incoherent cross 
section. The outer scattering by methane is negligible. 


6 C, G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
7R. K. Adair, Revs. Modern Phys. 22, 249 (1950). 
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The differential cross section of the methane molecule 
becomes 


(0 (0))r=4Bu?F1+12A y*F2+8AnAcF3+Ac'Fy 
where 


P= (2) (u/myPS S (k/ko)Ze~*” 
Xexp(—PT/2M)(x,)dedd, 


(x1) 7 exp(— 2K 8) rot | exp (GH ror!) 
Xexp[ix- b—3dq(«-b)?] 
Xexp(—iH roel) exp[ —ix- b—35n(x-b)*]|Prot)r, 


and the expressions for (x,), i=2, 3, 4, are similar. The 
terms 4By*F; and Ac*F, of (4.2) describe the direct 
scattering by the four hydrogen nuclei and the single 
carbon nucleus, respectively, while the hydrogen- 
hydrogen and carbon-hydrogen interference scattering 
are accounted for by the remaining two terms. 

The calculation of (o(@))7 based on the time expansion 
method will be briefly described. To compare theory and 
experiment, errors of less than $% in the numerical 
computations may be disregarded. The static approxi- 
mation to F; takes the form 


(Fi) stat= L (u/m)?Z (0,1) exp(— 2x*yx) 
x (4r)71f exp —3én (x: b)* ]dQ.]x’= ko’, 


To this, we must add the inelastic corrections due to 
terms proportional to powers of ¢ in the expansion of 
exp(—?T*/2M){x:). The velocity ratio, as defined in 
section 5 of the preceding paper is given by a?=0.022. It 
follows that only the lowest order corrections for the 
thermal motion of the gas molecules, namely those 
proportional to a need be retained. Accordingly, the 
factor exp(— fTx*/2M) whose expansion generates the a- 
dependent terms may be approximated by (1—#7%2/2M). 
The magnitude of the methane cross section is altered 
less than 3% by the inclusion of the effect of random 
thermal motion. 

To obtain the rotational corrections, we first expand 
in powers of the small quantity dy. Then the techniques 
employed in Sec. 4 of I in the evaluation of the direct 
scattering and interference expectation values to orders 
f and {, respectively, are applicable. In the present case, 
some terms of order # and @, resulting in rotational 
corrections to the cross section proportional to (u/91)* 
and (4/91) must be included in the calculation, as well 
as terms to order # which describe rotation-vibration 
interactions. The sole isotropic contribution to inelastic 
rotator scattering of appreciable size is given by the 
term of (I, 4.15) proportional to (P+-/+-1). The thermal 
average of the latter polynomial, evaluated at room 
temperature, is 61.6 so that the magnitude of this term 
is about 8% of the cross section in the forward direction. 
All other corrections contain one or more factors of 
(1—cos#) and contribute predominantly to the large 
angle scattering. 

The terms F2, F;, and F, may be calculated with less 
accuracy than F, because the coherent scattering 


(4.2) 
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factors 12A,?, 8AnAc, and Ac? are much smaller than 
4By’. Thus, the effect of thermal motion of the mole- 
cules may be disregarded in these particular terms. The 
inelastic rotational corrections to the interference scat- 
tering by two hydrogen nuclei, determined by (I, 4.19) 
are likewise negligible. No inelastic rotational correc- 
tions contribute to the direct scattering by the carbon 
nucleus, since this nucleus does not rotate. Such cor- 
rections are also absent from the carbon-hydrogen 
interference scattering, for the relevant expectation 
value (x3) is composed of terms of the two forms 


expl—«(yo+7x) ] 
XWrotl exp (7H rot!) exp(ix -b-— 36y (x: b)*) 


Xexp(— tH ror!) | Vrot)r 
and 


exp[ —«(yo+7x) ] 
XWrot | exp (iH ort) exp(— 1H rot) 
Xexp(— ix: b— 36x (x: b)?) \Wrotr 


in both of which the time dependence cancels. The 
physical basis of this simplification is easily understood 
as follows: a transfer of angular momentum to the 
molecule cannot occur if the neutron collides with the 
centrally located carbon nucleus. Hence any rotational 
inelasticity implies that the neutron has collided with a 
hydrogen nucleus. The rotationally inelastic scattering 
therefore contains no carbon-hydrogen interferences. 
In Fig. 1, the calculated differential cross section® is 
compared with the data of Alcock and Hurst. The 
dashed line is the semiclassical approximation computed 
by Pope. The theoretical curves have been normalized 
to unity at @=0°. The normalization of the experimental 
points is that which gives closest fit at large angles, 
since in the forward direction the experimental errors 
are rather large. Our curve reproduces the data quite 
well at large angles. Although the agreement is less 
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Fic. 1. Scattering of 0.0723-ev neutrons by methane at 
room temperature, 


8 The total cross section for methane as a function of energy has 
been calculated by A. M. L. Messiah, Phys. Rev. 84, 204 (1951). 
We note that the oscillatory deviations of the experimental points 
from Messiah’s curve are accounted for to within experimental 
error by the interference scattering which he neglected. 
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satisfactory at small angles, the experimental points for 
high and low gas pressures do not themselves agree here, 
suggesting the possibility of a slight experimental inac- 
curacy. Because of the relatively small values of the 
coherent scattering amplitudes of carbon and hydrogen, 
diffraction maxima and minima are not a prominent 
feature of the methane cross section. The most pro- 
nounced characteristic is the steady decrease of scat- 
tering intensity as a function of angle, due primarily to 
the effects of molecular vibration (included in Pope’s 
curve), and to the large probability for inelastic 
scattering through interaction with the rotational 
degrees of freedom. 


APPENDIX 


It was shown in Sec. 2 that spin correlations which 
result from the requirements of nuclear statistics in the 
presence of like nuclei lead to additional interference 
terms in the scattering. The term which adds to (2.7), 
summed over distinct pairs (v¥ v’) of like nuclei has the 
form 


(x)corr= z 4 v’ Cry | Sw (S, F S,) lyr S,(S,+ 1). (A.1) 


Let 2 denote the total spin of the like nuclei of a given 
type. Since the total spin is a symmetric function of the 
individual nuclear spins, it is a good quantum number 
for the energy eigenfunctions of the molecule. Let 
P., a=1, 2, ---, m be the elements in the group P of 
permutations of the nuclei. 

We wish to characterize wave functions which trans- 
form either symmetrically or antisymmetrically under 
the permutations P,. Let £;,i=1, 2, ---, m, be molecu- 
lar spin wave functions with quantum number 2 which 
transform like basis elements belonging to an irreducible 
representation ['(P.) of P. A total wave function of the 
desired symmetry may be formed by writing 


y= > $i*§;. 


i=] 


(A.2) 


Here, the ¢;, i=1, 2, ---, m, are spatial wave functions 
of energy E belonging to the irreducible representation 
e(P.)I' (Pa) where ¢(P.) equals unity for Bose statistics 
or (—1)?a, the parity of the permutation, for Fermi 
statistics. The proof that (A.2) has the correct sym- 
metry follows from the unitary property of the repre- 
sentations. It is easy to show, using the theory of 
characters, that this mode of construction is unique. 

The spin operators S,-S,- appearing in (A.1) may be 
represented as matrices with elements (S,-S,/);; con- 
necting the spin states £; and £;. In virtue of the scalar 
product form (A.2), matrices of this type may be 
replaced by their adjoints, operating on the {¢,}. 

Let the permutation P, be represented by a matrix 
P., in its action upon the spin states {£;}. The same 
permutation applied to the spatial wave functions is 
represented by P,'. Since ’,,» fy»’(S,°S,) is com- 


135 


pletely symmetric as a spatial operator, spatial permuta- 
tions represented by the matrices P,t may be freely 
applied to the wave functions in the expectation value. 
Averaging over the group, we find 


is 4 CP 
Q)eore== L FWD sea) Paw) 
=W| Lae’ C/LS(S+1) fr Kw'|Y)r, 
where the spatial operator 
Kyyt=n Da(Pat)(S,-S,) Pt 
can be immediately reinterpreted as a spin operator: 
Kyw=n" Da P.(S,-S,)Po. 


But K,,, by its form, commutes with all permutation 
matrices P, of the irreducible representation I’ and is 
therefore a constant matrix. The dimension of I' is m. 
Therefore, with K,,,=c-1, we have 


c= (mn) Trace[>.. P.(S,-S,)P.] 
=m Trace(S,-S,-). 


We observe that c is independent of the indices », »’ for, 
introducing the permutation P; which interchanges »’ 
and v” (where vv), we obtain 


Trace(S,-S,)=Trace[ P;-1(S,-S,-)P,] 
= Trace(S,-S,-). 


Therefore, if » is the number of identical nuclei, ¢ is 
given by 


c=[mn(n—1)}° TraceL>.,,,-(S,-S,)—E, Si] 
_2Q+1)—2S,(S,+1) 
n(n—1) 


It follows that 








2(0+1)—nS,(S,+1)| 
(xeorr= 20" CH Ob : ¥) ; 


S,(S,+1)n(n—1) 


The quantity (x)corr retains its form as a summation 
over distinct pairs (»,»’) of like nuclei. Therefore, if 
gu(Q) denotes the statistical weight of the wave func- 
tions of energy E for which the total spin of the like 
nuclei in question is 2 the effect of spin coupling is 
described by adding 


2(2+1)—S,(S,+1) 
S,(S,+1)n(n—1) 


to the value of (x,,-) as given in (2.7). 

The deviations, at a given energy level, of the values 
of gz(2) from the statistical weights appropriate to’a 
molecule without symmetry restrictions are compen- 
sated by opposite deviations in adjacent energy levels. 





forse} Hd 


cally gz (2) 
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Thus, symmetry requirements affect the scattering by a 
gas only at such low temperatures that very few energy 
levels are excited. Although it has been indicated 
heretofore that the correlation effect is small except at 
low temperatures, a general evaluation of it has not been 
previously given. The tables in reference 2 may be 
applied to the computation of (A.3) for various mole- 
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cules. Typical results are that the cross section in the 
forward direction (where interference is greatest) is 
reduced 1% in gaseous methane at 45°K and 6% in 
gaseous ammonia at 200°K by the coupling of spins. 
Among the polyatomic molecules, ammonia probably 
exhibits the largest effect. These figures for the correc- 
tions decrease rapidly with increasing temperature. 
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Properties of Em?”!} 


F. F. Momyer, Jr., AnD E. K. Hype 
Radiation Laboratory, University of California, Berkeley, California 
(Received August 29, 1955) 


A new isotope of the element emanation has been identified among the spallation products of thorium 
bombarded with 110-Mev protons. This isotope, Em™', decays with a half-life of 25 minutes. The decay 
goes 80 percent by beta emission to Fr™" identified by its characteristic alpha particle groups and by the 
observance of the alpha particles of the decay products, At*” and Po*!8, In 20 percent of its disintegrations 
Em*! emits an alpha particle of 6.0-Mev energy unresolved from the 6.0-Mev alpha particle of Fr®, and 
gives rise to Po*’, a previously unreported isotope of polonium. Po” has a half-life of less than, 10 seconds 


and emits alpha particles of 6.54+0.02 Mev. 


An attempt was made to isolate Em™ from a sample of Th where it should be found as a result of slight 
alpha branching of Ra**. The experiment was negative and a lower limit of 500 years was placed on the 


partial alpha half-life of Ra®5. 


I. INTRODUCTION 


URING the course of a study of emanation 
isotopes of low mass number prepared by bom- 
bardment of thorium metal targets with 340-Mev 
protons, a technique was discovered enabling deposition 
of tracer rare gas activities on metal foils or wires. The 
radioactivity so deposited could be counted by any of 
the methods normally applicable to weight-free non- 
gaseous samples. This technique and its application to 
the study of emanation isotopes of mass numbers 212, 
211, 210, 209, and 208 is discussed in detail in two recent 
papers.!* 

Briefly, the glow-discharge deposition method con- 
sists of introducing emanation gaseous activity, pre- 
viously separated from a thorium target, into a glass 
tube equipped with two metal electrodes maintained 
at several hundred volts dc potential difference. 
Carrier gas is added to a pressure great enough to 
maintain a glow discharge. The emanation atoms are 
ionized and the positive ions are accelerated and 
collected on the cathode which may be a thin foil or a 
wire. The activity adheres strongly to the metal 
surface unless it is heated above room temperature. 

As an extension of the previous study it was decided 
to search for the hitherto unobserved isotope, Em™', 


+ This research was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1F, F. Momyer, Jr., and E. K. Hyde, J. Inorg. Nuc. Chem. 
1, 274 (1955). 

ty Asaro, and Hyde, J. Inorg. Nuc. Chem. 1, 267 
(1955). 


among the spallation products of thorium and to 
attempt to determine its decay properties. This was 
successfully done and the information obtained on its 
decay scheme is summarized in Fig. 1. The details of 
the experiments will now be described. 


II, EXPERIMENTAL DETAILS AND DISCUSSION 


To facilitate the search for Em™!, the proton energy 
was dropped from 340 to 110 Mev so that the amount 
of emanation of mass number 212 and lower would be 
drastically reduced. At the higher energy the yield of 
emanation isotopes in the mass number region 212 and 
below is several hundred times greater than the yield 
of isotopes in the region of 221. Originally it was hoped 
that a good yield of Em™! could be obtained at a proton 
energy too low for the production of any Em””. This 
proved to be impossible as will be discussed below, but 
at 110 Mev the yields were of comparable magnitude. 


Fic. 1. Decay scheme of Em™', 








PROPERTIES OF Em??! 


Thorium metal foils of 5-mil thickness were bom- 
barded on edge with 110-Mev protons in the 184-inch 
cyclotron for periods of approximately one hour. 
Immediately after bombardment the foils were dis- 
solved and the emanation fraction was removed, 
purified, and deposited on thin platinum foils by the 
methods previously discussed. 

The resulting samples containing Em™! were then 
subjected to alpha-spectrum analysis in a gridded 
ion chamber using pulse-height analysis.’ 

A typical pulse-height analysis is shown in Fig. 2. 
The 6.08- and 6.33-Mev peaks correspond to the known 
alpha groups of Fr™!.4 The 7.02-Mev peak corresponds 
to At”’,* the 6.14-Mev peak! to Em™8, and the large 
peak at 6.26 Mev! to Em”. Pulse-height analyses 
carried out at other amplifier gain settings showed peaks 
corresponding to Em”, Em”®, and Em*"!. The 6.54-Mev 
peak corresponds to no previously known alpha group. 

The Fr™ and At”” alpha peaks decayed with a 
common half-life of 254-2 minutes as would be expected 
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Fic. 2. Alpha spectrum analysis of emanation fraction from 
thorium target bombarded with 110-Mev protons. Alpha-emitting 
decay products of Em™! are observed over a background of Em™® 
and Em??, 


if they were being supported by a 25-minute Em™! 
parent. Accurate resolution of the Fr”! peaks from the 
larger Em?” was difficult, but the At” was cleanly 
resolved. Sample decay curves for the At™’, Fr”, and 
the unknown 6.54-Mev peaks are shown in Fig. 3. 
If the decay scheme of Fig. 1 is correct, an alpha peak 
at 8.34 Mev corresponding to Po”* would grow in.‘ 
By repeated alpha spectrum analyses this Po” alpha 
peak was observed to grow in and to decay in the 
manner expected of a 47-minute granddaughter of a 
25-minute parent. These results lead directly to the 
conclusion that a beta-emitting Em™! with a 25-minute 


3 This equipment is a modification of that originally described by 
Ghiorso, Robinson, and Weissbourd, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1949), Paper No. 16.8, National Nuclear Energy Series, Plutonium 
Project Record, Vol. 14B, Div. IV. 

4 Hagemann, Katzin, Studier, Ghiorso, and Seaborg, Phys. Rev. 
79, 435 (1950). 
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Fic. 3. Half-life of Em*! from decay of At? (7.02 Mev), 
Fr™! (6.30 and 6.05 Mev), and Po!” (6.54 Mev) peaks on alpha 
pulse-height analyzer. 





half-life is present in the samples and is giving rise to 
the known Fr™! decay chain. 

The 6.54-Mev activity which decays with a 25- 
minute half-life (Fig. 3) is believed to be Po”’, present 
in the samples because of alpha-branching decay 
of Em”. The evidence for this is that only 
emanation isotopes or daughters of emanation isotopes 
can possibly be present in the sample because of its 
method of preparation. Furthermore, this peak decays 
with the half-life of Em*! as would be expected of a 
short-lived Po”? daughter in equilibrium with Em™'. 
No known emanation isotope or daughter activity 
emits alpha particles of this energy. From the decay 
cycles and tables of Glass, Thompson, and Seaborg,® 
Po”? is expected to have an alpha-particle energy of 
6.5+0.2 Mev. 

If the above conclusions are accepted, a number of 
further statements can be made. For example, the 
8-/a decay ratio of Em™ can be calculated from the 
ratio of the alpha peaks of At” and Po”’. This ratio is 
5+1. Correcting for the fact that the half-life of Fr! 
with respect to that of Em™ is appreciable and assuming 
a short half-life and negligible beta branching for Po”’, 
a beta to alpha decay ratio of 4+1 for Em™ results. 

If the beta branching of Po”!” were appreciable, the 
ratio of At”? to Fr*! activity should be greater than 1. 
In a small sample of Em™! practically free of Em?” 
(obtained from a 100-Mev proton bombardment of 


5 Glass, Thompson, and Seaborg, J. Inorg. Nuc. Chem. 1, 3 
(1955). 
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thorium), it appeared that these activities were the 
same to within 5 percent. Allowing for the 20 percent 
alpha branching of Em™!, this placed an upper limit 
of 20 percent on the beta branching of Po””. Actually it 
must be very much less than this. Glass, Thomson, 
and Seaborg' estimate a beta decay energy of 1.31 Mev 
for Po’. The half-life for an allowed decay with a log ft 
value of 5.0 would be about 10 minutes. Since the 
measured alpha half-life is less than 10 seconds, the 
beta branching must be less than 2 percent; it is highly 
likely that the log ft value is considerably greater than 
5 and hence that the beta branching is much less than 
2 percent. 

Attempts were made to collect Po”’ daughter 
activity recoiling out of a sample of Em™!. Recoils were 
collected in a vacuum under conditions which had been 
shown to give 50 percent yield in other cases. The recoil 
collection plate was counted in the alpha ion-chamber 
within 5 seconds of the end of the recoil collection but 
no activity was detected. An upper limit of 10 seconds 
was set on the half-life. 

The half-life of Po”” can be estimated by the methods 
given by Perlman, Ghiorso, and Seaborg* and by 
Glass et al. One would expect the true half-life to fall 
in the range of a few seconds to a few minutes. 

The daughter of Po*” is Pb** about which nothing is 
known. It must certainly decay 100 percent by beta 
emission. Glass ef al. estimate a 1.84-Mev decay energy 
from which a minimum half-life of one minute can be 
estimated using a log ft value of 5.0. 

The alpha-particle energy of Em™! is expected to be 
6.0+0.1 Mev.’ This peak was not resolved with 
certainty due to the interference in the samples from 
Fr™ and light-mass emanation activities. 

The major difficulty in these studies was to obtain 
appreciable amounts of Em™! free of interfering Em*” 
activity. The effect of varying the proton energy on the 
relative production cross sections for Em*” and Em™! 
was studied. For 340-Mev protons the Em??/Em*! 
atom ratio is >300, for 120-Mev protons it is 10, for 
110-Mev protons it is 3. At 100 Mev no Em” was 
detected in a sample containing only a few counts per 
minute of Em™'. The problem at 100 Mev and lower 


® Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 


F. F. MOMYER. JR., 


AND E. K. HYDE 


energies is that the absolute yield of Em™ has dropped 
to such a low value that not enough Em! can be 
produced with the beam intensities available to be of 
use in these studies. The energy of 110 Mev used in 
most of the bombardments was a compromise between 
reasonable yield of Em™! and freedom from neutron- 
deficient emanation activities. 


Ill. SEARCH FOR Em?" IN (4n+1) DECAY CHAIN 


It was considered interesting, once the foregoing 
studies were completed, to attempt to isolate Em” 
from the U** (4n+1) decay series, where it is predicted 
to occur due to alpha branching in Ra”. The alpha 
particle energy of Ra™® is estimated to be 5.23. Using 
the methods of Perlman ef al.,° the alpha half-life is 
probably in the range of 100 to 10 000 years from which 
an alpha-branching ratio of 5X10 to 5X10-* can be 
estimated. Some years ago W. Jentschke published an 
estimate for the alpha branching of Ra”™* of less than 
104" 

A sample of Th” containing 2X10’ disintegrations 
per minute was obtained from C. I. Browne, Jr., of this 
laboratory. Attempts were made to isolate Em”! from 
this sample, deposit it on a platinum foil and to detect 
the. alpha radioactivity in the ion chamber. The 
experiment was negative. Not more than two dis- 
integrations per minute of Em*! extrapolated back to 
the time of separation from the Th” solution were 
found. The chemical yield of emanation is not known 
but past experience with the method indicates that the 
yield is probably greater than 10-*. This would indicate 
an upper limit of 10~ for the alpha branching of Ra”* 
(alpha half-life greater than 500 years). The authors 
hope to repeat this experiment with larger samples of 
Th” and under more carefully determined conditions 
so that closer limits may be placed on this branching. 
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Decay Scheme of Gallium-72+ 


J. J. Krauswaar, E. Brun, anp W. E. MEYERHOF 
Stanford University, Stanford, California 
(Received August 29, 1955) 


The decay of Ga” has been investigated with scintillation spectrometers, both single and in coincidence. 
Evidence has been found for the existence of levels in Ge” at 0.69, 0.84, 1.46, 1.73, 2.06, 2.39, 2.51, 2.82, 
3.04, 3.32, and 3.34 Mev. The 0.3-usec isomeric state has been definitely determined to be the first excited 
level at 0.69 Mev and, as previously indicated, requires a spin of 0 and even parity. Spins and parities of 


the other levels of Ge” are discussed. 





I. INTRODUCTION 


HE first excited states of even-even nuclei are 

known!“ to have predominately a spin of two 
and even parity. Four of the five known exceptions to 
this general rule (O'*, Ca®, Zr®, Pb*)>-§ apparently 
occur when both neutrons and protons form closed 
shells.* The other possible exception is Ge”. 

While studying the decay of Ga”, Bowe et al.® found 
an isomeric state, since confirmed," which they 
assigned to a 0* first excited state in Ge” on the basis 
of its half-life (0.3 usec), its decay energy (0.7 Mev), 
the lower limit of conversion coefficient (>2), and the 
apparent absence of delayed gamma rays. Because of 
the unusual nature of this transition, we believed that 
it was important to assure its position in the level 
scheme of Ge” by studying the decay of Ga” and As”. 
The detailed results on As” will be reported at a later 
date. 

When the present work was begun, the most extensive 
investigation of Ga” had been completed by Mitchell 
et al.” and by Haynes." Except for some detailed 
studies of the high-energy gamma rays from Ga”,'*:!5 
no further work had appeared on Ga” until the recent 
exact measurements of the beta- and gamma-ray spectra 


_t Supported i in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

2 Horie, Umezawa, Yamaguchi, and Yoshida, Progr. Theoret. 
Phys. (Japan) 6, 254 (1951). 

3G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

‘P. Stahelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953). 

5 Devons, Goldring, and Lindsay, Proc. Phys. Soc. (London) 
A67, 413 (1954). 

* Bent, Bonner, and McCrary, Phys. Rev. 98, 1325 (1955). 

7K. W. Ford, Phys. Rev. 1516 (1955); Johnson, Johnson, 
and Langer, Phys. Rev. 98, 1517 (1955). 

§ Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 


(1954). 

® Bowe, Goldhaber, Hill, Meyerhof, and Sala, Phys. Rev. 73, 
1219 (1948). 

” F. K. McGowan, Oak Ridge National Laboratory Report 
ONRL-952, March 1951 (unpublished). H. W. Kendall and M. 
Deutsch, Massachusetts Institute of Technology Progress Report, 
February 28, 1955, p. 51 (unpublished). 

nA. W. Sunyar (private communication) ; M. Deutsch (private 
communication). 

2 Mitchell, Zaffarano, and Kern, Phys. Rev. 73, 1424 (1948). 

wS. K. Haynes, Phys. Rev. 74, 423 (1948). 

4 Bishop, Wilson, and Halban, ’Phys. Rev. 77, 416 (1950). 

8 A. Hedgran and D. Lind, Arkiv F ysik 5, 177 (1952). 


by Johns et al.,1° which were done concurrently and 
independently of our work. These measurements have 
helped to clarify for us some of the finer details of the 
Ga” decay, as will be mentioned below. 


II. SOURCE PREPARATION 


Several Ga” (14.2-hr) sources were obtained by slow 
neutron irradiation of natural gallium oxide using 
moderated neutrons from the 60 in. cyclotron of the 
Crocker Radiation Laboratory, University of Cali- 
fornia, Berkeley. Bombardments were carried out for 
three or four hours and sufficient time elapsed before 
use of the sources to allow for the decay of the 20-min 
Ga”. There was no detectable radiation left in these 
sources after approximately two weeks. 

Other Ga” sources were obtained from the Oak Ridge 
National Laboratory, where natural gallium oxide was 
irradiated for one week. After one week these sources 
showed the presence of a predominantly beta-emitting 
contaminant (end-point energy about 1.8 Mev) with a 
half-life of 15 days. The presence of this activity had a 
negligible effect on our measurements. 


Ill. APPARATUS 


The gamma-ray counters consisted of NaI(TI) cylin- 
ders, 1} inches long and 13 inches in diameter, mounted 
commercially’? with magnesium oxide reflectors and 
placed on DuMont 6292 photomultipliers. The resolu- 
tion of these detectors was 8 to 9 percent full width at 
half-maximum for the 0.661 Mev gamma ray of Cs"*’, 
Our beta-ray detectors were } inch to } inch thick, 
1 inch diameter anthracene cylinders mounted on 
DuMont 6292 photomultipliers. These detectors had 
approximately 15 percent resolution for the conversion 
electrons of the Cs? gamma ray. 

The electronic equipment consisted of nonoverload 
amplifiers,'* a conventional fast-slow coincidence circuit 


16 Johns, Chidley, and Williams, Phys. Rev. 99, 1645(A) (1955); 
Can. - Phys. (to be published). We are most grateful to Professor 
M. W. Johns for providing us with a detailed report of this 
work prior to publication. 

17 Harshaw Chemical Company, Cleveland, Ohio; Larco 
Nuclear Instrument Company, Palisades Park, New Jersey. 

18R. L. Chase and W. Higinbotham, Rev. Sci. Instr. 23, 34 
(1952); W. A. Higinbotham, Brookhaven National Laboratory 
Report BNL-234, April 1, 1953 (unpublished). We are very 
grateful to W. A. Higinbotham for furnishing us with circuit 
diagrams of these amplifiers. 
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Fic. 1. Arrangement of coincidence circuitry. 


with variable delay and a gated 20-channel pulse-height 
analyzer.” A block diagram of the apparatus is shown 
in Fig. 1. A Higinbotham-type stabilized high-voltage 
supply,” was used for the photomultipliers. 


IV. EXPERIMENTAL METHOD AND RESULTS 


In order to understand the decay scheme of Ga”, 
we determined (a) the gamma-ray spectrum, (b) the 
beta-gamma coincidence spectrum, (c) the gamma- 
gamma coincidence spectrum, (d) the conversion 
electron-delayed gamma coincidence spectrum. We 
assumed that the beta-ray spectra had been measured 
with sufficient precision and consistency by other 


TABLE I. Beta-ray spectra of Ga”. 








Intensities (percent) 


Johns Mitchell 
etal.» Haynes ef al.d 


End point energies (Mev) 
Johns Mitchell 
et al.» et al.4 


3.166 
2.529 
1.508 
0.959 
0.637 


Haynes*® 


3.15 t 8.3 9.5 8 
2.52 ‘ 9.2 8 8 


a 3 
10.0 





10.5 7 
30.8 32 26 
41.7 40 23 
xy #53 25 


1.48 
0.955 
0.64 








* The energies and intensities of Johns et al. have been used in computing 
the logft values. 

b See reference 16. 

© See reference 13. 

4 See reference 12. 

e The ibility of a weak beta-ray spectrum between 1.5 and 2.5 Mev 
has not oy excluded by the work of Johns ef al. (M. W. Johns, private 
communication). 


18 We are very indebted to A. Ghiorso and B. Larsh for pro- 
viding us with detailed circuit diagrams for this analyzer. 
” W. A. Higinbotham, Rev. Sci. Instr. 22, 429 (1951). 
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investigators.”-*.6 Table I gives a summary of these 
beta-ray spectra. 

In Fig. 2 is presented the proposed decay scheme. 
Although justification of this scheme will follow in 
Sec. V, it is presented here to facilitate discussion of 
the measurements. 


A. Gamma-Ray Spectrum 


The gamma-ray spectrum was determined both with 
a single crystal of NaI(Tl) and with a three-crystal 
pair spectrometer.” In the case of the single crystal, 
the gamma rays from the source were collimated by a 
4 inch long channel in lead, ? inch in diameter. Beta 
rays were eliminated by a ;g inch thick copper absorber 
and by the 35 inch thick aluminum crystal container. 
Figure 3 shows the complete gamma-ray spectrum, as 
measured with the 20-channel pulse-height analyzer, 
using overlapping energy ranges and various gains. 
Table II gives the results of an analysis of the gamma- 
ray spectrum, which was performed in the customary 
way of fitting previously determined single gamma-ray 
spectra to the measured curve. The areas of the photo- 
electric peaks were then measured and corrected for 
the ratio of peak area to the total area under the 
spectrum and for the detection efficiency of Nal.” 
Agreement with other workers:'*.!* is for the most 
part quite good. According to our results a possible 
0.69-Mev gamma ray could not be present to an 
intensity greater than 2 percent of that of the 0.835-Mev 
gamma ray. 

Table III gives the analysis of the pair spectrometer 
data. The intensity of the 2.21-Mev gamma ray has 
been normalized to 41 in order to facilitate comparison 
with Table II. 


B. Beta-Gamma Coincidence Spectrum 


For these measurements sources of Ga” were mounted 
on cellophane tape and placed between an anthracene 
crystal and a NalI(TI) crystal, the latter being shielded 
by 7¢-inch copper. The 20-channel analyzer was gated 
by triple coincidences of the circuit shown in Fig. 1. 
In order to find out which gamma rays were in coinci- 
dence with the various beta rays (see Table I), the 
anthracene detector was set successively to record 
electrons with energies greater than (a) 0.05, (b) 0.80, 
(c) 1.10, (d) 1.65, (e) 2.60 Mev. Because of the 
finite resolution of the anthracene counter (approxi- 
mately 15 percent at 0.62 Mev), electrons with energies 
slightly smaller than the nominal values given above 
were detected at each setting. 

Figure 4 shows the beta-gamma coincidence spectra, 


(1958) I. West, Jr., and L. G. Mann, Rev. Sci. Instr. 25, 129 

* The calculations of M. J. Berger and J. A. Doggett, Phys. 
Rev. 99, 663(A) (1955); Rev. Sci. Instr. (to be published), were 
most helpful in the analysis of our data. We are very indebted 
to Dr. M. J. Berger for furnishing us these calculations prior to 
publication. 
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Fic. 2. Proposed level scheme of Ge”. Beta-ray energies and intensities are those of Johns, Chidley, and Williams 
(see reference 16). For each gamma ray the energy in Mev and intensity in percent decay is shown. The intensities of 
gamma rays shown in dotted lines are uncertain. Except for the two lowest states, spin assignments are tentative. 


each taken in several overlapping ranges and normalized 
to the same source strength. Table IV gives the analysis 
of the relative coincident gamma-ray intensities at each 
setting. Gamma-gamma coincidences contributed at 
most 10 percent of the total coincidences, which was 
considered negligible for this work. Chance coincidences 
were also negligible in every case. On the other hand, 
because of the close geometry, there was a certain 
amount of solid angle addition in the gamma-ray 
counter of 0.63 plus 0.84 Mev, 0.63 plus 1.05 Mev, 
0.84 plus 1.05 Mev gamma rays giving rise to increased 
intensities of the 1.47-, 1.68-, and 1.89-Mev lines. 
Corrections for this effect have been included in Table 
IV. Furthermore, there was a certain amount of solid 
angle addition of the Compton electrons of the 0.84-Mev 
gamma ray and beta rays in the beta counter. Therefore 
at a given beta discriminator setting some beta rays of 
energies up to 0.64 Mev less than the nominal bias 
energy were detected in the beta counter. We believe 
that this accounts for the appearance of some of the 
high-energy gamma rays in the >0.80 Mev and >1.10 
Mev beta-gamma coincidence experiments (see Table 
IV). 


C. Gamma-Gamma Coincidence Spectrum 


By reference to Figs. 2 and 3 it can be seen that more 
information about the decay scheme could be gained 
from gamma-gamma coincidence experiments. Sources 
of Ga” were placed in the center of absorbers consisting 


on both sides of 7s inch copper, to absorb beta rays, 
and of inch lead to attenuate backscattered gamma 
rays. This sandwich was mounted between two 1} inch 
diameter, 13 inch long, NaI(Tl) counters. Using the 
circuitry of Fig. 1, the discriminating gamma-ray 
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Fic. 3. Gamma-ray spectrum obtained with single NaI(TI) 


crystal spectrometer. The analysis of the spectrum yielded the 
photopeaks as shown. 
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TABLE IT. Analysis of single-crystal gamma-ray spectrum. 








Relative 
intensity 


Gamma-ray 


energy (Mev) Johns et al.* 


Gamma-ray energy (Mev) 
Haynes> 


Relative intensity 


Mitchell et al.° Johns et al.* Haynes> Mitchell et al.¢ 





0.32+0.01 
0.39+0.01 
0.44+0.01 
0.51+0.014 


IAIAIA 


0. 
.. 
1. 


nN 
Bw 


0.63+0.01° 
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0.835! 
0.91+0.02 
1.04+0.01 


1.24+0.02 
1.32+0.03 
1.46+0.01 
1.59+0.02 
1.79+0.03 
1.88+0.01 
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* See reference 16. 
b See reference 13. 
© See reference 12. 


4 This could be annihilation radiation produced in the lead collinator by the high-energy gamma rays. 
© The shape of this line indicates that it is definitely complex. The data is compatible with lines at 0.60 and 0.63 Mev with intensities of 6.5 and 22.0 


percent, respectively. 


f The energies of these gamma rays has been assumed for calibration purposes. 

« This line has been resolved by Hedgran and Lind (see reference 15) to be two lines of 2.508 and 2.491 Mev with an intensity ratio of 8 to 5 respectively. 

+ Bishop, Wilson, and Halban (see reference 14) have found gamma rays of 3.05+0.1 and 3.35+0.1 Mev with intensities of 0.13 and 0.03 percent per 
disintegration. The 3.100-Mev gamma ray found by Johns et al. (reference 16) may indicate another level in Ge at 3.100 Mev. 


counter was set differentially at the energies (a) 0.63, 
(b) 0.84, (c) 0.95, (d) 1.47, (e) 1.72, (f) 2.20, (g) 2.50 
Mev. The channel width of the differential discrimi- 
nator was approximately 5 percent of each energy. 
Figure 5 shows the coincident gamma-ray spectra, 
except for case (g) which appeared to be identical with 
case (f). All the curves were normalized to the same 
source strength. It is well known that at each discrimi- 
nator setting, not only the photopeak of the appropriate 
gamma ray, but also the Compton electrons from higher 
energy gamma rays give rise to coincidences. In order 
to obtain the “pure” 0.84-Mev gamma-gamma spec- 
trum, curve c, Fig. 5, was subtracted from curve b. 
The result is shown in Fig. 6, curve a. Similarly the 
“pure” 0.63-Mev gamma-gamma coincidences were 
obtained by subtracting curve c, Fig. 5, and an 


TABLE ITI. Analysis of gamma-ray spectrum 
from pair spectrometer. 








Gamma-ray energy (Mev) Relative intensity 


1.6 +0.1 82 
1.8 +0.1 10+2 
2,200.02 418 
2.40-+-0.05 <2 
2.50-+0.02 29-42 
2.80--0.05 <0.5 











* The intensity of the 2.20-Mev gamma ray has been normalized to 41 
in order to facilitate comparison with Table II. 


appropriate fraction of curve a, Fig. 6 (to take into 
account the effect of Compton electrons from the 0.84- 
Mev gamma ray under the 0.63-Mev photopeak) from 
curve a, Fig. 5. Even with these corrections, the 
0.63-Mev curve contains some contributions from the 
0.60 Mev gamma ray. However the result is shown in 
Fig. 6, curve 6. Analysis of the “pure” 0.84- and 0.63- 
Mev gamma-gamma coincidences yields the results 
shown in Table V, which have been corrected for solid 
angle addition and absorption in the lead. Chance 
coincidences were negligible. 

Curves c toe of Fig. 5 were not analyzed into 
“pure” curves, because of the excessive contribution of 
Compton electrons from higher energy gamma rays. 
Qualitatively it can be shown from the curves of Fig. 5 
that the 1.47-Mev gamma ray (curve d) is in coinci- 
dence with the 1.90-, 1.59-, 1.30-, and 1.05-Mev gamma 
rays. The 1.72-Mev curve (e) indicated coincidences 
with the 1.46-Mev gamma ray, presumably due to the 
Compton electrons of the 1.90-Mev gamma ray. The 
2.20-Mev gamma ray (curve f) is in coincidence with 
the 0.84-Mev gamma ray, as is the 2.50-Mev gamma 
ray (not shown). 


D. Beta-Delayed Gamma Coincidence Spectrum 


In order to find the position of the isomeric state in 
the level structure of Ge”, we searched for gamma rays 
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Fic. 4. Beta-gamma coincidence spectrum. The different curves 
were taken with the beta discriminator set to record beta rays 
whose energies were greater than or equal to (a) 0.05, (b) 0.80, 
(c) 1.10, (d) 1.65, (e) 2.60 Mev. The curves were normalized to 
the same source strength. 


preceding or following this state. It is well known?-!?-13.16 
that this state decays by emission of 0.68-Mev con- 
version electrons. Thin sources of Ga” were placed 
between an anthracene and a Nal(TI) counter, as 
described in Sec. IV B (also see Fig. 1). The beta-ray 
detector was biased differentially to detect only pulses 
around 0.68 Mev with 10 percent channel width. At 
first the gamma-ray counter was delayed by different 
times, giving a typical delayed coincidence curve and 
indicating an isomeric state of half-life consistent with 
0.3 usec." With the gamma counter delayed by 


TABLE IV. Analysis of beta-gamma coincidence spectrum. 








\\Beta-ray Relative gamma-ray intensities 
ere @ 3%) (c) (e) 

Gamma" >0.05 0.80 >1.10 >2.60 
(Mev) \ Mev Mev Mev Mev 


(d) 
>1.65 
Mev 





0.63 +10 


0.72 


50 +10 
0.84 100 100 100 
0.90 hay sae ie ete 


1.05 
1.24 


3545 


3 re 
3 
85 £15 5.741 
08 +403 
<0.1" 


0.7°+0.3 
0.5*+0.2 


14+2 
842 
242 
442 


842 
39+5 
3243 








*® The appearance of these gamma rays is probably due to beta-gamma 
solid angle addition in the beta counter. (See text.) 
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Fic. 5, Gamma-gamma coincidence spectrum. The curves 
correspond to settings of the gamma-ray discriminator at (a) 0.63, 
(b) 0.84, (c) 0.95, (d) 1.47, (e) 1.72, and (f) 2.20 Mev. The 
number of coincidences per gamma ray at 0.84 Mev were (a) 
5.3X10~, (b) 2.9X10~, (c) 1.6X10~, (d) 1.6X10~, (e) 1.6 

x<10-, (f) 1.3X10~. 


0.5 usec with respect to the beta counter, which elimi- 
nated the detection of all prompt coincidences, the 
coincident gamma-ray spectrum was measured. Several 
measurements all normalized to the same source 
strength, were taken and the average is shown in Fig. 7, 
curve a. The coincident gamma-ray spectrum was 
then measured again, this time with the beta counter 


TABLE V. Energies and relative intensities from the 0.84- and 
63-Mev gamma-gamma coincidence spectra. 








0.63-Mev gamma-gamma 
coincidence spectrum 


Energy (Mev) Intensity> 


0.62+0.02 2.6+1.4 
0.84+0.01 24 +3 


1.05+0.02 5.341.4 
1.30+0.05 3.51.0 
1,480.02 3.0+1.0 
1.64+0.05 2.3+1.1 
1.79+0.05 2.7+1.3 
1.90+0.03 8.4+1.5 


0.84-Mev gamma-gamma 
coincidence spectrum 


Energy (Mev) Intensity*® 


0.63+0.02 29.1+2.5 
0.77+0.04 5.30.8 
0.89+0.02 11.1+1.4 
1.05+0.02 8.0+1.0 
1.30+0.05 2.51.2 
1.62+0.05 3.4+2.1 
1.87+0.02 6.1+2.0 
2.20+0.02 39.2+5.5 
2.50+0.02 31.843.3 











* The intensities have been normalized using the intensity of the 2.20-Mev 
gamma ray from the collimated gamma-ray spectrum. 

> The intensities have been normalized using the fraction of the 0.84-Mev 
gamma-ray intensity which is in coincidence with the combined 0.63- and 
0.60-Mev gamma ray. 
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Fic. 6. Pure gamma-gamma coincidence spectra. Curves a 
and b represent the “pure” 0.84-Mev and 0.63-Mev gamma- 
gamma coincidence spectra, respectively. Analysis of the spectra 
yielded the photopeaks as shown. 


delayed by 0.5 usec with respect to the gamma counter. 
The resulting spectrum is shown in Fig. 7, curve b. 
This curve is identical with the singles spectrum. Also 
the total number of these coincidences is just equal to 
the number of calculated chance coincidences within an 
expected error of 10 percent. We take this to indicate 
that no gamma-rays follow the delayed state. Curve b, 
Fig. 7 is then just the chance-coincidence spectrum for 
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Fic. 7. Delayed beta-gamma coincidence spectra. Curve a is 
the 0.68-Mev beta-delayed gamma-ray spectrum. Curve )} is 
the gamma-delayed 0.68-Mev beta-ray spectrum which is also 
the same as the chance spectrum. After subtraction of curve a 
—_ b, the result was analyzed yielding the photopeaks as 

own. 


curve a, Fig. 7. The difference spectrum was analyzed 
in the usual way and the results are given in Table VI. 
Because of poor statistics, the energies and intensities 
of the higher-energy lines are somewhat uncertain. For 
example, the presence of a 2.35-Mev gamma ray cannot 
definitely be excluded by our data. 

Figure 8 gives the low-energy part of the delayed 
gamma-ray spectrum corresponding to Fig. 7, curve 
a. A delayed gamma ray in the region of 0.1 Mev had 
been observed previously." Because of severe over- 
loading of the gamma amplifier, an energy calibration 
was made by first adding to the Ga” source a weak 
source of Ce, providing a calibration point at 0.134 
Mev, and then by placing 7 inch lead under the Ga” 
source to provide a calibration point at 0.074 Mev 
(Pb K a and a: x-rays). This calibration was made 
both before and after the 12-hour measurement neces- 
sary to obtain the data shown in Fig. 8. The entire 
experiment was repeated twice and indicated that the 
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Fic. 8. Parts of the low-energy end of the 0.68-Mev beta-delayed 
gamma-ray spectrum. Curve a is the Pb Kg x-rays and curve 
b is the 0.134-Mev line from Ce! used for energy calibration. 
Curve ¢ is Ga” 0.115-Mev line. The chance coincidence distri- 
bution in the same energy region was flat. 





energy of the low-energy delayed gamma ray is 0.115 
+0.004 Mev. There was a suggestion of a gamma ray 
at 0.145 Mev (not shown in Fig. 7), but if present, its 
absolute intensity must be equal to or less than 0.003 
percent.%.™ 

V. DECAY SCHEME 


The final decay scheme is shown in Fig. 2. Its gross 
features are very similar to the schemes proposed by 
Mitchell et al.” and especially by Haynes, which were 
based on Ge” levels near 0.84, 1.47, 2.52, 3.05, and 
3.35 Mev obtained from beta-ray end points (see 
Table I). In order to shorten the discussion of the 
additional features of the decay scheme, which we have 
found, we summarize in Table VII the pertinent experi- 


% The half-life of the 0.84-Mev state has been determined by 
N. P. Heydenburg and G. M. Temmer [Phys. Rev. 99, 617(A) 
(1955) and verbal report] to be 1.3X10~" sec. This, together 
with our limit on the branching ratio, would give a partial half-life 
for the 0.145-Mev £2 transition as equal to or greater than 
4X10 sec. 

% Note added in proof.—Remeasurement of the 0.68-Mev beta- 
delayed gamma-ray spectrum between 0.05 and 0.50 Mev shows 
the presence of only the 0.115- and possibly the 0.145-Mev gamma 
rays in this energy region. 
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mental evidence for each level. Only certain features 
are worth discussion. 

The 3.33-Mev level is apparently double, because 
the two gamma rays of 2.491 and 2.508 Mev (intensity 
ratio 1:1.6), having been resolved by others,!®!® are 
both in coincidence with the 0.84-Mev gamma ray. 
Indeed, comparing the intensity of our composite 2.50- 
Mev gamma ray with that of the 2.20-Mev gamma 
ray, we find 0.74+0.05 in the singles spectrum (Table 
II) and 0.81+0.14 in the 0.84-Mev gamma-gamma 
coincidence spectrum (Table V). Furthermore, com- 
parison of the intensity of the 2.50-Mev gamma ray 
with that of the 1.04-Mev gamma ray, yields 3.30.4 
in the singles gamma-ray spectrum (Table IT), but less 
than 0.18 in the >0.80- or >1.10-Mev beta-gamma 
coincidence experiments (Table IV), showing that the 
major, if not the total, part of the 2.50-Mev gamma ray 
leaves the 3.33-Mev level. 

Comparison of the 1.59-Mev gamma-ray intensity 
with the 1.88-Mev gamma-ray intensity in the singles 
spectrum (Table II) and in the 0.63-Mev gamma- 
gamma coincidence spectrum would indicate the gamma 
rays around 1.59 Mev leave both the 3.33 and 3.04-Mev 
levels with roughly equal intensities. We have no 
definite information about a possible split-up of the 
1.24-Mev gamma rays, although this has been found by 
Johns ef al.'® (See Table II. These gamma rays leave 
the 3.33- and 2.06-Mev levels respectively.) Our > 1.65- 
Mev beta-gamma coincidence spectrum, Fig. 4(d), and 
the 1.72-Mev gamma-gamma coincidence spectrum, 
Fig. 5(e), give possible indications of this effect. 

A 1.68-Mev gamma ray, not found in the singles 
spectrum, is seen to go from the 2.51-Mev to the 0.84- 
Mev level both in the >0.80-Mev and >1.10-Mev 
beta-gamma coincidence experiments (Tables IV and 
V). The intensity of the 1.68-Mev gamma ray is 
approximately 2 percent of that of the 0.84-Mev 
gamma ray. 

The 0.32-Mev gamma ray (intensity <1.8 percent), 
listed in Table II can be accommodated in four different 
places in the decay scheme and the 0.44-Mev gamma 
ray (intensity <1.8 percent), in two places, so they 
are not shown in the decay scheme. The other two 
uncertain lines at 0.39 and 1.79 Mev remain unassigned. 
The intensities shown in the decay scheme are averages, 
whenever possible of the singles and coincidence data. 
The choice between starting lines at the 3.32- or 3.34- 
Mev level has been done entirely on the best energy fit. 

In order to accommodate four of the gamma rays 
(0.115, 0.65, 0.95, and 1.72 Mev) appearing in the 
0.68-Mev beta-delayed gamma spectrum, we propose 
a level in Ga” at 2.39 Mev. Our results indicate that 
the 0.122-Mev gamma ray is definitely not the transition 
between the 0.84-Mev and 0.69-Mev levels. The sum 
of the intensities of the 0.122-, 0.65-, and 0.95-Mev 
gamma rays is very nearly equal to the intensity of the 
1.72-Mev gamma ray (Table VII), indicating at most a 
very small beta-ray feeding of the 2.39-Mev level. 
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TABLE VI. Analysis of beta-gamma delayed coincidence spectra. 








Relative intensity* 


0.03+0.01 
0.05+0.01 
0.04+0.01 
0.16+0.02 
0.04+0.02 
0.20+0.03 
0.07+0.05 
0.07+0.04 
0.08-+0.02 


Energy (Mev) 


0.115+0.004 
0.62 +0.02 
0.73 +0.03 
0.95 +0.02 
1.34 +0.06 
1.71 +0.02 
82 +0.04 

+£0.04 

+0.03 











* The sum of the intensities of the lines of energy 0.73, 1.34, 1.71, 1.82 
2.15, 2.69 Mev has been normalized to equal 0.50 percent. 


Only a lower limit can be placed on the absolute 
intensities of the radiations feeding the 2.39-Mev level 
because, although a limit of 2 percent has been placed 
(Tables II and III) on the intensity of the 2.39-Mev 
ground state transition, other transitions may leave 
this level. Approximate calculations taking into account 
solid angles, etc., indicate that the gamma rays feeding 
the 0.69-Mev level account completely for the known 
0.5 percent branching ratio®%16 of the 0.68-Mev 
conversion electrons. We used this value to calculate 
the intensities of the radiations feeding the 0.69-Mev 
state directly. 

Referring to Fig. 2, it can be seen that the intensity 
balance of the radiations arriving at and leaving the 
various levels of Ge” is in moderately good agreement 
with the beta spectra (see Fig. 1). The discrepancies 
that occur can most likely be attributed to a slight 
overestimation of the intensities of the high-energy 
gamma rays. A weak beta branch may be indicated to 


TABLE VII. Evidence for level structure of Ge??. 








Level 

(Mev) Evidence 

0.6378%; 3.3475; >0.058-y°; 0.84,-2.5074:°; 
1.907 ; 0.688-d2.69y! 

0.9598; >0.808—y ; 0.84y—-2.20y ; 0.63y-1.647 

2.82; 0.688-d2.15y 

1.5088; >1.108-y; 0.84,-1.62y7; 0.637—-1.057; 0.688- 
d1.82y 

0.686-d1.71, 0.95, 0.62, 0.115y 

1.24y£; 0.63y-0.62y; 0.688-d1.34y 

0.907; 0. 847-0.89y 

2.5298; 1.467; >1.658—7; 0.847-0.637; 0.688-d0.73y 

3.1668 ; 0.84y; 2.20, 2.50y-0.84y; >2.608-0.84y 

0.688-dy, no d0.688—y found 





0.63y- 








* 0.6378 means that a 0.637-Mev beta ray is known to lead to level in 
question. 

b 3.34y means that a 3.34-Mev gamma ray is known and presumably 
goes to the ground state. 

¢ >0.058-y means there is evidence for this level from a beta-gamma 
coincidence experiment with beta rays of energy greater than 0.05 Mev. 

4 0.84y-2.507 means that 0.84-Mev gamma raysjhave been found in co- 
incidence with 2.50-Mev gamma rays. 

¢ The 2.50-Mev gamma ray is known to be a doublet (see references 15 
and 16) indicating levels at 3.32 and 3.34 Mev 

! 0.688-d2.69y7 means that 0.68-Mev beta rays or conversion electrons 
are in coincidence with delayed gamma rays of 2.69 Mev. 

« This line has been resolved into two lines at 1.231 Mev and 1.268 Mev 
(see reference 16), of which the first represents the transition between the 
2.06- and 0.84-Mev levels. 

b Evidence for this level has been found also from inelastic neutron 
scattering [R. M. Sinclair, Phys. Rev. 99, 621(A) (1955)] and Coulomb 
excitation (see reference 23) on 
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the 2.06-Mev level. This would not be in disagreement 
with Johns ef al.'* (see Table I). 


VI. DISCUSSION 
A. The Isomeric State of Ge” 


The delayed coincidence work (Sec. IV D) shows (1) 
that the isomeric state of Ge” is the first excited state, 
(2) that not more than 5 percent of the isomeric 
transition proceeds by gamma rays.” Therefore one 
now knows that the half-life of the isomeric state is 
0.3 usec,>" its decay energy is 0.69 Mev,°?-316 and 
its conversion coefficient greater than 20. The only 
transition compatible with these properties is a 0—0 
transition*® without parity change. Since the ground 
state of Ge” is presumably 0*, the transition involved 
is O+—0*. 

Calculations of the lifetime of 0—0 (no) transitions 
have been made under various assumptions for the 
electronic wave function occurring in the transition 
matrix element.?*-** Assuming electronic Dirac wave 
functions and approximating the nuclear matrix ele- 
ment by the square of the nuclear radius (1.24-!X 10-" 
cm), a lifetime is obtained, in good agreement with 
the experimental value.* 

The reason for the violation of the general rule 
concerning the spin and parity of the first excited states 
of even-even nuclei’ at 32Ge0” is at present not 
understood. The near degeneracy of the 3/2 and fs/2 
nucleon configurations may be associated with this 
phenomenon. It is interesting to note that in Ge” a 0* 
level is found™ just 0.175 Mev above the first excited 
state at 1.04 Mev, which has the normal spin of 2 and 
even parity. 

The possibility of a 0* level appearing above or below 
the first 2+ state in Ge™ and Se” is currently being 
investigated at this laboratory by studying the decay 
of As”. As yet no state of this nature has been detected. 


*% This follows from a comparison of the upper limit of the 
delayed beta-gamma coincidences [Fig. 7(b)] which could not be 
accounted for by chances with the true beta-delayed gamma 
coincidences (Fig. 7, curve 6 minus curve a). 

26 The limit on this conversion coefficient is exceedingly higher 
than that expected for even E5 (2.2X10-*) or M5 (4.8X 107) 
radiation, while the lifetime is about what one expects for M2 
radiation. A 0—O transition with change of parity is forbidden 
for monoenergetic conversion electrons. 

27H. Yukawa and S. Sakata, Proc. Phys.-Math. Soc. Japan 17, 
397 (1935). 

28 R. Thomas, Phys. Rev. 58, 714 (1940). 

*S. D. Drell, Oak Ridge National Laboratory Report ORNL 
792, Sept. 6, 1950 (unpublished). 

* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sonc, Inc., New York, 1952). 

st FE. L. Church (private communication); E. L. Church and 
J. Wesener, Phys. Rev. 100, 943 (1955). 

® R. H. Fowler, Proc. Roy. Soc. (London) A129, 1 (1930). 

38 Note added in proof —In the notation of Church and Wesener* 
a lifetime of 0.3 ywsec corresponds to a strength parameter, , 
of 0.11. 

* Bunker, Starner, and Mize, Phys. Rev. 95, 612(A) (1954). 
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B. The Higher Excited Levels of Ge” 


No direct information exists on the spins and parities 
of the levels of Ge” other than the ground and first 
excited states. Unfortunately, the complexity of the 
level scheme precludes an unambiguous angular corre- 
lation experiment. 

The shell model prediction*® for the ground state 
31Gaq:” is p32 state for the proton and a go;2 state for 
the neutron. One may expect®® from the coupling of 
these two odd nucleons an odd-parity state with a spin 
of 4, 5, or 6. A high spin assignment of this nature is in 
agreement with the fact that no beta transition to the 
ground state of Ge” is observed. The second-excited 
state of Ge” would appear to have a 2+ assignment 
both from the decay of As” and the systematics of 
even-even nuclei. This information, coupled with the 
fact that the two most energetic beta transitions of 
Ga” have very nearly the same log ft value (see Table I) 
and can be classified most naturally as first forbidden, 
restricts the spin assignment of Ga” to 3- or 4~ and 
suggests that the spin of the third excited state of Ge” 
is 2+. The pattern of the transitions between the ground, 
second, and third or fourth excited states of Ge” is 
similar to the 0+—2+—2* pattern of some other even- 
even nuclei noted elsewhere.**5? 

The beta transitions to the 3.04-, 3.32-, 3.34-Mev 
levels seem to be in the allowed category. Of the various 
possible spin assignments for these three levels, 2~ or 
3- appears necessary because of the strong gamma-ray 
transitions going from these levels to the second excited 
state. The possible absence of transitions to the ground 
and first-excited states from the 3.04- and 3.32-Mev 
level may speak for 3~ assignment for these levels and 
a 2- assignment to the 3.34-Mev level, which would 
restrict the Ga” spin and parity to 3-, in violation of 
the strict application of Nordheim’s rules.* 

The levels at 2.06, and 2.51 Mev would appear to 
have even parity and spins close to 2 because transitions 
to the 0* first-excited state are observed from these 
levels. The cross-over gamma rays to the ground state 
would be expected to be of the order of one percent 
intensity and hence could easily have been missed in 
our analysis. The level at 2.39 Mev which is mainly 
responsible for the feeding of the isomeric state could 
have either a 1*, or 2+ assignment, as could the level 
at 2.82 Mev. 

The most likely spin and parity assignments based 
on considerations of gamma-ray intensities for single- 
particle transitions®* and of the beta spectra are shown 
in Fig. 2. 


35. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

36 J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
(1953). 

37 G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 


(1955). 
%# V. F, Weisskopf, Phys. Rev. 83, 1073 (1951). 








DECAY SCHEME OF Ga’ 


C. Decay of As”? to Ge”? 


The decay of As” has been studied by several 
investigators.**-** As” decays primarily by positrons o} 
end-point energies of 3.339 (19.3 percent), 2.498 (61.6 
percent), 1.844 (12.1 percent), 0.669 (5.0 percent), and 
0.271 (2.0 percent) Mev.** Gamma rays of energy 0.835 
and 1.05 Mev were resolved. The log ft value (8.3) and 
the shape of the 3.339-Mev ground state positron 
branch indicated® that the transition was first forbidden 
(AJ=+2, change of parity). A 2- spin and parity 
was then implied for As”, possibly accounted for by an 
fsj2 proton and a go/2 neutron configuration. 

We have started to investigate the decay of As” 
using scintillation spectrometers. Although the results 
will be reported in more detail at a later date, it is 
worthwhile noting that the decay scheme is at least 


® Mei, Mitchell, and Huddleston, Phys. Rev. 79, 19 (1950). 

© P. H. Stoker and O. Ping Hok, Physica 19, 279 (1953). 

t Mitchell, Jurney, and Ramsey, Phys. Rev. 71, 825 (1947). 
* McCown, Woodward, and Pool, Phys. Rev. 74, 1315 (1948). 
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as complex as that of Ga”, but more difficult to study 
because of the relatively lower intensity of the gamma 
rays above 0.84 Mev. From preliminary results it 
appears that most of levels observed in the decay of 
Ga” are also populated in the decay of As”. In addition 
a level at 2.90 Mev and apparently levels above 3.34 
Mev are required. The 2.90-Mev level seems to partici- 
pate in populating the 0.69-Mev level. At present no 
decisive information concerning the spins and parities 
of the excited levels of Ge” can be obtained from the 
decay of As”, beyond what is known from the decay 
of Ga”. 
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Fission Theory and Semiempirical Mass Formula 
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The fission theory of Bohr and Wheeler employs the semiempirical mass formula with the following con- 
stants: E,(=surface energy) =14A! Mev; x= Ecoulomp/2E,= (1/47.8)(Z?/A); nuclear radius= Coulomb 
radius= 1.47 10- A! cm. The experimental masses deviate systematically from the values calculated using 
this formula. In the present note it is shown that these differences may severely influence the results of the 


fission theory. 


A reduction of the standard error in the mass formula from 8 to 2 mMU has been achieved by using the 
following constants: E,=17.8A4! Mev; Coulomb radius=1.216X10-% At cm; x=(1/50.1)(Z?/A). The 
smaller x-value and Coulomb radius, in addition to possible shell effects in the two halves of the deformed 
nucleus, decrease the stability of a symmetric deformation of the nucleus. 


INCE the publication of the original liquid drop 
theory, a considerable amount of new experimental 
data on exact masses has been obtained.?* To fit these 
values more satisfactorily the constants in the semi- 
empirical mass formula‘:® have to be altered. This 
change affects the liquid drop theory of fission. With the 
revised values the critical form of the nucleus is more 
strongly deformed than hitherto assumed and tends 
more to asymmetry. 
In the fission theory of Bohr and Wheeler the follow- 
ing constants are employed: E,(=surface energy) 


1N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

2 Glass, Thompson, and Seaborg, J. Inorg. and Nucl. Chem. 1, 
3 (1955). 

3A. H. Wapstra, Isotopic Masses II, KO, Amsterdam (un- 
published). 

4C. F. von Weizsicker, Z. Physik 96, 431 (1935). 

5 E. Fermi, Nuclear Physics (The University of Chicago Press, 
Chicago, 1949), 


=14A!? Mev; x=E,/2E,=(1/47.8)(Z?/A) (E.-=Cou- 
lomb energy, Z=charge number, A=mass number); 
nuclear radius=Coulomb radius=1.47X10-"A! cm. 
As mentioned, the semiempirical mass formula in which 
these values are used, results in large systematic devia- 
tions from the experimental masses. 

To show the extent to which these errors may affect 
the results of the theory, we have plotted the energy 
necessary for the deformation of a U™*-nucleus into 
two touching spheres with charges proportional to 
their masses, as a function of the sphere masses (Fig. 1). 
From the liquid drop theory, with the original constants 
mentioned above, one finds curve I.° Curve II is cal- 
culated from the experimental mass values’ of nuclei 
with the same mass numbers as the spheres. These 
masses have been corrected with the following formula 


6S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 
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Fic. 1. Energy required to deform the U™* nucleus into two 
touching spheres. Curve I is calculated from fission theory with 
the usual constants; curve II is calculated from experimental 
masses. 


that is a direct consequence of the Bohr-Wheeler form 
of the mass equation!: 


M,(Z,,A)=M2(Z2,A) —$Ba(Z2—Za)?+$Ba(Z1—Za)’, 


in which M,, Z;, A are the calculated mass, charge, and 
mass number of the sphere, and M2, Z2, A are the ex- 
perimental mass, charge, and mass number of a nucleus, 
isobaric to the sphere. From the above-mentioned con- 
stants of the mass equation, it follows? that 


Ba=0.166A+0,.0012544-* 
and 
Z4=A/(1.981+0.015A!). 


The same mutual Coulomb energy, 
Z1(92—Z,)e*/{1.47X 10-4A 1#+ (238—A;)*]}, 


of the two spheres as used for curve I has been added 
and the experimental mass of uranium? subtracted. (A 
similar function has been considered by Fong’ in another 
connection). 

The extrapolation from experimental data used in 
curve II is clearly much smaller than the one employed 
in curve I. Accordingly, the former should give better 
values for the deformation energy. The large difference 
between the two curves therefore casts some doubt on 
the quantitative results of the fission theory. The fact 
that curve I lies about 30 Mev higher than curve II can 
be understood by comparing the experimental masses 
with those calculated from the semiempirical mass 
formula.* The former are 5 Mev larger than the latter 
in the region of uranium, and about 10 Mev smaller for 
the medium nuclei. 


7P. Fong, Phys. Rev. 89, 332 (1953). 
® Charles Noel Martin, Nuclear Tables (Gauthier-Villars, Paris, 
1954). 


MARIS 


A reduction of the standard error in the mass formula 
from 8 to 2 mMU has been achieved by using the follow- 
ing constants®: E,=17.8A! Mev and a Coulomb 
radius of 1.216X10-"A# cm, the last value being in 
accordance with other experimental results." 

From these values one finds, for U**, x=0.71 and 
E,=683 Mev compared to x=0.74 and E,=537 Mev in 
the usual theory. As is well known, a smaller x-value 
corresponds to a stronger deformation and an increased 
tendency towards asymmetry of the critical form. In 
addition, a stronger “bottlenecking” of the critical form 
favors shell effects in both halves, which might increase 
the asymmetry tendency.”:” Furthermore, both experi- 
mental (Coulomb radius) and theoretical investiga- 
tions™® indicate that the proton surface in the nucleus 
is located “inside” of the neutron surface at a distance 
of roughly 0.1X10-"A! cm. In the distorted nucleus, 
this last effect should be influenced by polarization. The 
resulting critical forms might be considerably different 
from those calculated for the original theory.'* As a 
first, although unreliable, estimate, considering the 
effects of smaller x-values and Coulomb radii as addi- 
tive, and neglecting polarization, the radius of the 
bottleneck of the neutron distribution would be smaller 
by about 15% and that of the protons less by 20-25% 
than hitherto assumed. These values follow from the 
calculated critical forms for the different x-values® and 
from an assumed location of the proton surface at a 
distance of 0.1 10~A! cm inside of the nuclear surface. 

The minimum in curve II is an effect of shell structure 
of the nuclei whose masses were used in the calculation.'® 
One should be careful in interpreting this minimum 
quantitatively because the real nucleus will never have 
the form of two touching spheres and the location of the 
minimum depends also on the individual numbers of 
protons and neutrons which are different for our hypo- 
thetical spheres and the actual nuclei from which we 
deduced their masses. On the other hand, as mentioned, 
the increase in deformation of the critical form would 
tend to favor shell effects in both halves of the distorted 
nucleus. 
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Institute of Physics, Professor Manne Siegbahn, for the 
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Swedish Academy of Sciences for a grant. I particularly 
wish to thank Dr. Stanley G. Thompson and Dr. W. J. 
Swiatecki for several helpful discussions and suggestions. 
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4M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 
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Gamma rays accompanying electron capture of 12-day Ba"! have been studied with a single-channel 
scintillation spectrometer. Relative intensities have been determined for the 122 kev (198), 214 kev (148), 
372 kev (100), 496 kev plus satellite (360), and 620 kev (33) gamma-rays. Three new gamma-rays have been 
found at 823+20 kev (2.0), 91715 kev (7.2), and 103215 kev (11.0), and their assignment to Ba" has 
been established by chemical purification and half-life. Crystal summing studies confirm that the 620-kev 
transition is the crossover of the 122-kev and 496-kev transitions, and no significant crystal summing is 
found for the three new gamma rays. A peak corresponding to 83 kev was observed, which appears to be due 
to two or more unresolved gamma rays, but no gamma ray could be found at 100 kev. The decay of Ba™' was 
followed for 9 half-lives using an end-window beta proportional counter, and the half-life was found to be 
11.52+0.08 days. The ratio of the pile neutron cross section for the activation of Ba!* to that of long-lived 
Ba! has been found to be o(Ba™) /o(Ba!®) =1.2+0.3. 








INTRODUCTION 


HE complex gamma-ray spectrum associated with 

the electron capture of 12-day Ba" has been 

studied by a number of investigators." Table I 

summarizes the results of previous investigations and 

present findings. The gamma rays at 122, 214, 244, 372, 
496, and 620 kev are well established. 

Weak high-energy radiations were found in a rough 
scintillation spectrometer survey of a radiobarium 
source, which came to hand in connection with other 
studies. It seemed of interest to study these hard 
gamma rays, whose assignment had been in question. 
Because of its inherent stability, our automatic record- 
ing scintillation spectrometer is well suited to the study 
of low-intensity radiation. 


EXPERIMENTAL 


Forty-four grams of reagent grade barium nitrate 
were irradiated in the Oak Ridge reactor for 28 days. 
The irradiated sample was dissolved in water and the 
cesium daughter of Ba'*' was separated by a chemical 
procedure involving the addition of sodium and cesium 
carriers and the precipitation of barium chloride with a 


* Supported in part by the U. S. Atomic Energy Commission. 
Abstracted from a thesis submitted by William C. Beggs in 
partial fulfillment of the requirements for the degree of Master of 
Science. 

{ Present address: Department of Physics, University of 
Kentucky, Lexington, Kentucky. 
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3 Dale, Zimmerman, Thomas, and Kurbatov, Phys. Rev. 78, 640 
(1950); and Zimmerman, Dale, Thomas and Kurbatov, Phys. 
Rev. 80, 908 (1950). 

4E. Kondaiah, Arkiv Fysik 2, 295 (1950). 

5 Dale, Richert, Redfield, and Kurbatov, Phys. Rev. 80, 763 
(1950). 

®R. Canada and A. C. G. Mitchell, Phys. Rev. 83, 76 (1951). 

7W. H. Cuffey, Phys. Rev. 82, 461 (1951). 

s "a Cheng, Haskins, and Kurbatov, Phys. Rev. 88, 263 
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® Cork, LeBlanc, Nester, and Brice, Phys. Rev. 91, 76 (1953). 

1 W. Payne and M. Goodrich, Phys. Rev. 91, 497 (1953), and 
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4 Lu, Kelly, and Wiedenbeck, Phys. Rev. 97, 139 (1955). 


concentrated (5:1) hydrochloric acid diethyl ether 
mixture. The precipitate was evaporated almost to 
dryness three times to expel NO;~ and C* as COs. 
Lat+*++ and Fet** carriers were added to an aqueous 
solution of the barium chloride, and ferric hydroxide 
and lanthanum hydroxide were precipitated with excess 
ammonium hydroxide. The scavenging was repeated 
three times. Barium was precipitated in final form as 
barium chromate in acetate-buffered acetic acid by the 
addition of potassium chromate. The barium chromate 
was filtered, washed, dried, and mounted. 

Isomeric states of Ba!** (39 hr) and Ba® (29 hr) were 
allowed to decay before proceeding with the scintillation 
spectrometry. Pulse-height spectra from chemically 
purified and unpurified sources were identical. 

An automatic-recording single-channel scintillation 
spectrometer was used for all experiments reported here. 
The detector consisted of a cylinder of NaI(T1) 1} in. 
diameterX1 in. high mounted on a DuMont 6292 
photomultiplier tube, with a mixture of MgO and 
Mg(ClO,)2 for diffuse reflector. It was encased in a 
tight-fitting thin brass can and sealed with Scotch 
electrical tape. The detector was operated in a graded 
shield. 


RESULTS 


Typical pulse-height spectra with source distances of 
7.6 cm and 1.8 cm are shown in Fig. 1. Peaks corres- 
ponding to gamma rays of 122, 214, 372, 496, and 620 
kev are clearly resolved. The 244-kev gamma ray is not 
clearly seen, but its presence can be inferred from the 
skewness of the 214-kev peak. No peaks are seen at 196 
or 585 kev. A peak appears at approximately 83 kev, 
but none was fund at 100 kev. Under closer examina- 
tion, the 83-kev peak appears considerably broader 
than the 87-kev line of Cd': this peak is probably due 
to two or more unresolved gamma rays. The 496-kev 
peak was consistently broader than the full energy 
peak in the pulse-height spectrum of the Be’ gamma 
ray (478 kev), indicating the existence of an unresolved 
satellite. 
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TaBLE I. Gamma rays associated with the decay of Ba™!. A summary of energy measurements to date, along with present findings. 








Experimental 


technique ve 


Gamma-ray energy 
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¥8 y10 Reference 





Pb and Al abs. 

Pb and Al abs. 
Thin-lens spectr. 
Siegbahn spectr. 
Thin-lens spectr. 
Mag.-lens spectr. 
Abs. and coinc. abs. 
Solenoidal spectr. 
Perm. mag. spectr. 
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122 206 
214 


213 


214 
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214 


214 
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122 
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133 
Scint. spectr. 122 


Scint. spectr. 


100 


Scint. spectr. 834 122 


420 


372 
371 


370 
374 


370 
372 


372 


1020* 
1090 


-o CONIAU EWN 


ao 


1032 Present 


work 








* The authors were not able to say that these gamma rays were not due to impurities. 


> Reported but not definitely attributed to Ba!®!. 
© Observed but unresolved by the scintillation spectrometer. 
4 Unresolved complexity. 


Above the 620-kev peak, the count does not go to 
background (0.005 counts/sec per }-volt channel). Two 
peaks can be clearly seen at 920 and 1030 kev, and the 
hint of a third at about 820. The latter becomes much 
more evident when the two higher energy spectra are 
“peeled off.” The half-life of the high-energy spectrum 
over three half-lives was 11.8+1 days. Together with 
the specific barium chemistry, this rules out all conta- 
minants but 12.8-day Ba™, and its daughter, 40-hr 
La’. Ba has no intense gamma rays above 540 kev.” 
La™ has a very intense gamma ray at 1.60 Mev," but 
pulse-height spectra taken to 1.5 Mev failed to reveal 
any trace of radiation above 1.03 Mev. On the basis of 
known neutron activation cross sections,!-* the ratio of 
Ba™ to Ba"! activities for this irradiation is expected 
to be about 10~®. We therefore conclude that the high- 
energy spectrum is not due to Ba— La™ and assign it to 
Ba#!, 

The nature of the high-energy spectrum might lead 
one to suspect that it is due to “pile-up,” an effect 
attributable to the finite resolving time of the spectrom- 
eter. This possibility was ruled out by observing the 
pile-up arising from an intense source of Cs"*’, and using 
the resolving time thus obtained to compute the pile-up 
due to lower energy gamma rays of Ba"™!. This effect 
contributes no more than 0.2% to the data count for the 
spectrum at 7.6 cm (Fig. 1). In addition, the highest 
energy peak shows normal width; and, as has been 
pointed out above, the high-energy spectrum decays 
with the characteristic half-life of Ba''. We therefore 
conclude that the spectrum represents new high-energy 
gamma rays of Ba"!, not reported with confidence 
before. 

The results of several spectra were averaged to obtain 

Cork, LeBlanc, Stoddard, Martin, Branyan, and Childs, 
Phys. Rev. 83, 856 (1951). 

18 Peacock, Quinn, and Oser, Phys. Rev. 94, 372 (1954). 

14 Neutron Cross-Sections Atomic Energy Commission Report 


AECU-2040 (Technical Information Division, Department of 
Commerce, Washington TD. C.. 1952). 


the energies of the three hard gamma rays. Calibration 
was provided by the 1114-kev line of Zn®,'® the 661-kev 
line of Cs'87,16 and the 496-kev line of Ba''. The values 
obtained are 823+ 20 kev, 917+-15 kev, and 1032+15 
kev; the errors arise mainly from gain fluctuations, 
uncertainties in subtractions, and counting statistics. 

Intensities of the 122 kev, 214 kev, 496 kev and satel- 
lite, 620 kev, and the three new gamma rays have been 
determined relative to the intensity of the 372-kev line, 
which is neither a cross-over transition, nor coincident 
with any other gamma rays, except possibly the weak 
one at 244 kev." Full-energy peaks were isolated by 
subtracting the spectra of higher energy gamma rays 
from the gross spectrum, by a method similar to that 
used by McGowan.” Areas were obtained by assuming 
the peaks to be Gaussian, and measuring their heights 
and (1/e) widths. McGowan’s values for the ratio of full- 
energy area to total area were used, with calculated 
geometrical efficiencies obtained from the Mathematics 
Panel at Oak Ridge.'* Intensities have been corrected 
for decay during the run, differential absorption in the 
counter window (0.010-in. brass and 0.030-in. alu- 
minum), and pile-up. Background was negligible. 

The need for a correction for constant channel width 
of the pulse-height analyzer over the single-channel 
pulse-height spectrum has been pointed out. A method 
of determining such a correction experimentally was 
adopted in this investigation, based on the premise that 
the only factor which ultimately is capable of distorting 
the true differential pulse height spectrum and conse- 
quently the area under a peak is the relation of the 
window width of the analyzer to the width of the peak 
at the input to the analyzer. The necessary correction 
to the area of a peak of given width would be the ratio 
of the integral count to the areal count for a calibration 


16 Mann, Rankin, and Daykin, Phys. Rev. 76, 1719 (1949). 

16 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
17 F. K. McGowan, Phys. Rev. 93, 163 (1954). 

18 F, K. McGowan and P. R. Bell (privately circulated tables). 








y RAYS IN THE 
peak. A number of calibration spectra were taken of the 
full energy peak of the 661-kev gamma ray of Cs!*”. The 
analyzer window was held constant at } volt, the win- 
dow used for the Ba’! work, and the gain of the linear 
amplifier was varied, resulting in a number of peaks of 
different disperison. Peaks were produced whose (1/e) 
width ranged from 1.65 volts to 7.1 volts, spanning the 
range of interest for this experiment. Within the count- 
ing accuracy, the areas agreed with each other and with 
integral counts of the peak. It was concluded that the 
pulse height spectrum is not distorted, and that areal 
counts need not be corrected for this effect. 
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Fic. 1. Pulse-height spectra of Ba'*! gamma rays at two source 
distances. The solid curves are the contributions of the various 
gamma rays to the gross spectrum. Statistical fluctuations are 
less than the diameter of the solid data points. For the spectrum 
at 1.8 cm, the source intensity was sufficient to jam the pulse- 
height analyzer below 7 volts. 
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TABLE IT. Crystal summing study. Intensities of Ba gamma rays 
at two source distances (relative to 372-kev line as 100). 








Relative intensity 
source distance 


7.6 cm 1.8 cm 


198+50 

148+30 144+30 
100 100 
360+40 340+40 


3345 
2.0+0.5 
7.2+1 

11.0+1 


Transition 
energy (kev) 


122 

214 

372 

496 and 
satellite 
620 

823 

917 
1032 





S7+5 
2.8+0.5 
7.641 

14.0+1 








The relative intensities obtained at the two source 
distances are displayed in Table ITI. The intensity of the 
620-kev line is enhanced at the expense of the 496-kev 
line for small distances. This has been attributed to the 
summing of the 496-kev and 122-kev gamma rays." 
The cross-over gamma ray at 620 kev is real, for its 
relative intensity is changed only by a factor two, and 
not by the pure summing factor of about ten. The 
measurements at 7.6 cm are free of summing effects, 
since the relative intensity of the 620-kev peak did not 
change as the distance was increased further. The 
intensities of the three hard gamma-rays relative to the 
372-kev line did not change significantly with distance, 
which indicates that they are not cross-over transitions. 

Our intensity measurements disagree with beta 
spectrometer results,‘:*.* but are in essential agreement 
with the scintillation spectrometer work of Payne and 
Goodrich.” The latter also reported gamma-rays at 
0.90 and 1.02 Mev with intensities 3% of the 496-kev 
line. Although Payne and Goodrich could not definitely 
assign them to Ba", they are undoubtedly the hard 
gamma rays which we have found at 917 and 1032 kev. 


HALF-LIFE 


The decay of Ba" was followed through nine half- 
lives with a methane flow, 2x beta proportional counter 
with a 1.0 mg/cm? aluminized mylar end window. 
The half-life was found to be 11.52+0.08 days. The 
assigned error is twice the estimated standard error, 
as determined by a least squares fit.! 


ACTIVATION CROSS-SECTIONS 


We have determined the ratio of the neutron activa- 
tion cross sections of Ba! and Ba’. The intensities of 
the gamma rays of Ba’! were measured in a fresh 
sample. After the Ba"! had decayed, the intensity of the 
82-kev gamma ray of Ba'* was measured under iden- 
tical conditions. Adopting the decay scheme of Lu, 
Kelly, and Wiedenbeck," the sum of the intensities of 
the 496-kev, 372-kev, and 214-kev gamma rays, cor- 
rected for internal conversion, is an approximate meas- 
ure of the Ba"! activity. To this approximation, the 


19W. Edwards Deming, Statistical Adjustment of Data (John 
Wiley and Sons, Inc., New York, 1943), Chap. IX. 
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conversion of the 496- and 372-kev lines is negligible‘; 
and the conversion coefficient of the 214-kev line is 
about 0.24.8 Similarly, the intensity of the 82-kev 
gamma-ray of Ba™*, corrected for internal conversion, 
is a good measure of the Ba™ activity®*!; the internal 
conversion coefficient has been reported to be 3.5.” 
Corrected to the end of the pile irradiation, the activities 
of Ba" and Ba™ are in the ratio 130:1. Assuming a 
uniform irradiation of 28 days, a 12.0-day half-life for 
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Ba"™!, and a 7.5-year half-life for Ba'*,” the ratio of the 
pile activation cross sections is ¢(Ba™)/o(Ba')=1.2 
+0.3. 

If one recalculates for a 7.5-year half-life of Ba!*, one 
finds that the ratio obtained by Katcoff' is ~2.2, while 
the ratio of the cross sections given in AECU-2040" is 
0.002. Katcoff’s results can be considered in fair agree- 
ment with the work reported here, but the Ba" activa- 
tion cross section appearing in AECU-2040 is certainly 





aoe ip in error. 
* Hayward, Hoppes, and Ernst, Phys. Rev. 93, 916 (1954). 
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Deuterons have been observed from the reaction N“($,d)N%, produced by 18.7-Mev protons. The 
deuterons were distinguished from proton background by a thin Nal crystal in a scintillation counter with 
the crystal thickness equal to the deuteron range. The angular distribution of deuterons to the N™ ground 
state was fitted by a curve calculated from Butler’s theory for an angular momentum transfer /,=1. This 
shows that the ground states of Nand N“ have opposite parity and is consistent with the assignment of 1+ 
to the N™ ground state. The reduced width for the ground state transition is in qualitative agreement with 
that calculated using an independent-particle shell model with some indication that the N“ ground state is 
largely a D state. The transition N“(p,d)N™* to the first excited state of N¥ was not observed. The experi- 
mental upper limits on its cross section give upper limits of a few percent probability for admixtures of the 
configurations p*s* and p*sd in the N“ ground state. Application to the lifetime of C™ is discussed. 


A. INTRODUCTION 


GREAT deal of recent work has been concerned 

with the angular distribution of the protons and 
neutrons from (d,p) and (d,m) stripping reactions.' 
Butler has shown’ that the shape of the angular distribu- 
tion in stripping determines the angular momentum 
carried into the target nucleus by the captured particle, 
e.g., by the captured neutron in a (d,p) reaction. By 
application of conservation laws for parity and angular 
momentum, this angular momentum transfer yields the 
change in parity and angular momentum between"the 
initial state of the target nucleus and the final state of 
the residual’nucleus. Thus if the parity and spin of the 
target nucleus are known, the parity and spin of the 
final state are determined (the latter with some ambi- 
guity because of the vector addition rules for angular 
momentum). Because of this result, stripping reactions 
have given much information useful in nuclear spec- 
troscopy. 


* This work was supported by the U. S. Atomic Energy Com- 


mission and the Higgins Scientific Trust Fund. A preliminary 
report appeared in Phys. Rev. 94, 731 (1954). _ : 

+ Now at the Department of Physics, University of Manitoba, 
Winnipeg, Canada. el i 

1 For a review of experimental and theoretical information, see 
R. Huby in Progress in Nuclear Physics (Pergamon Press, London, 
1953), Vol. 3, pp. 177-218. 

2S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 


With the present activity in the study of stripping 
reactions, it seems surprising at first that the inverse 
reactions (p,d) and (n,d) have been neglected, since, 
because of the reciprocity theorem,’ Butler’s results 
apply also to them. There is, however, an important 
practical reason for this neglect of “pick-up” reactions. 
The energy release Q in a ground-state stripping reaction 
is positive in almost every case, and is usually 5-10 Mev 
in magnitude. This means that low-energy deuterons 
will produce high-energy protons in a (d,p) reaction, 
while any background of scattered neutrons, etc., is at 
low energy and so is easily removed. For (,d) reactions 
the situation is just the opposite; high-energy protons 
produce low-energy deuterons, which must be examined 
in the midst of a large background of protons of the 
same or higher energy. The interesting features of the 
angular distributions usually occur at small angles, 
where the background is particularly bad. Because of 
this difficulty, angular distributions from (p,d) reactions 
have been measured in a few favorable cases only.*: 

3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 336, 528. 

* Be®(p,d)Be®, Q=559 kev: J. A. Harvey, Phys. Rev. 82, 298 
(1951), and Massachusetts Institute of Technology Progress Re- 
port NP-3434, October 1, 1950 (unpublished) ; Cohen, Newman, 
Handley, and Timnick, Phys. Rev. 50, 323 (1953). 

* Het(p,d)He*, Q=—18.3 Mev: J. Benveniste and B. Cork, 


Phys. Rev. 89, 422 (1953). Here no measurements were reported 
for angles smaller than 22.5°. 
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The absolute cross section for a stripping or pick-up 
reaction is also of interest. Perhaps the most satisfactory 
way of expressing such a measurement is in terms of 
“reduced width.’’* It has been shown!:”* that the cross 
section for a (p,d) reaction is proportional to the 
“partial width” for the disintegration of the target 
nucleus into a neutron + the final state of the residual 
nucleus. The partial width may be factored into a 
quantity called the “reduced width” ’, which expresses 
the intrinsic nuclear probability of the disintegration, 
and a penetration factor which takes into account effects 
outside the nucleus (Coulomb and angular momentum 
barriers, etc.). It is convenient to use a dimensionless 
reduced width @ as a fraction of the “sum rule limit’’*® 
= 2M rgy?/3h?. 

Unfortunately, reduced widths calculated from strip- 
ping are subject to corrections which are not completely 
understood. Thomas? found that, in the few cases where 
reduced widths determined from stripping could be 
compared with those determined for the same disinte- 
gration from resonance reactions, the reduced widths 
from stripping were smaller by factors up to ~5 than 
those from resonance reactions. Horowitz and Messiah” 
and Tobocman and Kalos" have made numerical caleu- 
lations in special cases to allow for various factors 
neglected in the Butler theory (Coulomb effects and the 
interaction between the deuteron and the target nucleus 
and between the proton and the residual nucleus in 
stripping). Their corrections are of the right order of 
magnitude to explain the discrepancies, but the exact 
correction to be applied is uncertain. 

Prediction of the reduced width on theoretical grounds 
depends on the choice of a specific nuclear model. 
Recently the independent-particle shell model"* has 
had considerable success in explaining the properties of 
light nuclei. In the nuclear p-shell the interaction of a 
particle with angular momentum 0 or 2 may be repre- 
sented on a “single-particle model,” i.e., the interaction 
is treated as a simple potential well. On the other hand, 
for reactions of particles with angular momentum one, 
the reacting particle is the same as those already in the 
p-shell, and the mode of coupling becomes the most 
important factor. Lane” has given formulas for the 
reduced width in the extreme cases of L-S and j-j 
coupling, and has found that in most cases experimental 
reduced widths lie between those calculated on the 


*T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

7S. Yoshida, Progr. Theoret. Phys. (Japan) 10, 1 (1953) ; 10, 370 
(1953). 

8 Fujimoto, Kikuchi, and Yoshida, Progr. Theoret. Phys. 
(Japan) 11, 264 (1954). 

®R. G. Thomas, Phys. Rev. 91, 453 (1953), and private com- 
munication. 

#” J. Horowitz and A. M. L. Messiah, J. phys. radium 14, 695 
(1953). 

1 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 

2 A, M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953); 68, 
189 (1955); 68, 197 (1955); Atomic Energy Research Establish- 
ment (Harwell) Report T/R 1289, 1954 (unpublished). 

183A, M. Lane and L. A. Radicati, Proc. Phys. Soc. (London) 
A67, 167 (1954). 
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opposite extremes. This, along with evidence from, the 
level positions, seems to indicate that an intermediate 
coupling between the two extremes gives a fairly ade- 
quate description of the properties of nuclei in the 
p-shell. 

# This paper and the one following'® describe a method 
of observing (p,d) reactions and its application to the 
study of light nuclei. The present paper is concerned 
with the method and with the (,d) reaction in nitrogen; 
the following paper considers other light elements. 


B. EXPERIMENTAL METHOD AND APPARATUS 


In order to measure the angular distribution of 
deuterons from (,d) reactions it is clearly necessary to 
distinguish them from proton background. Here this 
was done by use of a thin Nal crystal (~0.01 in.) in a 
scintillation counter. When a particle passes into such a 
crystal, the pulse-height output from the scintillation 
counter is proportional to the energy loss of the particle 
in the crystal, and so is proportional to the incident 
particle energy as long as it is entirely dissipated in the 
crystal. Thus pulse height increases proportionally with 
incident particle energy until the particle has a range 
equal to the crystal thickness. For energies larger than 
this critical value, the particle will pass through the 
crystal and lose only part of its energy; the energy loss 
in the crystal will decrease since the energy loss per unit 
distance decreases with increasing energy. 

In particular, the maximum pulse in a crystal of 
thickness T from a deuteron passing normally through 
it, will come from a deuteron of the critical energy 
E.(T). Deuterons of energy E4(T) have a range T in 
Nal and hence just stop in the crystal. Deuterons of 
both lower and higher energies will give smaller pulses. 
The same relations hold for other types of particles, 
protons for example, except that their maximum energy 
loss is different from that for deuterons. Since the maxi- 
mum energy loss in a given crystal is characteristic of 
the type of particle a measurement of its value for a 
group of particles determines the type of particle as well 
as its energy. Particles heavier than deuterons will in 
general have larger maximum energy losses, but a study 
of the range-energy curves'® shows that for protons, the 
most important background, the maximum energy loss 
is ~? the maximum deuteron energy loss for a given 
range, i.e., E,(T)~2E4(T). Therefore a deuteron of the 
critical energy Eq(T) will give a larger pulse out of the 
crystal than will any other deuteron or amy proton. 

In order to observe a deuteron group of energy E 
a crystal of thickness T should be used such that 
E,(T)=E. The deuterons will then give output pulses 
corresponding to their full energy, while all proton back- 
ground will be at lower pulse heights. It was found 


4D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
8 J. B. Reynolds and K. G. Standing, following paper [Phys. 
Rev. 101, 158 (1955) ], hereafter referred to as II. 


16 Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 
mission Report AECU-663 (unpublished). 
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Fic. 1. Counter geometry. Particles from the target at the center of the scattering chamber passed through the 
variable Al absorber, then through the proportional counter, and finally through a collimator into the scintillation 
counter. The path of particles passing through the proportional counter was ~ in. and the counter was filled with 
argon at a pressure of 32 cm Hg. The scintillation counter was kept at atmospheric pressure for convenient operation in 
the vacuum system. The proportional counter, the scintillation counter, and the crystal mounting were sealed by ~2 


mg/cm? mica windows. 


possible to cleave crystals of the required thickness 
(~0.01 in.) and ~} in. square from a block of NaI by 
use of a sharp razor blade. As it was inconvenient to 
change crystals for every change in deuteron energy, 
(i.e., at every change of angle of observation for a given 
group), a variable aluminum absorber was placed in 
front of the counter system. In practice a crystal some- 
what thinner than the deuteron range was used, then the 
absorber thickness was increased until the deuterons 
had the critical energy Ea(T) on leaving the absorber 
and entering the crystal. Pulses from the scintillation 
counter were amplified and fed into a 20-channel pulse- 
height analyzer.!” Typical pulse-height distributions are 
shown in Fig. 2. Here the deuterons appear as a peak at 
about channel 53, and it is apparent that there is little 
significant background present. The dashed lines show 
background as estimated from the general shape of the 
curves. To obtain more information, runs were taken 
with extra Al absorber in front of the counters, so as to 
depress the deuteron peak to a smaller pulse height. The 
background which then appears should be a good ap- 
proximation to the background present initially, since it 
is expected to vary slowly with energy. 

At very small angles the background became more 
serious, and was found to consist partly of protons, 
presumably a small proportion of high-energy protons 
which had been scattered through large angles in the 
crystal. To remove these, a thin proportional counter 
was inserted in front of the scintillation counter. Be- 
cause of the “Landau effect” the pulse-height distribu- 
tion from such a counter is broad, with a large high- 
energy tail. The low-energy cutoff is sharp, however, so 
that all deuterons of the group being examined will give 
pulses above a certain height. Because of their lower 
rate of energy loss, most of the high-energy protons will 
give smaller pulses. The output of the proportional 


7 Bell and Kelley model—described by A. B. Van Rennes, 
Nucleonics 10, No. 10, 50 (1952). 


counter was applied as a coincidence gate to the pulse- 
height analyzer so that a scintillation counter pulse was 
recorded only when the proportional counter gave a 
pulse large enough to be caused by a deuteron of the 
group being observed. This system gave some reduction 
of background as a rule, so was used as an addition to 
the scintillation counter for all measurements except 
those on Li and the B® ground state (see IT). Measure- 
ments with and without the proportional counter gave 
the same results except for some reduction in back- 
ground with its use. The geometry of the counting 
system is shown in Fig. 1. 

This work was done in the 60-in. diameter Princeton 
scattering chamber.'* A beam of protons of energy ~ 18 
Mev from the cyclotron was collimated at the entrance 
to the scattering chamber and gave a beam ~}-in. 
diameter at the target. After hitting the target and 
passing through the chamber, the undeflected beam was 
collected in a graphite cup connected to a current 
integrator.” A scintillation counter was used as a 
monitor at 30° to the incident beam. Since the monitor 
counter took account of any variations in target posi- 
tion, etc., it was used to normalize the angular distribu- 
tions. The current integrator was used to determine 
absolute cross sections. 

In all cases described in this paper and the following 
one, the measured energy of the particles agreed with 
that expected for deuterons from the known level 
positions.” Definite identification of the particles as 
deuterons was provided by their maximum energy loss 
in the known crystal thickness. The critical energy at 
which the pulse height reached its maximum value 
agreed with that expected from deuterons, and disa- 
greed with that expected from protons or tritons by 
~25%. 


"18 J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
1” W. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 688 
(1951). 
%” F, Ajzenbergand T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 
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For the experiments on nitrogen a melamine foil was 
used as a target. Melamine (~CsH;N¢) is a plastic 
which contains a large proportion of nitrogen and no 
elements (except C", ~1% of natural carbon) which 
give deuteron background for ~18-Mev protons. Foils 
were made of Melmac 4047” by sprinkling a thin layer 
of finely-ground material between a pair of glass plates 
in a hydraulic press heated to ~400°F and applying 
~4500 Ib/in.’ pressure for 2 minutes. This procedure 
gave uniform foils down to ~0.001 in. thick with an 
area ~1 in.? Analysis of the foils gave ~45% nitrogen 
by weight. 


C. RESULTS 


18.7-Mev protons struck a melamine foil of thickness 
3.09+0.06 mg/cm’. Figure 2 shows scintillation counter 
spectra of deuterons leaving N" in its ground state in 
the reaction N"(p,d)N* (Q=—8.3 Mev). The total 
number of counts in the peak less background was de- 
termined at each angle, and the results [converted to 
the center-of-mass (c.m.) system] gave the angular 
distribution shown in Fig. 3. It is clear from comparison 
with the theoretical curves that the angular momentum 
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Fic. 2. Scintillation counter spectra from N"“(p,d)N™ (ground 
state) at angles as indicated in the laboratory system. Estimated 
background is indicated by the dotted lines. Circles indicate ex- 
perimental points, and bars standard deviations. On the first two 
curves the crosses show spectra taken with larger absorber thick- 
nesses for estimation of background. 


#1 American Cyanamid Company, which kindly supplied the 
Melmac 4047. 
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Fic. 3. Angular distribution of deuterons from N"(p,d)N®% 
(ground state) in the center-of-mass system. The circles are ex- 
perimental points with bars indicating standard deviations. The 


curves are theoretical curves calculated from Butler’s formula for 
the angular momentum transfers /, and radii ro indicated. 


transfer /, in this reaction is one. We estimate the value 
of the nuclear radius (the only adjustable parameter in 
the theory) as ro= (5.4+0.3)X10-" cm. The absolute 
cross section at the maximum of the angular distribution 
(~18° c.m. system) was calculated from the target 
thickness and the integrated current to be dao/dQ 
= (5.0+0.6) millibarns/steradian in the c.m. system. 

Deuterons from transitions to the first excited state in 
N® (N"(p,d)N"*, Q=—10.7 Mev) were searched for 
and none were found above background. This gave 
upper limits on the cross section for the excited state 
transition in the c.m. system as do/dQ<0.4 mb/sterad 
at 14°, do/dQ<0.2 mb/sterad at 23° and do/dQ<S0.1 
mb/sterad at 35°. 


D. DISCUSSION 


(1) Angular Momentum Transfer and 
Nuclear Radius 


The foregoing result shows that the angular momen- 
tum transfer in the reaction N“(p,d)N™ is one, and 
therefore that the ground states of N* and N“ must 
have opposite parity. Since N® is known to have odd 
parity,” the parity of the N“ ground state must be 
even. This agrees with the result obtained by Bromley” 
from a measurement of the C(d,n)N™ angular distribu- 
tion, a result which was in some doubt because of a 


2D. A. Bromley, Phys. Rev. 88, 565 (1952). 
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contradictory result obtained by Benenson* from the 
same reaction. An angular momentum transfer of one is 
also consistent with the known spins,” } for N™ and 1 
for N“. The nuclear radius required to fit the angular 
distribution ro>= (5.4+0.3)X10-" cm agrees with the 
value obtained for nitrogen by stripping measurements™ 
when analyzed by the Butler theory (see II). 


(2) Reduced Width for the Ground-State 
Transition 


The reduced width calculated from the absolute cross 
section for the N“(p,d)N® ground-state transition is 
@=0.021. The corrections to this reduced width should 
be of the same order of magnitude as those for the 
reaction F%(d,p)F™*, since the energies involved are 
comparable. For the fluorine reaction Tobocman and 
Kalos" have computed a correction factor between 2 
and 6 depending on the particular nuclear interactions 
assumed. Thus we expect the corrected reduced width 
for the reaction N“(p,d)N® to lie in the range 0.04 
to 0.12. 

Lane’s theoretical expression for the reduced width” 
gives the ratio of reduced width @ to the “single- 
particle” reduced width 6°, where 4° is the reduced 
width for a single nucleon in the potential well of the 
shell model. The value of #*/6c? depends on the character 
of the nuclear states involved. In L-S coupling N™ is 
normally considered“ to be an S-state, but it has been 
suggested that it may be a D-state*® or a P-state.”* In 
j-j coupling the ratio 6°/6,? is 1; in L-S coupling 6/0,” 
is 5/9 if N“ is an S-state, 2/9 if N“ is a D-state and 0 if 
N"™ is a P-state. The single-particle reduced width 
depends somewhat on the well shape chosen, but should 
be about 0.25 for this energy," so in j—j coupling the 
reduced width @ is ~0.25; in L-S coupling @ is ~0.14 if 
N* is an S-state, ~0.056 if N“ is a D-state and 0 if N™ 
is a P-state. Thus we see that these theoretical values of 
reduced width lie in the same range as the corrected 
experimental values given in the last paragraph, a result 
which is interesting in view of the disagreement by one 
or two orders of magnitude between experimental cross 
sections and previous calculations (for Be and Si) based 
on “single-particle” models.” The result also contra- 
dicts the suggestion that N™ is a P state in L—S coup- 
ling,?* but beyond that it is difficult to say much about 
the character of the N™ ground state from this com- 
parison. 

In order to obtain more information about the charac- 
ter of the states involved, the experimental reduced 
width may be compared with the reduced width for 
another reaction, provided one can be found for which 


23 R. E. Benenson, Phys. Rev. 90, 420 (1953). 

% J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 1032 (1953). 

2% A. M. L. Messiah, Phys. Rev. 88, 151 (1952). 

2% A. M. Feingold, Phys. Rev. 89, 318 (1953). 

7G. Abraham, Proc. Phys. Soc. (London) A67, 273 (1954). 

% J. Dabrowski and J. Sawicki, Nuovo cimento 12, 293 (1954). 


K. G. STANDING 


the corrections should be about the same (see IT). We 
might expect this to be the case for the reaction®” 
N'*(d,p)N", since the energies involved are comparable. 
The ratio of experimental reduced width for the reaction 
N*(d,p)N® to that for the reaction N“(p,d)N® is 
6+~2. In j-j coupling this ratio has the value 1.5; in 
L-S coupling its value is 0.9 if N“ is an S state, and 5.6 
if N“ is a D-state. This would seem to indicate that the 
N* ground state is mostly D, in agreement with recent 
suggestions, !*:?5,80.31 

Since a straightforward calculation" taking into ac- 
count central and spin-orbit forces indicates that the 
N*™ ground state is an S-state in Z-S coupling but be- 
comes ~85% D-state a short distance into intermediate 
coupling, it might be thought that agreement between 
the above calculated and experimental ratios of reduced 
widths would be obtained in intermediate coupling. 
However, an intermediate coupling calculation using 
Lane’s wave functions” for N® and wave functions 
calculated for N“ using the same force mixture as Lane® 
gave a ratio which remained between 0.9 and 2.2 for all 
points in intermediate coupling, in contradiction to the 
above experimental ratio ~6. This discrepancy should 
probably not be taken too seriously : on the one hand the 
experimental ratio of reduced widths may be in error 
because of differences in the corrections for the two 
reactions; on the other hand, the theoretical ratio may 
be rather sensitive to the exact force mixture used, and 
it may be necessary to introduce tensor forces as has 
been proposed®:*! to explain the C™ beta decay. 

We conclude that the ground-state reduced width is 
in qualitative agreement with that calculated on an 
independent-particle shell model. Our results contradict 
the suggestion” that the N™ ground state is a P-state, 
and they tend to support the state being largely D. 


(3) Reduced Width for the Excited 
State Transition 


It is known from measurements on C(d,p)C™ and 
C"(p,p)C” that the first excited state of N™ has the 
configuration p*s and even parity (see Thomas,™ Inglis," 
and Lane” for discussions). If N“ has the configuration 
p'° (in agreement with the ground-state data presented 
above), then the transition to the first excited state of 
N® involves a change in orbit for two particles p"—'s, 
and thus is forbidden. We expect the reduced width for 
the excited state transition to be zero in any coupling. 

If N“ is not a pure p” configuration, but has a small 
admixture of other configurations p*s*, p%sd, etc., then 
one expects to find some transitions to the N™ excited 


* W. M. Gibson and E. E. Thomas, Proc. Roy. Soc. (London) 
A210, 543 (1952). 

*® B. Jancovici and I. Talmi, Phys. Rev. 95, 289 (1954). 

*W. M. Visscher and R. A. Ferrell, Phys. Rev. 99, 649(A) 
(1955). 

# A. M. Lane (private communication). 

% With results close to those obtained by Inglis,“ who used a 
slightly different force mixture. 

*R. G. Thomas, Phys. Rev. 88, 1109 (1952). 














ANGULAR DISTRIBUTIONS OF 


state because of this configuration mixing. The reduced 
widths for the transitions p*s*— p's and p*sd—p*s may 
be calculated as before. The ratio of reduced width to 
single-particle reduced width for either transition is 
calculated as 0.5 in any coupling. The single-particle 
reduced width should be ~0.4 for s and ~0.3 for d, 
giving a theoretical reduced width ~0.2 for p*s*—+p's 
and ~0.15 for p*sd—p's. 

The experimental reduced widths, calculated from 
the upper limits on the cross section given above, 
are $0.001 for /,=0(p's*->p’s) and <0.0013 for 
1,=2(p*sd—p's). To allow for Coulomb effects and 
nuclear interactions, these values should be multiplied 
by correction factors, which we estimate as ~2 in the 
first case and ~3 in the second case from the measure- 
ments on the ground state and the calculations of 
Tobocman and Kalos."' Thus we get a ratio of experi- 
mental reduced width to calculated reduced width 
$0.01 for the transition p*s*—>p's and a ratio <0.03 for 
the transition p*sd— p's. 

This ratio is a direct measure of the probability with 
which the configuration appears in the nuclear wave 
function. Therefore, we conclude that the N™ ground 
state contains a mixture of the configuration p*s? with a 
probability less than ~1%, and a mixture of the con- 
figuration p*sd with a probability less than ~3%. 
These figures are probably only good to a factor of 2, 
since the theoretical estimates are rough, but they pro- 
vide a useful limit as to order of magnitude. This 
absence of any appreciable configuration mixing is a 
direct indication that the individual particle model 
gives a rather good approximation to the nuclear wave 
function here. 


(4) Application to the C'* Beta Decay 


The anomalously long lifetime of C“ (by a factor 
~10°) has been for some time one of the chief problems 
in the theory of beta decay.*® Several suggestions have 
been offered for its solution : 

The long lifetime could be explained if C'* and N" had 
opposite parities.** Bromley’s measurement” indicated 
that the parities were the same, and our result on the 
ground state transition, supporting Bromley, seems to 
dispose of this explanation conclusively. 

The long lifetime might be explained if N' were an 
almost pure D-state or a P-state in L-S coupling.”*”6 

% E. J. Konopinski and L. M. Langer, Ann. Rev. Nuc. Sci. 2, 261 


(1953). 
36 E. Gerjuoy, Phys. Rev. 81, 62 (1951). 
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Our ground-state data contradict the suggestion that the 
N* ground state is a P-state, but are quite consistent 
with it being a D-state. However, there are various 
arguments against a sufficiently pure D-state: (a) the 
absence of companion D-states," (b) inversion of the 
level order from that calculated," (c) the perturbation 
introduced by the tensor force, which should mix in 
enough S state to destroy the required purity of the D- 
state,”* (d) the evidence that simple L—S coupling fails 
to give an adequate description of nuclei in the p-shell, 
but that at least the complication of intermediate 
coupling is required.*-“ Although none of these argu- 
ments is flawless, the combination seems to make this 
explanation unlikely. 

The other suggested possibility has been simply an 
accidental cancellation of terms in the matrix element 
for the transition C4—+N"-+-. Inglis’ has shown that 
this will not occur in a pure p" configuration if only 
central forces and spin-orbit forces are assumed, but 
that it is possible with a fairly small amount of mixing of 
higher configurations. Our results for the excited state 
transition mean that any mixture of configurations ps? 
or p*sd must occur with a probability less than a few 
percent. This certainly does not disprove Inglis’ hy- 
pothesis, but seems to make it somewhat less plausible, 
since at least for these configurations the admixture is 
probably less than would be required for cancellation of 
the matrix element. 

Jancovici and Talmi have shown™ that it is possible 
to obtain cancellation of the matrix element within the 
ground state configuration by the inclusion of tensor 
forces. They used a particular mixture of tensor and 
central forces, and Visscher and Ferrell have found* 
that their result may be generalized to give cancellation 
for a wide range of values of the nuclear force parame- 
ters. This explanation has (in common with all the 
others) the disadvantage of being an ad hoc theory, but 
it appears to have no evidence against it, and at present 
would seem to be the most likely possibility that has 
been suggested. 

It is a pleasure to thank Professor R. Sherr for his 
continued interest and advice throughout this work. I 
thank Professor R. A. Ferrell, Professor A. Feingold, 
Professor P. Gugelot, Professor S. M. Neamtan, and 
Professor M. G. White for their valuable comments. 
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Angular distributions of deuteron groups resulting from the bombardment of various elements with ~18- 
Mev protons have been observed. Angular distributions for reactions leading to the following final nuclei 
were studied: Li®, Li®* (2.2 Mev), Be®, B®, B** (2.4 Mev), B®, F'8, Al®*, The observed data are fitted to 
theoretical (Butler) curves and in all cases, except F!* and Al**, /, (the angular momentum carried away by 
the picked up neutron) is found to be unity. For F* and Al’, /, is found to be 0 and 2 respectively. Ab- 














solute cross-section measurements for some of the reactions are given and are compared with theory. 





A. INTRODUCTION 


HE present paper is a continuation of the pre- 
ceding one.! Presented here are the results of 
measurements of deuteron angular distributions result- 
ing from proton bombardment of the following ele- 
ments: Li’, Be®, B®, B", F’, and Al*®. Since the general 
experimental method has been discussed in detail in I, 
we will proceed directly to a summary of results, men- 
tioning only those procedural details which were 
peculiar to individual targets. 

The errors shown by the flags on the experimental 
angular distribution curves are compounded of two 
parts. These are (1) the standard deviation of the total 
number of deuteron counts taken at the particular angle 
and (2) an estimated uncertainty in subtracting the 
proton background from the deuteron spectrum. Item 
(2) varied with the angle of observation and the element 
being studied. 

Shown with the experimental angular distributions 
are theoretical ones calculated from the theory of 
Butler.? Values of Butler’s parameters /, and ro were 
chosen to give the best fit to the experimental data while 
making ro as nearly as possible equal to 1.7+1.2A! (in 
units of 10~ cm; these units for 7 will be used through- 
out the paper) where A is the mass number of the target 
nucleus. Except in the case of lithium, the theoretical 
curves were normalized to the experimental points by 
the method of least squares using only data for angles 
less than 40°. 

To give an indication of the background and asso- 
ciated problems in each reaction, Fig. 1 (see also Fig. 7) 
shows some typical spectra. Also shown in each case are 
estimated backgrounds determined, as described in I, 
Sec. B, by interposing sufficient absorber in the deuteron 
path to move the deuteron group to a different position 
in the spectrum. The strong background in the spectrum 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. A preliminary 
report was presented at the Washington Meeting of the American 
Physical Society in April, 1954, Phys. Rev. 95, 639(A) (1954). 

t Now at the Department of Physics, University of Manitoba, 
Winnipeg, Canada. 

1K. G. Standing, preceding paper [Phys. Rev. 101, 152 (1955) ], 
hereafter referred to as I. 

2S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
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of deuterons leaving Li® in the first excited state was 
attributed to deuterons, tritons, and alphas from the 
breakup of Li® and Be*®. This background prevented 
a study of the Li® second excited state. 


B. RESULTS AND DISCUSSION OF INDIVIDUAL 
REACTIONS 


Li’ (p,d)Li® 
Results 


A foil of lithium having a thickness of 1.3 mg/cm* was 
used as a target. The foil was rolled to this thickness 
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Fic. 1. Typical deuteron spectra for several elements. N is the 
number of counts per channel for a given number of incident 
protons. The relative heights of the various spectra are not 
meaningful in this figure. Estimated backgrounds are indicated by 
dashed lines. [Note.—Li® in (a) should read Li®. Li® in (b) should 
read Li®™*.] 
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under Nujol and was washed in n-decane immediately 
before being placed in the evacuated scattering chamber. 

The levels studied in Li® were the ground state and 
the first excited state® (2.2 Mev). Figures 2 and 3 show 
the angular distributions. In both cases a theoretical fit 
was obtained for ro>= 5.5 and /, equal to unity. Assuming 
the Li’ ground state to have J = 4% (odd) this gives even 
parity and J=0, 1, 2, or 3 for both Li® states. The 
absolute cross section for the reaction leading to the Li® 
ground state was found to be (in the center-of-mass 
system) 17+4 mb/sterad at the maximum of the 
angular distribution. The ratio of the ground-state 
differential cross section at the maximum to the excited 
state differential cross section at the maximum (both 
in the c.m. system) was found to be 2.0+0.2. 


Discussion 


The results given above for spins and parities are con- 
sistent with previous observations.* 

Reduced widths‘ as calculated from Butler’s theory 
and the observed absolute cross sections are @,2=0.05 
for the reaction leaving Li® in the ground state and 
6=0.035 for the first exicted state. 

As discussed in I (Sec. A and Sec. D.2), the experi- 
mental reduced widths for stripping (or pickup) re- 
actions, determined from the Butler theory, do not 
agree with the theoretical reduced widths calculated 
from the nuclear shell model. There is some indication 
that this disagreement is due to the neglect in Butler’s 
theory of Coulomb and nuclear scattering effects. The 
calculations of Tobocman and Kalos® show that 
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* The reference used throughout this paper (except for Al) as 
to positions, spins, and parities of nuclear energy levels is F. 
Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 

*See I, Sec. A, for notation and references regarding reduced 
widths. Note that the definition of @ used in this paper and in I 
is P=2Mroy*/3h?, where +? is the usual reduced width. 

5 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
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corrections due to the inclusion of such effects, for the 
reaction F'°(d,p)F™”, can increase the observed reduced 
widths by a factor of 2 to 6. 

Table I compares experimental reduced widths for 
several stripping and pick-up reactions in lithium with 
the shell model theoretical predictions. The experiments 
represented are the present one and that of Levine, 
Bender and McGruer® who studied the reactions Li® 
(d,p)Li? and Li’(d,p)Li*. The experimental # were 
calculated using Butler’s theory and the observed cross 
sections. The theoretical # were calculated in L—S and 
j—j coupling limits using Lane’s’ theoretical expression 
for #/6,?, where 00? is the single particle reduced width 
(reduced width for a single nucleon in a potential well). 
The calculations of Lane’'® for 60? for the 1p shell give 
values ranging from 0.2 to 0.5 (our units) depending on 
the binding energy of the stripped or pick-up particle to 
the parent nucleus. For the qualitative considerations 
of Table I we have taken 6;? to be constant and equal to 
0.3. 

One sees from Table I that inclusion of corrections 
for Coulomb and nuclear scattering in the stripping 
theory would bring the experimental reduced widths 
for lithium into qualitative agreement with theory (at 
least in the L—S coupling limit; intermediate coupling 
calculations, see below, indicate that in lithium one is 
quite close to L—S coupling). This assumes the 
Tobocman-Kalos corrections to be the same for lithium 
as for fluorine. The assumed L—S coupling configura- 
tions in Table I are those suggested by Inglis. 

While the approximate nature of Butler’s theory 
limits the usefulness of the absolute stripping cross 
sections, Lane’ has pointed out [in connection with the 


6 Levine, Bender, and McGruer, Phys. Rev. 97, 1249 (1955). 

7A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953). 

8 A. M. Lane, Atomic Energy Research Establishment (Harwell) 
Report T/R 1298 (unpublished). 

9D, R. Inglis, Revs. Modern Phys. 25, 390 (1953). 





J. B. REYNOLDS AND K. G. STANDING 


Taste I. Experimental and theoretical reduced widths for stripping reactions in lithium.* 
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O02 62/802 j-j 
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2p—13¢ 
2p—Bp) 
B9.2p 
135.—-2p 
2p.— 3p 
2p. 3p 


Li?(p,d)Li*(0) 3 
Li?(p,d)Li®* (2.19) j 
Li®(d,p)Li7(0) 

Li(d,p)Li™ (0.98) 

Li’ (d,p)Li8(0) 

Li?(d,p)Li®* (0.97) 


0.83 0.45 
0.47 1.05 
0.83 0.45 


0.83 1.5 
1.1 2.4 
0.4 0.2 


0.05 5 
0.035 4 
0.05. 

0.075 

0.045 

7 0.024 











* Data on pick-up reactions are from this paper. Cross sections for stripping reactions were taken from reference 6, 60? was taken to be 0.3 for all reactions. 


reaction C?(d,p)C™] that the ratio, 0,2/02, of reduced 
widths for neutron emission from a ground state and 
from an excited state of the same nucleus as measured 
by stripping agrees with 6,°/@,? as measured by reso- 
nance scattering. This indicates the possibility (also 
observed by Lane) that the corrections to the Butler 
theory are nearly the same for stripping reactions 
leading to different states of the same final nucleus and 
may therefore cancel out when ratios are taken. In view 
of this it seems of interest to compare the observed 
6,?/02 for the lithium reactions with the theoretical 
ratios. 

Table IT shows observed 0,?/62 for this experiment as 
well as for the stripping experiments of Holt and 
Marsham"” who give data from which 6,?/62 can be 
determined for the reactions Li®(d,p) leaving Li’ in the 
ground state and the 0.49-Mev state. Also shown are 
the ratios calculated from the data of Levine ei al.* for 
the reactions Li®(d,p)Li’ (ground and 0.49-Mev states) 
(with different deuteron energy than that used by Holt 
and Marsham) and Li’(d,p)Li® (ground and 0.97-Mev 
states). In addition Table IT gives theoretical values of 
67/02 calculated from Lane’s theory’ in the limits of 
L—S and j—j coupling. The single-particle reduced 
widths, 67, are assumed to be the same for ground and 
first excited states and the assumed L—S transitions 
are those suggested by Inglis.® In the case of reactions 
involving Li® and Li’ the spins of all participating states 
are quite well known and the calculations are unam- 
biguous. It will be noticed that in each case the ob- 


served ratio 0,?/02 is bracketed by the calculated ratios 
for the two coupling extremes. Ajzenberg and Lauritsen’ 
list the spin of the Li® ground state as 2 (not certain) 
and the spin of the first excited state as <3. Two values 
of 6,?/02 were calculated, assuming an excited state 
spin of 1 (*P state in L—S coupling) and also a spin 
of 3 (®D L—S state). In both cases, the observed ratio 
is bracketed by the theoretical ones. 

The above results are in agreement with detailed 
intermediate coupling calculations for lithium which 
have been done by Auerbach and French" and Lane” 
The results of Auerbach and French may be summarized 
as follows: For the ratio of differential cross sections for 
the reactions Li’(p,d) leading to the ground and first 
excited states of Li® (as determined by the present 
experiment) agreement with theory is found using an 
intermediate coupling parameter ¢ (= Inglis” a/K) such 
that 1.4<¢¢<¢2.1. For Holt and Marsham’s result for 
the ratio of the Li*(d,p)Li’ and Li®(d,p)Li™ cross sec- 
tions, agreement with theory is found by taking 2.3<¢ 
¢3.5. Lane finds agreement of theory with 12 experi- 
mental data in lithium by taking 2<¢¢< 4. 

The agreement (within experimental error) between 
the observed values of 0,?/02 for the same Li®(d,p)Li’ 
reactions for two quite different deuteron energies (see 
Table I) is to be noticed. It indicates, among other 
things, that the assumption of cancellation of Butler 
theory corrections for such ratios is not a bad one. 

It may be noted here that the Li’(d,d)Li® (ground 
state) cross section as determined by the present 


TasLe IT. Comparison of observed and calculated values of 6,*/0, for stripping and pick-up reactions in lithium.* 
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* g refers to ground state of the final nucleus and e refers to the excited state. In each case the excited state involved was that indicated by Ajzenberg and 


Lauritsen (reference 3) as being the first excited state. 
» This paper, Ep =17.5 Mev. 
. R. Holt and T. N. Sleahom, reference 10, Ea=8 Mev. 
a vine, Bender, and McGruer, ‘reference 6, Ea=14.4 Mev. 


J. R. "WJ, R. Holt and T. N. Marsham, Proc. Phys 
1 T. Auerbach and J. B. French, Phys. Rev. 08, 1276 (19 
#2 A. M. Lane, Proc. Phys. Soc. (London) A68, ig9 (1955). 


. Soc. enen) A66, 1032 (1953). 








ANGULAR DISTRIBUTIONS OF DEUTERONS. II 


experiment agrees with the Li®(d,p)Li’ (ground state) 
cross section as determined by Levine ef al. Since the 
reaction energy is nearly the same in each case, appli- 
cation of detailed balancing predicts a ratio o(d,p)/ 
o(p,d)=1.31. Experimentally, the ratio is (at the peak 
of the angular distributions) 17/12.8=1.33, in con- 
siderably better agreement than is warranted by the 
experimental uncertainties. 


Be®(p,d)Be® 
Results 


The Be’ target consisted of a 4.9 mg/cm? beryllium 
foil. Deuteron groups were observed corresponding to 
Be® being left in the ground state and the 2.90-Mev 
state. The latter state is so broad as to make it imprac- 
tical to study by our method. No data on it are pre- 
sented here. The angular distribution of deuterons 
leaving Be® in the ground state is shown in Fig. 4. Also 
shown in Fig. 4 are possible theoretical curves for this 
reaction. While the curve for /,=1 gives a somewhat 
better fit than the one for /,=2 it is not entirely clear 
(on the basis of the data alone) that the latter is not the 
correct one. In most cases, where two theoretical curves 
fit the experimental stripping data, ro as determined by 
one of them will have a more reasonable value than that 
determined by the other and a choice can be made on 
basis. Holt and Marsham” and others have used the 
empirical rule that the correct ro is that which is closest 
to 1.7+1.2A!. According to this the curve for ro>=3(/, 
=1) in Fig. 4 would be the correct one. However, an 
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Fic. 4. Angular distribution of deuterons from the reaction 
Be®(p,d)Be® (ground state). Two possible theoretical curves are 
shown. E,(lab)=16.5 Mev. 


Fic. 5.” Theoretical 
angular distributions for 
Be®(p,d)Be®. All curves 
are for ],=1. Curve A 
is for r9=3 and E,(lab) 
= 16.5 Mev. Curve B is 
for ro=3 and E,(lab) 
=4.8 Mev, while curve 
C is for ro=6 and 
E,(lab)=4.8 Mev. The 
experimental angular 
distributions are the 
same, within experi- 
mental error, for proton 
energies of 4.8 and 16.5 
Mev and are quite well 
represented by curve A. 
Butler’s theory predicts 
quite different distri- 
butions (A and B) for 
given ro and different 
E,; however, agreement 
between theory and ex- 
periment can be ob- 
tained by letting ro vary 
with Ey. This is illus- 
trated by the similarity 
of curves C and A. 
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equally good (perhaps better) criterion would seem to be 
that ro be chosen as nearly as possible equal to the 
average of r» for stripping reactions in neighboring 
elements of about the same A. In the vicinity of Be the 
average fo is 4.88 (see Fig. 13); thus a choice of r»>=6 
(l,=2) would be indicated. 

Fortunately, the spin-parity assignments of Be® and 
Be’ are already quite well established* as being 0 (even) 
and % (odd) respectively, and we therefore take the 
1,=1, ro=3 curve in Fig. 4 as being the correct one. If 
there were grave doubt as to the correct theoretical 
curve, a choice could probably be made in this case by 
obtaining more and better experimental data for angles 
<10°, thus determining whether the observed cross 
section continues to increase (/,=1) or decreases 
(l,=2) as 8 becomes small. A fit of the data with any 
1, other than the two considered above was ruled out by 
the extreme values of ro required. 

The absolute cross section in the c.m. system for 
Be’ (p,d) Be’ at = 23° was found to be 11+2 mb/sterad. 


Discussion 


Our observed angular distribution for Be®(p,d)Be® 
agrees in shape, within experimental error, with that 
obtained by Cohen ef al." using 22-Mev protons and 
with that obtained by Harvey" using 5- to 8-Mev 
protons. That is, the angular distribution appears to be 
independent of energy over a range of from 5 to 22 
Mev. Such a result cannot be explained by Butler’s 
theory if one assumes rp to be the same for all proton 
energies. Figure 5 illustrates this fact. Curves A and B 
are both theoretical curves for/,=1. Curve A is for E, 


18 Cohen, Newman, Handley, and Timmick, Phys. Rev. 90, 323 
(1953). 

4 As quoted by Cohen ef al. (reference 13); see their Fig. 1. See 
also J. A. Harvey, Massachusetts Institute of Technology Pro- 
gress Report NP-3434, October 1, 1950 (unpublished). 
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Fic. 6. Deuteron spectra 
taken under identical condi- 
tions except that for (a) a 
natural boron foil was used 
(main peak is due to deuterons 
from B"(p,d)B") and for (b) 
enriched (97%) B*® foil was 
used [main peak due to 
deuterons from B"(p,d)B* 
(2.4-Mev state) ]. 





CHANNEL* 


= 16.5 Mev (lab system), r>=3, and was found, in Fig. 
4, to fit the data of the present experiment (and hence 
of all 3 experiments) quite well. Curve B is for E,==5 
Mev, ro>=3, and one sees that it agrees poorly with 
curve A (and hence with the experimental data) as 
would be expected. We find, however, that choice of a 
higher value of ro for the low-energy data brings theory 
and experiment into agreement. Curve C of Fig. 5 is for 
1,=1, ro=6.0 and E,=5 Mev. One sees that this choice 
of ro gives as good agreement of theory and experiment 
for E,=5 Mev as does the choice r>=3.0 for E,= 16.5 
Mev. Similarly, for the 22-Mev data a good fit of 
theory to experiment was obtained for r9= 2.5, although, 
in this case, ro=3.0 gave fair agreement. Such large 
variations in 7p are not usually found necessary to fit 
data at different energies. For example, Holt and 
Marsham” using Ea=8 Mev were able to fit their 
Li‘(d,p) data with r>=4.9 while Levine ef al.* using 
Ea=14.4 Mev were able to fit data for the same reaction 
with ro= 5.4. 

It will be noted, however, that for the reaction 
Li’(d,p)Li’, the 8-Mev data” required r>=5.3 while the 
14.4-Mev data® required r>=4.2. This is the same trend 
observed above for Be*(p,d). It is possible that this 
behavior may be attributed to the fact that in both 
reactions the binding energy of a neutron to the parent 
nucleus is low, combined with evidence’®'* that the 
Butler theory loses validity for very low binding 
energies of the stripped (or pickup) particle. 

Using the observed differential cross section and 
Butler’s theory one obtains an experimental reduced 
width for this reaction of @=0.024. The theoretical 
predictions’ for this case are #/6;?=0.67 in the L—S 
coupling limit and @/6;?=0.5 in the j—j coupling 
limit. If one assumes (see discussion of lithium above) 
6.°=0.3, the theoretical # are 0.2 and 0.15 respectively. 
Again assuming the factor by which one miltuplies the 
observed @ to account for corrections to the Butler 
theory to be the same here as for F(d,p)F* (Tobocman 
and Kalos*), one finds qualitative agreement of theo- 
retical and experimental reduced widths.” 

48 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 

1©R. Huby, in Progress in Nuclear Physics, edited by O. R. 
Frisch (Pergamon Press, London, 1953), Chap. 7. 


17 The a ublished work of J. E. Bowcock, Proc. Phys. 
Soc. (London) , 512 (1955) may open the way to more easily 


B"(p,d)B° 
Results 


B" and B" targets were prepared!* by suspending 
finely powdered boron in a solution of polystyrene in 
benzene. The mixture was poured out on water and 
allowed to evaporate, leaving polystyrene film with 
boron imbedded in it. The very high threshold for the 
(p,d) reaction in C” and O'* renders these elements 
unobjectionable in target backing materials as far as 
undesired deuteron groups are concerned. Their pres- 
ence does contribute to the proton background, making 
it desirable to reduce the ratio of polystyrene to boron 
in the target film. The B" used was isotopically en- 
riched and contained ~97% B". 

Identification of the deuteron group leaving B? in the 
ground state was unambiguous since this group was 
well separated from any others. However, the Q’s for 
the reactions B'(p,d)B* (2.4 Mev) and B"(p,d)B" 
(ground state) are nearly the same so that the two 
resulting deuteron groups overlapped somewhat. Figure 
6 illustrates the identification of these groups. Curves 
(a) and (b) were taken under identical conditions except 
that for (b) the 97% B" foil was used and for (a) a 
natural boron foil (~80% B") was used. The measured 
energy difference between the peaks checked with that 
to be expected from the known Q-difference for the two 
reactions. As a further check the excitation energy of the 
B® excited state was calculated from the measured 
energies of the two B® deuteron groups and was found to 
be 2.40+0.15 Mev in agreement with previous measure- 
ments.’ Figure 7 illustrates the procedure used in 
separating the contributions of the B'(p,d)B* and 
B" (p,d)B” reactions to the deuteron spectra. Curve (a) 
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Fic. 7. Subtraction of the B"(p,d)B"” deuterons from the B"- 
(p,d)B™* spectrum. (a) Total spectrum, background shown dashed. 
(b) Spectrum with background subtracted showing decomposition 
into components due to B”(p,¢d)B* (right) and B"(p,d)B" (left). 


obtainable quantitative results for the stripping absolute reduced 
widths. Bowcock gives a procedure for reduced width determina- 
tion by comparison with Butler theory in such a way that correc- 
tions due to proton-nucleus interaction are taken into account 
(presumably in such a manner that the calculations are much less 
laborious than are the corresponding ones in the Tobocman-Kalos 
theory which requires rather extensive computer programing). 
18 This method was suggested by Dr. Fay Ajzenberg. 



















shows the raw results of a run at 6=25° as well as a 
background run. Curve (b) shows the spectrum with 
background subtracted and also shows the decomposi- 
tion of the spectrum into the B"(p,d) peak and the 
B"(p,d) peak. The decomposition was effected by ob- 
serving that the B" peak contributes little to channels 
42-46. The B"” peak was accordingly obtained by reflec- 
ting the spectral curve for channels greater than 43 in 
channel 43 to give a symmetrized spectrum. The B" 
spectrum shown in Fig. 7(b) was obtained by subtract- 
ing the symmetrized B" spectrum from the total. The 
two peaks so obtained each resemble, both in width and 
in shape, the peaks normally observed for a single 
deuteron group. A similar procedure to the above was 
used to subtract the unwanted B” deuterons from the 
B" deuterons when a natural boron target was used to 
measure the B"(p,d)B" (ground state) angular distri- 
bution. In both cases the undesired group was appre- 
ciably smaller than the desired group. 

Figures 8 and 9 show the angular distributions ob- 
tained for deuterons leaving B® in the ground and 2.4- 
Mev states respectively. Best fits to theory for both 
states are given by /,=1 and ro=4.5. Accepting the 
rather well established assignment’ of J=3 (even) for 
the B" ground state, one obtains negative parity and 
3<J<9/2 for the two B® states. The ratio in the c.m. 
system of the B"(p,d)B® ground-state differential cross 
section to the excited state differential cross section, 
both taken at 24°, was found to be o/o’=1.65+0.15. 


Discussion 


No previous information exists on the spins and 
parities of levels in B®. The B® ground state would be 
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Fic. 8. Angular distribution of deuterons from the reaction 
B"(p,d)B® (ground state). E,(lab)= 18.9 Mev. 
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Fic. 9. Angular distribution of deuterons from the reaction 
B(p,d)B* (2.4-Mev state). E,(lab)= 18.9 Mev. 


expected to have the same properties as its mirror state 
in Be? which is known to have J = $ and odd parity.’ Of 
interest here are the results of Ribe and Seagrave who 
observed the “mirror” reaction B'(n,d)Be*. They 
studied the two analogous levels in Be® with the same 
results as reported above for B'°(,d)B°, i.e., /,=1 for 
the deuteron groups leaving the final nucleus in both 
the ground and first excited states. They also found the 
best fit of their data to theory to be given by ro=4.5. 

French, Halbert and Pandya” have carried out inter- 
mediate coupling calculations for pick-up reactions on 
B". They find good agreement of theory with our value 
of o/o’ (quoted above) for B'°(p,d)B*, as well as the 
corresponding a/c’ for B'°(n,d)Be® (as measured by 
Ribe and Seagrave), by using an intermediate coupling 
parameter {= 1.4 for the mass 9 nuclide and ¢=3.8 for 
B", These values of ¢ are the ones which were also 
found to give agreement between theory and experiment 
for several other data, such as the Be®— B® energy level 
scheme and the Be magnetic dipole moment and electric 
quadrupole moment. 


B" (p,d)B" 


Target preparation and identification of the deuteron 
group leaving B" in the ground state are discussed under 
B"(p,d)B°. The angular distribution is shown in Fig. 10. 
The assignment /,=1 is in agreement with J=3 (even) 
for the B® ground state and J=$ (odd) for the BY 
ground state.’ 


1 F, L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954). 
%” French, Halbert, and Pandya, Phys. Rev. 99, 1387 (1955). 
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Fic. 10. Angular distribution of deuterons from the reaction 
B"(p,d)B™. E,(lab)=18.9 Mev. 


F) 9 (p,d)F'® 
Results 


Teflon (CF,) foil 11.9 mg/cm? thick was used as the 
F"® target. Only the deuteron group leaving F'* in the 
ground state was studied. The measured Q was —8.12 
+0.2 Mev as compared to a value of —8.18 given by 
Ajzenberg and Lauritsen.’ Since the first excited state 
of F' is 1.08 Mev above the ground state, the identifica- 
tion of the deuteron group is quite certain. 

Figure 11 shows the observed angular distribution. 
Parameters necessary to give a fit with theory were 
ro=5.0 and /,=0. If one assumes the F® ground state 
to have J=} (even), the F'* ground state has either 
J=0 (even) or J=1 (even). 

The differential cross section in the c.m. system at 
11° was found to be 8.51.5 mb/sterad. 


Discussion 


The assignment J=1 (even) for F'* appears to be a 
reasonable one since odd-odd nuclei seldom seem to have 
J=0 and since J=1 (even) is consistent with the # 
decay of F'*. The experimental reduced width for this 
reaction was found to be 0.009. 

Nuclear levels in this region are known”! to be linear 
combinations of single particle orbitals of the form 
(for mass 18) (1d)*-*(2s)*, where x can be 0, 1 or 2. The 
presence of quite large percentages of (id)?, (1d)(2s) 
and (2s)? configurations in F'* as well as large percent- 


21 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955); M. Redlich, Phys. Rev. 98, 199 (1955) and to 
be published. 
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ages of (1d)?(2s), (1d)(2s)*, and (2s)* configurations in 
F"® makes the /,=0 angular distribution possible. The 
reduced width for the /,,= 2 distribution is no doubt also 
large but it is suppressed by the kinematical features of 
the Butler theory which emphasize the lower values of 
bi, 


Al" (p,d) Als 


The target consisted of a 2.93-mg/cm? Al foil. One 
deuteron group was observed. It is probable that it 
consisted of deuterons leaving Al** in any or all of the 
three lowest states shown in Fig. 2 of the paper by 
Kavanagh, Mills, and Sherr.” Our resolution was not 
sufficiently good to separate deuteron groups corres- 
ponding to any two of these states. Using the mass 
defects of Al?” and Mg” given by Endt and Kluyver™ 
and the data of Kavanagh ef al., one calculates — 10.82 
Mev for the Q of the Al?"(p,d) reaction leading to the 8 
decaying state of Al**, The measured (Q for this reaction 
was —10.8 Mev. 

Figure 12 shows the angular distribution. A fit with 
theory was obtained for r9>=5.0 and /,=2. This is con- 
sistent with one or more of the states in Al?* having the 
same parity as Al*’ and any integral spin less than 6. 
The observed differential cross section in the c.m. 
system at 32° was 1.9+-0.4 mb/sterad. 


C. THE PARAMETER 17 


Figure 13 compares the values of ro found necessary 
to give best agreement between experiment and theory 
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Fic. 11. Angular distribution of deuterons from the reaction 
F(p,d)F!8, E,(lab)= 18.9 Mev. 


2 Kavanagh, Mills, and Sherr, Phys. Rev. 97, 248 (1955). 
¥ 2P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 








ANGULAR DISTRIBUTIONS OF 


in the present experiment and in several stripping 
experiments. The points obtained from this experiment 
are in general agreement with the others. In all cases 
except Be®(p,d) (discussed in Sec. B) determinations of 
l, by either of the following two methods agreed with 
one another and were unambiguous: (1) /, and ro should 
be chosen to fit the data and to make 79 as nearly as 
possible equal to 1.7+-1.2A! (Holt and Marsham’). (2) 
The parameters should be chosen to fit the data and 
make ro as nearly as possible equal to a+bA, where 
a=4.37 and b=0.042 are chosen by least squares fitting 
a straight line to the data of Fig. 13. From an empirical 
point of view procedure (2) would seem to be the 
preferable one of the two despite the fact that for the 
data of this experiment it apparently gives the wrong 
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Fic. 12. Angular distribution of deuterons from the reaction 
Al?7(p,d)AP*, E,(lab)= 18.9 Mev. 


answer for the (peculiar) reaction Be®(p,d)Be*® (see 
Sec. B). 

The agreement of the values of ro determined for the 
reactions B'(n,d) and B'(p,d) have already been men- 
tioned (in Sec. B), as well as the variation with energy 
of ro for the reactions Li’(d,p)Li® and Be®(p,d)Be’. 
There seems also to be some indication of ro being 
energy-dependent in the reaction®"” Li®(d,p)Li’. Here 
the binding energy of a neutron in Li’ is quite high and 
79 appears to decrease with decreasing deuteron energy 
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Fic. 13. Values of ro as determined from stripping and pick-up 
reactions. Solid circles represent values from pick-up reactions. 
ro is plotted as a function of the A of the target nucleus 
for stripping reactions and the A of the final nucleus for pick-up 


reactions. The upper point at A=8 (determined from the data 
of Harvey") should be at ro=6.0 rather than 5.3. 


[as opposed to the situation in Li’(d,p) and Be®(p,d) ]. 
The value of ro as determined by Holt and Marsham for 
the reaction Be®(d,p)Be" is 5.7 while the value from the 
present experiment for B'°(p,d)B? is 4.5. This difference 
is presumably due to the fact that the state in the A = 10 
nucleus is 7=1 in one case and 7=0 in the other. It is 
difficult to explain so large a difference in radii by the 
difference in nuclear states since in most cases the same 
ro fits theory to data for excited states as well as the 
ground state of the final nucleus. The alternative ex- 
planation of the difference is that there are considerably 
different corrections to the Butler theory for the two 
reactions. Tobocman and Kalos’ find that in the more 
precise calculation for F(d,p)F*, consideration of 
Coulomb effects changes ro appreciably. However, in 
that instance the nuclear scattering corrections com- 
pensate to give about the same ro for the Tobocman 
Kalos theory as for the Butler theory. In other cases 
such compensation may not occur. 

Holt and Marsham” (see their Fig. 12) have sought 
to relate the variation of ro with A in the lighter ele- 
ments to variations in nuclear structure. They find an 
indication of such a relation in the similarity of the 
curve of ro vs A and that of the nuclear radius (from 
fast neutron scattering) vs A. While some of the 
fluctuations are surely related to variations in nuclear 
structure, it would seem difficult to separate them from 
those due to inadequacies of the Butler theory. 

We wish to acknowledge the advice of Professor P. 
C. Gugelot, Professor R. Sherr, and Professor M. G. 
White. We thank Dr. J. B. French and his collaborators 
for prepublication copies of their papers and for corre- 
spondence concerning their work. We also thank Dr. 
Martin Redlich and Dr. J. E. Bowcock for making their 
results available to us before publication. 
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Excitation functions for the reactions (1) N“(N“, N“)N"™ and (2) N4(N¥, O%)C® were determined from 
thick-target yields obtained with 26-Mev nitrogen ions on AgCN. The cross section for both reactions at 
25 Mev is about 5 millibarns. As the energy decreases, the cross section for reaction (1) decreases more 
rapidly than for reaction (2). Neither N“ nor O' was observed from the proton bombardment of Al?’ at 
proton energies which lead to the same excitation in the compound nucleus. Further, it was found that 
reaction (1) proceeds through the ground states of N“ and N™ in more than 90% of the cases. The angular 
distribution of N™ in reaction (1) was measured for nitrogen energies of 16.3, 19.2, 21.1, and 23.3 Mev. The 
peak of the distribution at 23 Mev is at 50 deg in the center-of-mass system. As the energy decreases, the 
angle at which the peak occurs increases. It is concluded that these reactions take place through a stripping 


process. 





INTRODUCTION 


EVERAL years ago a survey was made of the reac- 
tions produced by bombarding various light nuclei 
with 25-Mev nitrogen ions.' In this survey reactions 
were observed in which a major part of the two nuclei 
fused and the excess energy was carried off by one or 
two light particles such as protons or alpha particles. 
Other reactions occurred in which the final products 
differed from the original by only one or two nucleons. 
Chackett ef al.? have observed the reactions which are 
produced by bombarding aluminum with a nitrogen 
beam having a broad energy spectrum extending from 
zero to 120 Mev. From their results they conclude that 
the nitrogen reactions can best be interpreted by 
assuming that in a nuclear event the nitrogen nucleus 
acts as a dissociated group of nucleons or clusters of 
nucleons such as alpha particles. Part of the nucleons 
react while the rest pass on undisturbed. This descrip- 
tion is termed the “buckshot” theory. Recently, the 
excitation functions for reactions produced by nitrogen 
in carbon and beryllium have been reported.** The 
reactions observed were of the type in which a major 
part of the two interacting nuclei fuse. By comparing 
these excitation functions with excitation functions for 
proton-induced reactions which lead to the same com- 
pound nucleus, it was found that the nitrogen reactions 
proceed through a type of compound nucleus with, 
however, a somewhat enhanced probability for alpha- 
particle emission.® 
It is unlikely that reactions such as N“(N™, N!*)N'® 
proceed through a compound nucleus. The purpose of 
this paper is to report observations on this reaction and 
the similar reaction N“(N", O)C", both of which were 
observed in the original survey.! Excitation functions 
for these reactions and the angular distribution of N™ 
as a function of bombarding energy have been measured. 


1 Reynolds, Scott, and Zucker, Proc. Natl. Acad. Sci. 39, 975 
(1953). 

2 Chackett, Fremlin, and Walker, Phil. Mag. 45, 173 (1954); 
Chackett, Chackett, and Fremlin, Phil. Mag. 46, 1 (1954). 

3H. L. Reynolds and A. Zucker, Phys. Rev. 96, 1615 (1954). 

4H. L. Reynolds and A. Zucker, Phys. Rev. 100, 226 (1955). 

5 Cohen, Reynolds, and Zucker, Phys. Rev. 96, 1617 (1954). 


It is also shown that the N“ and N" products of the 
reaction N“(N, N")N™ are formed in their ground 
states. 

EXPERIMENTAL METHOD 


Excitation Functions 


The excitation functions were measured in a manner 
reported previously.* Thick AgCN targets were bom- 
barded directly in a Faraday cup. Thin nickel foils 
varying from 0.5 to 3 mg/cm? were placed in front of 
the targets so that yields could be measured at various 
maximum energies. The foils were placed inside the 
Faraday cup in order that electron pickup and loss by 
the initial nitrogen beam need not be considered. The 
Faraday cup was in the 2000-gauss cyclotron fringing 
field which prevented secondary electrons from leaving 
the cup. The beam current was measured and integrated 
with a vibrating reed electrometer and also plotted on 
a recorder. Runs in which the current fluctuated more 
than 10% from the mean were discarded. Since the 
half-lives of the N“ and O* are 10.1 and 2.1 minutes 
respectively, bombardments lasted approximately 20 
minutes. After bombardment the targets were placed 
in shielded Geiger counters and the amount of N™ and 
O" produced was determined from the decay curves by 
standard graphical techniques. The Geiger counters 
were calibrated by standard methods using P® and 
RaE sources of known intensity. The radioactive reac- 
tion products were identified by their half-lives and 
gamma rays.’ It is energetically unlikely for the residual 
stable nuclei in the two reactions to be other than 
N® and C®, 

The choice of a nitrogen target material was based 
on the need for a solid target which was easy to handle, 
which had a high temperature of dissociation, and did 
not contain other light elements which could give short- 
lived reaction products. The most suitable target was 
found to be AgCN which has a dissociation temperature 
of 320°C. As a check on the AgCN targets, CuCN with 
a dissociation temperature of 474°C was used. A further 
advantage of AgCN targets is that they contain carbon. 
Nitrogen bombardment of carbon results in reactions 
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which lead to radioactive elements with convenient 
half-lives, 112-minute F'*, and 15-hour Na*™. The 
excitation functions for these reactions were measured 
previously® and the yields from the AgCN bombard- 
ment could be compared with the known yields from 
bombardment of pure carbon. This provided a check 
of the range of nitrogen ions in AgCN, the possibility 
of target dissociation, Geiger counter efficiency, etc. 

Solid targets about ? in. in diameter were made from 
AgCN and CuCN powders by pressing the powder in 
brass molds under a pressure of approximately 20 tons 
per square inch. The targets thus formed were approxi- 
mately 7 in. thick, which is much more than the range 
of the nitrogen ions. The pressed powder formed a hard, 
tough, smooth surface which was very satisfactory as 
a target. Although the targets discolored under bom- 
bardment it is believed nitrogen was not lost from the 
targets for the following reasons: (a) the yields were 
independent of bombardment beam intensity, (b) CuCN 
and AgCN yields were in agreement, and (c) the yield 
of long-lived reaction products from the carbon in the 
cyanide targets was compared with previously measured 
yields from graphite; the agreement obtained shows 
that cyanogen, the obvious dissociation product of 
AgCN, did not leave the target. 


Angular Distribution and Energy Levels 


The radioactive residual nucleus N™® from the re- 
action N'*(N", N'8)N!® can be detected with Geiger 
counters after bombardments. Therefore, to determine 
the angular distribution, it is only necessary to catch 
the radioactive nuclide with a suitably arranged geom- 
etry. In this experiment the target was nitrogen gas, 
since it had to be less than 0.2 mg/cm? thick and 
suitable solid targets of this thickness were not avail- 
able. Because of the low beam intensity available and 
the small cross section for this reaction (5 mb), the 
entire solid angle at a given angle was observed to 
obtain counting rates above background. The method 
of measuring the angular distribution utilized a stack 
of thin (0.5 mg/cm?) nickel foils one inch square, 
pressed tightly together. A gas chamber with a ;¢-in. 
diameter entrance hole covered with a 0.5 mg/cm? 
nickel foil was filled with nitrogen gas to a pressure of 
about 5 cm of Hg. The stack of thin foils, with a total 
surface density greater than the range of the nitrogen 
beam, was placed in the gas chamber, across the path 
of the nitrogen beam and about } cm beyond the 
entrance foil. Reaction products from reactions taking 
place in the nitrogen gas between the entrance foil and 
the foil stack, entered the thin foils, stopping and re- 
maining at positions in the foils appropriate to their 
range. Particles emitted in the forward direction have 
the highest energy and are found in the foil farthest 
from the entrance foil. Particles emitted at larger angles 
have less energy and, passing through the foils obliquely, 
penetrate fewer foils. It can be shown, to a first approxi- 
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mation, that for the reaction N'(N", N")N"® the foil 
thickness which the N® nuclide traverses is proportional 
to the third power of the cosine of the angle with the 
incident beam. Thus, depending upon its thickness and 
position in the stack, each foil corresponds to an annular 
angular region. Because of the size of the foils and of 
the beam entrance hole, there is a maximum angle 
beyond which some particles will be missed. For these 
experiments this angle was about 60 deg in the labora- 
tory system. Therefore, all reaction products emitted 
up to 60 deg are available for detection with no loss 
due to solid angle. The angular resolution is determined 
by the thickness of the foils. 

The gas container was insulated from ground and the 
current striking it was used to monitor the beam. 
Bombardments were usually twenty minutes in dura- 
tion, resulting in counting rates up to twenty times 
background for individual foils. After bombardment, 
the foils were removed from the container and placed in 
special holders which centered them accurately under 
shielded Geiger counters. The foils were backed with 
lead to increase the counting rate. Bombardments 
usually utilized eight foils so that eight counters with 
associated recording equipment were required. The 
relative counter efficiencies did not differ by more than 
10%. Since the usable foil diameter was about 2 cm, 
a small correction of about 5% was required for the 
foils accepting the larger angles due to the fall off in 
counter efficiency as the horizontal] distance from the 
center of the counter increased. 

Because of the time required to remove the foils from 
the container and place them in the counters and be- 
cause of the shorter range of 2-min O”, it was not 
possible to obtain data for the angular distribution for 
the reaction N'4(N"“,O%)C', The energy for each 
bombardment was measured by observing, with nuclear 
emulsions, the energy of recoil protons resulting from a 
small amount of hydrogen which was added to the 
nitrogen in the chamber. The energy was varied for 
successive runs by placing nickel foils of appropriate 
thickness in the beam in front of the gas container. 

An angular distribution measurement of this type is 
significant only if the reaction proceeds with a single Q 
value. N"™ from a reaction leading to an excited state 
of N" or N'® would have a smaller range and give the 
appearance of a particle emitted at a large angle. Thus, 
it was necessary to investigate the possibility of reac- 
tions leading to excited states. This was done by 
performing an experiment similar to the angular distri- 
bution experiment described above, with, however, the 
specification that the maximum angular acceptance was 
11.5 deg. The foil stack was placed about 5 cm from 
the entrance foil while the reaction volume was limited 
by placing a 2-mg/cm? nickel foil } cm from the entrance 
foil. The 2-mg/cm? foil reduced the nitrogen energy to 
such an extent that the number of reactions taking 
place in the gas above this foil was negligible. A col- 
limator was placed directly below the foil stack to 
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Number of reactions per incident particle on AgCN, as a function 
of incident nitrogen energy. 























prevent N™ emitted at larger angles from hitting the 
foil stack. Thus particles stopped in the foil appropriate 
to their energy. 

Multiple scattering, straggling, and the energy spread 
of the initial beam tend to reduce the angular resolution. 
It is estimated that the angular spread of the distribu- 
tion due to multiple scattering is about 4 deg and 7 deg 
at angles of zero degree and sixty degrees respectively, 
in the laboratory system. The other effects should be 
somewhat smaller. Because of the poor angular resolu- 
tion due to the thickness of the foils used, these effects 
have been neglected. 
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RESULTS 


The yield curves for the reactions N(N", N)N' 
and N¥(N*, 0!5)C are shown in Figs. 1 and 2. The 
yields are presented as the number of reactions pro- 
duced per particle incident upon the AgCN. All of the 
AgCN experimental points are shown. The values ob- 
tained from CuCN when corrected for relative stopping 
power are in good agreement with the AgCN values. 
It is estimated that the probable error in the absolute 
yields is about 20%, mostly due to inaccuracies in 
Geiger counter calibration. The relative errors can be 
estimated from the spread in the points; they are 
larger in the 2-min O" activity because of its greater 
sensitivity to beam fluctuations and timing errors. The 
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Fic. 3. Yield for the reactions C2(N™, 2p)Na™ and C2(N™%, 2a)F'8 
in AgCN. Dots represent Na™ data, crosses represent F!8, Curves 
drawn are from previous paper reduced by a factor of 5.5 to 
compensate for difference in stopping power. 
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difference in the two curves at low energies is definitely 
significant. In Fig. 3 the yields of Na*™ and F'® from 
the carbon in AgCN are presented ; the dots and crosses 
represent the Na* and F'8, respectively. The curves 
drawn are those from previous data for carbon.’ The 
curves have been normalized to the data with a con- 
stant factor of 5.5 which represents the ratio of the 
number of carbon atoms/cm? per Mev of energy loss in 
graphite to the corresponding number in AgCN. The 
calculated ratio is 5.9 when one uses relative stopping 
powers for protons with velocity equal to the nitrogen 
ion velocity. The agreement indicates that cyanogen is 
not lost from the targets and that the data are con- 
sistent with previous experiments. 
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The yield curves were differentiated** to determine 
the cross sections as a function of energy, Fig. 4. The 
errors in the cross sections depend, of course, upon the 
accuracy of the curves drawn through the yield data. 
The errors are larger for the high-energy points since 
large numbers must be subtracted to obtain small 
differences. It is estimated that the relative error in 
the points used to determine the curve shape is about 
15% while the probable error in absolute values is 
about 25%. 

Two separate runs were made to determine whether 
the N“(N", N8)N! reaction leaves the products in 
excited states. In these runs the foils were arranged so 
that the maximum range occurred at different depths 
in a particular foil for each run, thus effectively halving 
the “range bite” of the foils. In Fig. 5 the percentage 
of the total N" activity found is plotted as a function of 
the foil thickness for the two runs. The dashed lines 
represent upper limits. Most of the activity is found 
between 5.5 and 5.7 mg/cm’. The first excited state of 
N® occurs at 2.37 Mev and the second at 3.51 Mev, 
while for N’ the first excited state is at 5.28 Mev.® 
Each thin foil corresponds to an energy loss for N™ of 
about 2 Mev.’ (The range and energy loss of N" is the 
same as that for N™ since dE/dx is constant for these 
particles over the energy range of concern here.) It 
must be remembered that the angular acceptance was 
from zero to 11.5°, which corresponds to a range of 
0.4 mg/cm? of nickel. Particles in the first excited 
state of N™ would be displaced from the ground-state 
particles by 0.6 mg/cm? of nickel. The maximum range 
of the particles is not known exactly since a portion of 
the path is through gas and the rate of energy loss for 
nitrogen ions in a gas is not known. Assuming that the 
N® angular distribution is isotropic from 0 to 11.5°, 
the activity found at any angle is proportional to the 
sine of the angle. Thus the distribution shown in Fig. 5 
can be explained as due completely to ground-state 
transitions. At most, 10% of the transitions go to the 
first excited state in N". The percentage to the higher 
states is much smaller. Ten percent is sufficiently low 
to justify the validity of this method for obtaining 
angular distributions. Arguments will be given in the 
discussion to show why reactions to the excited states 
should not be observed. 

Each foil in the angular distribution experiment con- 
tains an amount of activity proportional to 


Oj+1 
f a (6) sinédé, 
6 


i 


where o(@) is the differential cross section and the 
angular limits 6; and 6;,; are determined by the foil 
thickness and position and the range of the particles 
emitted at 6; and 0;,1. A plot of @ vs the foil thickness, 

6 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


(1955). 
7 Reynolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954). 
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Fic. 4. Cross section as function of energy for the reactions 
N4(N4, N13)N¥5 and N¥(N¥, 015)C, 


beginning at zero thickness at the entrance foil, is shown 
in Fig. 6 for an initial nitrogen energy of 23 Mev and 
the ground-state Q value of +0.23 Mev. The center-of- 
mass angle ¢ is related to the laboratory angle @ by 


1 4 
sin(@—@) -«(—_) sind, 
1+20/E 


with a=0.93, a function of the masses of the initial 








a 
(?] 


RELATIVE YIELD 
> 
o 











nn 
So 











La na 





i ! ] 


45 50 5.5 60 65 
NICKEL FOIL THICKNESS, mg/cm® 














Fic. 5. Percentage of N™ activity as a function of foil thickness 
with the observed angle restricted to 11.5°, illustrating lack of 
excited state reactions. Results for two runs are presented. 
Dashed lines indicate upper limits. 





H. Le. REYNOLDS AND A. ZUCKER 





> 














4 





n 





NICKEL FOIL THICKNESS, mg/cm? 
S 
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Fic. 6. Distance from entrance foil, in mg/cm?, where N™ 
stops, as a function of laboratory angle of emission for the re- 
action N¥(N™, N3)N1, 


and final nuclei. The measured amount of N" is 


Oj+1 oj+1 

[=A f a (0) sinéd@= A f a(¢) sindd®, 

6; o3 

where A is a constant. Since (@;—6;,1) is small for the 
foils used here, the approximation 


Oj+1 
I=a(¢) singd¢ 


oi 


is used for the presentation of the data. The angular 
distribution in the center-of-mass system is shown in 
Fig. 7, for initial nitrogen energies in the laboratory 
system of 16.3, 19.2, 21.1, and 23.3 Mev. Several runs 
were made at each energy. Averages for the various 
runs are presented. The values were found to fluctuate 
as much as 30% between runs. Therefore, the relative 
values given in Fig. 7 have probable errors from 15 to 
20%. The data for the most forward angles (<30°) are 
least accurate since these values are very sensitive to 
inaccuracies in the measurement of the energy of the 
incident beam. 
DISCUSSION 


The ground-state Q values for the reactions 
N“(N", N®)N!5 and N*(N", 0!%)C are +0.23 and 
—0.27 Mev respectively. One would expect that the 
relative values of two excitation functions would not be 
affected by such a small difference in Q values. With 
decreasing energy the excitation functions in Fig. 4 fall 
off less precipitously than those measured previously 
for reactions in carbon targets,’ indicating that perhaps 
the nitrogen-nitrogen reactions do not proceed through 
a compound nucleus. If the above reactions did proceed 
through the compound nucleus Si**, their cross sections 
should be similar to the cross sections for the reactions 
leading to N® or O' from the proton bombardment of 
Al?’. To obtain the same degree of excitation in the 
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Fic. 7. Angular distributions for N® in barycentric system for 
reaction N#(N™, N'8)N!5; for incident nitrogen energies 23.3, 21.1, 
19.2, and 16.3 Mev. 


compound state, a proton energy of approximately 30 
Mev is required. Dr. B. L. Cohen of this laboratory has 
attempted to observe the reactions® Al?”(p, N'*)N"® and 
Al’7(p, O')C"*, He did not observe these reactions and 
finds that the cross sections are at least 100 times 
smaller than the cross sections for the nitrogen-induced 
reactions. Coulomb barrier corrections would make the 
discrepancy even larger. Since the compound nucleus 
Si** formed by proton bombardment does not fission, 
we conclude that the nitrogen reactions do not proceed 
through a compound nucleus but take place through a 
different mechanism, perhaps the crossover of a single 
nucleon from one nucleus to the other, without a 
penetration of the Coulomb barrier by the whole 
nucleus. With such a reaction mechanism the neutron 
cross-over reaction should predominate at low energies 
because the proton must penetrate the Coulomb barrier. 
Just the reverse is found and may be explained* by the 
fact that the neutron is bound to N“ with an energy 
of 10.6 Mev, while the proton is bound with only 
7.6 Mev, which allows the proton to be removed more 
easily. 

It is found that more than 90% of the reactions 
N“(N", N)N! proceed directly to the ground states 
of both products. This can be understood if the reac- 
tion occurs through a stripping mechanism. The ground 
state of N" is (1s)*(1p;)8(1p,)* with even parity and a 
spin of one. A neutron removed from N' would most 
likely come from the #, shell, leaving N“ with odd 
parity and spin } which is the ground-state configura- 
tion. To obtain the first excited state of N" at 2.3 Mev 
with spin $ and even parity, a neutron must be removed 
from the #; shell and a particle placed in 2s; from a p; 
level, an unlikely circumstance in a stripping reaction. 


The 2.37-Mev level in N" has a large level width for 


8 We wish to thank Professor L. Alvarez and J. Gow for allowing 
the use of the Berkeley linear accelerator for these measurements. 

* This explanation was suggested by G. Breit (private com- 
munication), 
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proton emission and probably would not be observed 
in any case. The 3.51-Mev level in N" of spin 3 and 
odd parity is also the result of removing a neutron 
from N* and exciting the core. This state also decays 
preferentially to C"*. The 3.56-Mev, 5/2* state is un- 
likely to be formed for the same reasons. Higher levels 
in N® and N" are unlikely to be formed because of their 
low Q values. 

The angular distributions for N™ for four incident 
beam energies are shown in Fig. 7. Since / values as 
high as 10 can occur for nitrogen-nitrogen reactions at 
these energies, it would be expected that in any re- 
action involving a compound nucleus the large number 
of possible / values would wash out angular dependences 
so that an isotropic distribution would result. The 
observed angular distribution for N™ is not isotropic 
and the peak moves forward as the energy increases. 
Such a behavior would be expected for a stripping 
reaction. If it is assumed that there is very little mo- 
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mentum transfer due to the neutron exchange during 
the reaction, the angle at which the N" is emitted can 
be correlated with the distance of closest approach 
between the two nuclei. The angular distribution for 
such a reaction should be similar to the angular distri- 
bution for Rutherford scattering of N™ by N“ except 
for a minimum cut-off angle below which the two nuclei 
are too far apart for the neutron to be exchanged. 
However, some particles can be emitted at angles less 
than the cutoff as a result of collisions with small 
impact parameters. The angle of 50 deg for the N"* peak 
at 23 Mev corresponds to an interaction distance of 
about 1X10-" cm. The radius of N“ obtained from 
fast neutron scattering® is about 4.0 10-". 

We wish to thank Dr. B. L. Cohen for performing 
the proton measurements. Discussions with Professor 
G. Breit are gratefully acknowledged. J. G. Harris 
constructed much of the experimental apparatus. 


® Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 
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Semiclassical Approximation to Coulomb Excitation Integrals* 


F. D. Benepict, P. B. Dartcu,t AND G. BrReEIT 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 


(Received August 2, 1955) 


Several numerical comparisons are made of the quantum-mechanical and semiclassical treatments of 
Coulomb excitation in the case of nonzero excitation. A detailed comparison is made of the part of the 
matrix element involving the impinging particle and also of the angular momentum weighting factors. It 
is found that the total cross section is approximated very well by the semiclassical treatment. The partial 
cross sections caused by different values of the orbital angular momentum L are represented by the semi- 
classical method with reasonable accuracy but the representation of radial integrals by their semiclassical 
approximations is even more accurate, especially for low L, the weighting factors containing L explicitly 


being appreciably different in the two cases. 


I. INTRODUCTION 


EVERAL calculations'~* have been concerned with 
the validity of the semiclassical theory*® of 
Coulomb excitation in the limit of zero excitation. The 
quantum-mechanical (abbreviated as QM) and the 
semiclassical treatment (abbreviated as SCT) calcu- 
lations of the cross section have been shown to agree 
in this limit and although the SCT variation of the 
cross section agrees with experiment, the work reported 
on below was undertaken to verify numerically and to 


*This research was supported by the Office of Ordnance 
Research, U. S. Army. 

t Now at the Physics Department, University of Nebraska. 

1G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954). 

2 Daitch, Lazarus, Hull, Benedict, and Breit, Phys. Rev. 96, 
1449 (1954). 

3 L. C. Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955). 

4K. A. Ter-Martirosyan, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 284 (1952). 

5K. Alder and A. Winther, Phys. Rev. 96, 237 (1954); A. 
Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 27, No. 16 (1953). 


examine in more detail the agreement of the SCT and 
QM theories in a few specific instances. The present 
note makes use of the possibility of equating the cross 


section as derived under the two theories as in references 
1 and 2. 


Notation 


F,(krn)=the regular solution of the differential 
equation for r times the radial wave function in a 
Coulomb field normalized so as to be asymptotic to a 
sine wave of unit amplitude at o. 

k=mv/h is the wave number associated with the 
relative motion multiplied by 27. 

n=Ze/hv. 

nw= (nm;)', the n used in the semiclassical treatment. 

2;, 0s=initial and final relative velocity respectively. 

m=reduced mass. 

Z,=charge of impinging particle. 

Z.= charge of target nucleus. 

E=ns—-1i- 
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r=distance between centers of mass of the colliding 
nuclei. 

r=a'(echw+1), where w is the convenient integration 
parameter used by Ter-Martirosyan. 

a’=Z,Z2¢"/mr,? is half the distance of closest 
approach. 

%™= (0,0¢)'= classical velocity at infinite distance for 
the mean orbit. 

eis the eccentricity of the hyperbolic orbit. Expressing 
the classical angular momentum as (L+})h, the 
eccentricity equals [1+ (L+4)?/na?]}. 


Il. RADIAL MATRIX ELEMENT 


The cross section for quadrupole excitation calculated 
quantum mechanically is! 


o= (4/25) (mk,/vd)Z2eB(2)@, (1) 
@=)'1 G1, (2) 


3L(L+1) 
Qr= 169" (kik) ——_[ | I(L—1, L+1) |? 


2(2L-+1) 
+|I(L+1, L—1)]?] 
_ LL+1) 2L+1) 
" (2L—1)(2L+3) 





I(L,L)|*}, (3) 
with me 
I(L,A)= f Filkem)Falkonprdr, (39) 


where, for a single hypothetically spinless nuclear 
charge making an s—d transition, 


B (2) =5¢ [reoe, (r)dr = Se? (9) ?/ (41), (4) 


0 
with normalization conventions 


oe 


anf Re(eyrir= f R?(r)rdr=1 
0 


0 


(4.1) 


for radial functions. These conventions have not been 
fully explained previously.' Since the entrance of nuclear 
quadrupole matrix elements in sums over magnetic 
quantum numbers of the final state is the same in the 
QM and SCT calculations, the knowledge of B(2) in a 
special case combined with Ter-Martirosyan’s work‘ in 
his Eqs. (5) to (12) determine the factor replacing the 
B(2) for the special case used in’ as the quantity 


B(2)=Yen.ts| (| (2,u)| f)|?, (4.2) 


with 
M(2,u)=eD p 1°V 2u(09,%p), (p= 1, 2, sips -Z2) (4.3) 


in the form of Bohr and Mottelson.® 
The cross section calculated semiclassically is® 


2n*m 2 


c= B(2 
25Z 22h? ( )go(é), 
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with 
e2(8)= f El Sel%ede= f (| Ta(L+1, L—1)? 


+$|Te(L—1, L+1)|*+|Ze(L,L)|*}ede, (6) 


and 
[4nny/(Riks) Wer(LF1, D1) 
(coshw+ e+i(e@—1)! sinhw)? 

» Xexp[ié(e sinhw+w) ] 

f dw=— (3) 'Sx2, 
site (€ coshw+1)* (7) 
[4nins/ (kik s) Wer(L,L) 
$ f exp[it(e rade 
~.  (€coshw+1)? 
4nin;/ (kik ;) =40;/a7'=4ay,, 








(7) 


the identification 

f=ns— Ni 
of Alder and Winther being used, while m is the reduced 
mass and ?y is the final relative velocity. The eccen- 
tricity ¢ is taken! to be [1+ (L+3)?/ma? ]!. 

The integral of the product of the wave functions 
for the initial and final states of relative motion weighted 
with (1/r°) is called the QM radial matrix element and 
is given by Eq. (3’). The corresponding classical inte- 
grals are those given by Eq. (7). By equating cross 
sections, the correspondence of J with J,; is found to be 


II 21, (8) 


where J,; is defined for an average 7, and the classical 
eccentricity is calculated as 


e=[1+(1/nm)?]}#, [= (L+A+1)/2. 


The arithmetic mean of 7; and ny has been used for nw 
in practice, the accuracy of the numerical part of the 
present work being insufficient to distinguish between 
the effects on the cross section of employing arithmetic 
or geometric means of »,; and ny. The quantities in 
Eqs. (3’) and (7) were evaluated numerically by means 
of desk computing machines as before.? In addition, 
numerical values of the Coulomb function for L=10, 
n=8.6 were kindly furnished by P. Rabinowitz and 
M. Abramowitz of the National Bureau of Standards. 
The classical integrals were obtained by numerical 
integration and the sum over yu of their squares for a 
fixed eccentricity was checked using five point La- 
grangian interpolation against the values tabulated by 
Alder and Winther.*® 

The connection between the SCT and the JWKB 
approximation was made use of in the numerical work. 
This connection may be presented as follows. Employ- 


®K. Alder and A. Winther, CERN/T/KA-W-1, October, 1954 
(unpublished). 
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ing the notation of the phase amplitude method, one has 


Fr(kim)F a (kor,n2) 
=4A1A, cos(gi— ¢2)—cos(¢git¢2)], (9) 


where the correspondence to the phase amplitude 
variables is given by 


(9) 


The contributions of the terms containing cos(¢g:— ¢2) 
and cos(¢i+¢2) on the right side of Eq. (9) may be 
referred to as low frequency and high frequency terms 
respectively. The phases ¢:, ¢2 approach asymptoti- 
cally expressions which vary nearly linearly with r at 
large distances, the dominant terms being kir and ker 
respectively. As a result the distinction between low- 
and high-frequency terms becomes marked for small 
excitation energies, and even for moderate excitation 
energies it is sufficiently pronounced to be made use of 
advantageously. As a result of the rapid fluctuation of 
the high-frequency term, its contributions are relatively 
unimportant for the larger r and the evaluation of the 
low-frequency term is the main problem here. Some 
unpublished work shows in fact that the correspondence 
connection between J(L,L’) and J..(L,L’) used here 
applies directly to the contributions to the quantum- 
mechanical quantity /(L,L’) and to its SCT partner 
I.:(L,L’) on discarding the high-frequency term and on 
employing the JWKB approximation for the low- 
frequency part. The correspondence employs the use 
of a mean 7 and an expansion in & up to the second 
power. Similarly an expansion in L—A around their 
mean has to be used. A direct passage to classical 
mechanics is obtained for vanishing excitation energy 
by replacing the low-frequency part by a classical 
particle density. It has proved desirable, therefore, to 
divide the region of integration into two parts, the 
dividing point being a distance r’ such that for r>r’ 
the JWKB approximation is unquestionably good. The 
evaluation of the integrals is then made for r>r’ by 
means of the JWKB approximation for the low- 
frequency term with a mere estimate of the high- 
frequency contribution. In order to make the latter as 
small as possible, the value of r’ is chosen so as to 
correspond to a maximum or minimum of cos(¢1+ ¢2). 
With this choice, the contributions of the high-fre- 
quency term integrand combine themselves into regions 
which largely cancel each other much as in the standard 
Fresnel-zone argument of physical optics. The region 
from the maximum to the immediately following node 
opposes half of the effect from that node to the following 
node, while the region from the further node to the 
immediately succeeding maximum takes care of the 
other half of the region between the two nodes. Since 
there is involved a combination of second differences, 
the residual effect is caused entirely by the second 
derivative with respect to distance of the factor multi- 
plying cos(¢i+ 2) in the integrand, and if r’ is large 


Fy(kirjm)=A1 sings, Fx (kon2)= Az sings. 
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enough becomes small since a plot of the factor becomes 
nearly linear within a wavelength of the oscillation. 
An approximate analytic representation of the effect of 
the high-frequency term contains a factor 1/p? ~0.001 
which reduces its importance. The validity of the 
JWKB approximation for the evaluation of the integrals 
from r’ to © was tested and was found amply satis- 
factory. In typical cases, the agreement at r’ of the 
JWKB and SCT amplitudes and phases was a few 
hundredths of a percent and about 0.02 radian respec- 
tively. The values of r’ were chosen to be either close 
to the second maximum of F, or somewhat smaller. 
The error caused by applying the JWKB approximation 
and the high-frequency term were thus reduced to 
negligible proportions, the whole error being of the 
order of a few tenths of a percent or less of the contri- 
bution from r’ to ©. Since the latter is only a fraction 
of the whole integral, the error caused by the approxi- 
mations made in this part of the calculation may be 
neglected. It is believed that an accuracy satisfactory 
for many practical purposes could have been obtained 
by choosing r’ in the vicinity of the first minimum of 
F, since the error in this case is of the order of a couple 
of percent of tail effect which is frequently no greater 
than 30 percent of the whole integral. In the region 
0<r<r’, the calculation was carried out by a direct 
numerical quadrature employing numerically computed 
values of the two functions F, involved. The connection 
of the contributions of the low-frequency terms with 
corresponding SCT values in the r’<r<© region is a 
direct consequence of the dominance in this region of 
the semiclassical term. The connection with SCT in 
the 0<r<r’ is understandable as a result of consider- 
ations of Breit and Daitch’ and of the work of Lazarus 
and Sack§ for the case of zero excitation. The consider- 
ations of the former authors also indicate that the 
connection should exist for finite excitation. This 
circumstance is further corroborated by an investigation 
of Gluckstern, Lazarus, and Breit of the case n=O in 
which a good correspondence of SCT and QM treat- 
ments is obtained to order #. The numerical results 
presented below show a very good agreement of values 
obtained by the two methods. 

Table I gives a direct comparison of several matrix 
elements. The quantities in square brackets are the 
QM matrix element or its SCT analog integrated only 
between the limits indicated. Column 8 gives essentially 
the agreement of the entire matrix element. Column 7 
indicates how much of the entire matrix element 
actually entered into the calculation; further, this 
column shows the large cancellation partially respons- 
ible for the 20 percent figure in column 8 for the L;= 49, 
£=0.444 case. The calculation was not redone and, 
despite checks, a numerical error cannot be ruled out, 
but column 6 shows that this discrepancy has a negli- 

7G. Breit and P. B. Daitch, Proc. Natl. Acad. Sci. 41, 653 


(1955). 
8 J. P. Lazarus and S. Sack, Phys. Rev. 100, 370 (1955). 
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TaBLe I. Comparison of radial matrix elements 7 with their 
semiclassical approximations J,; and of contributions from 
0<r<r’ with those from r’<r<o. 
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gible effect on the cross section. The variable p=, is 
always taken to be defined with respect to k;. This 
calculation is accurate to about 0.5 percent. 
Additional, somewhat less accurate calculations for 
other values of £ and L are presented in Table II. The 
quantity calculated is the decrease in the matrix ele- 
ment due to a change in £ from ¢=0 and is denoted by 


a- f [Fi (Rornw)F a(Ror nm) 
0 
—F (kami) F a(kerny) dr, 


and A,; is the SCT analog as determined by means of 
Eqs. (7) and (8). 

Although the numbers in Table II are accurate to 
only about 1 percent, it is clear that for 7~8 and 
(An/n)~0.1 there are indications that the agreement 
of the QM and SCT matrix elements may not be better 
than 1 or 2 percent. This variation in ¢ from 0 to 0.89 
has reduced the factor go(£) in the cross section by a 
factor of 10 according to the graph given by Alder and 
Winther.’ 

For (L+A)/2=3 and 10, one of the F functions at p’ 
is just beyond the first minimum. For (L+-A)/2=5, 25, 
and 50, one of the F functions at p’ is at or just before 
the second maximum. In all cases, the other F function 
has a greater phase. 


Ill. ANGULAR MOMENTUM WEIGHTING 


(10) 


In addition to the matrix elements, the cross sections 
differ in angular momentum weighting factors. The 
QM factors agree with the SCT factors only in the 
limit of large L, but this limit is actually closely 


*K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953). 
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TABLE II, Comparison of SCT and QM contributions to radial 
matrix elements in the region 0 to o’=&;,r’ employing an average 
7=nayv With values obtained employing initial and final values 
Ny NAv- 








Nw 
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approached for L=3 or 4. Since the maximum contri- 
bution to the cross section is for L~7 the difference in 
weighting is only important for small values of 7. For 
this reason the SCT cross section would be in question 
for 71. 

IV. CONCLUSION 


In the range n»=4 to n=8 the matrix elements for 
Coulomb excitation have been compared and found to 
agree to about 1 percent. The agreement is better for 
larger » and smaller Ay. The agreement is somewhat 
poorer for the extreme values calculated, that is »=4 
and (An/n)~0.05 and »=8 and (An/n)~0.1. The cross 
section calculated by means of these matrix elements 
should agree to about twice the percent difference in 
the matrix elements. 

In other calculations, such as angular correlations in 
Coulomb excitation, the matrix elements as distinct 
from the weighting factors may be calculated more 
conveniently from the SCT rather than QM if the 
above order of accuracy suffices. 
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Comparison of Semiclassical and Quantum-Mechanical Coulomb Excitation 
Integrals for Large L* 
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Semiclassical and quantum-mechanical integrals occurring in the theory of Coulomb excitation are 
compared in the limit of distant collisions which corresponds to setting the usual parameter »=0. The 
integrals are expanded in powers of the energy of excitation and are found to agree up to and including 
those of second order, provided the geometric mean of the initial and final energy is used in the semiclassical 
calculation. The results are generalized to include an arbitrary power law for the dependence of the inter- 
action energy on radius. The agreement remains unchanged. 





I, INTRODUCTION 


N recent work!“ on the semiclassical (SCT) and 
quantum-mechanical (QM) treatments of Coulomb 
excitation, remarkable agreement between the results 
of the two methods has been found and partially 
explained. The purpose of the present note is to demon- 
strate this agreement in an analytic sense for L—>« or 
n—0. Comparison of the quantum-mechanical and 
classical values indicates agreement with employment 
of a mean energy and of a classical angular momentum 
(L+4)h which has been known previously. It is rather 
specific in showing a preference for the employment of 
a geometric mean for energy. The best classical orbital 
angular momentum for reproducing the leading term of 
the quantum integral is found to be not exactly (L+3)h 
but to contain in its expression a term in 1/Z which 
becomes large if one is interested in integrals for high- 
order multipole radiations. 

The actual local kinetic energy for nonvanishing 
charges on the colliding particles can be approximated 
in the region of the classical turning point by an 
effective local kinetic energy with vanishing charge, an 
effective value of L, say L*, differing from the actual L, 
and a revised value of the bombarding energy. By such 
an adjustment one can represent the local kinetic energy 
vs distance plot in a tangential sense by means of 
potentials used in the present paper. Since a large part 
of the Coulomb excitation integrals often comes from 
the region around the classical turning point, the agree- 
ment of the semiclassical and quantum values of the 
integrals which will be studied below thus corroborates 
the fact that the redistribution of particle density? does 
not leave a large systematically accumulating effect in 
the calculation of the indefinite integrals which become 


* This research was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command. 

1G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954); 
(i9si)” Lazarus, Hull, Benedict, and Breit, Phys. Rev. 96, 1449 

1954). 

2G. Breit and P. B. Daitch, Proc. Natl. Acad. Sci. 41, 653 
(1955). J. P. Lazarus and S. Sack, Phys. Rev. 100, 370 (1955). 

8 L. C. Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955). 

4 Benedict, Daitch, and Breit, preceding paper [Phys. Rev. 
101, 171 (1956)]. 


the excitation integrals as the upper limit approaches 
infinity. 

The notation of the preceding paper‘ will be used. 
An additional frequently occurring symbol may be 
defined by 


hw,;= difference between initial 
and final particle energies. 
Il. INTEGRALS ARISING IN THE SEMICLASSICAL 
AND QUANTUM-MECHANICAL TREATMENTS 


The three pairs of integrals which correspond in the 
semiclassical and quantum-mechanical treatments of 
Coulomb excitation are 


Tp, tL 1—3Al, 14+-4A1] 


rf dwr'—" exp{iw;t+iAl®}, (1C) 


and 


= f r"Fy yarlkon)F ryyar(kernsdr, (1Q) 
0 


where n=3 and Al or AL=—2, 0, 2. The reason for 
considering the J,,.: as the SCT replacement of J, is 
that for a classical orbit 


dt 4% [: <= 
r Wat ea’ p rn 


while in the geometrical optics approximation 


* ° L(L+1)7 dr 
f -*F 2dr=} f [:-——] 
0 


(1+0)a’ P 


di 4° 
—=- f r~-"F 7dr. 
r™ Wo 


p . 


Hence 


Combining this with 
vdi=rdw, 
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the J, and J,,.; are seen to correspond to each other. 
In Eq. (1C) the classical orbit is given in the parametric 
form 
r=a'(1+« coshw), 
t= (a’/vm)(w+e sinhw), 
re‘* = a'[ e+coshw+i(e—1)! sinhw ], 


e= 1+P/nx?, 

a’= (ZZ 2¢"/mr,?), 
wis=h(kPZ—k/?)/2m, 

ki= (h/mr,), 

k= (h/moy). 


The subscript Av stands for the appropriate average 
to be used in the classical calculation. 

From this point on all the integrals will be evaluated 
in the limit 7-0. In the interests of brevity explicit 
indication of this convention will be omitted. In the 
limit y—0, the parametric form for the classical orbit 
becomes simplified, since « becomes infinite. Making 
use of this fact and taking the appropriate limit in 
Eq. (1C), one finds 


Tn, cL J—}4l, 14-347] 


[i-n Co 
= (eu) “ ) Jf aeteosty 


X (1+7 sinhw)4! exp(ia sinhw), (2C) 


where 
q= 41(k?— k?*)/Rn?. 


In the limit 7-0, »;--0, the Coulomb functions in 
Eq. (1Q) are expressible in terms of Bessel functions; 
the integral in Eq. (1Q) may then be expressed in terms 
of the hypergeometric function® as 


T,[L—}AL, L+44L] 
a n2-"(kiky) (m-1)/2(R ,/e,) E+ Get 4b APT L443 (3— n) | 
X{TLL+3(3+AL) [4 (n—AL)}}7 
XF[L+4(3—n), 14+3(AL—n); 


L+3(3+AL); (ks/k:)®J, (2Q) 


where F (a,b; c; z) is the hypergeometric series 
1+ (ab/c)z+ (ab/c)[ (a+1)(6+1)/(c+1)](#/2)+---. 


In general k; and ky are quite close; for this reason 
Eqs. (2C) and (2Q) have been expanded in powers of 
the parameters 


6c= (kh? —k?)/Re’, (3C) 


and 
bq= (k?—k/?)/(kiky), (3Q) 


5 See, for example, E. T. Whittaker and G. N. Watson, Modern 
Analysis (Cambridge University Press, London, 1920), third 
edition, p. 385, problem 50. 
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up to and including terms in @, for Al or AL=0, +2, 
and general m. In the classical case this was accom- 
plished by expressing Eq. (2C) in terms of modified 
Bessel functions of the second kind (i.e., K,(a)) and 
expanding. For n>4 the same result is unambiguously 
obtainable by expanding the exponential of Eq. (2C) 
in powers of a. In the quantum mechanical case, the 
hypergeometric function F(a,b;c; 1—z) was expressed 
in terms of the variable z by means of the relation® 
l'(c—a)l (c—b) (a)l (6) F (a,b; c; 1—2) 
=T (ol (al (6) (c—a—b)F (a,b; a+b—c+1; 2) 
+I (oI (c—a)0 (c—b)0 (a4+b—c)z2-e r 
XF(c—a, c—b; c—a—b+1; 3). 


The results for the diagonal terms (A/ or AL=0) are: 


In, cL] = kn (2-"/4){T (3) C3 (n—1) /T (3n)} 
X{1+[P/8(3—n) oc2+---} (n>4), (4C) 
I LL,L]= (kik)? 
X{T[L+3(3—n)]/40[L+4(1+n)]} 
X{T (2) 4 (n—1)/T (3n)} 
X {1+ [(1?+L+} (3—n) (n—1))/ 
8(3—n) ]0g’+---} (n>4), 


I», cf Ll) = [kn /41] {1 — $10c+-$P 007+ - + -}, 


To L,L]=[a(ksk;)*/ (4L+2) {1-3 (L+4)09 
+3(L+4)%0'+ ---}, 


Ts, etl] =[ha?/2P]{1+-$760Lin (416 c) 
+y-tH =), 
I{L,LJ=([kiks/2L(L+1) {1+ 3L(L+1)] 
X6¢°LInG@ (L+3)0q)+7—3]+---}. (6Q) 
In Eqs. (6C) and (6Q) y=0.5772--- is the Euler- 
Mascheroni constant. It is seen that the equations 
marked with C and Q correspond quite closely to one 
another if ka’=kyk;, = +}. This comparison will be 
discussed more fully in Sec. IIT. 
Analogous results may be obtained for the off- 
diagonal terms (AL=+2, Al=+2). These are given 
below. 


Tn, cL I¥1, l41]= (kw) (40-") 
X{P(2)0 3 (n—1) /T Gn)} 
X { (n—2)/n¥ (l/n)0c 
+[(6—n)P/8n(n—3) ]0c? 
+---} (24), 
I, L¥1, L+ 1]= (kk) "-Y? 
X (TLL+3(3—n) /TLL+3(1+n)]} 
X{(T@r (a—)I/T Gn)} 
X { (n—2)/nF[(L+})/n oq 
+[(6—n)(L+})*/8n(n—3) 0g 
+a (n—2)(n—4)0g°+ ---} 
(n>4), 


(4Q) 
(SC) 


(SQ) 


(6C) 


(7C) 


abe Seas 5 (7Q) 
® See reference 5, p. 291. 
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(8C) 


(8Q) 
(9C) 


Is, eLJ—1, 1+1]=0, 
I{L—1, L+1]=0, 
To, ef 1+1, 1—1]=}arknOc{1—F16c+ ---}, 
Te[L+1, L—1]=}n(kjk;) 0g 
X{(1-3(L+4)09+ ---}, 
Ts, PFA, 41) =[ha?/6P ]{1FOc— 300" 
X([In(/8c)+y—3]+---}, 
I L¥1, LA1]=[kyki/6L(L+1) {1 (L+4)09 
—§L(L+1)69°[In@ (L+ 469) 
+y—3]+40¢'+ ---}. 


(9Q) 


(10C) 


(10Q) 


III. COMPARISON OF SEMICLASSICAL AND 
QUANTUM-MECHANICAL INTEGRALS 


The integrals have all been written in Eqs. (4C), 
(4Q), ---, (10C), (10Q), in such a way that the com- 
parison is obvious. It will be noted that in order to 
obtain equality of SCT and QM values one may 
identify the average wave number, velocity, or energy 
with the geometric mean of the initial and final values 
of the corresponding quantity; that is one may set 


kuw?=ksks; 6c=09=98. (11) 


Expressing @ in terms of n, one has 
O= (k?—k/?)/(ksks) = (n¢— 18) (ng +0)/ (nny). 


Since the geometric and arithmetic mean of two 
quantities are identical to first order in their difference, 
one may express the expansion parameter with sufficient 
accuracy as 

(13) 


There is also an identification of / with L+} in 
various approximations in agreement with previous 
work at this laboratory’; for example 

l=L+} (n=2), 
P=(L+4)-3 (n=3), 


(12) 


6&2 (An)/nw. 


(14) 


P=(L+3)[(L+3)—-1] (n=4) 


for the leading term. For general m this identification 
takes the form 


I+L+4—(n?—2n)/(24L)+---. (15) 


The increase of the coefficient of the 1/Z term shows 
that the approximation /=Z+ 4 becomes poorer as n 
increases. This circumstance is doubtless due to the 
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rapid variation of r~*. For small m the neglect of the 
term in 1/Z is justifiable in agreement with the con- 
siderations of Breit and Daitch? and of Lazarus and 
Sack? regarding the redistribution of radial particle 
density. 

The difference between the identifications in Eq. (14) 
is also responsible for the apparent differences in the 
second order terms in Eqs. (7C) and (7Q) and in Eqs. 
(10C) and (10Q). In these cases the identification in 
terms of J=L+}+0(1/L) still applies but a simple 
statement regarding the 0(1/Z) is hard to make except 
through explicit use of the formulas quoted. 

The fact that the agreement of the semiclassical and 
quantum-mechanical integrals applies for a wide range 
of values of m corroborates the view that the agreement 
is mainly due to redistribution of particle densities in 
the two cases taking place in regions of the distance r 
which are relatively small in comparison with r for the 
classical turning point. When combined with the argu- 
ment employing a tangential potential which was given 
at the end of the introduction to the present paper, 
the striking agreements of QM and SCT integrals 
become less surprising. 

The possibility of approximating the coefficient of 
the independent variable in a differential equation by 
a function enabling analytic treatment is well known 
both in connection with the JWKB approximation and 
approximations by means of Bessel functions of order 
+1/3. In a limited sense the treatment of the present 
paper may be looked at as a calculation of the actual 
integrals by means of the tangential approximation. 
It is of interest in this connection that Dr. P. B. Daitch 
of this laboratory has found in a special case that from 
the classical turning point to the first node the Coulomb 
function F, can be approximated by means of a modi- 
fied F;, with adjusted amplitude, angular momentum 
L, and energy. The authors are grateful to Dr. Daitch 
for communicating his results which increased the 
interest in the possibility of the present analytic treat- 
ment. On the other hand, it should be mentioned that 
the representation of F, by the function with adjusted 
parameters could not be counted on to give a good 
representation of the integrals because the tangential 
potential gives a good representation of the local 
potential energy in a limited region only. The method 
of the present paper is rather that of making com- 
parisons with the SCT approximations for the adjusted 
potential directly and to test the sufficiency of the 
density redistribution combined with the relatively 
large distance of the classical turning point for securing 
good agreement of the QM and SCT integrals. 
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Angular Distribution of Gamma Rays in Coulomb Excitation from Pt* 
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A numerical calculation has been made of the angular correlation coefficient, a2(£), in Coulomb excitation 
in both the quantum-mechanical treatment and the semiclassical approximation. The parameters £ and 
were chosen to correspond to excitation of the 330-kev level of Pt'. The radial integrals entering the 
quantum calculation have been evaluated in the semiclassical approximation. Both the classical and quantum 
calculations are found to reproduce the experimentally observed energy dependence of a2(£), and the 
quantum treatment gives rather satisfactory agreement with the experimental absolute values as well. 





LDER and Winther’ have given the angular corre- 
lation coefficient between the direction of the 
incident beam and that of the emerging gamma rays. 
Their derivation employs the semiclassical theory of 
Coulomb excitation and their result relates the gamma 
angular distribution for Coulomb excitation to that for 
the angular correlation in a gamma-gamma cascade. 
If the latter has the form 


W (6)=1+ B2P2(cosé)+B,P4(cos#) (1) 


in a transition 7] ,—/,, then the angular distribution 
function in Coulomb excitation for an £2 transition is 


W’"(0)=1+ Beao(t)P2(cosé)+ Baa(€)Ps(cosd). (2) 


The function W’(6) is proportional to the intensity of 
the radiation at an angle @ with the incident beam 
direction. 

The same notation as in Benedict, Daitch, and Breit? 
is used with the addition: E,=energy of incident 
proton. 

A quantum-mechanical treatment of the same 
problem has been given by Biedenharn and Class* for 
the special case of zero excitation energy. Their result 
has been generalized without change of form to finite 
excitation energies by Biedenharn, McHale, and Thaler.‘ 
While it is true, as Biedenharn and Class observe, that 
their result corresponds term by term to that of Alder 
and Winther, there is a difference in sign of the cross 
product term involving So(S2+5S_2) in the formula for 
a2 of Alder and Winther. The sign of Alder and Winther 
has been checked by Professor G. Breit and Dr. M. E. 
Ebel who agree with the sign of Alder and Winther. 
They have rederived the classical and the quantum 
formulas, obtaining consistency of the two and dis- 
agreeing with the sign of corresponding terms in the 
papers on the quantum treatment which have been 


*This research was supported by the Office of Ordnance 
Research, U. S. Army. 

1K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953). 

2 Benedict, Daitch, and Breit, this issue [Phys. Rev. 101, 171 
(1956) ]. This paper will be referred to hereafter as BDB. 

*L. C. Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955). 

4 Biedenharn, McHale, and Thaler, Phys. Rev. 100, 376 (1955). 


quoted. On the other hand, a reproduction of the work 
for the graph of a2(£) given in Alder and Winther’s note 
shows that a wrong sign has been used by them in 
their numerical substitutions. 

Stelson and McGowan® have reported experimental 
results on angular distributions in Coulomb excitation 
for Pt and Pd and a few other nuclei and have men- 
tioned disagreement with Alder and Winther’s theory. 
A more complete paper by McGowan and Stelson 
dealing specifically with the angular distribution of 
gamma rays has recently been published.* They com- 
pare their results with the semiclassical theory of Alder 
and Winther and obtain a decidedly different trend in 
the variation of a2(£) with the energy E from that in 
their experiments although the agreement in absolute 
values obtained by them is rather satisfactory. Their 
calculations are made employing the same sign for the 
cross product term So(5S2+.S_2) as used by Alder and 
Winther in the numerical work of the latter authors. 

The agreement between the quantum Coulomb ex- 
citation integrals and the analogous semiclassical in- 
tegrals for a mean energy”:’* enables one to make a 
comparison of the McGowan and Stelson results with 
theory. This comparison has been carried out for a2(£) 
in the case of Pt. The employment of the correct sign 
in the Alder-Winther formula changes the SCT calcu- 
lations sufficiently to reproduce the experimentally ob- 
served trend in the variation of a2(£) with energy. The 
replacement of the SCT quantities—particularly weight- 
ing factors—by their quantum generalizations makes 
the agreement rather satisfactory regarding absolute 
values as well. 

The calculation of a2 has been made by means of the 
result essentially obtained by Biedenharn and Class® 
and by Biedenharn, McHale, and Thaler‘ but with 
changed sign in the last two terms of bo, viz., 


a2= bo/bo, b=) > 1 bo Ly bo=> 1 bo, Ly (3) 


5 P. H. Stelson and F. K. McGowan, Phys. Rev. 98, 249 (1955). 

6 F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 107 (1955). 

7 Gluckstern, Lazarus, and Breit, preceding paper [Phys. Rev. 
101, 175 (1956) ]. 

8 G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954). 


178 








ANGULAR DISTRIBUTION OF y RAYS 


where 
3(L—2)(L—1)L 
a ae I?(L—2, L) 
ELAN QL+I)2L—-3)QL+5) , 
(2L—1)2(2L+3)? 
3(L+1)(L+2)(L+3) 
(2L+3)? 
6(L—1)L(L+1) 
ree ear 
X1(L—2, L)I(L,L) cos(o,—¢ 1-2) 
6L(L+1)(L+2) 
~ (QE-43)2 
X1(L,L)I(L+2, L) cos(o142—0 1), 





2,L 





(L,L) 





I(L+2, L) 








(3.1) 


_L(L+1) 


(2L+1)? 
[aruts, L—1)+— 


(2L—1)(2L-+3) 
XPD) +4(L—1, L+)| (3.2) 


Here o,=argl'(L+1+in) is the Coulomb phase shift 
and J/(L+1, L+¥1), I(L,L) are the radial integrals de- 
fined in Eq. (3’) of BDB.? It is convenient to rewrite 
the formula of Alder and Winther in the form 


a2?! = b,°! bo", (4) 


where the superscript cl indicates employment of the 
semiclassical treatment and 


b= fascial, b= fF au(oia, (4.1) 
0 0 


where /h is the orbital angular momentum related to 
the eccentricity « by 


(2) =[1+ (1/nw)?}}, (4.2) 


and 


Bo(1) = ZI_2?(€)— $1 0?(€) +272*(€) 
2 
-1(1-5) nlolt-o+n0} (4.3) 


Bo(l) = $12?(€)+3107(€)+31_2*(€), 


where 


(4.4) 


T,(€)=Ia(L+un, I-p) (u= 2,0, —2) (4.5) 
with J,; as in Eq. (7) of BDB.* The relation to the 


symbols S, of Alder and Winther is 
(2am’)*.2(€) =— (2, '3)'Sxo(e), 
(2ay’)?Zo (e) = So(e). 


If it is desired to use ¢ rather than / as the variable of 
integration, the relation 


Idl= ede/np,” 


(4.6) 


(4.7) 


employed in Eq. (4.1) combined with the homogeneity 
of Eq. (4) in 2°! and d,°! shows that az can be calculated 
by means of (4.1) by replacing /di by ede. 

The comparison of the SCT and QM contributions 
to (b2,bo), (b2°',bo°"), respectively, has been carried out by 
arranging the intervals in the integration over / in a 
manner similar to that used by Daitch, Lazarus, Hull, 
Benedict, and Breit? and by BDB.? The intervals 
(0</<1), (1</<2), --- are made to correspond, re- 
spectively, to contributions from L=0, L=1, ---. This 
correspondence can be made slightly more obvious by 
introducing /’ by means of 

l='+4, 
which results in the regions of integration becoming 
(—} <I’ <}), ($<I' <3), ---. These intervals in /’ are 
centered on the discrete values L=1, 2, --- and the 
association is easier to remember than when the in- 


tervals are specified by means of /. In terms of /’ the 
factor is 


(4.8) 


Idl= (l'+-})dl’ (4.9) 
and the integral signs in Eq. (4.1) become /-;*dl’. 

Since the work?" shows that the quantum me- 
chanical J(L,A) can be replaced to a good approxi- 
mation by /,;(L,A) this procedure has been followed in 
the calculation of a». In order to be surer of the applica- 
bility of this approximation, its validity was tested for 
L=2 for the cases §=0.2, 7;=4.0 and ¢=0.1915, 
ni=5.513. The comparisons of SCT and QM values 
appear in Table I of BDB? and show the adequacy of 
replacing the QM values by their SCT approximations 
in these special cases. Since in all other cases tried the 
QM and SCT values agree and since other arguments 
show reasons for the agreement, it was assumed that 
the SCT approximation is good enough also for other 
L and » used here. 

The SCT integrals were calculated numerically for 
selected values of « and checked against the weighted 
sum of squares of the SCT integrals tabulated by Alder 
and Winther in their CERN report.'* The integrals 
needed for the half-integral values 


l= (L+A+1)/2 (S) 


® Daitch, Lazarus, Hull, Benedict, and Breit, Phys. Rev. 96, 
1449 (1954). 

G. Breit and P. B. Daitch, Proc. Natl. Acad. Sci. 41, 653 
(1955). 

uJ. P. Lazarus and S. Sack, Phys. Rev. 100, 370 (1955). 

2 K. Alder and A. Winther, CERN/T/KA-AW-1, October, 1954 
(unpublished). 
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for use in Eq. (4.2) were obtained by 4 or 5-point 
Lagrangian interpolation and the desired / was usually 
in the middle of the range employed. The quantities 
bs, and 82(/) were thus obtained for integral L and 
half-integral /. The range of L covered in this phase of 
the work was from L=0 to L= 20 and values for L = 30 
and L = 40 were also obtained. The quantum-mechanical 
sum from L=0 to L=20 was evaluated directly and 
from L=21 to L=40 it was replaced by an integral 
over L which was evaluated by Simpson’s rule employ- 
ing the values at L = 20, 30, 40. The contribution of this 
region is small enough so that the relative crudeness of 
the evaluation of the region from L=20 to L= 40 does 
not seriously affect the accuracy of the result. The 
classical integrals have been similarly evaluated by 
Simpson’s rule from l’ = —} tol’ = 404. The contribution 
from the region L>40 was estimated by assuming the 
dependence of bz, , on L to be approximately exponential, 
determining the exponent from computed values at 
L=20, 30, 40 and replacing the sum by an integral. 
Expressed in terms of the whole sum the corrections 
caused by these tail effects were 6 percent for =0.1915, 
2.7 percent for €=0.2712, 1.4 percent for ¢=0.4442. 
The smallness of the corrections indicates that the 
crudeness of the method of evaluation of the tail 
effect is probably not a serious defect of the calculation. 
The tail correction was included in the SCT calculation 
as well. The comparison of the QM and SCT contribu- 
tions is made below through the introduction of a SCT 


2+ re) 


E, in Mev 
cone 


° 
4 


a 
A 


(2a,,)° bey and (2a’y)* b, 
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Fic. 1. Contributions (2aa,’)* b2 , to numerator of a2(£) =b2/bo 
arising from different L defined in Eq. (3.1); corresponding 
classical quantity b» ,°*! defined in Eq. (6). All quantities are for 

rotons on Pt with excitation energy of 330 kev; a=njny/kiky. 
The two full curves give b: 1°! for E,=2.927 and 5 Mev, the 
dashed curve for 4 Mev. The circles and triangles refer, respec- 
tively, to b, 1 for Ep=5 and 2.927 Mev. 
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quantity 
L+1 
be, w= f B2(Didl= 
L 


L+} 
B2(l'+3)('+4)dl’ (6) 


L-} 


and it will be seen from the graphs presented below 
that bs 1°! and 62, are nearly the same for most L, 
appreciable differences being present however in the 
neighborhood of the maximum of by r. 

The quantity bo was calculated in the SCT approxi- 
mation and also by employing the SCT values of the 
integrals and QM weighting factors. Frequent use of 
the values of Alder and Winther in their CERN report 
was made in this part of the work. The effect on a» of 
changing from the purely SCT calculation of bo to the 
improved one was to increase a: by 1.4 percent for 
€=0.1915, by 1.0 percent for =0.2712 and 0.73 percent 
for §=0.4442. These effects appear to have little interest 
and 69 could have been calculated semiclassically with 
sufficient accuracy for most purposes. 

The values of a; computed employing the SCT are 
denoted as 3°! and are compared in Table I with values 
of a2 in which only the radial matrix elements are calcu- 
lated on the SCT approximation. The latter values are 
referred to as a2 in the table even though strictly speak- 
ing this az is only a good approximation to a. 

The experimental values listed do not include a 
correction for target thickness which amounts to several 
percent according to McGowan and Stelson.’ The 
effect of the correction as worked out by McGowan 
and Stelson is shown graphically in the SCT approxi- 
mation in Fig. 2. It will be noted in Table I that the 
agreement with experiment is much improved by em- 
ploying a2 rather than a2*! but that the variation of a,°! 
with energy reproduces that of a2 reasonably well 
especially if it is considered that the excitation energy 
corresponds to only one of the Pt isotopes. 

In Fig. 1 the comparison of be, ,°! and be x is carried 
out graphically and the variation of 62, with L is 
shown. Beyond L=5, only every third value of be, x is 
retained in order to simplify the figure. The actual 
quantities plotted are [2a,’ |*be 7°! and [2ay’ |*be, 1 
which are dimensionless quantities of convenient magni- 
tude. In Fig. 2 the comparison of a2 and a,*! with 
experiment and with each other is illustrated. The 
curves marked “OLD” refer to points computed on 


TABLE I. Comparison of angular correlation factor a2 with its 
semiclassical theory approximation for Pt with AE=330 kev for 
three proton bombarding energies E>». 








Es 
(Mev) é "hy az! a: (a@2)expt* 


2 pd 0.4442 7.428 0.656 0.735 


3. (0.722) 
40 0.2712 6.300 0.481 0.559 
5.609 0.366 


5.0 0.1915 0.440 





0.709+0.010 
0.591 +0.007 
0.479+0.008 








* Errors taken from McGowan-Stelson, Table I.5 Difference between 
single-channel and multiple-channel values much greater than error 
listed here. 

> This value was obtained by graphical interpolation. 
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Fic. 2. Values of a2(€) and a,°!(¢) plotted against proton energy 
E, for Pt with excitation energy 330 kev. Circled points are 
computed from theories. Experimental points are shown as dots 
with vertical spreads. The old and new signs correspond to curves 


marked accordingly. The dashed curve includes thick target cor- 
rections and admixture of Pt!® taken from McGowan and Stelson. 


the basis of the sign used in the numerical values of 
Alder and Winther!:” and the formula of Biedenharn 
and Class.* The curves marked “NEW” refer to the 
calculations reported in this paper. The experimental 
points are taken from McGowan and Stelson’s Fig. 1,° 
and the spread is that obtained by combining the 
spread of single-channel and multichannel points. The 
dashed curve’is taken from the same figure in McGowan 
and Stelson and represents the combined effect of 
corrections for target thickness and for the difference 
in the excitation energies of Pt'** and Pt!*4. The two 
effects tend to oppose each other, so that the total 
correction is small. Figure 3 gives the variation of 
a,"'(£) with . The point at £=0 was computed by the 
method described in the foregoing and checked analyti- 
cally. The analytic value has been obtained and kindly 
supplied by Dr. R. L. Gluckstern. It agrees with the 


0.7 








Fic. 3. Semiclassical angular correlation coefficient a2°!(£) 
plotted as a function of parameter £=ny—7;. Computed points are 
marked by circles. 


numerical to a few percent which is satisfactory in view 
of the relatively small absolute value of a,°'(0). The 
quantity a2°!(¢) depends only on ~ and not on n, and 
thus this curve is of general interest and is not restricted 
to the Pt experiment discussed here. 

After the present work was completed Professor 
Breit received a letter from Dr. L. C. Biedenharn, 
according to which the error in the sign of the cross 
terms has been independently found by Dr. Biedenharn. 
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The beta and gamma radiations of Ce'* have been studied with a ten-channel scintillation coincidence 
spectrometer, with a double-focusing magnetic spectrometer, and with photographic magnetic spectrographs. 
Five beta-ray components and ten gamma rays are identified with the activity, and the decay scheme is 
established involving six excited states of the daughter Pr nucleus. It is found that no beta rays of measur- 
able intensity proceed directly to the Pr’ ground state. Spin and parity assignments are made for several of 


the levels. 





I. INTRODUCTION 


HE 33-hr beta emitter in cerium was first observed 
by Pool and Kurbatov.' Their assignment of the 
activity to Ce’ has been confirmed.” Several investiga- 
tions*-* of the conversion- and secondary-electron 
spectra have been in essential agreement on the exist- 
ence of gamma rays with energies of about 0.057, 0.29, 
0.35, 0.66, and 0.72 Mev. Coincident gamma rays of 
0.126 and ~0.16 Mev, for which the 0.29-Mev transi- 
tion was presumed to be the crossover, were suggested® 
from an early scintillation measurement. Beta-ray com- 
ponents of 1.38, 1.09, and 0.71 Mev, with possible others 
of lower energy, have been reported.‘:* Each of these 
investigators has proposed an essentially different level 
scheme. In particular, two of them have assumed that 
the highest energy beta ray proceeds to the ground 
state of Pr’, 

The gamma-ray spectrum has been studied with the 
ten-channel scintillation coincidence spectrometer at the 
Argonne Laboratory, using cubical crystals of NaI(T1) 
about 2} in. on a side and Dumont 6292 photomulti- 
pliers. The internal-conversion electron spectrum has 
been observed with photographic magnetic spectro- 
graphs both at Argonne and at the University of 
Michigan. The beta-ray spectrum has been analyzed 
with the double-focusing magnetic spectrometer at the 
University of Michigan. In addition, the beta-ray 
spectra in coincidence with various gamma rays have 
been observed with the scintillation spectrometer, using 
an anthracene crystal and an RCA 5819 photomultiplier. 

Sources were prepared by neutron irradiation of 
cerium oxide enriched in mass 142 in the Argonne 
reactor, CP-5. A number of different irradiations 
ranging up to 37 hours were performed. 


II. GAMMA-RAY SPECTRUM 


Figure 1 shows the NaI(TI) pulse-height distribution 
obtained with a freshly irradiated source in “good” 


* Portions of this research were aided by the joint support of the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 

+ University of Michigan, Ann Arbor, Michigan. 

1M. L. Pool and J. D. Kurbatov, Phys. Rev. 63, 463 (1943). 

2M. L. Pool and N. L. Krisberg, Phys. Rev. 73, 1035 (1948). 

3H. B. Keller and J. M. Cork, Phys. Rev. 84, 1079 (1951). 

4 E. Kondaiah, Phys. Rev. 83, 471 (1951). 

5 W. H. Burgus, Phys. Rev. 88, 1129 (1952). 


geometry. As shown in the insert, a lead collimator 4 
inches long is used, having a tapered aperture that 
defines a cone limited to the central part of the crystal. 
A 1-cm thick slab of Lucite in front of the crystal serves 
to absorb all beta rays and conversion electrons. The 
whole assembly is enclosed in a 2-inch thick lead shield. 
The superimposed Cs'*’ spectrum illustrates the spec- 
trum of a single gamma ray in this geometry. 

The decay of the spectrum was observed in this 
geometry over a period of 12 days. All of the peaks were 
found to decay with the 33-hr period except for the 
initially small peak at 0.145 Mev and part of the x-ray 
peak. These can be attributed to the well-known’ single 
gamma ray of Ce"! (33.1-day). 

Evident in the figure are “‘photopeaks” for five of the 
previously reported gamma rays, as well as several 
additional peaks. The peak at 0.493 Mev is seen, by 
comparison with the superimposed Cs"*’ spectrum, to be 
much too sharp to be due to the Compton distributions 
of higher energy gamma rays. This and the peaks 
labeled 0.232 and 0.861 Mev are confirmed to be gamma 
rays by observation of their conversion lines. The last 
peak, at 1.10 Mev is not at the right energy for any 
expected ‘“‘sum peak” (very unlikely in this geometry), 
and therefore represents another gamma ray. One addi- 
tional weak gamma ray at 0.565 Mev will be shown to 
exist in the discussion of coincidence spectra. No evi- 
dence is found for gamma rays of 0.126 or 0.16 Mev. 

The gamma rays are listed in Table I together with 
their associated conversion-electron lines where ob- 
served. The energy values quoted are based on the 
conversion data in most cases. In no case is this value in 
conflict with the scintillation data. The scintillation 
spectrometer is calibrated, for the two gamma rays not 
observed in conversion spectra, with the gamma rays of 
Cs"? and Co®. No definite evidence is found in the 
conversion spectra for any transition not observed by 
scintillation. 

A photometric measurement from the spectrograph 
plates of the K/L ratio proved to be feasible only for the 
0).294-Mev transition, for which the value 6.1-+0.6 is 
obtained. The lines associated with the 0.0574-Mev 


6 name Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
1953). 
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Fic. 1. NaI (TI) normal pulse-height distribution of Ce (33.4-hr) in “good” geometry. The geometrical arrange- 


ment is illustrated in the insert. The dash 
(0.662 Mev) of Cs’ in the same geometry. 


transition are actually very intense, but the sensitivity 
of the photographic emulsion varies rapidly with energy 
at low energies and causes some uncertainty. Estimates 
of the K/L ratio led to interpretations in conflict with 


TaBLe I. Gamma-ray and conversion-line energies in Mev. 








Conversion-line 


Gamma energy energy Interpretation Energy sum 





0.05740.0002 0.0154 K 
0.0505 Ly 
0.0560 M 


0.0572 N 


0.1036 K 
0.1391 Li 


0.1900 
0.2245 


0.0574 
0.0575 
0.0574 
0.0576 


0.1416 
0.1415 


0.1416-+0.0003 
(Ce) 

0.232 +0.001 0.2320 
0.2314 


0.2942 
0.294 
0.294 


0.294 +0.001 0.2522 


0.287 
0.293 
0.351 +0.001 


0.493 +0.002 


0.309 


0.451 
0.48 


0.351 


0.493 
0.49 


0.565 +0.005 
0.668 +0.002 
0.722 +0.002 
0.861 +0.005 
1.10 +0.01 


None 
0.626 
0.682 
0.819 


None 








ed curve is a portion of the pulse distribution of the single gamma ray 


other data. Only a single rather well-defined L-line is 
observed for the 0.0574-Mev transition, even though M- 
and N-lines are readily seen, and it appears definitely 
to be the L; subshell line. The implications of this fact 
for interpretation of the transition character will be 
shown to be consistent with other data. 

For the gamma-gamma coincidence experiments, the 
source was placed between two identical Nal crystals, 
which were about } inch apart. 900 mg/cm? of Al was 
placed in front of each counter to absorb the beta rays. 
Pulses from one of the counters were selected with a 
single-channel differential analyzer and used to gate the 
ten-channel analyzer. As no “fast” coincidence channel 
was employed, the coincidence resolving time was 
2X10~-* second. Rather low counting rates were used, 
however, so that random coincidences were always 
negligible. In certain of the experiments, where one 
counter was observing low-energy events, and the other 
high-energy events, 4 g/cm? of lead was placed in front 
of the high-energy counter to intercept low-energy 
quanta scattering back to the low-energy counter. 

Curve B in Fig. 2 shows the spectrum of coincidence 
pulses observed when the gating channel was set on the 
0.0574-Mev peak. Curve A is the ungated spectrum for 
the same geometry, and Curve C is the difference be- 
tween A and B for energies greater than 0.1 Mev. The 
situation of the 0.0574-Mev peak in the total spectrum 
(see Curve A) is such that the gating channel is often 
actuated by pulses from the intense Pr x-ray peak at 
0.036 Mev. These x-rays arise from internal conversion 
of all of the various gamma rays, and could therefore 
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Fic. 2. NaI (T1) pulse-height distributions of Ce in coincidence 
geometry (see text). A. Ungated spectrum. B. Coincidence 
ao gated by the 0.0574-Mev peak. C. Difference between 
A and B. 


give rise to peaks in the coincidence spectrum that are 
not in coincidence with the 0.0574-Mev transition. This 
is undoubtedly the explanation for the x-ray and 0.0574- 
Mev peaks in the coincidence spectrum. However, it is 
found in other experiments (see below) that, of all the 
appreciably converted strong transitions (other than the 
0.0574-Mev transition itself), none is strongly coincident 
with anything of energy greater than 0.1 Mev. Thus, 
virtually all coincidence pulses above this energy must 
really be coincident with either the gamma quantum or 
the conversion x-ray of a 0.0574-Mev transition. 

To verify these suppositions, the coincidence spec- 
trum was observed with the gating channel moved from 
the 0.0574-Mev peak to the x-ray peak. As expected, no 
changes were apparent in the region above 0.1 Mev. 
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Fic. 3. NaI(T1) pulse-height distributions of Ce in coincidence 

geometry (see text). A. Ungated spectrum. B. Coincidence 


spectrum gated by the 0.294-Mev peak. C. Same as B, through 4.1 
g/cm? of Pb. 
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The spectra of Fig. 2 suggest that there exists a low- 
lying state at 0.0574 Mev in the Pr’ nucleus, to which 
all gamma rays in the decay lead except the four of 
energies 0.232, 0.351, 0.493, and 0.722 Mev. Of these, 
the 0.351- and 0.722-Mev gamma rays appear from their 
energies to be crossovers for 0.294-0.0574 and 0.681- 
0.0574 cascades, respectively. These assumptions are 
consistent with all other data. 

Curve B in Fig. 3 is the spectrum of pulses in coinci- 
dence with the 0.294-Mev peak. To determine whether 
the peaks at 0.565 and 0.81 Mev are gamma rays or 
merely represent Compton scattering of higher energy 
gamma rays coincident with backscattered quanta of 
0.29 Mev, various thicknesses of Pb were placed in 
front of the counter. The 0.565-Mev coincidence peak 
was attenuated by amounts characteristic of about 0.55 
Mev and therefore represents a gamma ray, while the 
0.81-Mev peak showed attenuations appropriate to 0.3 
Mev and is thus due to backscattering. The upper 
portion of the spectrum as it appears through 4.1 g/cm? 
of Pb is shown as Curve C in Fig. 3. 


TaBLe II. Summary of gamma-gamma coincidence data. 
X : Coincidences observed ; 0: coincidences not observed. 








Gamma-ray energy in Mev 


1.10 0.861 0.722 0.668 0.565 0.493 0.351 0.294 0.232 





b ae ? 0 0 : 
oe $6 XxX ae 
X 0 0 








Virtually all x-rays coincident with the 0.294-Mev 
peak must arise from internal conversion of the 0.0574- 
Mev transition. Therefore, comparison of the areas of 
the x-ray and 0.0574-Mev peaks in this coincidence 
spectrum provides a direct measurement of the K-shell 
internal-conversion coefficient of the latter transition. 
The absorption efficiency of the crystal is 100% for both 
peaks, but corrections must be made for the fluorescent 
yield of Pr, the relative fractions of iodine K x-ray 
escapes, and the relative attenuations by beta absorbers 
and light shields. The value obtained is ax = 5.9, with an 
estimated uncertainty of less than ten percent. 

In further experiments, the 0.232- and 0.493-Mev 
peaks are found to be in coincidence. None of the four 
peaks above 0.6 Mev are observed in a coincidence 
distribution in which the gating channel is set to accept 
all pulses corresponding to energies above 0.1 Mev. 
Table II summarizes the gamma-gamma coincidence 
data. An X indicates that coincidences are observed, 
while a 0 indicates that coincidences were sought and 
definitely not observed. Experiments that were not done 
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are shown as - - - in the table. The 0.565-Mev peak was 
too weak to be seen in either the normal or 0.0574-Mev 
coincidence spectra, so a question mark is shown. 


Ill. BETA-RAY SPECTRUM 


Previous reports*:® on the beta spectrum listed only 
three resolved components, but suggested the probable 
existence of other lower-energy branches. The newly 
discovered gamma rays, together with facts about the 
level scheme deduced from the coincidence measure- 
ments, indicated that there must be two more com- 
ponents. A successful attempt to resolve them was made 
with the magnetic double-focusing spectrometer at the 
University of Michigan. 

Analysis of the spectrum is complicated by the 
presence of longer lived low-energy components due to 
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Fic. 4. Kurie plots of residual beta spectrum of Pr’ and Ce"! 
components after decay of Ce, 4. Composite spectrum. B. Re- 
mainder after subtraction of Pr, 


the daughter product Pr and also Ce’, the latter 
representing initially about 2% of the activity. The 
spectrum had to be remeasured after the Ce™ had died 
out, to determine the contributions of these activities to 
the counting rates in the initial study. Total activity of 
the sources was followed with an ionization chamber, 
and the results obtained over a 32-day period indicate 
half-lives of 33.4 hours and 13.95 days for Ce and 
Pr'* respectively. The half-life of Ce'*! was taken to be 
the previously reported® 33.1 days, which was not 
verified here. 

The source, which had been irradiated for 37 hours, 
was mounted on a narrow strip of cellulose tape. The 
G-M counter was equipped with a Zapon window about 
15 micrograms per square centimeter in thickness. The 
initial run of the spectrum was begun about 24 hours 
after the end of the irradiation, and covered a period of 
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Fic. 5. Kurie plots of Ce beta spectrum. A. Total composite 
spectrum. B. Remainder after subtraction of 1.40-Mev component. 
C. Remainder after further subtraction of 1.125-Mev component. 
D. Enlargement of end-point region of A. 


three days. The second run was begun seventeen days 
later, and required thirteen days to complete because of 
the very low counting rates. 

In order to make proper corrections for the long-lived 
components, the residual composite spectrum of the 
second run was resolved into its Pr’ and Ce'*! com- 
ponents. A Kurie plot using the Fermi functions and 
half-life characteristic of the Pr decay yields a straight 
line with an end point of 0.93+0.01 Mev for the highest- 
energy component (see Fig. 4). The Kurie plot for the 
remainder, using the Fermi functions and half-life for 
Ce", is also shown in Fig. 4. Although the plot suggests 
only a single component (except for considerable upward 
deviation below 150 kev), the data are not inconsistent 
with the reported® two components of Ce'!. They are 
not resolved here because of the very low counting rates 
associated with this activity in the source. 

The Pr'* and Ce"! spectra were corrected for decay 
and subtracted from the original data of the first run, 
after which the remainder was corrected for the 33.4-hr 
decay of Ce'*. The Kurie plot is shown in Fig. 5 with the 
numerous internal-conversion lines at low energies 
omitted. 

In analysis of this complex Kurie plot, an allowed 
shape is assumed for all components. This is consistent 
with the log ft values eventually determined, and with 
the appearance of each component in the plot. However, 
only the high-energy end of each one is seen because of 
the complexity of the spectrum. All straight-line fits are 
made by the method of least squares. The plot is re- 
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Fic. 6. Kurie plots of the two lowest energy beta components of 
Ce, A, Remainder after subtraction of 1.40-, 1.125-, and 0.74- 
Mev components. B. Remainder after further subtraction of 0.50- 
Mev component. 


solved into five components, as shown in Figs. 5 and 6 
and listed in Table IIT. After subtraction of the first two 
components, the plot was a little ambiguous, and further 
analysis is based in part on independent information 
that there is a component of around 0.7 Mev in coinci- 
dence with gamma radiation (see below). The fact that 








points below 0.1 Mev still lie somewhat above the last 
straight line can probably be attributed to backscat- 
tering in the source. The errors quoted in Table III 
represent the statistical uncertainties in the least- 
squares fit. In the case of the lowest-energy component, 
the calculated statistical error was very small and was 
not believed to be significant after so many subtractions. 

A semiquantitative measurement of the beta rays in 
coincidence with various gamma rays was made with the 
scintillation spectrometer. The beta rays were detected 
with an anthracene crystal 34; inch thick and 1} inches 
in diameter, coupled to an RCA 5819 photomultiplier. 
The pulse spectrum was examined with the ten-channel 
analyzer, gated by a NaI(Tl) gamma-ray counter and 
single-channel analyzer. The source, on a cellulose tape 
backing, was placed between the two closely spaced 
counters and 900 mg/cm? of Al covered the gamma 
counter as a beta shield. An Al foil of about 5 mg/cm? 
thickness covered the beta counter as a light shield. 

An energy calibration and an indication of the per- 
formance of the spectrometer were obtained by ex- 
amining the beta spectrum and the conversion line of 
Cs'87, shown in the insert on Fig. 7. The beta spectrum 
is seen to display a rather long straight section that 
extrapolates to zero at approximately the expected end 
point, despite the fact that the curve trails off far beyond 
this end point. It appears from this, and is consistent 
with other experience, that spectra from this counter can 
give rough estimates of end-point energies without 
correction for resolution, scattering, etc. No attempt is 
made to deduce Kurie plots from these data. 


Cs” CALIBRATION 
(ABSCISSA X35) 


143 
Ce (33-hr) 
ANTHRACENE PULSE DISTRIBUTIONS 
OF BETA RAYS 


A-NORMAL 








B, y COINCIDENCE COUNTS PER 10°y-COUNTS 





. ? 
I 625kev 
524 


IN COINCIDENCE WITH GAMMA RAYS 
B- 0.0574 MEV 
C-0.294 MEV 
0-0.668 MEV 
E-0.861 MEV 
F-1.10 MEV 


A,B (X10) 





t 
0.30 0.54 073 


MEV 


t 
Lu 1.40 


Fic. 7. Anthracene pulse-height distributions of the beta rays of Ce“. A. Normal or ungated spectrum. 
B-F. Coincidence spectra gated by gamma-ray pulses of energies: B. 0.0574 Mev; C. 0.294 Mev; D. 0.668 Mev; 
E. 0.861 Mev; F. 1.10 Mev. Insert shows the spectrum of Cs'*’ in the same geometry (abscissa X 4). All curves 


normalized as coincidence counts per gamma count. 
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Curve A of Fig. 7 is the ungated scintillation beta 
spectrum of Ce!*, while curves B, C, D, E, and F are the 
spectra in coincidence with the gamma-ray peaks of 
0.0574, 0.294, 0.668, 0.861, and 1.10 Mev, respectively. 
The arrows indicating end points are placed in accord- 
ance with the Cs"? calibration. For the first three 
components, the indicated end point is at the energy 
determined by the magnetic spectrometer measure- 
ments, while for the last two they are placed at some- 
what higher energies as expected from the gamma-ray 
energies. 

It is evident that there really are five distinct com- 
ponents, and that each is consistent (within the very 
considerable uncertainties) with one of the expected 
end points and the above extrapolation criterion. The 
disagreement in the energies of the two lowest-energy 
components between the magnetic spectrometer meas- 
urements and the gamma-ray measurements cannot be 
resolved from the scintillation spectra. Counting sta- 
tistics are indicated for a few representative points in 
Fig. 7, and are seen to be very poor for the low-energy 
components despite counting times of several hours. 

Each component is seen without the presence of any 
higher energy components so that no subtractions were 


TABLE III. Summary of the magnetic spectrometer measurements 
of the beta rays. 








Parity 
change 


Beta-energy 


Intensity 
(Mev) (%) 


Spin 
Logft change 


Isotope 





Cel 1.40 +0.02 37 A: &- yl yes 

1.125+0.015 40 ‘ R: yes 

0.74 +0.15 5 i 1 yes 

0.50 +£0.03 12 . jl yes 

~A,22 6 1 yes or no 
0.93 +0.01 1 


1007. 1 yes 








required. This is due to the very fortunate circumstance 
that if a given beta ray and gamma ray are in coinci- 
dence, all higher-energy beta rays are coincident only 
with lower energy gamma rays. Some slight gamma- 
gamma background is indicated in the last two curves, 
E and F, but is entirely negligible in all the others. 

The normal and 0.0574-Mev coincidence distributions 
(Curves A and B) merge together above the end of the 
next lower component (Curve C). Careful examination 
of this region of the spectrum with good statistics shows 
no detectable differences. The 1.40-Mev component 
evidently proceeds to the 0.0574-Mev level, and it can 
be asserted that there is no slightly higher energy 
branching to the ground state of intensity more than a 
few percent of the 1.40-Mev branch. 

In one further coincidence experiment, the gamma- 
ray spectrometer was gated by the beta counter. The 
behavior of various gamma-ray peaks was observed as 
the coincident beta rays were attenuated with aluminum 
absorbers. In every case the coincidence rates were 
observed to fall off with half-thicknesses of Al consistent 
with other measurements of the beta-ray energies. Of 
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particular interest were the not-fully-resolved gamma- 
ray pairs 0.294-0.351 and 0.668-0.722 Mev. In each 
case the compound peak was observed to absorb out 
without change of shape, indicating that its two com- 
ponent gamma rays originate from the same level. 


IV. CONCLUSION 


The given data all support the decay scheme shown in 
Fig. 8. There is some inconsistency concerning the 
energy of the lowest energy beta-ray component, in that 
the gamma-ray energies require that the beta ray have 
an energy of 0.30 Mev, while the magnetic spectrometer 
analysis indicated a value of 0.22 Mev. The discrepancy 
is not regarded as serious since the accumulated errors of 
the many subtractions in the latter analysis must be 
very considerable. The energy of the 1.10-Mev gamma 
ray, on the other hand, was measured with reference to 
the 1.17-Mev line of Co®, and is believed to lie within 
the quoted uncertainty. 

The relative order of the 0.493-0.232 Mev cascade 
was not determined in this study. The excellent agree- 
ment of this energy sum with the 0.722-Mev gamma ray 
leaves little doubt that the cascade does come from this 
level, however. No other position would be consistent 
with the gamma-gamma coincidence data. 

The value of the K-conversion coefficient (5.9), the 
predominance of the L; subshell line in the Z-conversion, 
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and the lifetime (less than the resolving time of the 
coincidence circuit, 2X 10~* second) of the 0.0574-Mev 
transition are all consistent with an M1 interpretation. 
Lack of exact theoretical values for ax does not permit 
exclusion of some £2 admixture, but the lack of an 
observable Ly; conversion line limits this possibility to a 
few percent. 

The measured K/L ratio of the 0.294-Mev transition 
indicates several possibilities. M3 can be excluded be- 
cause the life of this state is also less than the resolving 
time of the coincidence circuit. M2 or E1 interpretations 
are inconsistent with the plus parity of the 0.351-Mev 
state indicated by the beta-ray measurements. The 
remaining choice is £2. 

According to the single-particle model, the ground 
state of Pr'* (59 neutrons) may be dsyz or g7y2. Either 
assignment is consistent with the observed character of 
the beta transition to Nd™*, which has a measured spin® 
of 7/2 and is fz: (83 neutrons). The ground state of 
Ce (85 neutrons) may be f72 or hoe. The fz/2 assign- 
ment is unsatisfactory since the state could then 
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undergo a first-forbidden beta transition equally well to 
either of the possible choices for the ground state of 
Pr'*®, whereas the ground-state transition is not ob- 
served. If it were ho/2, however, decay to a g7/2 state in 
Pr is only first forbidden, but decay to a ds/2 state is 
“l-forbidden” with Al=3. This assignment is therefore 
consistent with observation, if the Pr’ ground state is 
identified as ds;2. Then the 0.0574-Mev excited level can 
be g7/2, consistent with the M1 character of the gamma 
transition. 

Although it is indicated above that the 0.294-Mev 
transition appears to be £2, the fact that the 0.351-Mev 
crossover is seen makes it seem unlikely that the 0.351- 
Mev level has a spin as great as 11/2. It is tentatively 
suggested that this is a go/2 state, and that there may be 
some M1 admixture in the 0.294-Mev transition. 


Vv. ACKNOWLEDGMENTS 


Thanks are expressed to Dr. J. M. LeBlanc and Dr. 
E. L. Church for many valuable discussions. 


NUMBER 1 JANUARY 1, 1956 


Magnetic Spectrograph Measurements on the Al?’ (d,p)Al** Reaction* 


W. W. Buecuner, M. Mazart,t AND A. SPERDUTO 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received July 12, 1955) 


A broad-range magnetic spectrograph has been used to study the proton groups from Al?"(d,p)AI*. In 
the region of excitation between the ground state and the neutron binding in Al**, one hundred well-resolved 
groups were observed and assigned to this reaction on the basis of studies at bombarding energies of 6 and 
7 Mev and at several angles of observation. The energy resolution of the proton groups ranged from 800 


to 1600. 


I. INTRODUCTION 


NE of the most active fields in present nuclear 
research is the investigation of the excited states 
of nuclei. An important method for such investigations 
is the study of the charged particles emitted from 
artificially produced nuclear reactions. The require- 
ments for resolution and accuracy in this field are such 
that these studies are now commonly carried out with 
magnetic or electrostatic deflection of both the bom- 
barding and the emitted particles. 

In general, the magnetic or electric analyzers used 
can be classed as spectrometers, since they focus the 
charged particles onto a slit and electrical detection is 
used. A high-resolution study of a particle spectrum 
with such a spectrometer requires a point-by-point 
study of the number of particles through a narrow slit 


* This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 
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as a function of field strength. In a few cases, magnetic 
analyzers have been constructed with a geometry such 
that photographic detection can be employed to record 
a portion of the spectrum of charged particles. Such a 
magnetic spectrograph has been in use in this Labora- 
tory for a number of years. While the resolution and 
accuracy of this instrument have been satisfactory, it 
has been apparent that an analyzer more closely re- 
sembling an optical spectrograph would have many 
advantages. With such an instrument, which would 
record simultaneously a considerable fraction of the 
complete particle spectrum, uncertainties in the energies 
and relative intensities of the particle groups, which 
often arise because of target changes during long bom- 
bardments, would be considerably reduced. Also, in 
cases where the spectrum to be investigated consists of 
more than a few groups, the resolution which could be 
obtained in practice with such a spectrograph would be 
greater than would be practical with the more usual 
spectrometer instrument. 
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A number of possible designs for such a spectrograph 
were considered, and in 1951 construction of an instru- 
ment incorporating a geometry suggested by K. T. 
Bainbridge was started by the Laboratory group. The 
spectrograph was completed early in 1954, and brief 
descriptions have been given of its design and per- 
formance.!? 

The present work was undertaken primarily as an 
investigation of the dispersion and resolution of the 
spectrograph when used for nuclear reaction studies. 
Because of the complexity oi its spectrum, the 
Al’"(d,p)Al® reaction was chosen for these studies. In 
previous work in this Laboratory, using incident deu- 
terons in the range of 2.0 Mev, the protons emitted 
from this reaction at 90 degrees to the incident beam 
were analyzed with a 180-degree magnetic spectrograph. 
Fifty proton groups were assigned to this reaction, 
corresponding to the ground state and forty-nine 
excited states of Al** between 0 and 6.35-Mev excita- 
tion.’ The large number of closely spaced levels found 
by Enge e/ al. make this reaction a particularly suitable 
one for the present purpose. 

A second objective of the work was, in view of 
possible future angular distribution studies, to deter- 
mine whether in the earlier work some levels in Al** 
might not have been observed, either because of the 
low bombarding energies used or because the obser- 
vation angle was limited to 90 degrees. 
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Fic. 1. Schematic diagram of broad-range magnetic spectrograph. 


1 Buechner, Browne, Enge, Mazari, and Buntschuh, Phys. 
Rev. 95, 609 (1954). 

2W. W. Buechner, Proceedings of the 1954 Glasgow Conference 
on Nuclear and Meson Physics (Pergamon Press, London, 1955). 

8 Enge, Buechner, and Sperduto, Phys. Rev. 88, 963 (1952). 
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Fic. 2. Diagram showing location of source, poles, 
and focal surface. 


II. EXPERIMENTAL ARRANGEMENT 


The MIT-ONR generator, together with the associ- 
ated deflecting magnet, was used as a source of deu- 
terons. For these experiments, the deflecting magnet 
and attached slit system was oriented so as to direct 
the horizontal deuteron beam into the target chamber 
of the new uniform field, sector-type magnetic spectro- 
graph, as shown schematically in Fig. 1. A particular 
feature of this instrument is that, when nuclear-track 
plates are used for detection, a spectrum of protons 
covering a range in energy of 2.4 can be simultaneously 
recorded with good resolution. For this reason, we refer 
to the instrument as a “broad-range’”’ spectrograph. 
When used in this way, the total length of plate exposed 
is 30 inches. For convenience in handling, three plates, 
each 10 in.X2 in., are used. They are placed end to end 
in a plateholder arranged so that the long edges of the 
sensitized surfaces are held against a brass template 
shaped to correspond to the focal surface. The plate- 
holder can be translated so that several exposures can 
be made on one set of plates. 

The geometrical features of the spectrograph that are 
important for the present discussion are indicated in 
Fig. 2. The essential feature is that the source of 
particles is located a distance Ro from the boundary of 
a uniform magnetic field, the entrance and exit edges 
of which have a radius of curvature also equal to Ro. 
Bainbridge has shown? that, with this arrangement of 


4 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 91, 
1502 (1953). 

5K. T. Bainbridge, Experimental Nuclear Physics (John Wiley 
and Sons, Inc., New York, 1953), Vol. 1, p. 589. 
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source and field, second-order focusing is achieved for 
particles with a radius of curvature Rp in the field. For 
these particles, the source and image are symmetrically 
located as shown in the figure. Important for the 
present application is the fact that, with this geometry, 
the central trajectory of any other group of particles 
having a radius of curvature, r, different than Ro, enters 
and leaves the region of the field normal to the field 
boundary, and the other trajectories of this group are 
symmetrically disposed with respect to the central one. 
With such a symmetrical arrangement, the defocusing 
action of the fringing field is minimized and the allow- 
ance for the effects of fringing fields is simplified. 

From Barber’s rule for focusing or from the equations 
of ion optics,® it can be shown that the focal points for 
particles of radius of curvature, r, lie along a hyperbola, 
the parametric equations of which are 


2Ro (r? —_ R*) 4rRe? 


y= . (1) 
3Re—r? 3Re—r? 


x 


For these equations, the origin of coordinates is at the 
center of curvature of the magnetic field boundary and 
x and y are positive in the first quadrant in the figure. 

In practice, the magnetic field does not stop at the 
actual pole boundaries, so it is not feasible to locate 
the focal surface with sufficient accuracy from the 
analytical expressions of first-order focusing theory. 
The effects of the fringing field have been discussed by 
Bainbridge. The most important of these effects causes 
the magnetic field to have an effective radius somewhat 
larger than that of the poles. In the present case, the 
source was located on the assumption that the effective 
radius Ro exceeded the radius of the pole (50 cm) by 
one gap width ($ inch). The focal surface was then 
located empirically from measurements made with 
nuclear-track plates and an alpha-particle source of 
polonium. 

After the focal surface was located, the spectrograph 
was calibrated by measuring the positions of the group 
from the polonium alpha-particle source for various 
magnetic field strengths. This calibration gives the 
radius of curvature of a group of particles as a function 
of the location of the group on a track plate placed 
along the focal surface. The aberrations of the spectro- 
graph are such that, for a monoenergetic source, the 
sharp edge of the peak from a group of particles lies on 
the low-energy side of the peak for r>Rp and the 
high-energy side for r<Ro. In practice, the aberration 
is small, and the dispersion is such that even very 
small energy spreads in the source cause a measurable 
tail on the low-energy side of the peaks. Thus, in 
practice, the high-energy sides of the peaks are the 
sharpest and least affected by the experimental condi- 
tions, and we have used the point on this edge at 
one-third the maximum as a measure of the group 
location, both for the alpha-particle groups used for 
calibration and for the reaction groups to be described. 
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Although Eqs. (1) cannot be employed to obtain an 
accurate calibration, they can be used for a discussion - 
of the dispersion and resolution of the spectrograph. 
From these equations, it can readily be shown that, 
as a result of a transverse displacement of the source 
by an amount dy, (negative as shown in Fig. 2) or of 
a change in radius of curvature of the particles from 
the source by an amount dr, the image is displaced 
along the focal surface by an amount dS given by 


pga CT ROCHIOPR E+ 970) 
(3Re—r)? 
AR(A+1OARE+9RG)! 
(3Re—r’)? 
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The second term of Eq. (2) enables the calculation 
of the dispersion of the spectrograph. Since this term 
depends on r, the dispersion varies with position on the 
plate. Since, for a given magnetic field, dE/E=2dr/r, 
the fractional changé in energy of a group that will 
produce unit displacement along the plate is given by 


1 dE 
— —= (3R2—9?)*( +10 RE+9Ro')-3/2rRe. (3) 

E dS 
This expression is essentially the reciprocal of the 
usual dispersion. For the present work, however, it is 
more convenient to express the dispersion in the form 





ENERGY DISPERSION OF SPECTROGRAPH 
LE = cart-rTortee ot) #/er ee 

— CALCULATED FOR R,=51.27cm. 
* MEASURED DISPERSION 


rie 
rl.é 
rl4é 


Ld6 KEW/MEV/MM 


rl2 


10 


i 
T , 








& DISTANCE ON PLATE,cm 
1S Oo 25 30 40 50 


ry 1 1 1 1 j 
aia’ T T T T T T T T 





5 
r, RADIUS OF CURVATURE,cm 


Fic. 3. Dispersion of spectrograph as a function of position along 
the focal surface. 





MAGNETIC SPECTROGRAPH 


MEASUREMENTS 


PROTON ENERGY - Mev 





10 























s 
34 


1150 i200 

TARGET: ALUMINUM ON FORMVAR 
INCIDENT DEUTERON ENERGY «7.01 Mev 
SPECTROGRAPH FIELD +9156 GAUSS 
OBSERVATION ANGLE = 30° 


@ 
o 
i 


' 


8 


$ 





NUMBER OF PROTONS PER HALF mm STRIP 
e 

















U 





+ 


i 
50 5! 


52 53 
RADIUS OF CURVATURE -Cm 


' ; : P ap 
54 6 


Fic. 4. High-energy proton groups from the Al” (d,p)AF* reaction. The ground-state group is marked number 1. 


of Eq. (3), and this quantity, expressed in units of 
kev/Mev/mm, has been calculated on the assumption 
that Ro is equal to the pole radius plus one gap width 
(51.27 cm); the resulting curve is plotted in Fig. 3. 
The distances along the plate S, corresponding to given 
values of r, as determined from the calibration, are 
marked along the axis of r. The dispersion can also be 
determined directly from the experimental calibration, 
and representative points thus obtained are also shown 
in Fig. 3. The good agreement between the experi- 
mental points and the calculated curve indicates that 
the results from the first-order theory may be applied 
with an accuracy sufficient for the present purpose. 
Since the resolution achieved in practice depends on 
other factors in addition to the spectrograph geometry, 
it will be discussed later in connection with the experi- 
mental results on the Al(d,p) reaction. 

The angular spread in the vertical plane of the 
particles accepted by the spectrograph is determined 
by an aperture at the entrance to the spectrograph, as 
shown in Fig. 2. For the present work on the closely 
spaced groups from aluminum, where it was desirable 
that the effects of spectrograph aberrations be small 
compared with those caused by energy spread in the 
deuteron beam and by target thickness, this angular 
spread was limited to 1.5 degrees. During most of this 
investigation, the angular spread in the horizontal 
plane was limited by an 8-mm wide slit placed immedi- 
ately in front of the plate. The angle subtended by 
this aperture varied with position along the plate, but 
for no position was it greater than } degree. For the 
groups of interest in this experiment, neither angular 
spread was significant in its effect on the peak shape. 
However, for groups arising from light contaminants, 
the dispersion was such that, because of the rapid 
variation of the energies of these groups with the angle 
of observation, the peaks were found to be noticeably 
slanted across the 8-mm wide strip of exposed emulsion. 


The magnetic fields in both the deflecting magnet and 
the spectrograph were measured with nuclear magnetic 
resonance fluxmeters. The exciting current for each 
magnet was supplied by electronically stabilized, three- 
phase rectifiers constructed by H. Enge. To take full 
advantage of the dispersion of the spectrograph, the 
magnetic fields must be constant to a high degree 
during an exposure, and these circuits have been 
exceedingly satisfactory. 

The bombarding energies for the individual exposures 
were determined from measurements with the spectro- 
graph on particles elastically scattered from the various 
nuclei in the targets used. The good agreement between 
the Q-values found in the present work for the various 
proton groups from carbon, nitrogen, and oxygen 
present on the targets as contaminants and those 
measured® in our 180-degree magnetic spectrograph 
indicated that the calibration procedure was sufficiently 
accurate for the purposes of this experiment. 

The targets used consisted of a thin layer of aluminum 
evaporated onto a formvar film. Beam currents from 
0.1 to 1 microampere were used during the course of 
the experiment. In all the exposures, the beam was 
incident on the aluminum side of the target. In the 
exposures at 90 degrees to the incident beam, the 
emergent protons were observed from the side of the 
target surface struck by the beam; while, for the 
exposures made at forward angles, the protons observed 
had passed through the formvar backing. In the expo- 
sures for the proton groups, aluminum foils of sufficient 
thickness to stop alpha particles and deuterons were 
placed immediately in front of the nuclear-track plates. 


Ill. RESULTS 


A number of exposures at various deuteron energies 
and angles of observation were made in order to study 


6 Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 
96, 1316 (1954). 
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Fic. 5. Lower energy proton groups from AF’(d,p)Al*. Data from a single 600-microcoulomb exposure. 





MAGNETIC SPECTROGRAPH MEASUREMENTS 


the region of excitation in Al** covered in the earlier 
work.? With the broad-range spectrograph, it was 
possible to record simultaneously all the groups previ- 
ously investigated. Analysis of the plates showed that, 
in the region of excitation in Al’* up to 3 Mev, the 
present results agreed in detail with those obtained at 
90 degrees at the lower bombarding energy, both as to 
the number of groups and their Q-values. In this region, 
there are twelve proton groups, as shown in Fig. 4, 
which is a plot of the data obtained from the high- 
energy portion of a plate exposed at 7 Mev and 30 
degrees to the beam. Similar plots, but with differing 
relative intensities, were obtained from the other 
exposures. The experimental angular distribution curves 
for these twelve groups have been published.? 

It was apparent from these exposures that in the 
region of proton energies corresponding to excitation 
energies in Al** greater than 3 Mev, a number of groups 
appeared which were not observed in the earlier experi- 
ments. In order to study this region in more detail, 
several exposures were made with the spectrograph 
field such that the thirteenth most energetic proton 
group (group G1 in the earlier work) was near the 
high-energy end of the plates. Such exposures were 
made at 90 degrees to the beam with deuteron energies 
of 6 and 7 Mev and at 10 degrees with 7-Mev bombard- 
ing energy. A plot of the proton spectrum recorded 
with a 600-microcoulomb exposure taken at 10 degrees 
to the beam is shown in Figs. 5(a), 5(b), and 5(c). 
Similar data were obtained from the other exposures. 

The exposed plates were examined with a microscope. 
In the case of the less intense groups, the data recorded 
were the number of protons per half-mm wide strip as 
a function of position of the strip along the plate. The 
more intense groups were counted in strips one-quarter 
mm wide. In each case, the strips were 8-mm long, the 
full width of the exposed portion of the emulsion. In 
Figs. 4, 5(a), and 5(b), all the groups were normalized 
to a one-half mm strip width. All the data in Fig. 5(c) 
were obtained with a one-quarter mm strip width. In 
comparing relative intensities of the groups, it should 
be noted that Fig. 5(c) also has a different vertical 
scale. Since all parts of the plate are not at the same 
distance from the target, the intensity of a given group 
as observed depends on its position on the plate. This 
leads to a variation in the effective solid angle along 
the plate, the variation being approximately linear 
and such that the ratio of the solid angle at a radius of 
curvature of 37 cm to that at a radius of 56 cm is 1.5. 
It should also be noted that many of the groups in 
Figs. 4 and 5 are plotted to a reduced scale, as indicated 
by the fractions near the peaks. The absence of appreci- 
able low-energy background from the intense groups is 
gratifying. Such background is often produced by 
various scattering processes and tends to obscure low- 
intensity groups. 

Several of the observed groups were identified, from 
their Q-values and from the manner in which their 
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energy varied with angle and bombarding energy, as 
arising from carbon, oxygen, and nitrogen. These 
groups are identified in the figures according to the 
residual nucleus formed in the (d,p) reaction involving 
them; the accompanying figures give the excitation 
energy of the corresponding residual nucleus. Several 
of these groups from contaminants were so intense as 
to be uncountable and indeed showed as visible lines 
on the plates. Short exposures were made to reduce 
these groups to countable intensities. A particularly 
intense group was produced by hydrogen ions driven 
from the target by the incident beam. This group 
appears with an energy of 6 Mev in Fig. 5(c) and is 
responsible for much of the background at lower 
energies. The local regions obscured by these contami- 
nant groups and the regions near the plate edges were 
studied in the plates taken at other angles. 

As has been mentioned, one of the purposes of this 
investigation was the determination of the resolution in 
energy which could be achieved in practice with the 
spectrograph. This resolution depends both on the 
dispersion and on the peak widths. These widths and 
the detailed peak shapes depend on a number of factors, 
the most important of which are: 

(1) Energy spread in the particles emitted from the 
target, caused either by the target thickness or by an 
energy spread in the bombarding beam; 

(2) Size of the bombarded area on the target and 
the linear magnification of the spectrograph ; 

(3) Drifts in the magnetic field during an exposure; 

(4) Displacement of the track plate from the true 
focal surface; 

(5) Aberrations of the spectrograph ; 

(6) The width of the strips used in counting the 
number of tracks as a function of position along the 
plates; and 

(7) The relative widths of the beam from the de- 
flecting magnet before and after passing through the 
final exit slit which defines the size and location of the 
bombarded area of the target. 

The importance of the last factor can be seen from 
Eq. (2). Both dy, and dr are influenced by the slit 
width. If the slit width is small compared to the beam 
size, the possible variation of energy of the bombarding 
particles and the resulting dr for the particles emitted 
from the target are essentially independent of the slit 
width and of dy,. If, on the other hand, the beam width 
is small compared with the slit opening, the value of dr 
associated with a particular point on the target is 
proportional to the corresponding dy, and is opposite 
in sign. In the exposures for Figs. 4 and 5, where a 
one-quarter mm slit was used, the first of these two 
limiting possibilities was more nearly realized. The 
other factors listed all tend to increase the peak width 
and, hence, to decrease the resolution. In the present 
experiment, factors 1 and 2 were the most important. 

The large number of groups in Fig. 5 make this 
exposure a suitable one for determining the resolution 
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for a wide range of particle energies. The full widths at 
half-maximum of 60 of the most intense groups in Fig. 
5 were measured. Within the accuracy of the measure- 
ment, which was about 0.1 mm, these measured widths 
varied smoothly when plotted as a function of peak 
position. The dashed curve in Fig. 6 shows this variation 
in half-width with position on the plate. The track 
distributions in each peak were approximately tri- 
angular and a usual convention is that two such peaks 
are just resolved if their separation is equal to their 
half-width. The resolution is measured by E/dE, where 
E is the energy of the group and dE is the half-width 
expressed in energy units. The resolution calculated in 
this way from the half-widths shown by the dashed 
curve is plotted in the upper part of Fig. 6. That this 
definition of resolution is meaningful in the present 
case can be seen from Fig. 5, where the energy sepa- 
ration of several closely spaced groups is indicated. 
Since all these groups were recorded simultaneously, 
it is significant that three of the low-intensity groups 
in Fig. 5(a) had a half-width distinctly greater than 
the average. Whether these groups actually have unre- 
solved components is at present uncertain. With these 
three exceptions, all the groups appear single within 
the present resolution. 

The curve in Fig. 6 shows that for most of the groups 
in Fig. 5 the resolution was between 1000 and 1500. 
This is considerably less than the resolution of which 
the spectrograph is capable, as has been shown by tests 
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with very thin polonium sources. The factors that 
limit the resolution in the present work are indicated 
in Fig. 6. From Eq. (2), the widths along the plate of 
the traces from line sources having energy spreads of 
5 and 6 kev have been calculated as well as the width 
to be expected from a monoenergetic source having the 
same dimension as the bombarded area on the target. 
These calculated widths are shown in Fig. 6. While no 
detailed calculation of resultant line shape has been 
made, it appears that an energy spread of 0.07% in 
the 7-Mev deuteron beam incident on the one-quarter 
mm wide bombarded area of the target would account 
for the observed resolution. This energy spread in the 
deuteron beam was quite possible with the geometry 
of the deflecting magnet assembly as employed in the 
present experiments. 


TABLE I. Q-values for the Al?7(d,p)Al** reaction. 








Present work 
Group Ea=7.0 
number Mev 


0.057 
—0.023 
— 0.094 
—0.244 
— 0,264 
— 0.300 
—0.365 
—0.407 
—0.429 
—0.458 
— 0.487 
—0.510 
—0.525 
—0.565 
—0.571 
—0.661 
—0.699 
—0.745 
—0.820 
—0.922 
—0.944 
— 0,983 
— 1.067 
— 1.089 
—1.124 
—1.155 
— 1.217 
— 1.258 
— 1.333 
— 1.354 
— 1.394 
— 1.432 
— 1.468 
— 1.523 
— 1.588 
— 1.619 
— 1,647 
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— 1,843 
— 1.906 
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—0.361 


CONDAU EWN 


—0.519 


—0.693 


sererenpesceceeees: 


— 0.813 


— et et ee ee ee KD KD AD DOD 
~— 
SSse 
w= CO Ge 


s2 


1.256 
1.186 
1.039 
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MAGNETIC SPECTROGRAPH MEASUREMENTS 


The relative importance of such an energy spread on 
the resolution decreases with increasing proton energy. 
Thus, the higher energy groups shown in Fig. 4 should 
show a somewhat increased resolution. Actually, the 
exposure for Fig. 4 was made with a thicker target 
than was used for Fig. 5, and consequently the half- 
widths of these higher energy groups are nearly con- 
stant. The resolution for the ground-state group at the 
right of Fig. 4 is thus only 1600. 

From these results, it appears that, while special 
precautions will be required to utilize fully the resolu- 
tion of which the spectrograph is capable, a resolution 
of between 1000 and 1500 is quite practical in routine 
work with this instrument. 

The Q-values of the groups from aluminum in Figs. 
4 and 5 have been calculated, and the values are listed 
in Table I, together with those obtained by Enge ef al. 
using 2-Mev deuterons. For the reasons mentioned 
previously, most of this work has been concerned with 
the groups shown in Fig. 5. The Q-values for the first 
twelve groups are those obtained from the single 
exposure of Fig. 4. The Q-values of all the other groups 
listed in the table have been obtained from at least 
three different exposures at various energies or angles, 
except in a few cases where, because of intense con- 
taminant groups, only two measurements have been 
used for identification purposes. Of the one hundred 
groups listed, only six (Numbers 59, 60, 67, 68, 70, 
and 77) are not shown in Fig. 5. These are either 
obscured by contaminant groups or fall in the region 
between the plates for the spectrum shown in the figure. 
These groups were observed at the other angles and 
bombarding energies. With only a few exceptions, the 
Q-values calculated for various bombardments at differ- 
ent angles and energies differ by 5 kev or less from the 
values listed in the table. In no case were these differ- 
ences greater than 10 kev. Studies of deuterons elasti- 
cally scattered from the targets used indicate that only 
carbon, oxygen, and nitrogen were present as contami- 
nants in significant amount. 

The proton groups in Fig. 5(c) with energies less 
than 4.67 are associated with the formation of Al** in 
states which are unstable with respect to neutron 
emission. This energy is indicated on the figure. Such 
states may show a natural width large enough to be 
measured, and it is clear in the figure that in this region 
there is evidence for a number of overlapping groups. 
An adequate investigation of these groups would re- 
quire higher resolution of the deuteron beam than was 
used in the present experiments, and accurate Q-values 
have not been calculated for the groups in this region. 
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There is approximate agreement between the positions 
of these groups and the apparently unresolved reso- 
nances found by Henkel and Barschall’ in studies of 
neutron scattering from aluminum. The complex struc- 
ture at 37-cm radius of curvature appears to be a result 
of a superposition of a number of groups from aluminum 
onto the broad proton group associated with the 
formation of the 4.56-Mev level in O'. This group, 
which arises from O'*(d,p)O", has a width of approxi- 
mately 35 kev, and its expected location and shape are 
shown as a dashed curve in the figure. 

In Table I, it is seen that all the groups found in the 
previous investigation’ have also been observed in the 
present work. In addition, in the region of excitation 
in Al** above 3 Mev, numerous additional groups have 
appeared which were not observed in the earlier work, 
presumably because of the lower bombarding energy 
used. The region of excitation above 6.3 Mev was not 
studied in the previous work, and so no comparison of 
these new Q-values is possible. Up to this point, how- 
ever, the agreement with the older values is satisfactory. 
There is a slight but noticeable trend in the differences 
between the present Q-values and the older ones. This 
difference, for the Q-values obtained from a particular 
exposure, tends to increase with increasing proton 
energy. This trend is probably a result of a suspected 
slight displacement of the target spot from the location 
of the polonium source used for calibration and of the 
fact that in the present work the entrance aperture of 
the spectrograph was smaller than was the case for the 
calibration exposures. Both these effects would act in a 
direction to give the observed trend. However, the 
differences between the two sets of Q-values is within 
the experimental errors which were approximately 
+10 kev in each case. In Table I, it may be noted that 
there are slight differences between the values of the 
earlier Q-values listed and those in reference 3. The 
values listed result from a recent recalculation of the 
earlier data, taking into account various small cor- 
rection terms.® 

We wish to thank our colleagues in the Laboratory for 
their cooperation during the course of this investigation 
and Mr. W. A. Tripp for his careful reading of the 
many plates. We are indebted to the National Uni- 
versity of Mexico, the Cultural Interchange Office of 
the U. S. Department of State, and Ingenieros Civiles 
Asociados for support to one of us (M. M.). 
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The results of nuclear magnetic hfs alignment experiments on Ce are presented, and are discussed in 
relation to those previously obtained for Ce and Nd’. It is shown that the gamma-ray anisotropies, e, 
in the case of Ce" are consistent with a decay sequence 3/2+-+5/2+-+7/2*, the gamma transition being 
M1 with ~4% admixture of £2. Even such a small admixture of E2 has an important effect upon the 
anisotropy through the interference term. Other factors which might affect the anisotropy are discussed: 
electron spin-spin interactions are important, whereas reorientation effects due to long lifetimes in the 
intermediate state are not. Interference is also important in the case of the 92-kev gamma ray following the 
decay of Nd’, where ~3% admixture of £2 radiation is needed to explain our results. It seems likely also 
that there is a similar effect in the 142-kev gamma ray following the decay of Ce". The similarity of these 
mixtures (same magnitude and phase ¢=0) may not be fortuitous, since in each case the gamma ray connects 
levels which are classified by the shell model as ds/2 and g7/2. In the cases of Ce and Nd’ the gz7/2 state lies 
uppermost and eis reduced by the Z2 admixture, whereas ¢ is increased in Ce!, where the levels are inverted. 





1. INTRODUCTION 


UCLEAR alignment experiments on Ce have 
been carried out by using the same methods as 
were used in the previously reported experiments! on 
Ce! and Nd"’. We present here the results on Ce™, 
which will be discussed in relation to those on Ce! and 
Nd*’, It has been possible to draw further conclusions 
from the latter experiments, partly by comparison with 
present measurements, and partly from the recent de- 
terminations” of the fairly long half-lives of the 166-kev 
transition in La™ (1.510-* sec) and of the 144-kev 
transition in Pr’ (1.9X10-* sec). The effect of a long 
lifetime in an intermediate state can give rise to reorien- 
tation effects which, except under very special circum- 
stances,‘ result in an attenuation of the anisotropy of the 
succeeding gamma ray. For example, the half-life of the 
92-kev state of Pm'’ is 2.44 10-* sec,® and we assumed 
that the complete absence of anisotropy we observed! in 
its emission pattern could be ascribed to this cause. We 
found, however, significant anisotropies in the 144-kev 
gamma ray from Pr'*!* and in the 166-kev gamma ray 
from La™** which are now known to have half-lives 
comparable to that of Pm'”*. 

As was already pointed out,! there are two further 
effects which could play a part in attenuating the 
anisotropies, namely: interference occurring as a result 
of a mixed multipole transition (i.e., between M1 and 
E2 radiation), and the effect on the population distri- 
bution over the initial nuclear magnetic substates of 
electron spin-spin interaction between the paramagnetic 
ions. We shall attempt to evaluate the relative im- 
portance of these three effects as far as the present state 
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of the theory allows. We begin by describing the experi- 
ments and results on Ce". 


2. EXPERIMENTS AND RESULTS ON Ce!** 


140-day Ce™ decays entirely by K-capture,® pre- 
dominantly to La™*, and from there to the ground 
state by emitting a 166-kev gamma ray, which was the 
one observed in our experiments. The ground state of 
La™ has a measured spin of 7/2’ and is classified as a 
7/2 state® by the shell model. 

Now Ba" decays by 8 decay to the same excited 
state of La™; from the log ft value of this transition 
and the probable spin of Ba", La'** has been assigned 
a ds. configuration.’ This is also in keeping with the 
M1 classification of the 166-kev gamma ray on the 
basis of K-conversion data.* Ce" is expected to have a 
ds2 configuration, and this is supported by the fact 
that few (if any) transitions are observed directly to 
the ground state. The decay scheme as given in refer- 
ence 6 is shown in Fig. 1. 


x 465. (d.) 


Fic. 1. Decay scheme of Ce™ as given in reference 6. 
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The purpose of carrying out a nuclear alignment 
experiment with Ce was to check this decay scheme, 
especially since no angular correlation measurements 
are possible. 

The isotope was prepared by the La'*(d,2n)Ce™ 
reaction,’ and our scintillation spectrum is shown in 
Fig. 2. It shows peaks corresponding to the 166-kev 
gamma ray and the La K x-ray following both K- 
capture and internal conversion; a small addition peak 
due to K x-rays (following K-capture) and gamma rays 
in coincidence can also be discerned. About 60 uC of 
activity was incorporated into single crystals of cerium 
magnesium nitrate. The principle of the nuclear align- 
ment, the magnetic cooling techniques, and the gamma- 
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Fic. 2. Gamma-ray spectrum produced by Ce™® source. 1 in. 
X1 in. NaI(T1) crystal and 1-volt channel width. AV indicates 
actual channel width and position used during alignment experi- 
ments. Peak at 200 kev is addition peak due to coincidence of K 
x-ray following K-capture and subsequent 166-kev gamma ray. 
Note reduction factor of 2 in scale for the La x-ray peak at left. 


ray counting methods employed, were the same as those 
previously described. 

Results collected from a number of demagnetizations 
are shown in Fig. 3 where we have plotted the gamma- 
ray anisotropy 


e=[I(3x)—1(0) ]/7 (Gn), 


against 1/7? where T is the absolute temperature ; J (0) 
is the intensity measured along a direction making an 
angle @ with the axis of quantization (the threefold 
symmetry axis of the crystal in this case). The value of 
e at the lowest temperature (0.00308°K) was found to 


1 Ce was obtained from the Oak Ridge National Laboratory, 
Oak Ridge, Tennessee. 
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Fic. 3. Anisotropy (e€) vs reciprocal of square of absolute 
temperature (1/7?) for 166-kev gamma ray of La™. Points repre- 
sent averages of 9 demagnetizations. Note smaller statistical error 
at lowest temperature (see reference 1). 


be +0.105 with a computed standard error of 0.005 
(see Fig. 3). We recall that our salt produces alignment 
in a plane, i.e., the nuclear magnetic substates m;= +} 
are preferentially populated. 


3. DISCUSSION 
(a) Idealized Case 


The theoretical angular distribution in the case where 
we neglect spin-spin interaction, reorientation effects, 
and multipole mixtures, is easily obtained from the 
following expression" : 


I (6)=1+B2(Jo,T)F2(LJ2J1)U2(jJ0oJ1)P2(coss), 


where Jo is the spin of Ce™, J, the spin of the 166-kev 
excited state of La’, J; the spin of the ground state of 
La, 7 the angular momentum carried away during 
K-capture, and L is the multipolarity of the 166-kev 
gamma ray. The parameters F, have been tabulated™ 
in connection with y-y angular correlation and the 
parameters B, and U, are given in reference 11. The 
effect of the population distribution over the initial 
nuclear magnetic substates, W(M), enters only into 
the term B;; hence the latter is the only term which 
depends upon the temperature, 7. 

If the hyperfine splitting of the paramagnetic ion due 
to the nucleus under investigation had been directly 
determined, say from paramagnetic resonance measure- 
ments (i.e., if the constants A and B in the spin- 
Hamiltonian were known) the calculation of the various 
W (M)’s would be straightforward. 

Unfortunately, paramagnetic resonance measure- 
ments have not yet been carried out with Ce™, so that 
we are forced to estimate the values of A and B from 
the theory of the Ce*+** ion". and the systematics of 
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Fic. 4. Energy-level diagram for two paramagnetic ions. Each 
ion has S=}, one has hyperfine interaction ASz/z(J=}), the 
other has no hfs. Ions are coupled together by an antiferromagnetic 
exchange term 4/325;- Ss, and there are eight unresolved doublets. 
Their energy, W, is plotted as 4W/A vs 4J12/A. 


the nuclear moments of odd-neutron nuclei. This value 
may only be approximate but, as it turns out, is probably 
adequate for our present purposes. The appropriate 
formulas were quoted in our previous paper,! the result 
being that B>A. Further, assuming the magnetic 
moment of Ce to be 0.75 nm, we obtain B=0.021 
cm™, With this value of B we obtain a theoretical value 
of e= +0.095 at 0.00308°K. Now this is already smaller 
than the observed value, even before we correct for 
attenuation by electron spin-spin interaction. The 
presence of the latter effect is inferred from the meas- 
urements on the 530-kev gamma ray (pure electric 
quadrupole) following one branch of the decay of Nd"’; 
here the anisotropy was appreciably attenuated, and 
this could not be accounted for by interference or 
reorientation. Indeed, we believe that this effect causes 
attenuation in all our measured anisotropies, and 
present the following semiquantitative argument in 
support of this contention. 


(b) Effect of Electron Spin-Spin Interaction 


We wish to know the effect of interactions between 
ions on the population distribution over the initial 
nuclear magnetic substates. The Hamiltonian for the 
system is 


KR=>) B(Sxlei+Sulu)+X G(SS)), 
i Di 


where G(S;S;) represents the interaction between the 
ith and jth ions and may be of an exchange or dipolar 
type, or both. The problem has been treated by ap- 
proximate methods,"-!* by obtaining the first few terms 


16 Simon, Rose, and Jauch, Phys. Rev. 84, 1155 (1951). 
16 N, R. Steenberg, Phys. Rev. 93, 678 (1954). 


in an expansion of the nuclear alignment parameter, 
(I) as a power series in B/kT. Although it was shown 
that, up to terms in 1/7°, (J,*) is unaffected by the 
interaction term, the expansion is only useful when 
B/kT and G/kT<1. This does not hold in our case, 
however, and we now wish to show that we should 
expect attenuation at the lowest temperatures. 

Consider two ions, one with hfs AS2J23+B(S2J2 
+Syilv), and the other with no hfs. Suppose, first, that 
these are coupled together by an isotropic antiferro- 
magnetic exchange term, 4/;2S,-S. For the particular 
case of J=$, S=}, and A>B, we have plotted the 
energy levels of the system in Fig. 4 for increasing 
values of 4J;2/A. It will be seen that the spacing 
between the lowest levels steadily decreases as J» 
increases. For large J;2 the situation corresponds to the 
fact that in the antisymmetrical state there is, to first 
order, no hfs. This effect, at low temperatures, would 
reduce the nuclear alignment and so attenuate the 
anisotropy. A siinilar situation holds for B>>A, except 
for the additional effect that, since Sz; and Jz; are not 
good quantum numbers, mixing between various nuclear 
levels due to the spin-spin interaction will occur. In 
the salt we used, namely cerium magnesium nitrate, 
exchange interaction is known to be negligibly small,!” 
but there is still the effect of dipolar coupling. This is 
complicated by the fact that the ions are magnetically 
anisotropic, and that the interaction depends upon the 
relative positions of the ions. The case of AB and 
£y>>g, (for both ions) is exceptional in that the full 
hfs persists even for large interactions and no mixing 
occurs between the nuclear levels. It should be pointed 
out that in the nuclear alignment experiments where 
the results have given good agreement with the ideal 
theoretical case this situation has obtained.'*-” In the 
present case, however, where B>>A and g,>>g,,, mixing 
between nuclear levels does occur, and it is reasonable 
to suppose that if the magnitude of the interaction is 
comparible with the hfs, the nuclear population distri- 
bution would be modified at low temperatures in such 
a way as to decrease the degree of alignment. In other 
words, the criterion given by Bleaney,” that the hfs 
should be well resolved, is not fulfilled. 

In our case, in the absence of interactions, the lowest 
energy level has energy W=—B and can be written in 
| S.,J,) quantization : 


(1/v2){ | —3,+3)—|+2,—4)}. 
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The next higher level is a doublet with energy 
W = —v3B/2 and can be written 


An interaction with another ion with g,>>g,, will cause 
mixing between these levels, i.e., the nuclear magnetic 
substates +$ and +} will be mixed in the lowest level. 

To show that the mixing might be appreciable we 
observe that, in the absence of interactions, the spacing 
between the two lowest hyperfine levels is 0.134B 
0.0028 cm~. The magnitude of the interaction can 
be estimated from the width of the stable Ce+++ reso- 
nance line, which has been reported!’ to be Gaussian 
in shape with a half width of 40 gauss (0.0034 cm~'). 
Thus the line broadening due to the interactions is 
greater than the spacing of the lowest hyperfine levels, 
and we should expect appreciable mixing of nuclear 
magnetic levels. We conclude that the alignment, and 
hence the anisotropy, is likely to be attenuated in our 
experiments. 


(c) Interference Due to M1-E2 Mixtures 


Returning now to the results of Ce, we have seen 
that the observed anisotropy is significantly larger than 
would be expected on the basis of a pure M1 transition. 
An explanation for this can be readily found, however, 
if it is assumed that the gamma transition contains a 
small admixture of E2 radiation, for there is an inter- 
ference term which produces a considerable change in 
the anisotropy. It should be pointed out that in previous 
nuclear alignment experiments, e.g., Co™,!8!9 Co58,% 
Co*®,2 Mn the final nucleus is even-even and there- 
fore has zero spin in the ground state. Hence transitions 
to the ground state can never involve mixed radiation. 
Furthermore, most even-even nuclei have a spin of 2+ 
in their first-excited states,‘ so that no dipole radiation 
occurs. 

In general the angular distribution for a mixed transi- 
tion is given by 
1(0)=>,B,(Jo,T) FP (LII1)U (GI oJ 1)P.(cos6) 

+8 SB (JoT) PF (LI 21) U (GI 01) P,(cos8) 
+26 D0.(—1)7*-7* 1B, (Jo,T) 
X((2Ii +1) (2L+1) (2L’+1) G,(LL'I2J1) 

x U,(jJoJ1)P,(cos8), 
where L’=/.+1, the parameters G, are tabulated by 
Biedenharn and Rose,” and 64 is the ratio of the reduced 
(real) matrix elements! of (L+1) to L radiation, i.e., 
the ratio of their intensities is equal to &. In our case 
L=1 and L’=2. 

We have plotted in Fig. 5 the anisotropy, ¢, as a 
function of 6 (assumed small), for various values of 
B/kT. In the absence of any detailed knowledge of the 
solid-state effects, we do not know what effective value 
of B to use and we cannot get an accurate value of 6. 
Only a positive value of 5 can increase the value of ¢; 
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Fic. 5. Curves showing gamma-ray anisotropies, e, for the decay 
scheme 3/2-+5/2-—>7/2(Ce™), as a function of |5| for various 
values of B/kT. B is the hfs constant; k, Boltzmann’s constant; 
T, absolute temperature; 5, ratio of the reduced matrix elements 
for E2 to M1 radiation. Relative phase ¢ is taken to be zero. 


referring to Fig. 5, we can see that a value of +0.2 
would almost certainly be big enough to explain our 
results. Such a small admixture of E2 radiation would 
not conflict with either the K-conversion data,® or the 
Coulomb excitation data. 

We now return to discuss the former results on Ce"! 
and Nd"? and, in particular, the fact that with the 
92-kev gamma ray following the decay of Nd'’ no 
anisotropy was observed. It was pointed out above that 
this could be explained either by an M1-E2 mixture or 
by reorientation effects due to the long half-life of the 
92-kev level of Pm"? (4;=2.44X10~ sec). But in any 
case, electron spin-spin interactions could not have been 
wholly responsible, since a significant anisotropy was 
observed with the 530-kev gamma ray in the alternate 
branch of the decay. Recently, the half-lives of La™* 
following the decay of Ba™, and of Pr!* following the 
decay of Ce have been found to be 1.5X10- sec? 
and 1.9X10- sec*, respectively. In these cases the 
half-lives are of the order of that of Pm"’*, and yet 
significant anisotropies were found. 


(d) Effect of Reorientation in the Intermediate 
State 


Reorientation effects have been considered by 
Steenberg‘ with regard to aligned nuclei, and by a 
number of authors®*?? with regard to angular cor- 
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1955). 
26 A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 
27H. Frauenfelder, Beta and Gamma Ray Spectroscopy edited by 
K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), Chap. 19, 531-599. 
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Fic. 6. Effect of M1-—E2 interference on the anisotropy of the 
92-kev gamma-ray of Pm‘ for T=0 (see reference 1), Decay 
sequence 9/2—+7/2-+5/2. Anisotropy, e, is plotted vs |6|, the ratio 
of reduced (real) matrix elements of E2 to M1 radiation ; note 
logarithmic scale. The two branches refer to the two possible 
relative phases (0 or x) of the matrix elements. Dotted line at 
+0.428 represents limiting anisotropy for pure M1 radiation; 
dotted line at —0.375 represents limiting anisotropy for pure E2 
rege oy Note that ¢ vanishes (for small £2 admixture) near 
6=+0.17. 


relation. The main problem is to find the correct form 
of the interaction which causes reorientation. In our case 


the major term will be the coupling of the nuclear 
magnetic moment with the magnetic field due to the 
electrons in the outer unfilled shell. Immediately after 
B decay it is very probable that the configuration of 
electron shells is the same as before; the work of 


Migdal** and Feinberg® shows that, for heavier ele- 
ments, the probability that the 8 particle ionizes or 
excites the outer electrons is very small. Thus the hfs 
constants of the initial and intermediate nucleus will 
differ only in so far as their nuclear moments differ, and 
we shall have A/B=A’/B’, where the primes refer to 
the intermediate nucleus. Of course, in order for the 
atom to remain neutral it must eventually gain an 
electron in the magnetic subshell, but the lifetime for 
this should be of the order of those for optical transi- 
tions, i.e., 10-* sec. This, however, is longer than the 
gamma lifetime. 

Assuming, then, that 4/B=A’/B’, it follows that in 
the case of Ce’! where the spin change during 8 decay 
is 7/2—°7/2 no reorientation at all takes place. In 
the case of Nd"? we get some reorientation but, since 
we have a stretched configuration (9/2—'+7/2), it is 
only very small. We may estimate the effect by using 
formula (20) in reference 4. We find that we would 
expect an attenuation of about 2% whereas we observe 
essentially complete attenuation. 


A. Migdal, J. Phys. (SSR) 4 44 9 (194 
* F, L. Feinberg, J. Phys. (U.S.S.R.) 4, 423 (1941), 


We therefore consider the effect of M1-E2 inter- 
ference. In the case of the 92-kev gamma ray from 
Pm", we have plotted in Fig. 6 € vs 6 for T=0. For 
5=+0.17 we would have complete isotropy at all 
temperatures; we suggest that this is the most likely 
explanation. 

In the case of the 144-kev gamma ray following the 
decay of Ce™!, it is not possible to say definitely that 
interference is important, since the magnitude of the 
attenuation due to electron spin-spin interaction cannot 
be predicted. We find, however, that a small admixture 
of E2, again with 6 positive, would cause appreciable 
attenuation. 

CONCLUSIONS 


An anisotropy of +0.105=-0.005 was observed at 
0.00308°K in the angular distribution of gamma rays 
following the decay of aligned Ce™ nuclei. This is in 
accord with the decay scheme shown in Fig. 1 provided 
we assume a small admixture of £2 radiation (&~0.04). 
The sign of the ratio, 6, of the reduced matrix elements 
for M1 and £2 radiation turns out to be positive (i.e., 
their relative phase is zero). 

From a consideration of three effects which could 
attenuate the gamma ray anisotropy in the cases of the 
92-kev gamma ray following the decay of Nd"? and 
the 144-kev gamma ray following the decay of Ce", 
we conclude that, despite the relatively long half-life 
in the intermediate state, reorientation effects are un- 
likely to have been significant. In the former case, we 
must again have interference between M1 and £2 
radiation with 6&~0.03. In the latter case, interference 
could again be significant with 6 also positive. Now 6 
is the ratio of two matrix elements and its sign is 
determined by their relative phase, which can only be 
taken to be 0 or x. It is worthwhile pointing out that 
in two of the cases we consider, and probably the third 
also, 6 is positive; at the same time, on the single- 
particle model the states which are connected by the 
gamma ray are in each case g7/2 and dsy2. (In the case 
of Ce™ these levels are inverted and the interference 
causes an increase in the anisotropy). 

The effect of electron spin-spin coupling causes an 
attenuation of the gamma-ray anisotropy, but is dif- 
ficult to estimate. If the exact effect were known, then 
the values of 6 could be accurately determined. Thus 
nuclear alignment could be a useful tool in the accurate 
determination of mixing ratios. To this end we suggest 
that it would be worthwhile to repeat these experiments 
using a different paramagnetic salt, namely, one in 
which A>B and g,,>g, where it is expected that the 
attenuating effect of spin-spin interaction would be 
much smaller. It should also be possible, at least in the 
case of Ce"! and Ce™, to determine the values of A 
and B in the spin-Hamiltonian directly by paramagnetic 
resonance methods. 


*®S. P. Lloyd, Phys. Rev. 81, 161 (1951). 
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The surface of the nucleus is treated by a phenomenological and self-consistent statistical method, 
neglecting Coulomb effects, in an attempt to correlate such nuclear properties as the volume energy, surface 
energy, falloff distance, and mean radius. Assuming a value of ~3.310- cm for the surface thickness we 
estimate the nuclear compressibility to be of the order of 1254+210A! Mev. A thinner nuclear surface 
(the experimental value is 2.5 10-" cm) would lead to larger values for the compressibility and con- 
versely. The nuclear potential is found to extend ~0.7 10-8 cm further in radius than the nuclear 


density. 





I. INTRODUCTION 


HE recent experiments on high-energy electron 
scattering by Hofstadter et al.! at Stanford indi- 
cate that the density of protons within the nucleus is 
not uniform, but rather falls off (from say 90% to 10%) 
in a distance of the order of 2.5X10-" cm. In this 
paper, we treat the nuclear surface in a phenomeno- 
logical but self-consistent manner in an attempt to 
correlate such nuclear properties as the volume energy, 
surface energy, falloff distance, and mean radius. In 
addition, we are led to estimates of nuclear compressi- 
bility and the shape of the nuclear potential. The 
nuclear potential is found to extend to a larger radius 
than the nuclear density. 

For simplicity we treat a nucleus with equal number 
of neutrons and protons and neglect the Coulomb 
interaction. No explicit assumptions are made about 
the nature of nuclear forces, but rather a variety of 
forms are tried for the dependence of the energy of 
interaction on the density of nuclear matter, and a 
parameter is introduced to describe the finite range of 
nuclear forces, which plays an important role in surface 
phenomena. The present investigation is statistical in 
nature and no effects of shell structure will be con- 
sidered. 

It is planned to extend the investigation to include 
effects of the Coulomb interaction. The major effect of 
the Coulomb interaction is just to give rise to the 
difference in numbers of neutrons and protons. Within 
the nucleus, the Coulomb potential varies rather slowly, 
and while this variation does tend to increase the density 
of protons relative to neutrons at the surface, there are 
also the important effects pointed out by Johnson and 
Teller? which enhance the density of neutrons relative 
to protons at the surface. 


II. METHOD 


We consider an ensemble of fermions consisting of 
equal numbers of protons and neutrons. In first approxi- 


*U. S. National Science Foundation Postdoctoral Fellow, now 
at Los Alamos Scientific Laboratory, Los Alamos, New Mexico. 
1R. Hofstadter et al., Phys. Rev. 95, 512 (1954). For analysis 
of the data, see: Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 
500 (1954); D. G. Ravenhall and D. R. Yennie, Phys. Rev. 96, 
239 (1954); K. W. Ford and O. L. Hill, Ann. Rev. Nuclear Sci. 5 
1955). 
. 2M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 


mation the kinetic energy of the system is given by the 
Fermi energy 


Ep=kp f p°dv, (1) 


where 


3 (30? 78 h? h* 
o-—(—) —=1.81—, 
10\ 2 M M 


corresponding to four particles in each momentum 
state. 

The Fermi energy is correct only for infinite systems 
of constant density. In order to account for variations 
in density, Weizsicker® introduced an inhomogeneity 
correction term of the form 


’ (Vp)? 
Ew=kwé f dv, (2) 
p 


where kw=h?/8M =0.0691xr. Weizsicker assumed that 
=1, but it has been shown‘ that (2) can give better 
quantitative results for nuclear problems for values 
of & between } and $, depending on the shape of the 
nuclear potential. 

We divide the potential energy of the system into 
two parts. The first depends only on the density of 
nuclear matter and is written in the form 


nus f &(p)de. (3) 


The second term arises from effects due to the finite 
range of nuclear forces. In first approximation this 
may be expressed in the form 


E,= f F(p)(Vp) de. (4) 


The precise form of the function F(p) depends, as does 
&(p) on a detailed knowledge of nuclear forces. For 
convenience, we choose F(p)=constp-!=oxwp ! which 
gives us one adjustable parameter to describe the 


3C. F. von Weizsacker, Z. Physik 96, 431 (1935). 
*R. Berg and L. Wilets, Proc. Phys. Soc. (London) A68, 229 
(1955). 
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Fic. 1. The behavior of the potential energy per particle, &(w)/w* (lower curve) and the kinetic plus potential energy per particle 
&y (w)/w* (upper curve), for the three forms of &(p) given in Table I. 


range of nuclear forces. Thus (4) assumes a form 
identical with (2). 

The expression for the kinetic energy (1) is valid 
only for an ensemble of noninteracting fermions. The 
existence of interparticle correlations leads to a more 
complicated expression. Except for the interpretation 
of the nuclear potential (Sec. V), we make no separation 
between the kinetic and potential parts of the energy 
density. Inasmuch as the potential term &(p) is left 
arbitrary, our results include the possibility of cor- 
relations. 

The total energy of the system is then 


(Vp) 
E= f krp*?®+-Skw 
p 


where {=£+c. We seek the function p which makes E 
a minimum, subject to the condition that the total 
number of particles be fixed, i.e., 


+800) fe, (5) 


J ete=a. (6) 


This variational problem leads to the differential equa- 
tion 


Ex=0, (7) 


(Vp)? =) 08(p) 
p 2p Op 


5 
‘tel 


2 


where Ey is a Lagrangian multiplier, and has the 
physical meaning of being the binding energy of the 
last particle. 

Since we are primarily interested in volume effects 
(~A) and surface effects (~A}), rather than curvature 
effects (~A#), we will consider the nuclear surface to 
be plane. This enables us to integrate (7) in terms of 
elementary functions. This is justified insofar as the 
thickness of the nuclear surface (~2.5X10-" cm) is 
small compared with the nuclear radius (~7X10-" cm 
for heavy nuclei). Thus we consider variations in the 
density along the x-axis only. Introducing w= p!, (7) be- 
comes 

6w"” 3w'?) 96 
asad ad 4 4 By. (8) 


w w Op 


By letting w be the independent variable and w’? be the 
dependent variable, (7) may be immediately integrated 
once, giving 


1 
OKwlw"?= — Ew?+x pw'+—S(w), (9) 
w 


where a constant of integration has been set equal to 

zero so that w’—0 as w—0. By inserting into (8) and (9) 

the further condition that w’-0 and w’—0 as ww» 

(where wo’ is the asymptotic density), we find the two 
conditions : 

te) 

——{k pwo”+-wo*E (wo) } =(0 (10a) 


w0 


0 
- alin (wo) } = Ep. (10b) 


‘0 


The condition for saturation is contained in (10a). 
That is, the average energy per particle, 


w*$y (w) =x pw*+w*S (w), (11) 


should have a minimum. 
The energy per unit volume in the asymptotic region 
is then given by 


Sy (wo) = x pwo®+ § (wo) = Eqn? 


The surface energy is 


(12) 


; C) p? 
6s= lim ia [even +869) | ds 


— 0 ¥8y (ws) f ste (13) 
ak 


which may be shown to be 


© »’ 
Ss=2tew f —dx 
—« Pp 


po re ; 
=2f {6} tent —oF] dp. (14) 
0 p 


The total energy of the system is then given by 
&y (wo)wo*X (number of particles)+ 6s X (surface area). 





NUCLEAR SURFACE EFFECTS 


III. FORMS OF NUCLEAR INTERACTIONS AND 
COMPARISON WITH EXPERIMENTAL DATA 


The functional form &(w) is of interest only for the 
region 0<w<wo, and particularly for values of w 
near wo. We adjust the parameters in &(w) so that the 
location and value of the minimum in w*&y agrees 
with experiment. In considering various functional 
forms we are in effect varying, in a discrete manner, 
one more parameter. This parameter may be interpreted 
as the curvature of &y/w* at the minimum, which is 
intimately related to the compressibility (see below). 
The details of the form of &(w) are not significant 
beyond these parameters. The forms were chosen so 
that (9) could be integrated directly in terms of 
elementary functions. 

Table I gives the results for three different forms of 
&(w), shown in Fig. 1. Of the five parameters available, 
8, 6, wo, Eo, and ¢ (or a), two are fixed by the condi- 
tions (10a) and (10b). The remaining three may be 
determined by the empirical values of Sy, &s and 
po= 3A (4mr*)—'. We can then derive values of the fall- 
off distance D (the distance in which the density falls 
from 90% to 10% of its asymptotic value) and nuclear 
compressibility. 

The results given below the line in Table I are 
obtained by assuming the following empirical data®: 


(I) r=1.216X10—-® cm. 


This radius is used to determine the asymptotic density. 
The results for D depend only on the first power of r. 
According to Green,® the semiempirical mass formula 
corresponding to this value of r has the form (in Mev): 


(N-—Z)? 
B= (~15.74) 1-1.51- | 


+17.78A 2/8 Ecoulomb: (15) 


We identify: 
(IT) 
(IIT) 


—15.74A = (4/3)ar°A $y=EyA : 
17.78A §=4r?A 1§s= EsA 4, 


In the semiempirical mass formula, there is a term 
which depends explicitly on the difference in the number 
of neutrons and protons, and there is also a Coulomb 
energy term. Thus the Ey determined from the mass 
formula is just the term to identify with our volume 
energy. The situation is unfortunately not so clear 
for Es, which is only obtained from the A! dependent 
term for real nuclei, i.e., N>2Z. Similarly, the experi- 
mental value of D obtained from the Stanford electron 
scattering is for protons, which may differ somewhat 
from the average nuclear value. In particular, the 
Coulomb barrier may result in a shorter falloff distance 
for protons than for the neutrons. These latter points 
require further investigation, and this is planned. 


5 A, E. S. Green, Phys. Rev. 95, 1006 (1954). 
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TABLE I. Results for three different forms of &(p). D is the fall- 
off distance, defined as the distance in which p decreases from 90% 
to 10% of its central value. The results of fitting the empirical 
data are given below the line. 








Case (b) 
—Bp5/8 +5p7/8 


(1+e**) j 
§ (Saoo'/Sew)? 


Case (c) 
— 7p5/3 — Bp? +5p% 


(1+e**) l 
(bw0°/tkw) (y=«xpr) 
— $Bar® 


Dwo® (txyd)# 


Case (a) 
—Bpt/3 +5p5/3 


(i+e*)-3 
4 (48w0/¢«w)t 
— $Bwo! 
jwo® (2k wBwo)? 
20.9( &s/— Ev) 

B (Mev) 31.597! 


5 (Mev) — 4.0? 
f 2.51 


&(e) 





p/po 


sisal 
fwo® (Sxwd)! 
7.33(&s/— &y) 
51.2w0? 


15.7wo~4 
0.98 


1.47(&s/— &y) 


31.50% 
15.7w9~® 


0.0077 





D (cm) 9.4X10-" 3.3K 10" 0.66X 10-8 


Ky (Mev) 31 125 285 








The dependence of the fall-off distance D on the 
functional form of &(w) is marked, and this gives a 
rather sensitive guide in the selection of &(w). The last 
form of &(w) in Table I appears to give too small a value 
of D, and the corresponding value of 0.0077 for ¢ is 
inconsistent with the physical requirement o>0, i.e., 
the finite range of nuclear forces should result in a loss 
of binding energy at the surface. The second form, 


8 (p) = —Bp**+ 5p", 


appears to give the best agreement with the Stanford 
electron scattering value of D~2.5X10-" cm. 


(16) 


IV. NUCLEAR COMPRESSIBILITY 


The nuclear compressibility is related to the surface 
energy, but while the surface energy depends on the 
form of &(w) for 0<w<wo, the compressibility, as a 
volume effect, depends on the behavior of &(w) in the 
vicinity of wo. The compressibility is given by 

eo 
en 
(cw)? 


X {wy A + (36m) 8S 5 (w) A 7} w= wg 


=KyA+K sA**. (17) 
For heavy nuclei the surface contribution is smalier 
than the volume contribution. 

While nuclear compressibility enters into the con- 
sideration of many nuclear phenomena, there are no 
direct measurements of this quantity.* Feenberg’? made 
estimates of Ky based on a variety of forms for the 
nuclear interaction [essentially &(w)], and estimated 


( ®See, however, Wilets, Hill, and Ford, Phys. Rev. 91, 1488 
1953). 

7E. Feenberg, Phys. Rev. 59, 149 (1941); Revs. Modern Phys. 
19, 239 (1947). 
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Fic. 2. Upper curve: density as a function of distance. Lower 
curve: potential, 9&/dp (in Mev), as a function of distance. The 
arrows indicate the position of the center of the nucleus for two 
values of A. 


Ky to lie between 50 and 100 Mev. Based on form (16), 
we would predict a value of the order of 125 Mev for Ky, 
and for A=216, KsA~*~35 Mev (D~~3.3X10-" cm). 
The observed fall-off distance of 2.5 10—* cm implies 
that Ky and Kg should be greater. 


V. SHAPE OF THE NUCLEAR POTENTIAL 


Insofar as nuclear forces are velocity-independent, 
the potential experienced by a scattered nucleon is the 
same as that experienced by the “last” bound nucleon. 
This latter potential is given by 


(18) 


V (x)= 


95(o(x)) (*" 2p” 
a ivetyy ee 


op p> —p 
The second term on the right-hand side of (18) is to be 
interpreted as due to the finite range of nuclear forces. 
Up to this point we have made no effort to separate o 
from {=o+, but if we take o to be a constant ~4, it 
turns out that the second term is small compared with 
(06/dp), except in the far tail of the density distribu- 
tion. The interpretation of the second term is ambiguous 
for small density, since it approaches the constant 
(c/f)Eo in the limit of vanishing density (x), 
instead of zero. 

The density distribution and 0&/dp is plotted as a 
function of distance in Fig. 2 for the case when &(p) is 
given by (16). It is interesting to note that the potential 
extends to a greater radius (by about 10-" cm) than 
the density, and this is neglecting the finite range of 
nuclear forces, which would tend to increase the effect 
somewhat. By rescaling the length so that the falloff 
distance becomes 2.5X10-" cm (choose ¢=0.56), the 
potential extends about 0.7 10-* cm further than the 
density. 


R. A. BERG AND L. WILETS 


This appears to be in the right sense to help explain 
the discrepancy between the values of nuclear radii 
as determined by experiments based on nuclear forces 
and experiments based on nuclear densities (or, more 
properly, proton densities). We may understand this 
effect as follows: near maximum density, the potential 
falls off less rapidly than the density owing to satu- 
ration of the nuclear. forces; at small densities, the 
Thomas-Fermi relation p~V! again leads to a less 
rapid falloff of the potential relative to the density.® 


VI. CONCLUSIONS 


From the experimental values of the nuclear volume 
energy, surface energy, and density, we have derived 
values of the fall-off distance for a variety of forms of the 
nuclear interaction energy (i.e., for a variety of values 
of the nuclear compressibility). The fall-off distance 
depends sensitively on the particular form used, and 
the best agreement with experiments appears to be 
given by (16). From (17), we predict a value for the 
nuclear compressibility of the order of 1254+210A! 
Mev. From the table it can be seen that a smaller value 
of the falloff distance would lead to a larger value of 
the compressibility. 

A comparison of the shape of the nuclear density and 
potential indicates that the latter extends to distances 
of the order of 0.7 10—" cm further than the density. 

It is of interest to contrast these results with previous 
statistical calculations involving the surface. Gombas’ 
carried through an extensive calculation of nuclear 
density distributions using quite specific assumptions 
about nuclear forces, and using the full Weizsicker 
correction term (= 1,«0=0). Gombas did obtain reason- 
able agreement with respect to nuclear binding energies 
over the greater part of the periodic table utilizing only 
one adjustable parameter, but he also obtained central 
densities which are five to ten times too large and 
nuclear surfaces which are nearly as thick as the 
nuclear radius. 

Swiatecki® has made estimates of the relation between 
surface thickness and surface energy, but his calcula- 
tions assume noninteracting nucleons in an imposed 
external potential. Our results indicate that the rela- 
tionship depends quite essentially on the form of the 
particle interaction. Nevertheless, it is interesting that 
his results differ from ours by less than a factor of two. 
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It is found that some of the eigenfunctions of a nuclear Hamiltonian containing Hooke’s-law interactions 
of nucleons can be expressed as independent-particle states. In these states it is more satisfactory to define 
the nucleons’ positions with respect to the centers of mass of the protons and of the neutrons, rather than 
with respect to a fixed origin. There is some reason to believe that all nuclear bound states can be approxi- 
mated by means of perturbations from such independent-particle states. 





I. PREVIOUS RESULTS 


N a previous paper,' hereinafter referred to as I, the 
following nuclear Hamiltonian was studied with the 
aid of normal coordinates (the notation is that of I): 


> (3bej(te—1))?—Dy;]. (1) 


k>j=1 


A 
Ho= > pi2/2m+ 
k=l 
Normal mode vectors @ were defined such that 


A A 
Ho= DY 1a?/2m+} Y Bapa?—D; (2) 
a=l a=] 
these vectors are related to the nucleons’ position 
vectors by 


A 
i= p> t babies (3) 

a=] 
where 7’ is a real unitary matrix. In the case considered 
in I, each of the force constants },; is equal too ne of 
three different values, b,, bn», Dn». For that case, 6:=0 
and 9; is proportional to the position vector of the 
center of mass of the nucleus; 8z4:=Abn, and oz41 is 
proportional to the position vector of the center of 
mass of the protons with respect to that of the neutrons. 

Also, 
B2=B3= +++ =Bz=Zb,+Nbnp, 


Bz42=Bzy3= +++ =Ba=Zbaypt Nba; 


the corresponding normal-mode vectors are highly 
arbitrary. The sum of coefficients in each of them 
vanishes, @2°:-oz depend only on proton coordinates 
and @z+2°+:@a depend only on neutron coordinates. 

The energy levels are those of a set of noninteracting 
harmonic oscillators, as indicated by Eq. (2). Anti- 
symmetric eigenfunctions can be generated by means 
of antisymmetrized generating functions such as the 
G, given in I: 

Z 
Gy=en| - L (We+Sacon) La, 


a=2 


(4) 


where A is a ZXZ determinant with elements 


Z 
Amna=Sn(m) exp(2 oe Tag a0sQees) (6) 


a,Bp=2 


* Supported by the National Science Foundation. 
t Now at the University of Wichita, Kansas. 
1T, Bloch and Y.-C. Hsieh, Phys. Rev. 96, 382 (1954). 


Sn(m) being the mth spin function for the mth proton. 
There is a similar antisymmetrized generating function 
G, involving @z42°:-oa. The vectors o; and oz4: are 
not involved in the antisymmetrizing procedure. If G, 
(or G,) is expanded in a power series of the components 
(ta;Va;Wa) Of the vectors U., the coefficient of each 
term is an antisymmetric spin-dependent energy eigen- 
function for normal modes 2, 3---Z (or Z+2, Z+3--- 
A). As stated in I, the derivatives of G, with respect 
to the ta, Ya, Wa, With those variables all equal to zero, 
all vanish below a certain total order K,, which is thus 
the sum of proton-oscillator excitations in the ground 
state. For a given number of protons, K, is equal to 
what one would get for the total proton quantum 
number of the ground state by the harmonic-oscillator 
single-body model. A similar result holds for the 
neutron oscillators. 


II. COMPARISON WITH INDIVIDUAL-PARTICLE 
WAVE FUNCTIONS 


The generating function G, can be written 
Z 
Gp=exp}| — (Wer hayin) | (7) 
k=1 


and an element of the determinant A can be written 
Amk= Sk (m) exp(2aptm’ V,’). (8) 
Here, a, is the common value (m$,/h’)* of the quantities 
a+ -0z; 
Z 
V,/= > Tre, (9) 
and 


Z . in 
tn = + 7 m8 03 = lm— — i I~=lnm— R,. 
B=2 k=l 


(10) 


Thus r,,’ is the position vector of the mth proton with 
respect to the center of mass of all the protons (given 
by R,=Diie:? ri/Z). There are Z vectors V,’ and Z 
vectors fm’; each set of Z vectors has been defined in 
terms of a set of Z—1 vectors (U2---Uz, o2---@z). 
Therefore the V;,’ and the r,,’ cannot be all independent. 
In fact, 


Z Z 
Dd Vi’ = D rn’ =0. 


k=l m= 


(11) 
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The neutron-oscillator generating function G, has the 
same properties, mutatis mutandis. 

Evidently if one expands G, in a power series of the 
components (f;’,gx’,/x’) of the vectors V,’, the coeffi- 
cient of any given combination of powers is an anti- 
symmetric spin-dependent function made up of products 
of “individual-particle” Hermite functions (i.e., Her- 
mite functions of the variables ap%m', @pYm', 2pm’) and 
the spin funttions s;(m). Such functions suggest the 
nuclear states commonly postulated in connection with 
shell phenomena. Furthermore, if one equates this 
series to the power series for G, in terms of the tq, 04,Wa 
(whose coefficients are antisymmetric eigenfunctions of 
the proton part of Hy which involves normal modes 2 
through Z), Eq. (9) enables one to substitute for each 
product of powers of the fi’, gx’, 4x’ a unique sum of 
products of powers of the #2, Va, Wa, each term of which 
sum has the same total degree as the term in the 
V’-series from which it arose. This procedure reveals 
that each coefficient in the U-series is a linear combi- 
nation of coefficients in the V’-series belonging to the 
same total power, i.e., that each antisymmetric proton 
normal-mode eigenfunction is a superposition of anti- 
symmetric combinations of “individual-particle” Her- 
mite functions, with the same total quantum number. 

However, the converse, that each individual-particle 
eigenfunction is a mixture of normal-mode eigenfunc- 
tions with the same total excitation (and hence an 
eigenfunction of the proton part of Ho), does not follow. 
Because the V,’ are not independent, it is not justified 
to equate coefficients of like powers of the fi’, gi’, hx’ 
in two equal series unless one has first eliminated one 
V’ by means of Eq. (11), and no expression for one 
individual-particle eigenfunction in terms of normal- 
mode eigenfunctions can be obtained. 

If one does eliminate one V’ in the expression for G,, 
e.g., sets V;/= —}oi-2” V;’, then each coefficient in the 
power series for G, in terms of the remaining f;’, gx’, x’ 
is an eigenfunction of the proton part of Ho. But now 
these coefficients areno longer readily expressible in terms 
of individual-particle functions, and are not obviously 
relevant to the single-body theory of shell structure. 

If the linearly dependent vectors V;’ in G, are 
replaced by a set of linearly independent vectors V;, 
with components f;, gx, 4, (not related to the U.), G, 
becomes a new function G,’ which generates individual- 
particle wave functions, not necessarily eigenfunctions 
of any part of Ho. In order to learn more about the 
properties of these wave functions, one can study the 
behavior of G,’ when operated on by the proton part 
of Hy (with the constant D omitted for convenience). 
It turns out that 


e (xat/2m-+Bypt/2)G,'=W(B4/m)| E Vas 


Z 2 
$3(Z- 1/242 ¥ vi) / Z|c', (12) 


k=l 
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where 8, is the common value of B2---8z, and @; is 
yrs" ae operator with respect to the components 
of ke 

If a power series in the f;, ge, hy is substituted for G,’ 
in Eq. (12), the operator on the left (the proton part 
of Ho) merely affects the coefficients of the various 
powers without acting on the fi, gs, x. The first sum 
on the right multiplies [],-17 f.**g.°*h,°* by the factor 
h(B,p/m)*Sox-17 (a+b. +c.) ], without changing the 
power to which any of the f;, gi, 4 is raised. The last 
term on the right, however, converts each product of 
powers to a sum of such products, each with its total 
degree increased by two. If one equates coefficients of 
like powers in this equation, then, each wave function 
which G,’ generates is seen to be an eigenfunction of the 
proton part of Ho with eigenvalue 


E,=h(8,/m)*(> nar? (ae t+bi +c.) +3(Z—1)/2], 


except for the influence of the last term, which mixes in 
other wave functions with total quantum number 
reduced by two. Thus the wave functions generated by 
G,’ are not in general eigenfunctions of the proton part 
of Ho, and if combined to give such eigenfunctions are 
no longer independent-particle functions. 

However, if one studies the derivatives of G,’ with 
respect to the fi, gx, 4, with all these quantities equal 
to zero, one finds that the Pauli exclusion principle 
makes all the generated wave functions vanish below a 
certain total quantum number K ,, which, for any given 
total z-component of proton spin, is identical with the 
K, obtained by the normal-mode treatment or by the 
model in which the protons all move independently in 
a common oscillator well. For any given Sz for the 
protons, any wave function generated by G,’ with total 
quantum number equal to K, or K,+1 is an eigen- 
function of the proton part of H» with appropriate 
eigenvalue, because the functions introduced by the 
last term in Eq. (12), with quantum number reduced 
by two, all vanish. This conclusion applies only to the 
“ground” and the “first-excited” state functions with 
a given Sz, not to the higher ones. A similar result 
obviously holds for the neutrons. 

Therefore a product generating function G,’G,’ 
generates eigenfunctions of that part of Ho which 
involves normal-mode oscillators 2 to Z and Z+2 to A, 
provided neither the proton function nor the neutron 
function has a total quantum number more than one 
above the lowest quantum number appropriate to the 
relevant value of Sz. A complete eigenfunction of Hp is 
then a free-space function of 01, times a Hermite 
function (of any order) of @z+:, times a product of the 
neutron and proton eigenfunctions mentioned above. 
Ho has other (highly excited) eigenfunctions which 
cannot be so expressed, but even some of those which 
are thus expressible with the aid of the single-particle 
functions generated by G,’ and G,’ correspond to quite 
high excitations of the nucleus, either because neutrons 
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or protons have large Sz,’ or because the “giant dipole” 
oscillator (Z+1) is highly excited. 

It was pointed out in I that the first excited state of 
the neutron-vs-proton or “giant dipole” oscillator 
(Z+1) seems to be in the continuum, according to 
evidence connected with nuclear photodisintegration. 
It was remarked there, too, that the level spacings of 
the other normal-mode oscillators could not be much 
less than that of oscillator (Z+1), on account of the 
approximate equality of mn, np, and pp forces, so that 
the “first” excited states of the nucleus according to Ho 
are probably all in the continuum regardless of which 
type of oscillator is excited. This argument suggested 
that the bound excited states which are observed may 
result from perturbations of Hy—perhaps the cutting 
off of the forces at finite range, perhaps spin-orbit 
interactions—which partly resolve the degeneracy of 
the lowest levels of Ho. If this indication is correct, it 
would seem that® all the bound states of nuclei may 
arise by perturbations from single-particle states of the 
sort generated by G,’G,’ [except for the possible 
participation of oscillator (Z+1)]. It remains to be 
seen whether perturbation of Ho can lead to surface 
waves of the type envisaged by Bohr and Mottelson.‘ 
Perturbation theory based on the functions generated 
by G,G,’ is likely not to prove straightforward, 
inasmuch as no Hamiltonian has been found which has 
all these functions as eigenfunctions.® 

Perhaps the simplest independent-particle harmonic- 
oscillator Hamiltonian is 


A 
LX 17/2, (13) 


k=Z+1 


A Zz 
H.= ¥ p2/tm+k, ¥ r2/2+kn 
k=1 


k=l 


where the vectors r denote the positions of the protons 
(1 to Z) and the neutrons (Z+1 to A) with respect to 
an arbitrary fixed origin, the p, are the conjugate 
momentum vectors, m is the nucleon mass, and k, and 
k,, are constants. The antisymmetric eigenfunctions of 
H, are generated by 


? The effect of spins on the quantum number of the lowest 
energy level and on the results discussed here can be expressed 
in terms of the total neutron and proton spin values S$, and Sp 
rather than the Sz values, inasmuch as the quantum number of 
the lowest energy level cannot depend on the orientation of a 
spin vector, but only on its magnitude. Thus, whatever linear 
combination of (say) proton generating functions G, or G,’ is 
needed to generate given states of definite S, with a given Z- 
component, all wave functions generated by this linear combi- 
nation must cancel each other out, up to the excitation K, 
appropriate to Sz=Sp. Such a sum of generating functions 
satisfies the same linear differential equation, such as Eq. (12), 
as do the separate terms in the sum. 

3It can be shown that, for any given spin value for either 
neutrons or protons, the degeneracies of the ground level and the 
first excited level of particles of that type are the same according 
to the independent-particle model as they are according to the 
normal-mode model with @z+: omitted. 

4A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

5 See M. H. L. Pryce, Repts. Progr. in Phys. 17, 1 (1954). 
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> r?/ 2 


k=Z+1 


Zz 
G,= exp| — a > r2/2—an? 
k=1 


A 
-> V? en (14) 
j=l 

where ap,= (kym/h’)!, an=(kam/h*)', the V; are a set 
of A independent vectors whose components serve as 
the variables in the power-series expansion of G,, and 
A,, and A,» are, respectively, a ZXZ and an NXN 
determinant whose kj elements are given by 


$;(k) exp(2apr,-V;), 7, R=1, 2, ---Z, for Ass, 
and 


5;(k) exp(2ant,- V5), 
j, k=Z+1, Z+2, 


(15) 


-++A, for Agn. 


The functions generated are antisymmetrized products 
of Hermite functions of the a,r, and an»r,. 

If one defines R to be the position vector of the 
nuclear center of mass (R= A~;), and R,,, to be the 
position vector of the center of mass of the protons with 
respect to that of the neutrons [R,,=(A/NZ)'oz41], 
and defines the r,’ by Eq. (10) with a similar equation 
for the neutrons, one can express G, as 


G,=G,'G,! exp — (Zay?+ Nan?) R?/2 
—(NZ/A)(a,?—a,”)R- Rip 
— (NZ/2A?) (Nag?+Zan®)Rnp’ 


Zz A 
+2R-(a,¥ V;ta, > v.) 


7=1 7=Z+1 
Z A 
+2Rey- (ap V;/A-—Zan > vi/A)| (16) 
j=1 7=Z+1 


where G,’G,’ is the product of individual-proton and 
individual-neutron generating functions discussed above. 
The same substitution applied to H, yields 


A 
> ry!2/24+P?2/2Am 


k=Z+1 
+ (Zhp+NRn)R?/2+Pny?/(2NZm/A) 
+(NZ/2A2)(Nkp+Zkn)Rag? 

+ (NZ/A) (kp—kn) R- Rup, 


k=1 


A Z 
H,= D> px?/Am+ky Dd r42/2+Re 
k=l 


(17) 


where P is the total momentum of the nucleus, P,,, is 
the momentum conjugate to R,,, and the p,’ are the 
momenta of the individual particles, each with respect 
to the center of mass of the particles of its type. 

This form for H, shows that each of its eigenfunctions 
can be expressed in the form f(r’)g(Rn»»,R). Because 
the r_,’ are not independent, the functions f cannot be 
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readily calculated. The form (16) for G,, although it 
contains G,’'G,’ as a factor, shows that the functions 
generated by G,’G,’ are not factors in the eigenfunctions 
of H,, on’account of the presence of the V; multiplied 
by Rand Ry». This G, also fails in general to generate 
functions g(Ra»,R) of the right type. However, the 
ground-state functions generated by G, are of the form 
f(t’)g(R.p,R)—or the ground-state eigenfunctions of 
Ho (with 9: omitted) and of H, (with R omitted) are 
identical, subject to Eq. (20) below, and can be taken 
as (1) independent-particle Hermite functions referred 
to an arbitrary origin, or (2) independent-particle 
Hermite functions referred to the neutron and the 
proton centers of mass, or (3) normal-mode Hermite 
functions. The first-excited-state eigenfunctions of Ho 
and of H, are not simply related. 

It is not difficult to show that 


H,— (Zk,+Nk,)R?/2 
—(NZ/A)(Rp—Rn)R-Rap=Ho, (18) 
if 
by=[((Z+2N)kp— Nk |/A’, (19) 
ba=[(N+2Z)kn—Zk, |/A?, 
and 
bap= (bp +bn)/2. (20) 
Thus H, differs from the particular Ho to which (20) 
applies only through those terms which depend on R, 
or if the independent-particle Hamiltonian H, is 
rendered more acceptable through being made invariant 
under translation, the result is Ho, in which all forces 
are between nucleon pairs. No such simple relation 
seems to apply when Eq. (20) does not hold. 

Equation (18) resembles a relation pointed out by 
Post® for the special case in which kp,=k,=k, or 
Qp=a,=a and b,=b,=b,,=k/A. He goes on to show 
that each eigenfunction of H» (with R omitted) is equal 
to an eigenfunction of H, multiplied by exp[a?(>- 14 r,)/ 
2A], but that not all eigenfunctions of H, can be so 
used to give eigenfunctions of Ho—only all of those 
which, when multiplied by the exponential, are in- 
variant under translation. 

The eigenfunctions of H, with this property can be 
further characterized by means of G,. In the special! 
case in which the a’s are equal, Post’s exponential 
factor simply removes from G, the term R? in the 
exponent. The term containing R and the V; remains, 
preventing the modified generating function—let us 
call it G,’/—from being translation-invariant. The way 
in which R enters G,’ indicates that only the ground- 
state functions have the desired invariance. The fact 
that G,’ satisfies the equation 


ids =(b/m)| 3(A-1)/24 Va; 


j=l 


(2a/A¥)e- & Vs." (21 


*H. R. Post, Proc. Phys. Soc. (London) A66, 649 (1953). 
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shows directly that only its ground-state functions for 
given S, and S, are eigenfunctions of H». However, 
the form of the last term in Eq. (21) leaves open the 
possibility that mixtures of the independent-particle 
functions generated by G,’, homogeneous in total 
quantum number, may be eigenfunctions of Ho. Such 
mixtures could not properly be called independent- 
particle functions. 

A similar result can be obtained in the more general 
case in which ay#a,. The obvious generalization of 
Post’s procedure removes from G, the exponentials 
involving R*? and R-R,,, but still leaves in the R- V;. 
Again only the ground states of G,’ are eigenstates of 
Ho as they stand; again mixtures of them may be. 

If one forces G,’ to be translation-invariant by 
imposing the restrictions }>,2 V;= >> 24:4 V;=0, G, no 
longer generates all the eigenfunctions of H,, but only 
those mixtures of the original functions which satisfy 
Post’s requirement. That is, G,’ now generates all the 
eigenfunctions of the proton and neutron parts’ of Ho 
(with given Sz values for protons and for neutrons), 
multiplied by the ground-state function of oz41. 

The relationship between the eigenfunctions of Ho 
and those of H, (with nucleon positions referred to an 
arbitrary origin) requires the condition (20), whereas 
no such restriction applied in the comparison of the Ho 
eigenfunctions with those generated by G,’G,’ (with 
nucleon positions referred to the respective centers of 
mass). Furthermore, with given S, and S,, the latter 
independent-particle functions match the Ho eigen- 
functions for ground and first excited states; those 
eigenfunctions of H, which are independent-particle 
functions match only for ground states. Therefore the 
G,/G,’ functions seem somewhat the better set of 
independent-particle functions to use in conjunction 
with Hp. It is not known whether similar results obtain 
in the case of more realistic interparticle forces. 

Eden and Francis*® in a recent paper give a general 
discussion of nuclear models. They remark that a model 
by which some correct predictions can be made does 
not for that reason give wave functions which closely 
approximate the true wave functions. Instead, they 
suggest, the wave functions and operators belonging to 
the model may be related to the true wave functions 
and operators by a transformation operator M, and the 
accuracy of the model’s results relative to a given 
dynamical variable w depends on whether w commutes 
with M. 

Ideas something like these—though not so generally 
formulated and completely worked out—motivated the 
present authors in their earlier work on normal modes. 
More recently the results here reported have suggested 
that single-body wave functions are, after all, approxi- 
mations to the correct ones. However, Hp itself is far 
from the correct Hamiltonian, so similarity to its 


7 See Eq. (11). 
®R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955). 



















eigenfunctions is not an adequate criterion of correct- 
ness for the energy eigenfunctions of a nuclear model. 
If Ho should be improved by perturbation theory, the 
lowest states would be modified by admixture of excited 
unperturbed states, of which the higher ones do not 
seem to be independent-particle states at all. As 
suggested by Brueckner, Eden, and Francis,? such 


® Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955). 
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The reaction C#(d,p)C™ has been studied from a deuteron bombarding energy of 1.8 to 6.1 Mev. Reso- 
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admixture would probably be most obvious in high- 
energy phenomena of the type they discuss, in which 
the high-momentum part of the ground state would 
play the principal role. 

The authors are very grateful to the National Science 
Foundation for supporting this work, and to Mr. W. T. 
Achor, Mr. D. R. Childs, and Mr. J. E. Turner for 
checking many of the calculations. 
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nances were found at 2.47, 2.67, 2.99, 3.39, 4.00, 4.6, 4.8, 5.34, and 5.64 Mev. Angular distributions of 
protons leaving C™ in the ground state show a pronounced Butler peak at 25° over the entire deuteron 
energy range. The angular distributions can be explained by assuming small amplitudes for compound 
nucleus formation interfering with large stripping amplitudes. Angular distributions of the lower energy 
group of protons leaving C™ excited to 3.09 Mev show a pronounced Butler peak at 0° and an even smaller 
contribution of compound nucleus formation. The reaction C!*(d,n) N™ was also studied, and showed similar 
resonances and angular distributions. An analysis is made of the phase difference between the resonant and 


INTRODUCTION 


N the last few years a great many experiments have 
been carried out on nuclear reactions of the (d,p) 
and (d,n) type which have been explained so successfully 
by the stripping theory of Butler.' In the region of 
deuteron energies of from 6 to 10 Mev the stripping 
cross section in (d,n) and (d,p) reactions appears to be 
very nearly the total cross section for these reactions, 
although in some cases there seems to be a considerable 
contribution of compound nucleus formation in par- 
ticles observed at large angles to the direction of the 
incident deuterons. The purpose of the present experi- 
ments was to investigate the relative importance of the 
stripping reaction and compound nucleus formation in 
the reactions C"(d,p)C® and C”(d,n)N". Experiments? 
on these two reactions at energies up to 3 Mev indicated 
pronounced resonances which have been interpreted to 
* Supported in part by the U. S. Atomic Energy Commission ; 

a preliminary report of these results was given by Bonner, Kraus, 


Eisinger, and Marion in Phys. Rev. 99, 631(A) (1955). 
t Now at the Bell Telephone Laboratories, Murray Hill, New 


ersey. 

1 N.S.F. predoctoral fellow; now N.S.F. postdoctoral fellow at 
Kellogg Radiation Laboratory, California Institute of Technology. 

1§. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

2 Bennett, Bonner, Hudspeth, Richards, and Watt, Phys. Rev. 
59, 781 (1941); Bailey, Freier, and Williams, Phys. Rev. 73, 274 
{i049}: Bonner, Evans, Harris, and Phillips, Phys. Rev. 75, 1401 

1949); G. C. Phillips, Phys. Rev. 80, 164 (1950); Holmgren, 
Blair, Simmons, Stratton, and Stuart, Phys. Rev. 95, 1544 (1954); 
Takemoto, Dazai, Chiba, Ito, Suganamata, and Watanabe, J. 
Phys. Soc., Japan 9, 447 (1954). 


nonresonant parts of the cross section for the (d,p) reaction near the resonance at 4.00 Mev. 





be due to a large compound nucleus cross section. The 
object of this experiment was to investigate the exci- 
tation curves and angular distributions of the protons 
and neutrons produced by deuterons with energies from 
1.8 Mev up to 6 Mev, in order to cover the expected 
transition range of energies where compound nucleus 
formation would become less important and stripping 
would become dominant. The reactions in C” and the 
Q-values for emission of protons and neutrons are: 
C”(d,p)C®, O= 2.72 Mev; C?(d,p)C*, O= —0.37 Mev; 
C"®(d,n)N"®, Q=—0.28 Mev; C?(d,n)N™*, Q= —2.65 
Mev. 


EXPERIMENTAL METHOD AND RESULTS 


C"(d,p)C®.—A self-supported carbon foil® was bom- 
barded with deuterons from the Rice Institute 6-Mev 
Van de Graaff accelerator. The foil had a thickness of 
155 ug/cm? and was oriented at an angle of 45° to the 
deuteron beam. The calculated energy loss of the 
deuterons in the foil varies from 70 kev at 2.5 Mev to 
35 kev at a bombarding energy of 6 Mev. The carbon 
foil was at the center of a scattering chamber 5 inches 
in diameter that had exit ports every 10°. These ports 
were covered with thin aluminum foils. The protons 
from the nuclear reactions passed through the windows 
and entered scintillation counters which consisted of 


thin CsI crystals mounted on DuMont 6291 photo- 


3 Made by the technique described by J. D. Seagrave, Phys. 
Rev. 85, 197 (1952); and E. A. Milne, Phys. Rev. 93, 762 (1954). 
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Fic. 1. Excitation function of protons from C#(d,p)C*. 


multiplier tubes. Additional aluminum foils were placed 
between the target and the counters in order to absorb 
the scattered deuterons; by this method pulses from 
protons were made larger relative to deuteron pulses. 
Preliminary experiments showed that the protons 
emitted when C® is left in the ground state had a 
maximum intensity near 25°, which is the expected 
position of the Butler stripping peak. An excitation 
curve from 1.8 to 6.1 Mev was obtained with one 
counter at 30° and a second counter at 90°. It was 
thought that the counts at 30° would be largely from 
stripping and ‘he counts at 90° would be mainly due to 
compound nucleus formation. Figure 1 shows the results 
of this excitation curve. Pronounced resonances were 
obtained in both the 30° counter and the 90° counter. 

In order to study the effects of the resonances on the 
angular distributions, experiments were made below, on, 
and above the 3.0 Mev resonance and these data are 
given in Fig. 2. Figure 3 shows similar distributions near 
the 4.0-Mev resonance taken at intervals of 10°. Figure 
4 shows the angular distribution at 4. \‘ev. At a 
deuteron energy of 4.75 Macv the second group of 
protons leaving C" in its first excited state at 3.09 Mev 
have sufficient energy to be separated from the scat- 
tered deuterons. A pulse-height distribution curve 
which was obtained at this bombarding energy is shown 
in Fig. 5. The two groups of protons, Po and P;, are 
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Fic. 2. Angular distribution of protons near the 
2.99-Mev resonance. 


EISINGER, KRAUS, 


JR., AND MARION 





8 \2 16 


CROSS SECTION, MB/STER (CM) 
4 











Pe 


4 1 4 i 4 1 4 4 s ; os i 4 lL 4 
20° 40° 60° 80° 100° [20° i40° 160° 
@ (CM) 


Fic. 3. Angular distribution of protons near the 
4.00-Mev resonance. 


resolved and the angular distribution of both groups of 
protons was obtained. The angular results are shown 
in Fig. 6. The long-range group Po shows a similar 
distribution to those obtained at lower bombarding 
energies while the other group P, is strongly peaked 
at 0° as would be expected from the stripping reaction. 

Additional data on angular distributions were taken 
at twelve angles of observation with deuteron energies 
of from 3.23 to 4.37 Mev. The results are given in Fig. 7. 

C”(d,n)N¥.—An excitation curve for the neutrons 
from the (dn) reaction was observed at 0° using a 
modified long counter* to detect the neutrons. This 
excitation curve from a deuteron energy of 2.7 to 5.0 
Mev is shown in Fig. 8. Above a deuteron energy of 
3.09 Mev there are two neutron groups which are 
counted by the long counter with nearly equal effi- 
ciencies. The excitation curve for neutrons shows several 
resonances and is similar to that obtained for protons. 
The absolute cross section for production of neutrons 
was measured at 3.64 Mev by comparing the counting 
rate from the target in a true long counter with that 
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Fic. 4. Angular distribution of protons at a deuteron 
energy of 4.51 Mev. 


4 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 
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Fic. 5. A pulse-height distribution histogram showing the 
two proton groups Po and P\. 


from a Ra-Be source which had been calibrated by the 
Bureau of Standards. The measured cross section in the 
laboratory coordinate system is 45 mb/sterad at 0°. 

Angular distributions of the neutrons were obtained 
with 3.58-, 3.98-, and 4.28-Mev deuterons which covered 
the region of the 4.0-Mev resonance. Two types of 
experiments were carried out. The first method made 
use of the modified long counter as a detector and so 
counted both groups of neutrons. These data are given 
by the upper curves of Fig. 9. These curves are strongly 
peaked at 0° at all three energies. Other experiments 
were carried out with an energy-sensitive neutron de- 
tector® which was made up of four spherical anthracene 
scintillators, each with a diameter of 2.5 mm. The 
discriminator was set so that only the high-energy 
group of neutrons was counted. These data are given by 
the lower curve of Fig. 9. No calibration of the relative 
sensitivities of the two different counters was carried 
out and so the relative ordinates of the two curves are 
arbitrary. The high-energy neutron group has a maxi- 
mum intensity at about 20° which is expected from 
stripping theory. A comparison of the two distributions 
indicates that the lower-energy neutron group is 
strongly peaked at 0° as is the lower energy proton 
group. 

From the shapes of the two angular distribution 
curves it is estimated that the cross section for high- 
energy neutron production at 30° with 3.64-Mev 
deuterons is approximately the same as the cross 
section (14 mb/sterad) for high-energy protons. 
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distribution of pro- 
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5 Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 
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Fic. 7. Excitation functions of C"(d,p)C¥ from a deuteron 
energy of 3.23 Mev to 4.37 Mev at various angles of observation. 


DISCUSSION OF RESULTS 


Table I gives a list of resonances found from the data 
of Fig. 1 for the (d,p) reaction. After correction is made 
for target thickness an energy can be assigned to the 
resonances. Table I also gives the excitation energy of 
N™ at each resonance observed in the present experi- 
ment as well as the excitation energies obtained from 
other experiments. A number of levels which have been 
observed in other experiments are not apparent in our 
data. Failure to observe some of these levels is un- 
doubtedly due to the thickness of the target, which 
was 35 to 70 kev depending on the energy of the deu- 
terons; this would not allow the separation of reso- 
nances with an energy difference of less than this 
amount. Other levels were probably missed because 
their relative intensity was less than that of the ob- 
served levels. 

Table II gives a list of the resonances in the 
C"(d,n)N® excitation function obtained from Fig. 8. 
The accuracy of the energy determination of the (d,n) 
resonances was considerably less than for the (d,p) 
resonances as a proton moment detector was not used 
to measure accurately the magnetic field in the magnetic 
analyzer. For this reason the accuracy of the level 
determinations is about +30 kev. 
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Fic. 9. Angular distribution of neutrons at a deuteron energy 
Of 3.58, 3.98, and 4.28 Mev. The upper curves give the angular 
distribution of both groups of neutrons and the lower curves give 
the angular distribution of the high-energy group of neutrons. 


Many of the levels found in the C”(d,p)C® reaction 
agree with those found in the reactions B(a,py)C™ 
and B"(a,n)N™ as well as those in the C"(d,n)N® 
reaction. It seems clear that these must be formed by 
compound nucleus formation. 

The angular distribution of the protons and neutrons 
leaving C* and N® in the ground state show a peak 
near 25° that corresponds rather well in position with 
those predicted by Butler’s analysis of stripping re- 
actions. From the spins of the target and final nuclei 
one expects /=1 particles to be captured. At larger 
angles the intensity does not go to zero as predicted by 
the simple stripping theory; however, zero intensities 
are eliminated when Coulomb forces are included in 
the stripping theory. The large cross sections near 
140° are probably due to compound nucleus formation 
as they are much larger than predicted by the stripping 
theory in which the Coulomb effects are considered. 


TABLE I. Observed resonances in C#(d,p)C® after 
correction for target thickness. 








Levels in N“ 
Other Level 
data* width* 
(Mev) (Mev) 


12.42 43 
12.50 36 


Present 
experiment 
(Mev) 


12.38 


Deuteron 
energy 
(Mev) 


2.465 
2.669 


Angular 
momentum 
and parity* 





12.55 
12.61 50 
12.69 14 
12.79 14 
12.82 5 
12.92 21 
13.16 20 
13.24 140 
13.72 150> 
broad 
broad 
200 
350 


12.83 


13.17 


13.70 


14.84 
15.09 








® F. Ajzenberg and T. Lauritsen, Revs. Modern Phys, 27, 126 (1955), and 
the data of Bonner, Kraus, Marion, and Schiffer, Phys. Rev. (to be pub- 
lished) on the reactions B"(a,py)C and B'(a,n)N%, 

> Width determined by this experiment. 


®W. Tobocman, Phys. Rev. 94, 1655 (1954); W. Tobocman 
and M. H, Kalos, Phys. Rev. 97, 132 (1955). 


AND MARION 


The resonances at 2.99, 4.00, and 5.34 Mev are more 
pronounced at the 25° angle of the Butler peak than at 
90°; this seems to contradict the idea that compound 
nucleus formation is the cause of these resonances. 
However, this phenomenon can be explained even if the 
compound nucleus formation at these resonances is only 
a few percent of the magnitude of stripping if it has 
a symmetrical angular distribution which has a mini- 
mum at 90° and a maximum near 0° and 180°. Under 
these conditions more pronounced resonances would be 
observed at 25° than at 90°. 

The angular distribution of the low-energy protons 
and neutrons leaving C® and N® in their first excited 
states, peak at 0° as is expected on the Butler theory 
where the captured particle is expected to have /=0. 
The data on the angular distribution of low-energy 
protons which are shown in Fig. 6 agrees quite well with 
the Butler stripping theory even at angles up to 120°. 
This indicates that most of the cross section is due to 
stripping and there is very little contribution from 
compound nucleus formation. This result is expected 
from a classical picture of the stripping reaction where 
the disintegration particle is expected to have about 
the same velocity as the incident deuteron. Thus the 


TABLE II. Resonances in C*(d,n)N"™ observed at 0° 
after corrections for target thickness. 








Levels in N™ 
(Mev) 


12.84 
13.14 
13.65 
14.21 


Deuteron energy 
(Mev) 





3.01 
3.36 
3.95 
4.61 








stripping reaction at a deuteron energy of 4.75 Mev is 
less likely to give a 6.8-Mev proton than a 3.7-Mev 
proton. 

Another indication that the low-energy groups of 
protons and neutrons are produced more from the 
stripping reaction and less from compound nucleus 
formation is obtained by comparing the total neutron 
excitation curve of Fig. 8 with the high-energy proton 
curve of Fig. 1. The resonances at 4.0 and 4.6 Mev are 
not as pronounced in the neutron curve where a con- 
siderable contribution at 0° is due to the lower energy 
group of neutrons. 

The observation of the resonances at a series of 
different angles is shown in Fig. 7. These resonances 
exhibit a variety of interesting effects. The 30° curve 
shows an “ordinary” resonance at 4.0 Mev and an 
“unsymmetrical” resonance at 3.4 Mev. The 50° and 
60° curves have “antiresonances” at 3.4 Mev. The 90° 
curve has an “unsymmetrical” resonance at 4.0 Mev 
but reversed from that at 30° and 3.4 Mev. These 
interference phenomena suggest that one can measure 
a phase difference between the resonant and non- 
resonant parts of the cross section. This can be done 
in a simple way as follows: let the cross section be the 





(d,p) AND 


square of an amplitude that has two parts, a non- 
resonant part, og’, and a resonant part which obeys 
the Breit-Wigner formula. If 6 is the phase difference 
between these two components, one can write the cross 


section as 
or(O) |) |? 
o(E,0)= anl(Epe%0-+4ar C2] , 
(E— Ep) +i 
where I is the width of the resonance, E the deuteron 
energy, @ the angle of observation in the center-of-mass 
system, and Ep is the resonance energy. The amplitude 
az' is determined by estimating what the cross section 
would be if the resonance were not present. At 4.0 Mev, 
6(lab)=30°, this was estimated to be 63% of the 
total cross section of the remaining 37%, the calcu- 
lated value of the interference term between the 
resonant and nonresonant parts is 33% and only 
4% is due to the resonant term alone. The con- 
tribution to the experimental cross section of the reso- 
nance term varies with angle from 1 to 8% for 
this resonance. Only at @=64° is the contribution less 
than 3%. Values of [or(@)]* and 6(@) are chosen 
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Fic. 10. The quan- 
tity 5(6) as a func- 
tion of the angle of 
observation for the 
4.0-Mev resonance. 
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at each angle so that the calculated cross section fits 
the experimental points. The quantity 5(6) is shown in 
Fig. 10 for the 4.00-Mev resonance. The observed 
resonance width of 150 kev was used in the calculations. 
The phase shift 6(@) appears to be quite small except 
for angles between 60° and 110°, in which region there 
is a rapid change with angle. It is in just this region 
that the experimental cross section assumes its lowest 
values; however, in the range from 60° to 110°, the 
resonance contribution averages 4% of the experi- 
mental cross section. The curve is fairly symmetrical 
about 90° in the center-of-mass system. If the assumed 
background cross section is altered by 10%, no ap- 
preciable change in the shape of 5(@) curve results. 
One would expect |[or(@) ]!|? to be the cross section 
if the background were not present. The experimentally 
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Fic. 11. The quantity |[or(6)]*|? as a function of the angle of 
observation for the 4.0-Mev resonance. The solid curve gives the 
angular distribution calculated for /4=:2, J =3*,/,=3, and channel 
spin=0; the dashed curve gives the distribution for /z=1, J=2-, 
l,=2, and channel spin=0. 





determined values of this quantity are shown in Fig. 11 
for the 4.00-Mev resonance. They are approximately 
symmetrical about 90° as would be expected for pure 
compound nucleus formation. An attempt was made 
to fit this curve for various values of the angular 
momenta involved. The two calculated angular distri- 
butions which best approximate the experimental points 
are also shown in Fig. 11. The dashed curve is that 
calculated for a compound nucleus state of 2~ and the 
solid curve is that for a 3+ state. Each calculated curve 
represents the distribution for only one possible choice 
of the /-values and channel spin. The other possibilities 
give poorer fits. The angular distributions calculated 
for J-values of 2- and 3+ both approximately fit the 
experimental distribution. However, the experimental 
minima near 60° and 110° are only shown by the 3+ 
distribution. Since J-values of 4 have been assigned to 
the lower energy resonances which are considerably 
narrower (see Table I) than the 150 kev observed for 
the 4.00-Mev resonance, J-values less than 4 are to be 
expected for this compound nucleus state. Therefore, 
it seems likely that the 13.70-Mev state of N“ which is 
formed at the 4.00-Mev resonance has a J-value of 3. 

The agreement is probably as good as one might 
expect on the basis of such a simplified theory. A more 
refined theory might write the cross section as an 
incoherent sum over magnetic quantum numbers and 
take into account the fact that the nonresonant part 
has contributions from deuterons of many different 
angular momenta. This procedure would introduce so 
many arbitrary parameters that a fit of the experi- 
mental data would become meaningless. 
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Energy Levels in F!® from a Study of the O'*(d,n)F!® Reactiont 
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A counter ratio investigation has been made of the O'8(d,n)F™ reaction, using oxygen targets enriched to 
40 percent O'*%. A search was made for energy levels in F'® between excitation energies of 6.1 and 9.8 Mev. 
In this region, levels were found at 6.184 and 6.48 Mev. A resonance in the forward yield of neutrons from 
the deuteron bombardment of O'* was found at 1.64 Mev. The cross section for the O'8(d,n) reaction was 
measured by comparing the yield with that from the O'*(d,n) reaction, the cross section for which is known. 





INTRODUCTION 


HE level structure of the F® nucleus below ex- 

citations of about 5 Mev has been extensively 
investigated' by inelastic scattering techniques. Most 
of the levels observed in this manner have also been 
detected by measurements made with photographic 
plates on the neutron groups from the O'8(d,n)F” 
reaction.? A number of levels above 10.5 Mev have 
been found by observing resonances in the yield of 
neutrons from the O'*(p,2)F'® reaction.*~-> The energy 
region between excitations of 8.5 and 10.5 Mev has 
been investigated by observing resonances in the yield 
of a particles*-* and y rays® from the proton bombard- 
ment of O'*. No previous experiments have examined 
the level structure between about 5 and 8.5 Mev. 

The region of excitation of the F” nucleus above 6 
Mev may be studied with the O'*(d,n)F reaction by 
measuring the bombarding energies at which the 
emission of neutrons to excited states first beome 
possible (neutron thresholds). The technique of de- 
tecting these thresholds by measuring with two BF; 
counters of different sensitivities the ratio of the number 
of slow neutrons to the number of fast neutrons emitted 
in a reaction is called the “counter ratio” technique and 
has been previously described in detail.’ 


EXPERIMENTAL 


Oxygen targets, enriched“ in O'*, were prepared by 
heating tungsten blanks in an induction heater. The 


t Supported in part by the U. S. Atomic Energy Commission. 
* Now at Kellogg Radiation Laboratory, California Institute of 
Technology, Pasadena, California. 
( a pang and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
2R. L. Seale, Phys. Rev. 92, 389 (1953). 
5H. Mark and C. Goodman (quoted in reference 1). 
4 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
cea A. Hill and J. M. Blair, Bull. Am. Phys. Soc. 30, No. 5, 15 
55). 
°C, Mileikowsky and R. T. Pauli, Arkiv Fysik 4, 299 (1952). 
7J. Seed, Phil. Mag. 42, 566 (1951). 
8 A. V. Cohen, Phil. Mag. 44, 583 (1953). 
( an Butler and H. D. Holmgren, Phys. Rev. 99, 1649(A) 
1955). 
1 T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 
1! Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 
2 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 
8 Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 
4 The O'*-enriched sample was kindly supplied by Professor 
A. O. C. Nier. 


blanks were heated to a temperature of 700-1000°C for 
a period of 5-25 sec in the presence of a pressure of 
about 1 inch of Hg of the enriched oxygen. The com- 
position of the O'*-enriched sample is given in Table I. 
The thickness of the targets was estimated by observing 
the rise in the counter ratio at the O'*(d,n) threshold. 
The target used in this experiment was found to be 
about 40-kev thick at a deuteron energy of 1.84 Mev. 
Since the cross section for the O'*(d,2) reaction is 
known," the change in the counting rate at this thresh- 
old was used to determine the number of O'* atoms/cm? 
present in the target. From the known ratio of O'* to 
O'* in the sample, it was then calculated that there were 
approximately 2.4 10'§ atoms/cm? of O'* in the target, 
assuming no dilution of the purity of the O'* during the 
target making procedure. 

Deuterons from the Rice Institute 6-Mev Van de 
Graaff accelerator were used, and the counter ratio and 
yield of neutrons in the forward direction were measured 
for the range of deuteron energies from 0.4 to 4.5 Mev. 
The results are presented in Fig. 1. Five thresholds, 
marked A through E, were observed. Thresholds B and 
D are due to the reaction O'*(d,n)F!” and threshold C 
is due to the reaction N"(d,n)O" on the small amount 
of nitrogen present in the target. These thresholds have 
been observed previously." 

The pronounced threshold at 0.50 Mev (marked A) 
and the weak threshold at 3.05 Mev (marked £) are 
attributed to the O'8(d,n)F" reaction. No deviation 
from a smooth counter ratio curve was observed" at 
3.05 Mev in the deuteron bombardment of O'* and N™. 
The possibility that the weak threshold E is due to O" 
is not excluded but is unlikely because of the small 
amount of this isotope present. A summary of the ob- 


TABLE I. Composition of the O'*-enriched sample.* 








Atomic 
percent 


ow 56.8 
ou 0.8 
or 37.3 
N 3.8 


A 1.3 
CO, trace 


Element or 
isotope 











* Furnished by Professor A. O. C. Nier. 
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served threshold energies, Q-values, and excitation 
energies in F” is given in Table IT. 

The forward yield of neutrons from the O"*-enriched 
target is shown in Fig. 1. The background, obtained by 
bombarding a clean tungsten blank, has been sub- 
tracted. A number of resonances was observed ; however, 
the energies and widths of all of these resonances that 
occurred above 1.83 Mev agree with those obtained" 
with a natural oxygen target, containing 99.8 percent 
O!*, and are therefore due to the O'*(d,n) reaction. One 
resonance below the O'*(d,m) threshold, and therefore 
due to the O'8(d,n) reaction, was observed at 1.64 Mev. 
Below this energy the neutron yield rises almost 
exponentially. 

Since the number of O!* and N“ atoms/cm? in the 
target was known, the yield of neutrons due to the 


TABLE II. Neutron thresholds in the 
reaction O!8(d,n)F". 








Excitation energy in F'!® (Mev) 
Other 
measurements 


Threshold 
energy 
(Mev) 


Q-Value 


(Mev) Present work 





0.497 +0.015 6.184 +0.018* 
1.830 (O18)> 
1.967 (N14)> 
2.393 (O16)b 
3.05 40.02 


— 0.447 +0.015 


—2.74 +0.02 8.48 +0.02 8.48¢ 








® The error assignment includes the uncertainty in the ground-state 
Q-value, calculated from the mass defect uncertainties listed by A. H. 
Wapstra, Physica 21, 367 (1955). 

> See reference 11. 

© See references 6 and 8. 


O'*(d,n) and N"(d,n) reactions could be calculated from 
the known" cross sections and subtracted from the ob- 
served yield curve. The dashed curve of Fig. 1 results 
when the subtractions are made and represents the 
yield of neutrons from the O'8(d,n) reaction. A cross 
section for this reaction was obtained by comparing the 
decomposed curves due to the reactions O'*(d,n) and 
O'8(d,n). The values thus obtained are given in Fig. 1 
in units of millibarns per steradian in the laboratory 
system for neutron emission into the forward cone of 
half-angle 10°. Since the subtractions were necessary 
to obtain the O'8(d,n) yield curve and since the cross 
section was obtained by comparison with the O0'%(d,n) 
cross section, the absolute values are probably accurate 
only within a factor of 2. 


DISCUSSION 


The counter ratio technique has been used with the 
O'*(d,n)F® reaction to investigate the region of exci- 
tation in F” from 6.1 to 9.8 Mev. In this energy region, 
a number of states are known to exist>®; however, of 


IN F?? 





12 


. 
TOTAL YIELD 
(RELATIVE) 


COUNTER RATIO 


06 


an 


x3 
O° 1 1 L 1 1 
02 6 10 14 18 22 26 30 34 38 42 46 
DEUTERON ENERGY (MEV) 


Od) YELD 


ie 
f-— 
1 


e000 ~=V) NVIOVERLSVQN NOWO3S SSOND (P),0 








l 
0 02 Ov O9 





Fic. 1. Counter ratio and relative forward yield of neutrons 
from an oxygen target enriched to 40 percent O!8 as a function of 
deuteron energy. The dashed curve represents the yield from the 
O'8(d,n) reaction and was obtained by subtracting the O'*(d,n) 
and N¥(d,n) contributions from the total yield curve. The cross- 
section values apply only to the O!8(d,n) curve. 


the levels previously observed, only the state based on 
a weak resonance reported®® at 8.48 Mev was found in 
the O'8(d,n)F" reaction. An additional level was de- 
tected at an excitation of 6.184 Mev. 

The previous observation of the 8.48-Mev state was 
made using the O'8(p,a)N"® reaction and was found to 
be extremely weak®.*; the threshold corresponding to 
this level was also found to be very weak. No indication 
was found for the emission of neutrons to the 8.76-Mev 
state near threshold, although the O'*(p,0)N'® reaction 
showed an intensity at least 50 times greater for this 
state than for the 8.48-Mev state.® 

Both of the thresholds observed in the O'8(d,n)F¥ 
reaction required an energy interval approximately 
equal to target thickness for the counter ratio to reach 
its peak value. This indicates that the emitted neutrons 
have zero angular momentum." At the 0.497-Mev 
threshold, the deuterons also probably have zero angu- 
lar momentum due to their low energy. Since the ground 
state of O'* is 0+, the 6.184-Mev state of F probably 
has spin and parity of 4+ or $+. This state is unstable 
to the emission of an @ particle to the ground state of 
N!® by 2.2 Mev. Such an emission from a $+ or a $+ 
state with T=} would require the a particle to carry 
one unit of angular momentum and would make the 
excited state reasonably narrow. If this were a pure 
T= $ state, a-particle emission would be forbidden and 
the level width would be quite small. Either case would 
be consistent with the observed rise in the counter ratio 
which can be attributed entirely to target thickness. 
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The region between He and O" is treated for the case of intermediate strength of spin-orbit coupling and 
central two-body interaction. Energy levels are presented as a function of the relative coupling strength 
parameter, a/K. Static electromagnetic moments are also computed as functions of ¢/K. Comparison with 


experimental results gives a fairly good picture, and de 


termines a definite behavior for a/K as a function of 


mass number. A possible interpretation of this behavior is suggested. 





I. INTRODUCTION 


ECAUSE of its relatively simple structure the 

region of filling of the 1p-shell between He‘ and O"* 
has been the object of much study, both theoretical 
and experimental. It has become apparent that one 
cannot obtain a satisfactory picture of the experimental 
facts with either the LS-model! or the jj-model.? This 
has left the hope that the true picture lies between 
these two extremes of spin-orbit coupling, in the region 
of intermediate coupling. Various calculations have 
been made with this more complicated model, and 
Inglis* has presented an interpolated estimate of level 
schemes. The amount of computation becomes pro- 
hibitive near the center of the shell unless one uses a 
high-speed electronic computer. 

The individual particle wave functions are taken as 
those in a harmonic oscillator well with individual / 
and s coupled to give j. These jj-functions are then 
combined into a many-particle wave function of the 
Hartree-Fock type with total angular momentum J 
and isotopic spin 7. All possible states for a given 
number of nucleons in the 1-shell are formed in this 
way. States arising from excitation of one nucleon into 
the next shells (2s, 1d) would be of opposite parity and 
would not interact with the former states. Excitation 
of two nucleons from the 1p into 2s and 1d would again 
give states of like parity, but these should be high 
enough in energy so as to have little effect on the low- 
lying states. They are not included, but for this reason 
one should view the position of levels of a given isotopic 
spin, T, with suspicion if they lie more than about 
8 Mev above the lowest state of the same T. 

The nucleon-nucleon interaction is taken to be a 
central one with inverted Gaussian radial dependence 
and an exchange mixture of 0.8 space exchange and 
0.2 spin exchange. The rest of the potential energy 
arises from the one-body spin-orbit term which has 
only diagonal matrix elements since 77 wave functions 
are being used. For each mass number the energy 
matrices of spin-orbit energy and central interaction 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937); 


E. Feenberg and M. — Phys. a 51, 597 (1937). 
2D. Kurath, Phys. Rev. 88, 804 (1952 


*D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 


energy arising for each pair of quantum numbers (J,7), 
are diagonalized on the Argonne automatic digital 
computer. In this way one obtains energy level schemes 
for each mass number by using a given set of parameters. 

After diagonalization, the resulting wave functions of 
the ground states are extracted to see how much the 
jj-configurations are mixed. The ground-state magnetic 
dipole moments and electric quadrupole moments are 
also calculated by using the new wave functions. 


II. PARAMETERS OF THE CALCULATION 


The nuclear parameters which are involved in the 
calculation come from the radial part of the harmonic 
oscillator function : 


R,(r) <r exp — (r/rp)*], 

the one-body spin-orbit term: 
a(I-s), (2) 
and the radial part of the central two-body interaction: 
Ao exp[ — (ri2/r0)*]. (3) 


The contributions of the central two-body interaction 
to the energy matrices are usually expressed in terms 
of two integrals,‘ Z and K, which are linear combina- 
tions of the two Slater integrals involved. These 
integrals are functions of the strength of two-body 
interaction Ao, and the ratio p=r,/ro which is a measure 
of the ratio of nuclear radius to range of nuclear forces. 
The functional dependence of Z and K on Ao and p is 
given graphically in Fig. 1. 

The particular combinations of parameters which are 
useful for interpreting the results are a/K, L/K, and K. 
The first, a/K, measures the relative spin-orbit and 
central energy contributions and turns out to be the 
most important for the computation. The second, L/K, 
depends only on p, and hence the ratio of nuclear size 
to range of nuclear forces. The diagonalizations are 
carried out in units of K, which is then left as a param- 
eter to match the experimental energy scale. The magni- 
tude of K is generally about 1 Mev. 

The diagonalization has been performed throughout 
the 1p shell with L/K=6.8 and enough values of a/K 
to cover the range of physically significant values. The 


(1) 


4 See references 1 and 3 for definition and discussion of L and K. 
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resulting level schemes for mass numbers 7 through 13 
are given in Figs. 2 through 8. The typical effects of 
varying L/K are given in Figs. 9 through 11. The 
magnetic dipole moments are given as functions of a/K 
in Fig. 12; where changing L/K has a sizable effect, 
results for two values of L/K are plotted. The electric 
quadrupole moments are given in Fig. 13 in units of 
(r*), where 


(r= f PR,?(r)rdr= (5/4)r,?. 


Ill. DEPENDENCE ON L/K 


From Fig. 1 it is clear that the dependence on L/K is 
a direct measure of the effect of varying the ratio of 








Fic. 1. Functional relationships of the two-body central inter- 
action integrals, ZL and K, with the strength of interaction, 
Ay and p. The ratio p=r,/ro is the range parameter of the wave 
function divided by that of the interaction. Dotted lines indicate 
region of this calculation. 


nuclear size to range of nuclear forces. The magnetic 
moment curves of Fig. 12 show that with the possible 
exception of B", the variation with L/K is not sig- 
nificant.® In fact, for Li’, B, and Be® the difference is 
not worth plotting. The effect on the level schemes is 
given in Figs. 9, 10, and 11 for an odd-odd, an even-odd, 
and an even-even nucleus. Changing L/K is seen to 
affect states that either lie rather high in energy or 
have isotopic spin, 7’, which is greater than that of the 
ground state. This means that for an even-even nucleus, 


5 This has been shown by A. M. Lane for the mass 7 and 13 
nuclei [A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953); 
A68, 189 (1955); A68, 197 (1955); A. M. Lane and L. Radicati, 
Proc. Phys. Soc. (London) A67, 167 (1954)). 
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Fic. 2. Level order curves for mass number 7 as a function of 
a/K for L/K=6.8. Numbers are J values. Scheme for L/K=8.5, 
a/K=2.0 is on left. 


where excited states are widely spaced, this region is 
soon reached, so that the effect is rather strong. How- 
ever, the states affected are so high that interaction 
with states arising from two-nucleon excitation out of 
the 1p-shell must be important. Since this has been 
neglected only the effect on the first 7=1 states 
involves states whose position is not suspect. 

For even-odd nuclei, the low-lying states are hardly 
changed and the only important state that is affected is 
the first T=3/2 level. In odd-odd nuclei, the T=1 
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Fic. 3. Level order curves for mass number 8 as a function of 
a/K for L/K=6.8. Numbers are (J,7) values. Supermultiplet 
identifications on the left; asterisk identifies T=1. Values for 
0<a/K <3 are interpolated. 
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Fic. 4. Level order curves for mass number 9 as a function of 
a/K for L/K=6.8. Numbers are J values. Supermultiplets 
identified on the left. 


states lie much closer to the ground state, so this is the 
only time that low-lying states are affected. The result 
is that in B", the only complicated odd-odd case, there 
is a wider range of a/K over which one can get good 
agreement with experiment since one can vary L/K to 
maintain the match. 

The underlying reason for this insensitivity to varia- 
tion of L/K can be found in the supermultiplet theory 
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Fic. 5. Level order curves for mass number 10 as a function of 
a/K for L/K=6.8. Numbers are (J,7°) values. 


at the LS-coupling limit. The states arising from the 
same partition of m, the number of nucleons in the 
1p-shell, have separations which are independent of 
L/K as far as the space-dependent part of the two-body 
interaction is concerned. The spin-dependent part 
preserves this feature only if the spin quantum number, 
S, is the same, as one can see on page 600 of reference 1. 
For even-even and even-odd nuclei the lowest partition 
gives states all with the same S so that as one departs 
from LS-coupling there should be a tendency to pre- 
serve this independence of L/K for the separation of 
the low-lying states. Evidently this persists much 
farther than expected because for a/K=4 Figs. 10 
and 11 show quite insensitive behavior for those states 
connected with the lowest partitions. For odd-odd 
nuclei there are states of different 7 also arising from 
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Fic. 6. Level order curves for mass number 11 as a function of 
a/K for L/K=6.8. Numbers are J values. 


the lowest partition and while these maintain their 
separation from each other, their position relative to 
the group containing the ground state does depend on 
L/K, as is shown in Fig. 9. The interactions are 
apparently chiefly between states of the same partition. 
Thus, aside from B"™, the level order for the important 
low states is quite insensitive to changes in L/K. 
Similarly, the magnetic dipole moments and the electric 
quadrupole moments are not seriously affected. The 
dependence on the ratio of nuclear size to range of 
nuclear forces is, therefore, of secondary importance 
compared to the dependence on a/K, the relative 
strength of spin-orbit coupling to central interaction. 


IV. PARTICULAR CASES 


In this section the calculations are compared with 
the experimental evidence as taken from Ajzenberg 
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and Lauritsen.® The particular cases are discussed with 
the aim of pointing out especially interesting places to 
check the model. 


A=6, 7, 13, and 14 


These are the cases of two and three nucleons or 
holes in the 1p-shell which have been treated extensively 
elsewhere.’ The results of the present calculation agree 
closely with previous results and serve chiefly as checks 
on the method of machine computation. The general 
indication is that a value of a/K~2 is indicated for the 
Li isotopes while a/K~5 or 6 gives best agreement for 
masses 13 and 14. 

In comparing with experiment for A= 13, the only 
serious lack of agreement is that the (5/2, 1/2) level is 
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Fic. 7. Level order curves for mass number 12 as a function of 
a/K for L/K=6.8. Numbers are (J,7) values. 


not seen experimentally, although the calculation puts 
it somewhere between 4 and 5 Mev according to Fig. 8. 

The only new result in Li’ concerns the relative 
splitting of the *F and *P. Experimentally the *P 
splitting is smaller than that of the *F by a factor of 6, 
while the calculation gives this ratio as nearer 2. The 
new point is that, as shown in Fig. 2, changing L/K 
from 6.8 to 8.5 has a negligible effect on this ratio, so 
there is no improvement of agreement with experiment 
from this source. 


( b4 a Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 

7D. R. Inglis, Phys. Rev. 87, 915 (1952); J. P. Elliott, Proc. 
Roy. Soc. (London) A218, 345 (1953); E. A. Crosbie, Phys. Rev. 
90, 138 (1953); G. Tauber and T-Y. Wu, Phys. Rev. 93, 295 
(1954); A. M. Lane, reference 5; A. M. Lane and L. Radicati, 
reference 5. 
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Fic. 8. Level order curves for mass number 13 as a function of 
a/K for L/K=6.8. Numbers are J values. 


A=8 


The spacing of the first three states of Be® is nearly 
independent of the amount of spin-orbit coupling as is 
shown in Fig. 3. The supermultiplet levels,! have been 
put on the left so that one can interpolate from the 
last calculated value of a/K=3. There are no calculated 
levels corresponding to the experimental states at 4.2, 
5.4 and 7.55 Mev. For the fairly well established 
second 0+ state one must call upon excitation of two 
nucleons outside the shell or from the 1s-shell to obtain 
such a state with the independent particle model. 

One can obtain an estimate of the appropriate a/K 
value by going to the 7=1 states in Be® and Li’. The 
apparent level order is J/=2, 1, and 3 with J=1 lying a 
little less than midway between the others. From Fig. 3 
this situation appears to occur at about a/K=2 in the 
interpolated region. With K=1 Mev, the T=1 levels 
would lie at about the right place, but the J/=4 level 


~ 


Fic. 9. Level order 
curves for mass number 
10 as a function of L/K 
for a/K=4.0. Numbers 
are (J,7) values. 
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Fic. 10. Level order curves for mass number 11 as a function of 
L/K for a/K=4.0. Numbers are J values. 


would be too low. Improvement can be gotten by lower- 
ing L/K to 5.8 which drops the T= 1 levels by about 3K 
with respect to the ground state. Then a value of 
K=1.18 would raise them again and would also improve 
the position of the two low levels of Be*. This will give 
the level scheme of Fig. 14. 


A=12 


This is the other even-even nucleus under considera- 
tion, arising from four holes in the shell. The points of 
interest for comparison with experiment are the J=2, 
the relative position of the /=4 and the second J=0, 
and the low 7=1 doublet. None of the a/K and L/K 
values give a good fit to the experimental values. With 
L/K=6.8 and a/K=5 one gets the level order on the 
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Fic. 11. Level order curves for mass number 12 as a function of 
L/K for a/K=4.5. Numbers are (J,7) values. 


left in Fig. 15. This gives J=4 as the second excited 
state, and the wrong order for the T=1 doublet. By 
going to a/K~3, L/K~6, K~1.1 one can invert the 
doublet getting about the experimental separations of 
B” and leave the other states pretty much as on the 
left of Fig. 15 except that the second J=0 is raised 
about 1 Mev. Another possibility is to use the L/K 
dependence as shown in Fig. 11 to bring the second 
J=0 below the J=4 and invert the doublet while 
keeping a/K at ~4 to 5. This result, with L/K=5.5, 
K=1.17 is shown in the center of Fig. 15, but it has the 
fault of leaving the 0+ too high. It would be helpful to 
learn whether the 9.6-Mev level of C” is 4+. In any 
event, one must suppose that the low experimental 
value of the second 0+ is due to its interaction with the 
J=0* levels arising from exciting two nucleons out of 
the 1p shell, since the present calculation always leaves 
it too high. 
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Fic. 12. Magnetic dipole moments as functions of 
a/K in nuclear magnetons. 


A=9 


The magnetic moment of Be® indicates either a quite 
low value for a/K or else a very high one, since the 
jj-limit gives a moment quite close to the experimental 
one. However, the low value of Fig. 12 seems more 
reasonable, so the level scheme of Fig. 4 has been ex- 
tended to the LS limit, a/K=0. These results are very 
close to those obtained recently by French, Halbert 
and Pandya at Rochester,’ using a Rosenfeld exchange 
mixture. 

If one accepts the magnetic moment value of a/K 
=1.5, then for L/K=6.8 a value of K=1 Mev gives 
the level scheme on the left of Fig. 16 which also fits 
the T=3/2 state at about 15 Mev. By going to a lower 
L/K and higher K one can raise the first seven excited 
states which all come from the lowest partition (see 
Section 3) and still fit the 7=3/2 state. This gives the 
scheme second from the left in Fig. 16, and is sub- 
stantially that chosen by the Rochester group. 


8 French, Halbert, and Pandya, Phys. Rev. 99, 1387 (1955). 
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The low value of a/K represents a sudden large shift 
from the value that is found desirable in the neighboring 
A=10 nuclei, where there is much more experimental 
evidence. It is therefore of interest to see what one gets 
if one increases the magnetic moment disagreement and 
tries larger values of a/K. With a/K=2.75, L/K=6.8 
and K=1 Mev one obtains the results in the third 
column of Fig. 16. The J=1/2- is now above the 
J=5/2- and the next three states are closely bunched 
between 5 and 5.5 Mev. It would be of interest to see 
whether there is any fine-structure to the broad state 
found experimentally at 4.8 Mev, and to determine the 
order of the 1/2~ and 5/2- levels to decide which a/K 
value is preferable. 


A=l11 


The other complex even-odd case occurs for five holes 
in the shell at mass number eleven. The magnetic 
moment curve of Fig. 12 shows reasonable agreement 
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Fic. 13. Electric quadrupole moments as functions of 
a/K in units of e(r*). 


for a/K between 2.5 and either 5 or 6 depending on the 
L/K value. The level order curves of Figs. 6 and 10 
indicate that in order to have the ground state J=3/2 
and a sizable gap before the next level, a/K should be 
near 5 or 6. Choosing a/K= 6.0, L/K=6.8, and K=0.92 
Mev gives the level scheme on the left of Fig. 17. 
Going to lower a/K, which would be desirable for im- 
proving the magnetic moment agreement, lowers the 
first excited state and also drops the J=5/2- with 
respect to J=7/2-. One can keep the first excited state 
up to some extent by going to lower L/K and at the 
same time drop the J=5/2- further as is evident in 
Fig. 10. With a/K=5.0, L/K=5.8, and K=1.15 Mev 
one gets the level scheme in the center of Fig. 17 but 
about the same magnetic moment due to the lower L/K. 
In order to bring a/K down to a good value for the 
moment, the J=1/2>- first excited state would have to 
be put quite low, about 1 Mev. In all these schemes, the 
first T=3/2 state has been kept at about the expected 
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Fic. 14. Comparison of level schemes with experiment for 
mass number 8. (a) a/K=2.0, L/K=5.8, K=1.18 Mev. (b) Ex- 
periment. 


13-Mev excitation. It may be that one would have a 
bigger effect from varying L/K at a larger value of the 
spin-orbit parameter than the a/K=4.0 used for Fig. 10. 
This would be expected since the states from different 
partitions would interact more for larger a/K, so one 
might be able to obtain better agreement with experi- 
ment. However, identification of the 2.14- and 5.03-Mev 
states would be very useful before one tries further 
calculation. 


———E 234) 


(T=1) (i*) 








Fic. 15. Comparison of level schemes with experiment for mass 
number 12. (a) a/K=5.0, L/K=6.8, K=0.94 Mev. (b) a/K=4.5, 
L/K=5.5, K=1.17 Mev. (c) Experiment. 
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Fic. 16. Comparison of level schemes with experiment for mass 
number 9. (a) a/K=1.5, L/K=6.8, K=1.00 Mev. (b) a/K=1.5, 
L/K=5.8, K=1.20 Mev. (c) a/K=2.75, L/K=6.8, K=1.00 Mev. 
(d) Experiment. 


A=10 


Mass number ten is the middle of the 1-shell and 
has therefore the most complex spectrum of energy 
levels. It also has the largest number of positively 
identified spins, so it is encouraging, though somewhat 
surprising that it provides the best agreement of all 
the cases. The magnetic moment of Fig. 12 appears to 
give reasonable values for all /K. It had been shown 
previously® that J=3 is the ground state for a large 
region of a/K, as one sees in the level order curves of 
Fig. 5. In comparing with the many experimental levels, 
one finds very good agreement in the region near 
a/K=5. The level scheme on the left of Fig. 18 comes 
from a/K=4.75, L/K=6.8 and K=0.9 Mev. From 
Fig. 9 it is apparent that one can go to lower a/K by 
also decreasing L/K, and the central scheme of Fig. 18 
arises from a/K=4.0, L/K=5.8 and K=1.13 Mev. 

Both of these schemes give the positions of the first 
five levels of B'° as well as the first two states of Be’ 
almost quantitatively. One reason may be that there 
are so many states for each spin in the center of the 
shell that most of the states which interact with the 
low-lying levels arise from these 1-shell configurations. 
One will, however, have to wait for the identification of 
more levels in the neighboring A=9 and 11 nuclei 
where similar conditions exist before believing such a 
reason. One point of interest in B" is the level at 4.7 
Mev, experimentally identified as probably J=1+. If 
this is correct, one would have to call upon two-nucleon 


*N. Zeldes, Phys. Rev. 90, 416 (1953). 


excitation since there are no 1+ states nearby in the 
present calculation. Low-lying states of this type would 
make the good agreement for the other states puzzling 
since one might expect sizable interactions of the kind 
which has been neglected. 


V. WAVE FUNCTIONS AND STATIC MOMENTS 


The ground-state wave functions for a/K near 5 have 
considerable mixing of the zero-order jj-configurations. 
For such a degree of mixing, analysis in terms of LS 
functions would lead to equally strong mixing, as has 
been illustrated elsewhere”® for the mass 19 nuclei. 
On the other hand, for a/K=1.5 in Be® one is still near 
LS coupling and the ground state is 92% zero-order LS- 
state, *P32. By a/K=4.5, this percentage would be 
reduced to 69%, about the same percentage as that of 
the lowest zero-order jj-state. An analysis is given for 
the ground states of Be® through C” in Table I in 
terms of jj7 wave functions. 

The magnetic dipole moments which one computes 
with the resultant ground state wave functions have a 
general tendency to give much better agreement with 
experiment in the region of intermediate coupling than 
at the extremes. This tendency has been shown pre- 
viously" by using approximate forms for the wave 
functions which include the principle configurations. 
That calculation used a two-body spin-orbit interaction 
and seemed to stay much nearer the LS-limit in ob- 
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Fic. 17. Comparison of level schemes with experiment for mass 
number 11. (a) a/K=6.0, L/K=6.8, K=0.92 Mev. (b) a/K=5.0, 
L/K=5.8, K=1.15 Mev. (c). Experiment. 
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0 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 
1 R. Schulten, Z, Naturforsch. 8a, 759 (1953). 
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taining the moments, which would not be possible for 
B" and C® in the present calculation. The special 
value of the magnetic moment calculations is that they 
provide a relatively easy way to find the region of a/K 
which should be carefully investigated for level order. 
This is because one can extract the wave function, and 
hence get the moment, without carrying out the 
diagonalization. 

The electric quadrupole moments are given in Fig. 13. 
For Be® and B" the results are the same as those of the 
Rochester group.’ The magnitudes are in rough agree- 
ment with those of experiment for (r*)~6X10-% cm’. 
In the ratio of B" to B' we may assume the nuclear 
radius factor to be about the same, which gives the 
lower right hand curve of Fig. 13. The experimental 
value” of 0.48 gives an a/K of 2.6, considerably lower 
than desired for the level scheme of B". However, a 10% 
change in the ratio would give agreement, and coopera- 
tive effects of the Bohr-Mottelson type might bring 
about sufficient changes in the electric quadrupole 
moments to remedy things without seriously affecting 
the level schemes. 


VI. DISCUSSION 
A. Central Force Integrals 


A survey of the results from comparison with experi- 
ment throughout the 1p-shell shows that while a/K 
seems to vary considerably, satisfactory results are 
obtained by holding the central interaction integrals, 
L and K, nearly constant. With L/K=6.8 and K 
between 0.9 and 1.0 Mev, one gets a reasonable set of 
fits by varying a/K. On the other hand, L/K=5.8 and 
K between 1.1 and 1.2 Mev gives equally good agree- 
ment with lower a/K values for each particular case. 
The reason for the simultaneous decrease of a/K, L/K, 
and increase of K is that lowering L/K lowers the high- 
lying states, particularly those of higher T while leaving 
the states of the ground-state partition relatively un- 
changed as discussed in Sec. III. Lowering a/K drops the 
low-lying states more than the upper ones so that the 
net result is to have a compressed energy scale com- 
pared to the original values. Then one can compensate 
for this and get back to a scheme not very much 
different from the original one by increasing K. There 
is therefore a range of parameters which provides 
essentially the same picture. 


TaBLE I, Contributions of the various zero-order jj-configura- 
tions to the final ground states. Configurations are (p4)"~*(p4)*, 
where n=number of nucleons in 1-shell. a/K=1.5 for Be®, 4.5 
for the rest. 








Nucleus 


B"(J =3) 


(p4)° 


0.654 
0.641 
0.487 
0.399 


(p34)! 


0.225 
0.052 
0 


0.250 


(4)? 


0.108 
0.274 
0.402 
0.313 


(p4)* 


0.011 
0.027 
0.072 
0.018 


(p4)* 


0.001 
0.006 
0.039 
0.021 











2H. G. Dehmelt, Z. Physik 133, 528 (1952). 
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Fic. 18. Comparison of level schemes with experiment for mass 
number 10. (a) a/K=4.75, L/K=6.8, K=0.90 Mev. (b) a/K 
=4.0, L/K=5.8, K=1.13 Mev. (c) Experiment. 


The fact that constant values for the Z- and K- 
integrals throughout the shell seem adequate means that 
no effect of nuclear size is apparent in them. Such an 
effect would manifest itself as a change in the harmonic 
oscillator parameter rp. From Fig. 1 this would mean 
a simultaneous decrease or increase in L/K and K in 
the region of values used. While the effect is not large, 
particularly for K, there is no evidence that such varia- 
tion is desirable as regards agreement with experiment. 


B. Spin-Orbit Strength 


The relative spin-orbit strength parameter, a/K, 
does change as one fills the 1p-shell as was evident in 
the work of Inglis,’ Lane, and others who found 
a/K~2 near the beginning of the shell and a/K~5 
near the end. This effect is due primarily to a, for the 
cases of a single particle or hole in the shell where 
the 7=/+-1/2 and j=/—1/2 are split only by the spin- 
orbit interaction give a~2 Mev for A=5 and a=4.2 
Mev for A=15. 

The results of the present calculation seem to indicate 
that the change in a@/K as one crosses the shell is not 
smooth. From Li® to Be® a slow increase in a/K from 
1 to 2 seems satisfactory, while from B" to N™ values 
near 5 seem desirable. The change may not be so 
abrupt if experiment shows that a/K nearer 3 fits Be® 
despite the magnetic moment, since B" can be stretched 
to a/K=4., 

However, it is interesting to speculate about the 
explanation of the abrupt change between A=9 and 
A=10 if it turns out to be real. There is also an abrupt 
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Fic. 19. Ratio of nuclear 
radius at mass number A 
to nuclear radius at mass 
number 7. Radii are com- 
puted from the Coulomb 
energy difference assuming 
a simple charged sphere 
model. 








change at this point when one plots the nuclear radius 
determined by the Coulomb energy difference of mirror 
isobars, and it is tempting to relate these phenomena. 
The Coulomb energy differences have been calculated 
with the independent-particle model,!* but the results 
are not seriously different from those obtained by using 
the simple picture of a uniformly charged sphere.” The 
difference in binding energy for spherical charge distri- 
butions of radius R is 


Bz—Bay:=1.2Ze/R. (4) 


Using the experimental binding energy differences from 
(p,m) thresholds and beta decays taken from Ajzenberg 
and Lauritsen,® one can apply (4) to obtain the ratios 
of radii at mass number A to the radius at mass 
number 7 in Fig. 19. An independent-particle calcula- 
tion gives a somewhat smoother curve, but the same 
size of jump from A=9 to A= 10. 

The correlation with the behavior of a/K as a func- 
tion of mass number can be seen in the following 
qualitative way. Lane and Elliott have shown that 
with a two-body spin-orbit force of the form 


{ (o1+@2)-[(t1— r2)X (pi— pz) } V (712), (S) 


one can obtain the fact that the splitting of 1p3;2—1p1/2 
changes from about 3 Mev for a single 1p nucleon in 
the shell to 6.3 Mev for a single 1p hole. They state 
further that the effect of the two-body force as the 1p 
shell is filled is to give an effective single-body force, 
a(I-s), with a increasing steadily. The modifications of 
this steady increase by changing nuclear size according 
to Fig. 19 are the following. The fact that the nucleus 
gets bigger from A=7 to A=9 would counteract the 
steady increase of a brought about by adding more 
nucleons because the average separation of the nucleons 
would be bigger. Then at A=10 there is a sudden 
decrease in nuclear size, so one would expect a large 
increase in a from the value at A=9. From A =10 to 15 
there is a more gradual increase in nuclear size and 
therefore a tendency to lower the slope of the original 
steady increase in a. 

See, for example, J. Blatt and V. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 


p. 216 ff. 
4 A.M. Lane and J. P. Elliott, Phys. Rev. 96, 1160 (1954). 


KURATH 


The qualitative behavior agrees with what one derives 
from the magnetic moments and level schemes of the 
present calculation. In order to get a quantitative idea 
of the dependence of a on nuclear radius, R, one can 
see what power of R is needed to give the discontinuity 
between A=9 and 10. The ratio of a/K for A=10 to 
a/K for A=9 is about 2.0 to 2.5. If one neglects the 
relatively slight change in the integral K, the fact that 
the ratio of nuclear radii is about 1.2 means that 


a(R)« R~+ to R-. (6) 


This is a higher inverse power of R than that gotten 
by Lane and Elliott, but not unreasonable from another 
point of view. If one starts with the Hamiltonian for 
particles in a potential well, V(r), one can show that 
for orbital angular momentum, /, not equal to zero, 
the expectation value of dV /dr is given by 


(dV /dr)= (h?/m)I(I+-1)(r>). (7) 


The only necessary condition for obtaining this result 
is that the radial part of the individual particle wave 
function, R,:(r), is a continuous function which vanishes 
at the origin. Therefore, if a(R) has the form of the 
Thomas precession term, (1/r)(dV/dr), the dependence 
given by Eq. (6) is not unreasonable. 


VII. CONCLUSIONS 


There is then the possibility that the variation of 
spin-orbit strength with mass number is strongly 
affected by nuclear size as well as by the number of 
nucleons in the shell. However, the fact that at the 
same time the central force integrals require no size 
dependence is disturbing. There will have to be more 
theoretical work and correlation with experiment before 
this picture is cleared up. 

The over-all picture for the 1-shell shows that the 
intermediate coupling model gives considerable im- 
provement over the models of extremely weak or strong 
spin-orbit coupling. One can even begin to make 
quantitative comparisons with experiment using what 
is conceptually a very simple model. While the agree- 
ment with the complicated B' nucleus is very en- 
couraging, one will have to wait for more experimental 
identifications in the neighboring Be® and B" nuclei to 
test the model further. Other information which can 
throw more light on the a/K dependence is also de- 
sirable. For this reason computation of some gamma 
transition probabilities is being planned, particularly 
for the many M1 transitions that have been observed. 
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The excitation functions for the production of some of the nuclei formed by alpha-particle bombardment 
of copper and silver have been measured for alpha energies up to 40 Mev. Comparison of these data with 
theoretical predictions based on (a) the assumption of relatively large radius constants (ro=1.5 for Zn, 
ro= 1.65 for Cd) and (b) an energy-dependent odd-odd to even-even level density ratio allows two conclu- 
sions: (1) (a,pm) cross sections are in good agreement with predictions based on the statistical theory. This 
lends some support to the proposal that the large (p,p), (p,pm), (n,p) etc., cross sections recently reported 
are primarily due to direct interactions. (2) With an energy level density w= C exp2(a£E)}, calculations based 
on the values of a deduced from inelastic scattering experiments do not fit the experimental curves; a derived 
from measured level spacing agrees with the copper, but not with the silver data. The best fit for the silver 
gives a~2. This result, similar to that obtained by the analysis of other experimental data, suggests that 
there is a considerable excess of high-energy evaporated particles. 





I. INTRODUCTION 


URING the last several years, a growing number 

of experiments'’ have thrown doubt on the 
validity of some of the assumptions and models on which 
the statistical theory of nuclear reactions® is based, in 
contrast to fairly extensive earlier evidence in detailed 
as well as general agreement with its predictions." 
The basic assumption that nuclear reactions can be 
interpreted in terms of the statistically independent 
formation and decay of a compound state, implying 
strong interactions, has been limited to a fairly small 
energy range by the successful description of both low- 
and high-energy reactions with weak and intermediate 
interaction theories." The calculation of the cross 
sections for the formation of this compound nucleus” 
further assumes a sharply defined nuclear surface, 
which, in the light of some recent evidence," may not be 
a sufficiently realistic approximation. Finally, calcula- 
tion of the nuclear energy level density w by the formula, 
derived by Weisskopf and Ewing on the basis of a 
Fermi gas model, 


w=C exp[ 2(aE)!], (1) 


where £ is the excitation energy and C and a are ad- 
justable parameters, leads to considerable disagreement 
between the values of these parameters derived from 
different experiments. In particular, slow neutron reso- 


* Now at Armour Research Foundation, Technology Center, 
Chicago, Illinois. 

10, Hirzel and H. Waffler, Helv. Phys. Acta 20, 373 (1947). 

2 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 618 (1952). 

3 P. C. Gugelot, Phys. Rev. 93, 425 (1954). 

4R. M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 

5 FE. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

*V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 

7S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 

8 Nabholz, Stoll and Waffler, Phys. Rev. 86, 1043 (1952). 

9M. E. Toms and W. E. Stephens, Phys. Rev. 95, 1209 (1954). 

” Brolley, Fowler, and Schlacks, Phys. Rev. 88, 618 (1952). 

4 Feshbach, Porter, and Weisskopf, Phys Rev. 96, 448 (1954). 

12 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

8 Feshbach, Shapiro, and Weisskopf, Nuclear Development 
Associates Report NYO-3077, 1953 (unpublished). 

4 W. Heckrotte, Phys. Rev. 95, 1279 (1954); K. W. Ford and 
D. L. Hill, Phys. Rev. 94, 1617 (1954). 


nance measurements of level spacing'® yield values of a 
strongly dependent on A; energy spectra of emitted 
particles yield values of a which are much less dependent 
on mass, as well as considerably larger than the above- 
mentioned, and excitation function measurements":! 
seem to imply much smaller values of this parameter. 
While the data on emission spectra, such as the inelastic 
proton and neutron scattering,*~* are fairly extensive, 
not many excitation functions which allow an unambig- 
uous interpretation in terms of level density have been 
published. 

The best of the latter are the (a,) and (a,2m) cross 
sections of Ag’ measured by Bleuler e¢ al.!* who derived 
a value of a= 2.4, assuming that the level density of the 
intermediate nucleus was as given by Eq. (1), and that 
charged particle emission was negligible at this Coulomb 
barrier; this value of @ is at variance with a=6.5 sug- 
gested by Feld ef al.!® and a=8 to 10 from inelastic 
scattering data of Gugelot,’ for silver. Now many recent 
experiments, such as the (n,pm) cross sections measured 
by Paul and Clarke,’ show that charged particle emis- 
sion, even for high Coulomb barriers, is in fact not 
negligible, at least for proton and neutron bombard- 
ment. A strong (a,pm) reaction would compete with the 
(a,2m) reaction in such a way as to make it increase 
more slowly with excitation energy than in the case of a 
negligible (a,pm) cross section. To ascertain whether 
this could account for the low value of @ found by 
Bleuler ef al. was one of the purposes of the present 
measurements of the (a,pm) and (a,2m) excitation func- 
tions of Ag’’. It may be pointed out that there is an- 
other rather obvious explanation of the discrepancy be- 
tween the Bleuler e a/. and Gugelot values of a, which 
rests on the fact that the intermediate nucleus mainly 
concerned in the excitation function measurement, 
In", is odd-odd and may have quite a different level 
density from that of the odd-even residual nuclei con- 


16 Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, U. S. 
Atomic Energy Commission Technical Report, NYO-636, 1951 
(unpublished). 

16 Bleuler, Stebbins, and Tendam, Phys. Rev. 90, 460 (1953). 
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cerned in inelastic scattering If the odd-odd levels of 
In" (about which for obvious reasons no information is 
available from slow neutron resonances) were relatively 
denser near the ground state, the emission spectrum 
would be distorted in favor of high emission energies, 
so that, as shown in Part IV of this paper, low values of 
a would result from the erroneous assumption of a 
Maxwellian emission spectrum. Some of the excitation 
functions of copper, in which the intermediate nuclei are 
also odd-odd, were therefore measured as a means of 
comparison. 


Il. EXPERIMENTAL METHODS 


Sources were activated in the external beam of the 
60-inch cyclotron, using the well-known stacked-foil 
technique. In order to obtain a reasonable counting rate 
for the long half-life activities, extreme monochroma- 
tization in the cyclotron fringing field, by successive 
narrow collimating slits, was dispensed with, and the 
beam was collimated only enough to obtain currents not 
less than about 1 wa. The silver and copper target foils 
were rolled down from 1-mil sheets to about 6 to 10 
mg/cm? thickness for energies above 15 Mev; for lower 
energies, 3 mg/cm? foils were prepared by evaporation. 
The beam, after collimation by carbon blocks, passed 
into a target chamber with water cooled walls, through 
the target stack, and then through 5 cm of dry air at 
adjustable pressures and through an exit foil. An ab- 
sorber wheel and Faraday cup were bolted to the target 
chamber and connected with the tank vacuum. The 
beam energy could thus be measured continuously 
during the bombardment, the foil wheel providing 
coarse, and the variable air absorber fine readings. 
Faraday cup and foil wheel currents were read contin- 
uously with 100% feedback electrometers and recording 
voltmeters. Since there was generally about twice the 
theoretical straggling, the activity induced in each foil 
was corrected for the energy spectrum of the beam by 
a method similar to that given by Blaser et a/.'"; these 
corrections were important only near the threshold of 
a given reaction. 

The Q-values of the different reactions were obtained 
by starting with all available measured masses, reaction 
thresholds, and decay data'*-* in the vicinity of silver 
and copper, respectively, and plotting neutron and 
proton separation energies against A for each value of 
Z. Then, taking into account the quoted errors and 
reliability of the data, successive geometric approxima- 
tions were made in such a way that reasonably straight 
lines were obtained, connecting the even-mass neutron 
separatione nergies, the odd-mass neutron separation 


17 Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. Acta 24, 
441 (1951). 

18 Collins, Johnson and Nier, Phys. Rev. 86, 408 (1952); Phys. 
Rev. 94, 398 (1954); R. E. Halsted, Phys. Rev. 88, 666 (1952). 
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of California Radiation Laboratory Report, UCRL-1928, 1952 
[Revs. Modern Phys. 25, 469 (1953)]. 
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energies, and the proton separation energies. As an 
example of how this method works, the described 
correlations lead one to disregard a 2-Mev positron 
component ascribed to In! * and hence give a threshold 
of 16.4+0.3 Mev for the Ag’ (a,2n)In™ reaction, while 
a direct calculation would yield a threshold about 0.5 
Mev higher. Some of the calculated thresholds, in the 
center-of-mass system, are given in Table I. 


Ill. RESULTS 
(a) Copper Cross Sections 


Stacks of about 20 copper foils were activated as 
described above, and then counted with a Geiger tube in 
calibrated geometry. In order to discriminate between 
9.8-hr Ga® and 13-hr Cu, a series of counts was taken 
with 1.7 g Al absorber, which transmitted only the 4.14- 
Mev positrons of Ga%; the difference between the 
“bare” counts and the absorber counts, corrected for 
partial absorption of the Ga® activity, was ascribed to 
Cu™. As a check, the e~/e* ratio of some foils was 
measured in a trochoidal spectrometer.*' Cross sections 
for Cu®(a,n)Ga®, Cu®(a,n)Cu®, and Cu®(a,3n)Ga*® 
were then calculated from a graphical analysis of these 
data for each foil, recent decay schemes of Ga®* * and 
Cu™,” isotopic composition of copper,” foil weight, 
bombardment current and the geometrical factor; the 
usual corrections for source self-absorption and back 
scattering, Geiger tube dead-time, and decay during the 
bombardment were applied, and long-lived background, 
chiefly due to Ga*®’, was subtracted graphically. Be- 
cause of somewhat incomplete information about the 
68-min Ga® activity, the scale for the Cu®(a,n)Ga® 
cross section was found only approximately, by the same 
method. 

To obtain the absolute cross section for the 
Cu®(a,2m)Ga® reaction, a delay-coincidence count was 
taken, for several of the sources, using pulse-height 
selection in each channel. The delayed channel accepted 
only the 300-kev photons, present in 13.9% of all Ga®’ 
decays,* which connect the 0.39-Mev level of Zn*’ 
to the 10-microsecond 92-kev isomeric level; the other 
channel was set to accept the 92-kev photons by which 
the isomeric level decays to the ground state. This 
measurement discriminated against 60-hr Cu®’ which 
decays into the 92-kev isomeric level but not into the 


TABLE I. Calculated reaction thresholds in Mev; center of mass. 








(a,2n) 


16.85 
14.06 


(a,3n) 


28.79 
25.19 


(a,pn) 


12.87 
12.25 


(a,n) 
1.71 7.65 
2.10 5.78 


3.4 8. 
3.2 6. 


(a,p) 





Cu® 
Cu® 


A gi? 
A gi 


16.4 
14.3 


26.4 
24.2 


1 12.9 
7 12.3 








*1B. Craseman, thesis, University of California, 1953 [Rev. 
Sci. Instr. 24, 470 (1953) ]. 
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390-kev level™; allowance was also made for contamina- 
tion of the 92-kev channel by the unresolved 90-kev 
photons occurring in 3.5% of Ga®’ decays. The error of 
this determination was estimated to be about 25%. 
Absorption curves indicated that Cu®’ could account for 
at most 5% of the total activity in the vicinity of the 
(a,2n) peak. In view of the double penetration of the 
Coulomb barrier involved in the Cu®(a,pp)Cu® re- 
action, this result was not unexpected. 

The 250-day Zn® activity, consisting of the product 
of the (a,pn) reaction on Cu® and the daughter of 
5-min Ga® produced by Cu™(a,2n)Ga®, was measured 
with a crystal counter and pulse-height selector, with a 
narrow channel centered on the 1.1-Mev line of the 
Zn® decay in order to reduce the background. Geometry 
and crystal efficiency were determined by comparison of 
the Zn® spectrum with the spectrum of a standard Co 
source of the same size as the copper foils; relative con- 
tribution to the photopeak was taken from the curves 
of Maeder and Wintersteiger.”* 

These various excitation functions are shown in Fig. 
1. The dark and light arrows on the abcissa are the 
calculated thresholds for the cross sections indicated 
just above the arrows, of Cu® and Cu®, respectively. 


(b) Silver Cross Sections 


The excitation functions for Ag'(a,n)In'™ and 
Ag'™(a,2n)In™ have been measured absolutely by 
Bleuler e¢ al.'® up to 18-Mev bombardment energy. 
Earlier measurements on a relative scale of excitation 
functions for the production of 1-hr, 5-hr, and 2.8-day 
activities by Ghoshal”* were interpreted by Bleuler e¢ al.?’ 
as follows: 1-hr activity—In'” and In"; 5-hr activity— 
In and In™™; 2.8-day activity—In™. 

In order to distinguish, in the present measurements, 
between 4.3-hr In! and 4.9-hr In'™, the decay of ten 
foils selected from an a-irradiated stack was followed for 
several weeks in the vicinity of strongly converted lines 
associated with these activities, as well as the lines of 
In™ and Cd’, on a beta-ray spectrometer. The foil 
sources were mounted on a rapid source changing device 
designed by Temmer**; the spectrometer was that de- 
scribed by Hayward.?* Two bombardments were made, 
yielding relative excitation functions for Ag'”(a,n)In¥™, 
Ag!" (a,2n)In', CAg! (a,2n)In!+ Ag"? (a, pn) Cd), 
Ag (a,3m)In'" and Ag'(a,2)In™. The 1-hr In™ 
activity was followed only for a few foils above 25 Mev; 
comparison to the relative In'™ excitation function 
gave a ratio of isomeric to ground level production of 
about 3.4 to 1 near 28 Mev. A scale was put on the cross 
section for In"°™ production by integrating the areas 

*H. T. Easterday, Phys. Rev. 91, 653 (1953). 

*5 Maeder, Miiller, and Wintersteiger, Helv. Phys. Acta 27, 
3-44 (1954). 

26S. A. Ghoshal, Phys. Rev. 73, 417 (1948). 

27 Bleuler, Blue, Chowdary, Johnson, and Tendam, Phys. Rev. 
90, 464 (1953). 

28G. Temmer, Phys. Rev. 76, 424 (1949); R. W. Hayward, 
thesis, University of California, Berkeley, 1949 (unpublished). 
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Fic. 1. Copper excitation functions. The dark and light arrows 
on the abcissa give the calculated thresholds for reactions indicated 
above the arrows, for Cu® and Cu®, respectively. 


under the 661-kev In" line and the 247-kev In'" line, 
correcting for source absorption and scattering, Geiger 
window absorption, resolution and decay during the 
bombardment, and using the absolute Ag! (a,2m)In'"! 
cross section found by Bleuler ef a/.'* to find the geo- 
metrical factor of the spectrometer. The excitation 
function for the production of 1-hr activity found by 
Ghoshal** was used to obtain, somewhat ambiguously, 
the total (a,n) cross section for Ag’: subtraction of 
the In component gave a relative cross section 
for 66-min In" production, this cross section was 
then scaled by 1:3.4 to the In" ™ cross section at 27 
Mev, and the two were added. This is shown in Fig. 
2(a). It may be noted that the In" cross section 
increases steadily relative to the In" cross section, in 
agreement with the assignment of a higher spin to the 
isomeric level.?” 

In order to observe the region near the threshold of 
the (a,2m) and (a,pm) reactions and look, especially, for 
deu*eron emission, the Cd’ activities induced in a foil 
stack which covered bombarding energies from 10 to 25 
Mev were followed with a thin-window Geiger counter 
and a Nal(TI) crystal counter; the long-lived Cd'® 
residue was counted with a crystal and a pulse-height 
selector set, for purposes of reducing background count, 
to accept only the Ag K x-rays following either the 
K-capture of Cd’ or the K-conversion of the 87-kev 
transition of the 40-sec isomer of Ag’. Graphical 
analysis of the decay in each foil then gave excitation 
functions for Ag'(a,2n)In" and for Ag’ (a,2n)In'!®—> 
Cd'®+ Ag" (a,pn)Cd'™ ; straggling corrections were ap- 
plied as described in the previous section. A residual 
In"! activity, several Mev below the Ag('(a,2)In'™ 
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Fic. 2. (a) Excitation functions for the production of In™, 
In’, and In™. The excitation function for the production of 
In” was taken from reference 26, corrected for estimated ad- 
mixture of In“* and provided with a scale as explained in the text. 
The total (@,n) cross section of Ag’ and (a,3m) cross section of 
Ag, shown as broken lines, were obtained by adding In” and 
In™™ curves and extrapolating to the (a,3m) threshold of Ag™. 
Calculated (a,2m) and (a,3n) thresholds of Ag™ are shown by 
arrows on the abcissa. (b) Excitation functions for the production 
of In™ and Cd™. Arrows on the abcissa indicate the (a,pn) and 
(a,2m) thresholds of Ag”. 


threshold, of a few tenths of a millibarn, was ascribed 
to the Ag"*’(a,y)In™ reaction ; absence of any detectable 
activity below the Ag"’(a,pn)Cd™ threshold allowed 
the tentative conclusion that the (e,d) reaction is 
negligible. Two bombardments were made for this 
determination and yielded the same result. The 
Ag" (a,2n)In"™ excitation function obtained from these 
runs and from the spectrometer runs is also shown in 
Fig. 2(a). 

The absolute value of the sum of (a,2m) and (a,pn) 
cross sections of Ag"? was determined by coincidence 
and absorption-coincidence counting of the K-conver- 
sion electrons and K x-rays from the 40-sec isomeric 
level of Ag’ which follows Cd’ decay. Values of the 
fluorescent yield,” (L+M)/K conversion ratio, L/K 
capture ratio and K-conversion coefficient® were taken 


* C. E. Roos, Phys. Rev. 93, 405 (1954). 
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from the literature. The K-conversion coefficient has 
been measured as 11 by Siegbahn, 6 by Huber e¢ al.” 
and calculated, for an £3 transition, as about 11 by 
Goldhaber and Sunyar.*® The Cd photon spectrum was 
measured with different NaI(Tl) crystals and pulse- 
height analyzers; from the ratio of the areas under the 
87-kev gamma and 22-kev x-ray peaks, measured ab- 
sorption of these radiations in the known thickness of 
aluminum covering the crystal, and the above men- 
tioned L/K capture, (L+M)/K conversion and fluo- 
rescent yield data, a value of ax=5.9+1.0 was cal- 
culated, in agreement with Huber ef al.” Finally, 
several foils were subjected to a short bombardment, the 
In and Cd activities separated by a fast, quantitative 
chemical technique due to Hicks ef al.,*' and counted 
after allowing the In’ of the In fraction to decay com- 
pletely to Cd. The o(a,pn)/o(a,2n) ratio calculated 
from these data, together with the absolute cross section 
for Cd’ production, provided a scale for the relative 
(a;2n) cross section found previously; the (a,pm) cross 
section was then obtained by subtraction. The different 
excitation functions for the production of Cd'™ are 
shown in Fig. 2(b). 


IV. DISCUSSION 


Excitation functions allow two theoretical inferences: 
the sum of all the important reactions of a given nu- 
cleus may be compared with the capture cross section, 
calculated by continuum theory; and the shape of cross 
sections compared to calculations on the basis of 
statistical evaporation theory. 

The former type of comparison is illustrated in Fig. 3, 
for the reactions of Ag'’’. The sum of the (a,m), (a,2n) 
and (a,pm) cross sections is seen to exceed the theoretical 
capture cross section for r>=1.5, shown as a broken 
line and asymptotically corresponds to a radius constant 
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Fic. 3. Comparison of the sum of Ag’ cross sections 
with the theoretical capture cross section. A=Ag"’(a,n)In™; 
a=Ag"’(a,n)In™"; +=total (a,) cross section; © =(a,2n) 
+(a,pn) cross section; (1 =sum of all cross sections= measured 
capture cross section. The theoretical capture cross section for 
ro= 1.5X 10 cm has been drawn as a broken line. 
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of about 1.65X10-" cm. A similar analysis of the sums 
of the Cu® and Cu® reactions, respectively, yields 
radius constants near 1.5X10-" cm. Such large radius 
constants have been found in many recent determina- 
tions of nuclear size by means of reactions.'*.*? It may 
be pointed out that a comparison of the sum of measured 
reaction cross sections to the continuum-theory capture 
cross section for a certain radius is not unambiguous if 
the measured cross sections are only in part due to 
compound nuclear processes, and in part to other mech- 
anisms. For alpha-particle reactions, any such mech- 
anisms may perhaps be discounted as unimportant in 
comparison to compound nucleus formation; the the- 
oretical capture cross section corresponding to the sum 
of measured cross sections then measures the nuclear 
radius substantially correctly—within the approxima- 
tion of the hard-sphere model assumed in the theory. 
This justifies the calculation of charged-particle trans- 
mission factors on the basis of large radius constants, 
in the following section. 

The comparison of some of the cross sections with 
statistical evaporation theory is shown in Figs. 4(a) to 
4(d) ; relative emission probabilities predicted by evap- 
oration theory have been plotted as broken lines, and 
the experimental cross sections, divided by the capture 
cross sections so as to represent experimental emission 
probabilities, as solid lines. Theoretical relative emission 
probabilities were calculated on the basis of the follow- 
ing: (a) Nuclear barrier transmission was taken from 
tables® with r>=1.65X10-" cm for In and Cd and 
ro=1.5X10-" cm for Ga and Zn, assuming that the 
transmission is independent of excitation energy. (b) 
Only neutrons, protons, and alpha particles were con- 
sidered in competition for emission from Ga intermedi- 
ate nuclei, and only neutrons and protons for In; 
following proton emission, only neutrons were con- 
sidered to be emitted. (c) The emission probabilities to 
an odd-odd and even-even residual nucleus were ap- 
proximated by the device of intergrating to a limit 
(€a—T;+6) and (€.—7;—6) respectively, where €q is 
the bombarding energy, 7; the threshold for emission 
of particle i calculated by the method described in Sec. 
II, and 6=33.5/A!. This amounts to counting odd-odd 
and even-even level densities from a “reference level” 
below or above the ground level, respectively, following 
a suggestion of Meadows® based on an argument of 
Bethe and Hurwitz.* For excitations below 25 Mev, the 
result is roughly the same as when a ratio woo/wee=4 is 
assumed throughout. (d) De-excitation by photon emis- 
sion was allowed for by shifting the threshold for 
secondary proton emission upward, 1 Mev for Ga and 
2 Mev for In. This considers that if the evaporation of 
a neutron leaves an intermediate In nucleus, for in- 
stance, with an energy less than 2-Mev larger than the 


% Millburn, Birnbaum, Crandell, and Schecter, Phys. Rev. 95, 
1268 (1954). 

3% J. W. Meadows, Phys. Rev. 91, 885 (1953). 

* H, Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
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Fic. 4. Theoretical and experimental relative emission probabil- 
ities. Solid lines: measured cross sections for the reactions indi- 
cated by the labels, divided by the sum of measured cross sections. 
Broken lines are calculated relative emission probabilities R. In 
Fig. 4(a), the sequence of emission is as indicated by the labels, 
e.g., R(pn)=proton followed by neutron, etc. The theoretical 
curves were calculated on the basis a=2.2 for Cu; for Ag, curves 
for different values of a are shown. [a is defined by Eq. (1).] 


separation energy of a secondary proton, the radiation 
width will be larger than the proton emission width, as 
a result of the Coulomb barrier. (Neutron emission 
widths exceed radiation widths within 100 kev above the 
neutron emission threshold.) 

Under these conditions, theoretical proton emission 
cross sections are of the same order as the experimental 
ones, as may be seen from Figs. 4(a) and 4(d). This 
agreement, in view of the strong dependence of the cal- 
culations on some of the assumptions enumerated above, 
is not claimed to be very meaningful; it merely shows 
that such theoretical predictions are not necessarily in 
disagreement with experiment. On the other hand, the 
logarithmic derivatives of two-particle emission proba- 
bilities with respect to bombardment energy may be 
shown by differentiation to be fairly insensitive to the 
foregoing assumptions, and roughly proportional to a 
[this last is seen to be the case in Fig. 4(c)]. Thus, 
conclusions drawn from comparisons of theoretical and 
experimental emission probabilities are relatively more 
meaningful than absolute cross-section comparisons. 
The most obvious inference of this sort is that the cop- 
per measurements are fairly well reproduced by cal- 





230 


culations based on a=2.2, as recommended by Feld 
et al.,® while silver measurements match badly with 
a=6.5 theoretical curves,'® and even worse with a~8* 
curves, but can be reproduced by the choice a~ 2. This 
compares with the value of Bleuler ef al. of a= 2.4, for 
Ag’, where the (a,pm) cross section was assumed 
negligible; the inclusion of the latter reaction in the 
present measurements [Fig. 4(c) ] thus shows that this 
neglect cannot account for the low value of a. In fact, 
analogous comparisons between theory and two other 
published (a,2m) cross sections, those of indium** and 
bismuth,* also yield values of a of about 2, the latter 
in even stronger disagreement with Feld et al. (a=12 
for Bi). 

In attempting to interpret this result, the suggestion 
that the excitation functions actually measure Max- 
wellian level densities with a~2 encounters the diffi- 
culty that such a value, inserted in Weisskopf’s' expres- 
sion for the lifetime of the compound nucleus, yields a 
life r~10-™ sec at about 20-Mev excitation, contrary 
to the Bohr assumption 7>>10~™ sec. Evidently then, 
there is an excess of high-energy emitted particles, 
which is not significant for copper but increases with A 
in such a way that the rise of (a,2m) cross sections can 
be matched anywhere by assuming a statistical distribu- 
tion of emitted particles with unreasonably low param- 
eters a. As a possible cause for high-energy emission, 
direct interactions at the nuclear surface** are not, as 
already discussed, as plausible in the present situation 
as with neutron or proton initiated reactions. A review 
of the assumptions embodied in the calculations enu- 
merated above may thus be profitable. 

According to Hill and Wheeler,*’ the assumption (a) 
that the nuclear barrier transmission is independent of 
excitation energy may not be valid. An increase of 
transmission with excitation would, however, tend to 
increase the emission of low-energy particles, and hence 
make (a,2m) excitation functions rise even more steeply. 
Modification of assumption (b) in favor of including the 
emission of charged particles other than protons in the 
case of In and Cd compound and intermediate nuclei 
would change the results only negligibly, as is evident 
from the fact that the value of a is not increased by in- 
cluding proton emission in comparison with pure neu- 
tron emission calculations. A special energy level dis- 


%5 E. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 
%* Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
37D, L. Hill, and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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tribution for odd-odd species, rather than that assumed 
in (c), is not plausible in view of the adequacy of (c) for 
interpreting the copper reactions; for the same reason, 
the reference level formula of Beard** does not look very 
promising. Assumption (d) is based on the best esti- 
mates of radiation widths® and on measured neutron 
emission widths; thus a stronger competition of photon 
with neutron emission, while capable of accounting for 
the slow increase of (a,2m) excitation functions, would 
be in disagreement with other experience. It thus ap- 
pears that the most straightforward explanation would 
be that surface interactions are important even with 
alpha particles, or else that the strong interactions 
compound nucleus picture is not quite adequate as a 
description of nuclear reactions, especially for heavy 
nuclei. In a literal and probably unduly naive interpre- 
tation of weakened interactions or longer mean free 
paths, the first nucleon struck by the entering alpha 
particle would have enough time to escape before the 
alpha particle could distribute its remaining energy, so 
that the residual nucleus would be fairly near the ground 
state. One would expect the chance for such a process 
to depend, very roughly, on the number of nucleons 
within a mean free path of the surface, and thus to 
increase with some power of A. This sort of trivial 
picture does not, of course, provide anything like an 
explanation for the present observations. A more 
quantitative treatment would have to take into account 
the results of other experiments, such as, for instance, 
the fact that the angular distribution of neutrons from 
(a,m) reactions can be approximately reproduced with 
statistical theory.” The energy spectra of particles 
emitted from nuclei of different masses by alpha ex- 
citation and inelastic alpha scattering are at present 
still mostly unexplored, so that a comprehensive theory 
must, perhaps, await the collection of more data. 
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Measurements in some detail have been made on carbon and beryllium, and a few measurements on 
other elements. On the Born approximation, the results can be analyzed to give the momentum distribution 
of the picked-up neutron, and consequently some information about its wave function. The probable validity 
of this approximation at 100 Mev is examined, and seems reasonably good. The experimental results for 
carbon and for the pickup of a “tightly-bound” neutron from beryllium show strong high-momentum 
components indicating that the nuclear wave function is not strictly of independent-particle nature but 
that strong two-body interactions are operative inside the nucleus. There is also some indication of 


alpha-particle substructure in C and Be. 





INTRODUCTION 


NE method of investigating the internal structure 

of the nucleus is by elastic or inelastic scattering 
of high-energy particles for which the nucleus may be 
treated as rather transparent. Elastic scattering in this 
case gives information essentially on the density 
distribution in the nucleus averaged over all the consti- 
tuent nucleons. Inelastic scattering, unlike elastic 
scattering, involves transitions between different nuclear 
states. If the nuclear wave function can be meaningfully 
approximated by a product form involving single- 
nucleon wave functions, then in inelastic scattering we 
may hope to obtain information on the corresponding 
single-nucleon states in the nucleus. As an analog in 
this case, one can observe how inelastic processes 
involving atomic electrons—e.g., the photoelectric 
effect—give information essentially on “individual” 
electronic states—for example on their energies. One 
might expect that in inelastic scattering the nucleus 
might show some aspects of independent-particle 
behavior in view of the rather high degree of success 
of the shell model and of the optical model, in which a 
nucleon is pictured as interacting with the rest of the 
nucleus as with a smooth potential well, imagined as 
representing an averaged effect of the actual interac- 
tions. It has been generally somewhat puzzling to see 
how well the predictions of such a model agree with 
experiment; it has in particular been unclear whether 
a smooth effective potential well could be reconciled 
with the very strong short-range forces known (from 
high-energy scattering experiments) to exist in the 
two-body interactions. One possible explanation would 
be that inside a complex nucleus—i.e., in dense nuclear 
matter—the nuclear forces are substantially different 
than in the case of two isolated nucleons. A more 
generally believed explanation has been one which 
invokes the exclusion principle to inhibit “collisions” 
inside the nucleus; to precisely obtain the detailed 
quantitative effects of this inhibition requires an 
essentially correct treatment of the many-particle 
nuclear problem. Just recently some progress in this 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 


direction appears to have been made by Watson, 
Brueckner, and collaborators, whose results indicate 
that independent-particle models may be quite success- 
ful even though the correct wave function includes 
strong correlation effects.' 

One would like to determine, if possible, whether the 
detailed behavior of a nucleon inside a complex nucleus 
is very closely that given on an independent-particle 
model, or whether instead it shows the effects of strong 
local interactions. As remarked above, one means of 
investigating this matter is inelastic scattering. Another 
type of inelastic process which may be used for this 
purpose and with which this report is concerned, is the 
“pick-up deuteron” reaction, first observed at high 
energies by York.’ It has been found that in the (p,d) 
reaction at about 100-Mev discrete energy states show 
up clearly in the energy spectrum of deuterons produced 
—energy states corresponding to low-lying states of 
the residual nucleus.* On the independent-particle 
model, and on the impules approximation,‘ the analogy 
mentioned above with the atomic photoelectric process 
may be applied. The “snatching” of a nucleon from a 
particular energy state will then leave a “hole” and a 
corresponding state of the residual nucleus. The 
difference between the deuteron energy and the 
incident proton energy gives the energy level of the 
target nucleon, and the angular distribution of deuterons 
of a given energy group gives information on the 
momentum distribution associated with that particular 
state—see Fig. 1. If some interaction is present among 
the nucleons in the target nucleus, then the snatching 
of a given nucleon may leave the residual nucleus in 
one of two or more states, rather than in a unique state 
—this with relative probabilities described by the 
fractional parentage coefficients.° 

This report describes pick-up deuteron measurements 
made with about 3-Mev resolution—measurements 
made in some detail on carbon and beryllium, and a 
few measurements on several other elements. The 

1 See Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955). 

2 J. Hadley and H. York, Phys. Rev. 80, 345 (1950). 

3 W. Selove, Phys. Rev. 92, 1328 (1953). 


4G. F. Chew, Phys. Rev. 80, 196 (1950). 
5 A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 (1955). 
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Fic. 1. Momentum diagram of the 
(p,d) reaction. A proton comes in with 
momentum hk, a deuteron goes out 
with momentum AK at angle @. (Mass 
of target nucleus considered infinite.) 
The momentum difference A(K—k) 
=hm is supplied by the picked-up 


neutron. ° 


program is continuing, but it seems worthwhile to 
report the results found so far, which indicate that the 
nuclear wave function (at least, for carbon) is not 
strictly of independent-particle nature, but that strong 
local two-body interactions are operative even inside 
the nucleus. 


APPARATUS AND MEASUREMENTS 


A sketch of the experimental arrangement is shown 
in Fig. 2. Particles were detected in an 8-counter 
scintillator telescope, and identified by simultaneous 
measurement of range and specific ionization; this is 
described further, below. Measurements were made in 
four range intervals simultaneously, each of range 
increment about 0.125 g/cm? of scintillator plastic, 
corresponding to about 1 Mev for 95-Mev protons, 
about 2 Mev for 75-Mev deuterons. The angles @ of 
the detector and ¢ of the scatterer, the absorber 
thickness, and the scatterer in-out switching were 
controlled remotely. The external beam had an energy 
width of the order of 2 Mev as measured with the tele- 
scope. The energy was determined primarily by the 
field strength in the auxiliary magnet and by the 
accompanying slit system—this magnetic field was 
continuously monitored with a proton-resonance mag- 
netometer, and the energy of the beam was also 
frequently measured with the telescope; the energy 
remained constant within a fraction of one Mev over 
periods of days. The beam as normally used had a 
width of about ? inch and a height of about 1} inch at 
the scatterer, and an intensity of about 10~-” ampere. 
The monitor used was an ion chamber, calibrated by 
a Faraday cup; the calibration was found to be very 
stable. 

The energy resolution is determined by the energy 
width of the beam, the inherent resolution (due to 
finite range interval and staggling) of the telescope, 
and the energy smearing of the scatterer. The latter 
smearing can be made a minimum—to first order, 
zero—by suitable choice of ¢, the scatterer angle. 
The angle required is given by 


(dE/dx) wi= (dE/dx) wo, (1) 


where subscripts 1 and 2 refer respectively to incoming 
and outgoing particles, dE/dx is the energy loss per unit 
thickness and w is the maximum path length through 
the scatterer. Since wj=? secd and w2=/ secXo(—8), 
where / is the scatterer thickness, (1) gives 


tan¢d= (b—cos@)/siné, (2) 
where b= (dE/dx)2/(dE/dx),. For a typical case, for 


carbon, with 95-Mev protons incident and 75-Mev 
deuterons outgoing, we have b= 2.07; thus for @= 20°, 
e.g., (2) gives = 73.2°. To give exact first-order com- 
pensation, ¢ must be changed with 6. ¢ as given by (2) 
has typical values of the order of 65° to 75° in this 
experiment, and even larger values when the scattering 
angle @ is small. The use of very large values of ¢ has 
the following disadvantages: (i) Very wide thin targets 
are required. (ii) The distance from scatterer to 
telescope varies for different parts of the beam—since 
the energy distribution of incident particles also 
varies for different parts of the beam, this leads to a 
dependence of the effective energy on the angles ¢ and 
6. (iii) At large values of ¢ the effective sample thickness, 
t sec, is a very sensitive function of ¢—consequently 
the determination of an accurate absolute cross section 
requires high precision in the knowledge of ¢. For 
these various reasons, measurements with a given 
scatterer were made with ¢ kept fixed, at a value near 
the optimum value, over a wide range of detector angle 
6; and the maximum value of ¢@ used was 75°. The 
scatterer thicknesses used were such that the fractional 
contribution of scatterer energy-smearing to the over-all 
resolution was generally not large; the effective resolu- 
tion was typically about 3 Mev. 

The angular acceptance of the telescope was deter- 
mined primarily by the effective beam width at the 
scatterer and the width of the defining counter, counter 
C. The angular resolution determined by these was 
about 23° (full width at half-maximum). The other 
factors contributing to the effective angular resolution— 
the angular spread in the incident beam (about 3°), 
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Fic. 2. Arrangement of equipment. (a) Plan of cyclotron setup. 
(b) Dectector telescope. 
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Fic. 3. Block diagram of circuits. 


and the multiple Coulomb scattering in the scatterer 
and absorber (typically about 3° and 1° respectively) 
—made the effective resolution typically about 3°. 
The detector telescope contained 7 plastic scintillators, 
A through G, and a stilbene scintillator to measure 
specific ionization, dE/dx. The defining scintillator, 
C was 1 in.X1} in.; the other scintillators were all 
large enough to make net scattering losses in the 
telescope less than a few percent. The plastic scintil- 
lators were viewed by 1P21 phototubes, selected for 
good signal-to-noise ratio under operating conditions. 
The dE/dx crystal was thick enough (0.5 g/cm?) to 
reduce the width of the pulse-size distribution for 
monoenergetic particles to a satisfactorily small value; 
this crystal was viewed by a selected 5819 phototube 
For each charged particle stopping in scintillators C, 
D, E, or F, range was determined by means of a set 
of coincidence circuits. The 1P21 signal were combined 
(after pre-amplification with EFP-60 tubes) in twofold 
coincidence circuits with resolving time about 0.015 
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usec, followed by multiple-input coincidence circuits 
of 1 usec resolving time. The outputs of the latter 
were fed into a further coincidence-anti-coincidence 
circuit, which delivered signals corresponding to 
particles stopping in scintillators C, D, EZ, or F. For 
each such output signal, the corresponding dE/dx 
signal (having meanwhile been passing through a delay 
line to provide time for making the coincidence tests) 
was passed through a gate circuit into a 16-channel 
pulse height analyzer, and the pulse size and range then 
recorded simultaneously in a set of 4X16 registers, 
as indicated in Fig. 3. The basic element of the gate 
circuit is shown in Fig. 4. The gate length used was 
¢ usec; the dE/dx signal was delay-line-clipped to 
4 usec. 

Deuterons and protons of the same range in the 
telescope have an energy loss ratio of about 1.37 to 1 
in the crystal. The pulse-size resolution obtained in 
this experiment for a single group of monoenergetic 
particles was about 10% (full width at half-maximum). 
Thus even with the additional dE/dx spread due to 
the finite range intervals, and in spite of a fairly broad 
tail on the pulse-size distribution, clean proton-deuteron 
separation was obtained, and it was possible to measure 
easily a group of deuterons in the presence, for example, 
of an inelastic proton group of the same range but of 
tens of times the intensity and of an elastic proton group 
of different range but of thousands of times the intensity. 
Some tritons were observed at low range values; the 
deuteron-triton separation was not as clean as the 
proton-deuteron separation, but could be made un- 
ambiguously enough so as to introduce only a negligible 
uncertainty in the deuteron intensity. 

The results of a typical run on carbon are shown in 
Fig. 5. These results show a proton intensity (the 
left-hand peak) approximately uniform in the energy 
region covered, and a deuteron distribution which is of 
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Fic. 4. 1-microsecond gate 
circuit. V4 is normally off; when 
it is switched on, the plate current 
surge is balanced by switching V5 
off. The adjustments in the circuits 
of V2-5 are to balance out 
switching effects. 
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Fic. 5. Pulse-size (dE/dx) distributions in one set of four range 
intervals. Carbon scatterer, 0.17 g/cm?, at 70° to beam (¢, Fig. 
2b). Detector at 24°, AQ=0.0022 sterad. Length of run: 7 minutes. 
The right hand peaks correspond to deuterons of about 75 Mev, 
the left hand peaks to protons of about 55 Mev. 


high intensity in the first two range intervals and falls 
off to almost zero in the last interval. 

The background intensity of deuterons, due almost 
entirely to deuterons produced in air, was generally no 
more than a few percent. The energy of the background 
deuterons changes when the scatterer is present, and 
the measured background was appropriately energy- 
corrected before subtraction. In most cases the geometry 
was such that those background deuterons produced in 
the air ahead of the scatterer had to traverse the 
scatterer before reaching the detector. For large detector 
angles this was not generally true, so that proper 
energy-correction of background would be more 
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difficult; but there the background was genera!ly 
less than one percent, so that exact correction was 
unimportant. 

The absolute cross sections given below were obtained 
by converting the measured range spectrum to an 
energy spectrum and applying a correction for absorp- 
tion and net out-scattering in the telescope. The 
correction, mostly due to nuclear absorption, has been 
calculated, and well-confirmed experimentally,’ and 
varies from about 9% for 55-Mev deuterons to 14% 
for 80-Mev deuterons. The over-all uncertainty in the 
absolute cross sections due to all causes other than 
counting statistics and scatterer angle positioning is 
believed to be about 5% ; the scatterer angle positioning 
error may have also introduced an uncertainty of 
about 5%. 


EXPERIMENTAL RESULTS 


Figure 6 shows the deuteron energy distribution, at 
several angles, from the C"*(p,d) reaction for incident 
protons of about 95 Mev. The group corresponding to 
formation of C" in its ground state is seen to be 
dominant, with some production of excited states 
present, apparently principally one or both of the pair 
near 4.5 Mev. The larger width of the main peak at 
small angles and probably at 48°, is due to greater 
energy-smearing in the scatterer at these angles. 

Figure 7 shows the results for Be*(p,d). The energy 
resolution and statistical accuracy were in general 
not high enough to permit separation of the ground 
state and 2.9-Mev state’ groups of Be* except in the 16° 
data, which were taken with an especial view to separa- 
tion of these two groups. The group corresponding to 
about 17-Mev excitation of Be® does not have a uniquely 
identifiable Q value, and probably includes contribu- 
tions from various levels, perhaps of differing angular 
distribution. 
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Fic. 6. Deuteron energy dis- 
tributions for the C"(p,d) reaction 
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for incident protons of about 95 
Mev, at a number of different 
angles. (The laboratory angle is 
given.) The specific incident energy 
varies between 94 and 95 Mev for 
the first 8 angles, and is about 
91.5 Mev (thicker target) for the 
last 3. The expected energies 
corresponding to production of the 














first 5 states of C", at excitation 
energies of 0, 1.9, 4.23, 4.77, and 
6.46 Mev,’ are indicated by a—e. 
Statistical errors are indicated for 
a few representative points, in 
this and the following three figures. 
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6 J. M. Teem, Ph.D. thesis, Harvard University 1954 (unpublished). 
7F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 
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Fic. 7. Deuteron energy dis- 
tributions for the Be®(p,d) reaction 
at about 95 Mev (60°: 91.4 Mev). 
The laboratory angle is given. 
The lines a, 6, c, d show respec- 
tively the expected energies corre- 
sponding to production of Be® in 
its ground state, in the 2.90-Mev 
state,’ and in states having 











excitation energies of 16 and 18 
Mev. 








Figure 8 shows the results for aluminum (100% AI?”) 
and silicon (92% Si?’), and Figs. 9(a) and 9(b) for 
copper and lead, all at 18°. 

These results are discussed in the following sections. 


REMARKS ON THE THEORY 


Theoretical calculations pertaining to the interpreta- 
tion of pickup deuteron distributions in terms of internal 
momentum distributions have been made by Chew 
and Goldberger® and by Heidmann.’ The former 
appears more readily adapted to an independent- 
particle model ; Heidmann’s calculation was principally 
directed toward explaining the apparent presence of 
strong high-momentum components, and he suggests 
that the explanation is to be found in the strong 
interactions of nucleons with each other inside the 
nucleus. The present results strongly support Heid- 
mann’s idea that these correlation interactions are 
responsible for relatively strong high-momentum 
components. However, his calculation used Fermi-gas 
states for the individual nucleons, and consequently 
gave rise to a broad energy spectrum of deuterons. 
The experimental results, on the other hand, show sharp 
energy groups, indicating that the energy state of the 
picked up nucleon is more sharply defined than would 
be true in a Fermi distribution. One is therefore led to 
consider the nucleons as being in shell-model type 
states. The reconciliation of this model of independent 
non-strongly-interacting nucleons with Heidmann’s idea 
of strong interactions will be discussed separately. For 
the present purpose, the data will be analyzed in terms 
of the Chew-Goldberger (CG) theory, applied to an 
independent-particle model. 

Derivations of this Born-approximation theory for 
the pick-up process have been discussed by a number of 


8 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
9 J. Heidmann, Phys. Rev. 87, 171 (1950). 


authors.” The Born-approximation theory gives the 
differential cross section in the center-of-mass system 
for the pickup of a single nucleon from a state u(r,) as 


_A(4-1) K_ 


= 3! F 


eit ar 
X (a?+¢°)? [ace 5 tae 


where 


n= K—(A—1)k/A, 
‘ 


1 2 
N(n)= | 6(n) |?= ’ — f aren) oo 


2r)! | 


9 


Pa 
R= 2m(——) Eo, 
A+1 


4m(A— 4 A 
wK?= . 
A+1 LtA+1 


o+Q| 


Here, F is the fractional parentage coefficient,> which 
may be regarded as the matrix element for the (A—1) 
nucleons which remain in the residual nucleus, A is the 
atomic weight of the target nucleus, & and K are h™ 
times the momenta of the incoming nucleon and the 
outgoing deuteron (see Fig. 1), m is the mass of a 
nucleon, a?= (m/h*) times the binding energy of the 
deuteron, Eo is the laboratory energy of the incoming 
nucleon, Q is the energy released in the reaction, and 
D(r) is the normalized ground-state deuteron wave 
function. r is the neutron-proton separation; r is 
measured from the center-of-mass of the residual 

See, e.g., E. Gerjuoy, Phys. Rev. 91, 645 (1953); N. C. 
Francis and K. M. Watson, Phys. Rev. 93, 313 (1954). 
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Fic. 8. Deuteron energy distribution for Al and Si. The lines 
a and 6 correspond to the ground-state production of Al* and 
Si?” respectively. 


nucleus. Coulomb effects are neglected, and the nucleus 
is treated as transparent. N(n) is the normalized 
momentum density of the picked-up nucleon. If the 
orbital angular momentum number / of the state u(r;) 
is not zero, Eq. (3) still holds when NV (m) is understood 
to be averaged over angles: V(n)= (49) f'dQN (n9,). 
The total normalized momentum-density integral is 
then given for any / by /4an*dnN (n). 

The angular dependence of the cross section is given 
by the last three factors of (3). The first of these is the 
probability of finding the target nucleon with the 
correct momentum to be picked up—a momentum of 
approximately i(K—k) for a heavy nucleus. The other 
two factors give the probability that a deuteron can be 
formed with the proper internal momentum fg. If one 
puts into (3) an assumed deuteron wave function, one 
can then calculate the momentum density NV (n) from 
the experimental cross section. 

Before making extensive interpretations on the basis 
of this theory, one would like to have some idea as to 
the validity of the theory. A good test is provided by 
investigating whether the internal momentum distribu- 
tion obtained by it from experimental data is indepen- 
dent of incident energy. Very few high-energy data 
are available from which such a test can be made. 
There is one measurement on C” at 31 Mev," which 
checks well with the present data when a Hulthén 
wave function is used for D(r); however, this single 
point does not constitute a very good test, since nuclear 
opacity effects could be quite different at 30 and 95 Mev. 

Another test consists of applying (3) to the pick-up 
peak from deuterium itself. Here, the results are 
moderately encouraging. In this case, n=q, and taking 
F=1, one obtains 


do ’ (27)4 
(-) . -e+otnor © 
dw nucleon-deuteron 


1 R. Britten, Phys. Rev. 88, 283 (1952). 
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so that one may try to obtain Na(q) for the deuteron 
from the experimental data. Unfortunately, the pick-up 
peak in nucleon-deuteron scattering is not entirely 
isolated, experimentally or theoretically, from the 
“direct” scattering which dominates at forward angles, 
and so this theory does not provide a clean method of 
determining N4(q). Thus, e.g., at 95 Mev the p-d 
cross section at the pick-up peak has a maximum value 
of 4.0+0.5 mb/sterad,* but this may include inter- 
ference effects from a “direct” contribution. This 
direct contribution appears to correspond to a cross 
section (if there were no pick-up contribution) of about 
0.5 mb/sterad; this is large enough that, according as 
there is destructive or constructive interference, the 
“pure” pick-up term would be about 7 or about 2 
mb/sterad, respectively. If one uses a Hulthén function, 


a/2r ] ea — e-fr 7) 
1+(a/8)—4a/(a+8) “ah 
B=6.2a, 





D(r) -| 
(7a) 


the calculated corresponding peak cross section from 
(6) is 9 mb/sterad. This would then be in moderately 
good agreement with the experimental value if there 
were indeed destructive interference present—in fact, 
perhaps in better agreement than can reasonably be 
expected from such a simplified theory. Teem® has 
analyzed the shape of the pick-up peak at 95 Mev, and 
concludes from this and from other evidence that there 
0 
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Fic. 9. Deuteron energy distribution for Cu and Pb. The upper 
lines show the energies corresponding to the (p,d) reaction giving 
the ground state of the residual nucleus, for the target isotope 
specified. 
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is strong indication that destructive interference is 
present. He finds, moreover, that if this interference 
between the “pick-up” and “direct” terms is assumed to 
be destructive, then the momentum distribution 
obtained from the experimental data is in good agree- 
ment with that given from the Hulthén wave function 
of (7). 

There is further evidence giving rough support to 
the moderately good validity of this theory for the 
p-d pick-up process at high energies, in the energy 
dependence of the cross section at the pick-up peak. 
Using (7), (6) gives 


a \2/f—o2\4 
—=2700( ) 
dw e+e! \P+¢ 





2700 ( 37.4 
(1+0.1£o)? \38.4+0.145 





4 
) mb/sterad, 


for the pickup contribution at the peak, at an incident 
nucleon energy Ey in Mev. Bratenahl” has measured 
do/dw for deuterium for angles near the pick-up peak 
at 180°, over the energy range 95 to 140 Mev, and 
finds good agreement with the theoretical predictions. 
Some measurements made at higher energies, up to 
200 Mev, at Rochester, do not agree so well with the 
theory, but also do not agree well with measurements 
at Berkeley” and Harwell." It may be noted that the 
internal energies, g*/m, =2E)/9 at 180°, involved in 
Bratenahl’s work are 20 to 30 Mev—in this range, 
the behavior of N4(q) is essentially determined by the 
binding energy of the deuteron, so that high-momentum 
components of the deuteron wave function are not 
really under test here. The theory, however, is under 
test, except for the uncertainty involving the inter- 
ference effect mentioned above. 

These results offer encouragement that the Born- 
approximation theory may in fact be reasonably good 
for light nuclei at 100 Mev or more, although opacity 
effects, reducing the cross section, cannot easily be 


TABLE I. Angular distribution of the main group (presumed to 
be Orgies group) for C"(p,d)C". Statistical accuracy about 
+6%. 
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2A. Bratenahl, thesis, Berkeley, 1952 (UCRL report 1842, 
unpublished). 

%See D. Klein, University of Rochester report NYO-6450 
(unpublished). 
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Fic. 10. Momentum density corresponding to the ground-state 

group, C(,d)C". The points are experimental points analyzed 
according to Eq. (8). The curve is an empirical fit, proportional 
to e~®/7+-0.15e-4/®, where E is the kinetic energy h?n?/2m in 
Mev. The dashed line is a 14-Mev gaussian. The abscissa should 
be labeled #?n?/2m rather than h?/2m. 


estimated very accurately. In applying the theory, 
the Hulthén function (7) is used, following Chew and 
Goldberger, and consistently with the p-d pick-up 
results. (3) then takes the form 


do 24a A(A-1) K 


diy 1+(a/B)—4a/(a+B) (A+1)? k 





iri (——") (8) 
P P+¢ 


One may use this to calculate the shape of N(n) 
from the experimental data; and on the independent- 
particle model, one may take the square root of this 
result to obtain the form of the momentum wave 
function ¢(n). 


ANALYSIS AND DISCUSSION 
The Main Group, C!*(p,d)C" 


The energy spectra in Fig. 6 indicate that the main 
group is due principally, if not entirely, to deuterons 
leaving C™ in the ground state; the 1.9-Mev state does 
not appear to be very strongly produced, although the 
corresponding group could be present with as much as 
20% or so of the intensity of the ground-state group. 
The area under the main peak has been determined on 
the assumption that the continuum does not extend 
under the main peak, and the results are given in Table 
I. Because of the limited energy resolution the proper 
lower cut-off point is uncertain; consequently the area 
values involve an uncertainty increasing to perhaps 
20% at the largest angles. 

The data of Table I were converted to center-of-mass 
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cross sections, with relativistic corrections included in 
the kinematics. The results, analyzed by Eq. (8), give 
the momentum spectrum of the picked-up neutron. 
The results are plotted as the points in Fig. 10, with 
an empirical curve which gives a rough fit to the points. 
This curve is given by 


| F|2N (m) = (e~#/7+0.15e-#/) X 10- cm?, (9) 


where E=h’n?/2m is the nucleon kinetic energy in Mev. 
This expression has a behavior for small E which corre- 
sponds roughly to what would be expected from a 
spherically symmetric state of 18.7-Mev binding energy, 
the binding energy of a neutron in C®. 

The value of /dnN(n), which can indicate the 
number of neutrons effective in producing this energy, 
group, is quite sensitive to the assumption made about 
the behavior of V(n) at values of m beyond those 
reached experimentally. The empirical expression (9) 
gives the value 0.061 for this integral. On the other 
hand, the distribution given by Chew and Goldberger,*® 
which also fits the present results reasonably well in 
the range covered experimentally (on the average to 
about 10 or 15%) but which at higher momenta falls 
off more slowly than (9), was normalized by them to a 
value corresponding to 0.76. There is some evidence 
that their distribution gives incorrectly strong high- 
momentum components. At the same time, there is 
no reason to expect the distribution (9) to be especially 
accurate at high momenta—this distribution can 
merely be taken as one which gives a reasonable 
smoothed fit to the present data in the experimental 
range, and which at extremely high momenta does not 
disagree with other experimentally derived information. 
As a matter of fact, there are two reasons for believing 
that the momentum distribution even for the higher 
momenta reached in the present data may not be given 
very accurately by (8). One reason is that (8) is based 
on an independent-particle model, and further analysis 
has shown that the present data can probably not be 
explained properly by a simple shell model; this is 
discussed further below. Secondly, the fact that the 
value of |F|*{dnN(n) as calculated from the data is 
so small suggests that opacity effects may be quite 
important ; and they may have an appreciable effect on 
the angular distribution. 

The dashed line represents a Gaussian momentum 
density of the form e~#*, Such a distribution has been 
used to fit the results of quasi-elastic measurements.'® 
It can be seen that this distribution gives good agree- 
ment with the results of the present analysis in the 
energy range from about 5 to 30 Mev, but not at higher 
energies. Other remarks on the interpretation of the 
present results and on their relation to other information 
concerning the momentum distribution have been 
made briefly in a previous note," and a more detailed 
discussion will be given separately. 

4 W. Selove, Phys. Rev. 98, 208 (1955). 

6 See footnotes 11-13 of preceding reference. 


SELOVE 


An important conclusion can be drawn from the 
results shown in Fig. 10—namely, the high-momentum 
components are too strong to be accounted for by a 
purely independent-particle model, as one finds out 
by calculating the momentum spectrum for carbon 
nucleons on such a model. Consequently, one infers 
that the potential acting on a nucleon in carbon includes 
strong short-range fluctuations and does not consist 
purely of a smoothed well." 

The existence of strong high-momentum components 
has been strongly indicated by previous experiments but 
perhaps not as cleanly as by the present results. 
Brueckner, Eden, and Francis have independently 
considered this aspect of the nuclear internal momentum 
distribution, and have discussed it and its bearing on 
the nuclear model in a recent paper. Their calculation 
of the high-momentum distribution making use of 
nucleon-nucleon scattering cross sections gives results 
closely resembling those of Fig. 10, although that 
calculation is not intended to apply for low internal 
momenta. Other calculations of the correlation effect 
on the momentum distributions, and of other corrections 
to the first-order calculation, are being pursued here, 
in an attempt to obtain a better idea as to just how 
precisely one can interpret the results of the high-energy 
deuteron pick-up process in terms of a momentum 
distribution and a iviclear model. 


Other States, C'*(p~,d)C"; the Question of 
«-Particle Structure 


As suggested by Chew and Goldberger on the basis 
of York’s early results, it appears that the pick-up 
reaction in C® at energies around 100 Mev involves 
predominantly a single final state in C", and thus by 
implication a single initial state for the picked-up 
nucleon. This is what one would expect on the a-particle 
model. On the independent-particle shell model, on 
the other hand, one might expect for C™ to find two 
different types of initial nucleon states, 1s and 1p, and 
correspondingly two distinct energy groups of deuterons. 
What energy spacing is to be expected for these two 
groups? 

On a simple oscillator or square-well model, one can 
estimate that the 1s state should be 10 to 15 Mev 
below the 1, if spin-orbit coupling and pairing energy 
are not included. In estimating the deuteron energy 
difference to be expected when a nucleon is snatched 
from a 1s or 1p state in C”, however, the pairing energy 
—more accurately, the grouping energy—enters in a 
very important way. The 1s shell represents the most 
tightly bound 4-group in the nucleus, and may be 
expected to retain some degree of the resistance to 
breakup shown in the elemental nucleus containing this 
group, He‘. This suggests that states with a 1s hole 
will have energies far above the ground state. At the 
same time, there is an especially strong counteracting 
tendency in the case of C"'. The ground-state configura - 
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tion is (15)*(1p4)’. If we ask for the excitation energy 
corresponding to the configuration (1s;)°(1p;)%, then 
indeed the 1s shell has been broken up, but at the same 
time the 1p; subshell has been closed, which tends to 
reduce the excitation energy. The result may be to 
make the net excitation energy very small. For an 
estimate we may observe that to remove a 1s neutron 
from C” might be expected, in analogy with He‘, to 
require of the order of 20 Mev. This is to be compared 
with the energy required to remove a 1p neutron—-this 
presumably leads to the ground state of C", and this 
process requires 18.7 Mev. As suggested by Lane, 
therefore,!® one might expect to find the (15)*(1p)§ 
configuration, $+, within a few Mev of the ground state 
(presumably, like B", $-). The spin and parity assign- 
ments for the low-lying states of C" are very incom- 
pletely known. However, in the charge-symmetric 
nucleus B" there is some evidence suggesting that the 
first excited state, at 2.14 Mev, may have J=} and 
may be of opposite parity to the ground state.’ 

It may be concluded, then, that the extraction of a 
1s neutron from C” might lead to one of the rather 
low-lying states in C", perhaps to the first-excited state. 
The intensity to be expected from the corresponding 
deuteron group, relative to the intensity of the ground 
state group, contains a factor } because there are two 
1s neutrons but four 1p neutrons in C", and an angle- 
variable factor involving the momentum distribution. 
It seems somewhat surprising that if a group reflecting 
these properties were present it would not have appeared 
more prominently. However, the energy resolution is 
not quite adequate to make firm statements ahout 
this matter. A more definite conclusion will have to 
await measurements with forthcoming higher resolution 
although the evidence does appear to be against the 
existence of a “1s” group of proper intensity. 

A convincing demonstration of the existence of 
shell-model type states would exist if one were to find 
groups having appropriate momentum distributions 
(ie., as determined through angular distributions) to 
display the value of / involved. The determination of 
the / value involved is similar in principle to the 
procedure used in low-energy stripping or pick-up 
reactions, but unfortunately the kinematics of the 
reaction are such that at the present energy the / value 
cannot easily be identified. This may be understood 
from the example of a pickup involving an /=1 state. 
At low energies (say, below 10 or 15 Mev) the forward 
minimum which is characteristic of such a process 
reflects the fact that at forward angles the momentum 
n of the picked-up nucleon is small, and in a state 
with />0 the momentum density NV (n) is zero for n=0. 
At high energies, on the other hand, even at forward 
angles the momentum m may not be small enough to be 
below the peak of the V(n) distribution. As has been 
suggested, it would be very valuable in this connection 


16 A. M. Lane (private communication). 
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to explore the forward angles using an initial energy 
(center-of-mass) about twice the magnitude of the Q 
of the reaction. For C(p,d)C" this means an initial 
energy of 30 to 40 Mev. Even at that low an energy 
the Born-approximation calculation should still be 
good enough for the determination of /. 

It remains to consider the possibility that the 
extraction of a 1s neutron from C" might require much 
more energy than is estimated above, and so might lead 
to a highly excited state of C!. As Lane and Wilkinson 
have suggested in another case,® such a highly excited 
state would be likely to have a very short lifetime, and 
so might have so great an energy width that the 
corresponding deuterons would not be clearly identifi- 
able as a sharp group. In this case, then, as in the case 
of the a-particle model, only a single strong sharp 
group would be observed from C”. 

In trying to evaluate this possibility, it would be 
helpful if the absolute values of the observed cross 
sections gave some evidence as to the number of 
neutrons contributing to a particular group. For 
example, if the ground-state group corresponds to 
pickup of one of the four (1p) neutrons present on the 
shell model, and if the ground state of C" were the sole 
parent state for these neutrons, then one would expect 
|F|?,-dnN (n) to be equal to 4. This is to be compared 
with the experimentally indicated value, which is 
probably something between the 0.061 given by (9) 
above, and the 0.76 given by the Chew-Goldberger 
distribution. This is rather small compared with what 
might be expected, and presumably indicates rather 
large effects from nuclear opacity and from the parent- 
age overlap matrix element. One may reasonably 
expect that the explanation involves these effects 
rather than more general failings of the theory, in view 
of the respectable quantitative agreement in the p-d 
case. In any event, the quantitative experimental 
results are evidently not of much help in deciding 
between possible models for C’. A better selection 
between models may result when measurements are 
made with better energy resolution, and also at lower 
energies in order to give better information on the / 
value involved. 

The interpretation of the C” results in terms of 
alpha-particle structure is discussed further, in the 
next section; in comparison with the results for He‘ 
and Be’, there is some suggestion that C’ and Be’ do 
indeed show evidence of alpha-particle structure. 


Prominent Groups, Be®(p,d)Be*® 


As can be seen from Fig. 7, the results on beryllium 
do not permit clean separation of individual states, 
either from each other or, in the case of the “17-Mev 
group,” from the continuum. However, the “loosely- 
bound” and “tightly-bound” groups are well separated, 
and some useful analysis is possible on these even 
though each may consist of more than one state, In 
terms of the fractional parentage coefficients F, we 
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TaBLe IT. Angular distribution of the two enone groups, 
Be*(p,d)Be®. Statistical accuracy about +8%. text for further 
discussion of uncertainty. 
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may say that each group may be treated as an entity 
with }>|F|?=1. This is equivalent to the closure 
argument of Chew and Goldberger.’ (This method 
breaks down, of course, if there are groups with unre- 
solvable extraction energies but coming from different 
initial states of the picked-up nucleon, a possibility 
mentioned above for the ground—and 1.9-Mev—groups 
of C".) On this basis, the total area under the peaks 
may be simply analyzed. The angular distributions of 
the two prominent groups are given in Table II. At 
the two largest angles there is a quite large uncertainty 
in separation of the 17-Mev group from the continuum, 
and even at smaller angles this uncertainty is consider- 
able—the absolute magnitude of the integrated cross- 
section associated with the peak is uncertain to perhaps 
+20% even at small angles, although the shape of the 
angular distribution involves less uncertainty, especially 
at the smaller angles. 

The tightly-bound group involves an excitation 
energy for the residual nucleus of a little more than 17 
Mev, and thus corresponds to a neutron extraction 
energy of about 19 Mev. This is very close to the ex- 
traction energy of 18.7 Mev leading to the ground state 
in C®(p,d)C", and both of these are quite similar to the 
neutron extraction energy of 20.6 Mev in the reaction 
He‘(p,d)He*®. This is suggestive of alpha-particle 
structure in Be® and C"—a model for which there is 
of course much other evidence.” Lane and Wilkinson 
have pointed out® that even on the shell model one can 
identify a group of excited states in Be® near 17 Mev as 
states of [3,1] symmetry, such as correspond for example 
to low states of Li’, and they suggest that spatial 
grouping, characteristic of the alpha-particle model, is 
not implied by the experimental data. This identifica- 
tion, however, seems only to involve the charge 
independence of nuclear forces—it would remain 
curious, on the shell model, that the breakup of the 
symmetrical 4-group (p)* corresponding to the ground 
state of Be®, to produce [3,1] symmetry (of either the 
excited Be® or the Li® ground state), should require so 
nearly the same energy as the extraction of one 
nucleon from the closed shell (on jj coupling) (p)® 


17 See e.g., D, R. Inglis, Revs, Modern Phys. 25, 390 (1953). 
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configuration of C” or from the (s)* configuration of 
He‘. The alpha-particle model, on the other hand, 
offers a very simple explanation of the binding-energy 
similarities observed between the “17-Mev” group 
from Be® and the ground-state groups from Het and C". 


Comparison of Results from He‘, Be’, C'” 


Although this similarity of binding energies gives 
some support to the alpha-model for Be and C, these 
nuclei cannot be described purely on that model. 
This is evident from a study of the energy levels.!” 
Measurements have recently been made on He‘ at 
95 Mev,!* and in further investigation as to similarity 
between the structure of Be and C, and of He, the 
(p,d)—derived momentum distributions are compared 
in Fig. 11. (For the tightly-bound group from Be’, 
the data of column (b), Table II, are used.) One sees 
that the tightly-bound group from Be’ has a momentum 
distribution very similar in shape to that from C” (the 
“ground-state” group). The loosely-bound Be® group 
has relatively weaker high-momentum components, as 
one would expect from the very low binding energy of 
a neutron (the “outer” one) in Be’. 

It appears that not a great deal can be said, from 
Fig. 11, about the possibility of alpha substructure in 
Be and C”. There are two features of the data which 
might be thought to suggest such structure. One is the 
similarity in shape of the C” and the “tight” Be® 
group, and the fact that the relative intensities are 
probably of the order of 33:2. The second is that the 
C and Be curves show a faint trace of the peaking at 
about 35-Mev internal kinetic energy which appears 
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Fic. 11. Momentum densities derived from the 95-Mev (),d) 
data on Het, C”, and Be®. The Be curve for the “tightly-bound” 
group has an uncertainty of (+0, —30%) in absolute scale—see 
text. 


18 Kruse, Selove, and Teem (unpublished). 
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so prominently in the He data. On the other hand, 
both of these items could easily be explained away: 
The Be intensity, and therefore the C:Be intensity 
ratio, is uncertain, as mentioned above, and instead 
of 3:2 the C:Be ratio might be 2:1, a value more 
appropriate to the shell model. And any shape similarity 
of the high-momentum parts of the distributions might 
be explained by the fact that this region is dominated 
by correlation effects, as discussed above, and these 
correlation effects could produce this similarity even 
if alpha substructure were not present, although this 
counter-explanation is somewhat weakened by the 
considerable difference in the results for the two 
different groups from Be. It may further be noted that 
the C and Be curves, unlike that for He, show a sugges- 
tion of /= 1 nature in a flattening and possible downward 
turning at low momenta. It would be interesting to 
see if a calculation could be made of the momentum 
distribution to be expected from say C” on the alpha- 
model, making use of the experimental data from He’. 


Aluminum and Silicon 


For these elements, and for copper and lead, measure- 
ments were made at only one angle, and hence only 
restricted conclusions can be drawn. 

The results in Fig. 8 show that the Si?*(p,d) reaction 
leads to a much more sharply defined final state or 
group of final states than does Al?’(p,d). Such a result 
at very low energies, where compound nucleus formation 
can be effective, could be simply understood as arising 
from the fact that Si?’ on the shell model could have the 
configuration (d;)~', closed-shell minus one, with corre- 
spondingly few closely-spaced states as compared to 
the (ds)? configuration of Al**, At higher energies, 
however, one may expect that the (p,d) reaction will 
involve more importantly the nature of the ground 
state of the target nucleus. That is to say : on the impulse 
approximation, at high energies one nucleon is snatched 
out in a time short compared to the rearrangement time 
of the rest of the nucleus. The results would then be 
influenced less by which states of the residual nucleus 
can occur at all, and more by which states of the 
residual nucleus are represented as parents in the wave 
function of the imitial nucleus. 

On this interpretation, the results show that the 
ground state of Al*’ contains more varied parent states 
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than the ground state of Si**. This result is understand- 
able on the alpha model (again perhaps mildly suggested 
by the 17.2-Mev extraction energy for a neutron from 
Si**, compared to 20.6 for He, ~19 for the tight group 
from Be’, 18.7 for C', and to 15.6 for O'*, 16.9 for Ne”, 
16.6 for Mg”), and also, as Lane and Wilkinson have 
emphasized,’ on the shell model, taking closed-shell 
structure—(1ds)"*—for Si**, and nonclosed structure 
for Al’’. On the latter interpretation, the wider distribu- 
tion of final states found for Al?’ shows that the six 
neutrons of the filled dy subgroup in Al?’ interact with 
the corresponding but unfilled proton subgroup—this 
would not be in agreement with a strictly jj-coupling 
model, but is not in contradiction to an intermediate 
coupling model. It will be of interest to make (p,d) 
measurements on K*® and Ca“, where a clearer choice 
between the results expected according to the alpha 
or shell model may be obtained. Unfortunately, for 
these larger nuclei, both the “transparency” approxi- 
mation and the “instantaneous” impulse approximation 
will be less valid. 


Copper and Lead 


Only the meager data of Fig. 9 are available on these. 
Copper, like the lighter elements, still shows a peak— 
but a broad, weak one, as one might expect from the 
increased number of neutron states filled in Cu. Lead, 
on the other hand, shows a rather sharp peak. This is 
probably due at least partly to the closed-shell nature of 
Pb. It may also be due in part to an opacity effect. The 
Pb nucleus is large, and not very transparent to out- 
going deuterons. The observed peaked group of 
deuterons probably comes largely from neutron states 
having a large probability of giving a neutron near the 
nuclear surface—i.e., a large reduced width. These 
states could constitute a relatively narrow energy group. 
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The reaction Li*(,y)Be’ has been investigated by using protons of energy 0.4 to 1 Mev incident on 
isotopically separated Li® targets. Capture gamma radiation to the ground state and the 430-kev state in Be? 
has been observed; some 62% of the transitions go to the ground state. The ratio of intensities does not 
change significantly with energy, nor with angle of observation at E,= 750 kev. The differential cross section 
with the counter at 90° and E,= 750 kev is about 2X 10-* cm?/steradian. The combined angular distribution 
of the two gamma rays is 1+(1.05+-0.15) cos’# at E,=750 kev. The Q value for the reaction is 5.664-0.03 
Mev in agreement with that calculated from mass values. 





INTRODUCTION 


HEN Li‘ is bombarded with protons a relatively 
prolific yield of He* and alpha particles is ob- 
served from the reaction Li*®(p,a)He*® which shows a 
broad low maximum for E,=0.6 to 0.9 Mev and a pro- 
nounced resonance at E,=1.82+0.08 Mev. The elas- 
tically scattered protons also show a pronounced reso- 
nance in the 1.82-Mev region. The relevant level scheme 
of Be’ taken from Ajzenberg and Lauritsen! is shown in 
Fig. 1. We thought it would be of interest to try to 
detect capture gamma radiation from the reaction 
Li®(p,y) Be’ in spite of the competition from the alpha 
process, using the relatively efficient scintillation counter 
as detector. Our preliminary results, reported at the 
1954 Seattle meeting of the American Physical Society,’ 
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Fic. 1. Energy level diagram of Be’. 


1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
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showed the existence of radiation which could be as- 
signed to the capture process, but, as might be expected 
from the low cross section involved, also indicated the 
presence of impurities, in particular of boron, which 
resulted in an unexpectedly high yield of 430-kev radia- 
tion compared to the higher-energy components. These 
results have recently been confirmed by Bashkin and 
Carlson* working with protons of energies between 180 
and 415 kev. 
EXPERIMENTAL 


Targets of isotopically separated Li® (greater than 
99.7%), of thickness 60 and 250 ug/cm? deposited on 
platinum, gold, and tungsten were supplied to us by 
Atomic Energy Research Establishment, Harwell with 
the kind cooperation of Dr. M. L. Smith. These were 
prepared in vacuo and sent to us in glass vacuum 
bottles. The targets were prepared from exceedingly 
pure lithium and great care was taken to avoid con- 
tamination. The targets were loaded into the bombard- 
ment chamber in a dry box filled with argon to just over 
one atmosphere. The purity of the argon gas in the box 
was ensured by not using it until a block of ordinary 
metallic lithium maintained its freshly cut metallic 
luster for 24 hours. Figure 2 shows the bombarding 
arrangement, the main features of which were to ensure 
that all surfaces which the beam might encounter were 
made of clean gold, and to provide large amounts of lead 
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Fic. 2. Target, shielding, and counter arrangement. 
"9, Bashkin and R. R. Carlson, Phys. Rev. 97, 1245 (1955). 
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Fic. 3. Single-crystal pulse-height distribution of radiation from lithium-6 target. The peak at 873 kev results from O'*+); 
that at 2.28 Mev from C+); and the structure in the 6-Mev region results from Li*+ p. 


in all directions to shield the counter from background 
radiations not emanating from the target. The targets 
were run warm by passing steam through the mount to 
reduce any build up of carbon. In addition considerable 
care was taken to avoid any grease on the 0 rings etc., 
which seems to be a major source of carbonaceous 
matter which gets onto targets, and to this end the 
whole assembly was baked at 150°C immediately prior 
to use. Also, an additional liquid air trap was mounted 
immediately in front of the target pot. The results 
showed that carbon was not a particularly awkward 
contaminant, even after many microampere hours of 
bombarding. 

The University of British Columbia Van de Graaff 
generator supplied resolved beams of up to 10 wa on the 
target. The detectors used included, for the high-energy 
radiation, a 2 in. longX1} in. diam activated sodium 
iodide block mounted on an R.C.A. 6342 or on a 
Dumont 6292 tube. Since these tubes suffer from gain 
drift at high counting rates, care was taken to keep the 
beam current at such a level that the low-energy com- 
ponents in the radiation did not cause gain shift while 
examining the high-energy spectrum. The pulse-height 
distributions were analyzed with a 30-channel kicksorter. 


GAMMA-RAY SPECTRUM 


Figure 3 shows complete pulse-height distributiosn 
taken at proton bombarding energies of 800 and 400 kev 
and normalized to an equal number of incident protons. 
The presence of 6-Mev radiation is quite obvious but the 
presence of a very small amount of fluorine contami- 
nation on the lithium, perhaps a residue from our sea 
air, was clearly shown by running over the well-known 
fluorine resonances. However, the fluorine contamina- 
tion was small enough so that it only spoiled the results 
at the resonant energies and above E,~1 Mev; by 
working away from these resonances the nature of the 6 


Mev radiation could be properly investigated. It is clear 
from Fig. 3 that the 6-Mev radiation from the Li® bom- 
bardment varies in energy with proton bombarding 
energy in the manner expected from the capture proc- 
ess. Figure 4 shows an enlarged version of this part of 
the spectrum taken at E,= 800 kev and for comparison 
a F"(p,avy)O"* spectrum taken at E,=340 kev which 
gives practically pure 6.13-Mev radiation. It is also 
evident that there are two components present with an 
energy separation of about 430 kev, analysis (Fig. 5) 
showing that some 62+5% of the transitions go directly 
to the ground state and 38+5% to the first excited 
level of Be’, 430 kev above the ground state. The rela- 
tive proportions of these two components did not appear 
to change significantly over the energy range studied. 
(See Fig. 3.) 

By using the gamma-ray energy measurements at 
various bombarding energies, a mean value for the Q of 
this reaction was found to be 5.66+0.05 Mev corre- 
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Fic. 5. Pulse-height distribution of high-energy radiation taken 
at E,=800 kev and counter at @=0°. Curve C is the background. 
Curves A and B add to give the experimental curve. Ratio of areas 
under curves indicates that 65+-5% of transitions go to the ground 
state of Be’. Average of five measurements was 62+5%. 


sponding to a mean mass value for Be’ of 7.01908 
+0.00003 amu, in fair accord with presently accepted 
value.‘ 

The yield of this 6-Mev radiation showed no reso- 
nance behavior over the energy range investigated (400 
kev to 1 Mev) and unfortunately at E,=1.82 Mev the 
fluorine radiation was too large to measure properly any 
lithium capture radiation. The total differential cross 
section at 90° to the incident beam for this capture 
process was estimated at approximately 2X 10-" sq cm 
per steradian at E,=750 kev, with an error considered 
to be within +50% of this figure and based on a counter 
efficiency of 30%, a figure we have not checked with any 
precision. The cross section appeared to increase slowly 
by a factor of about 1} from E,=400 to 800 kev. 

The most prominent feature of the spectrum was the 
low-energy photopeak arising from 430-kev radiation 
from Be’*—Be’+y and from Li’(p,p’)Li7*—-Li’+7 
giving 478-kev radiation. A detailed pulse-height distri- 
bution of this region is shown in Fig. 6. The resolution of 
the counter was adequate to enable the proper subtrac- 
tion of the 478-kev radiation and in this manner a yield 
curve of this 430-kev radiation was obtained. This is 
plotted in Fig. 7 together with a comparison yield curve 
for the 430-kev radiation from the B™(p,a)Be™ reac- 
tion. Obviously most of the observed 430-kev radiation 
arises from boron contamination and this swamps the 
contribution from the capture process. The origin of the 
boron is puzzling although, of course, a few parts 
per million would suffice. One possibility, yet to be 
investigated, is that the boron arises from the hot glass 
during the sealing off of the tube in which the target is 
prepared 

4K. T. Bainbridge, Experimental Nuclear Physics I, edited by 
E. a (John Wiley and Sons, Inc., New York, 1954), p. 745, 
part V. 


The identity of the C"(p,7y)N™ feature in the spec- 
trum was checked by its resonant behavior at E,= 460 
kev. The peak at 873 kev although a little off the 
energy value,’ appeared to be due to oxygen, since the 
distribution was strongly peaked at 90° to the incident 
direction. 

There remains one other small rise which might be 
associated with transitions to the 4.6-Mev state in Be’. 
Cascade transitions through this state would, from the 
energy available, be expected to be weak. Likewise 
there are rather more counts in the 3.5-Mev region in 
the spectra than would be expected in the Compton tail 
from 6-Mev radiation. 


ANGULAR DISTRIBUTION OF 6-MEV 
CAPTURE RADIATION 


Measurements made at E,=750 kev at five different 
angles showed that the fraction of transitions direct to 
the ground state was independent of the angle of 
observation. The two gamma rays thus have the same 
angular distribution certainly to within 10%. 

With this information it was then possible to measure 
the collective angular distribution of the whole 6-Mev 
radiation with better geometry. Owing to the weakness 
of the radiation a separate monitor counter was not 
used ; instead, the incident protons were monitored by 
the yield of the 430-kev radiation from the B"(p,a) Be’* 
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reaction and of the 478-kev radiation from Li’(p,p’)Li’*. 
The isotropy of the 430-kev radiation has been estab- 
lished separately by the authors while that of the 478- 
kev radiation has been established by Littauer.* The 
dependability of this system of monitoring was checked 
simultaneously, and with the same counter, by meas- 
uring the known distribution of the hard gamma radia- 
tion’ from Li’(p,y)Be®. The results of our measurements 
at E,=800 kev, after correcting for the solid angle 
effect, fit a distribution of the form 


1+ (1.05+-0.15) cos’6. 


DISCUSSION 


From these results we believe that the reaction 
Li®(p,y)Be’ proceeds with a differential cross section at 
90° and E,=750 kev of 2X10-" cm? per steradian, 
about 10~° of the cross section of the competing reaction 
Li®(p,a)He® of about 3X10-*" cm? per steradian. The 
transitions from the capturing state occur 62% direct to 
the ground level of Be’ and 38% to the first excited 
level, 430 kev above the ground level. There is no real 
evidence from our data for any transitions to the 
second excited level of Be’, 4.6 Mev above the ground 
level, although there was a small fluctuation in the 
gamma spectrum in about the right place. 

If it is assumed that a compound nucleus is formed, so 
that the capturing state possesses a definite angular 
momentum and parity, then the angular distribution 
data enables a plausible assignment of J and parity to 
the levels involved. Since the distribution is not 
isotropic, s-wave proton capture is not responsible for 
the reaction, in contrast to the explanation*® given for 
the broad low resonance in the Li®(p,a)He’ reaction at 
E,=600 to 900 kev. If p-wave protons are assumed 
then, since the parity of Li®+ p is even, the parity of the 
capturing state in Be’ must be odd. Likewise its J value 
cannot be 3, since this would give an isotropic distribu- 
tion, but may be $— or 5/2—. From the isotropic 
character of the 430-kev radiation and the angular 
correlation of neutrons and gammas® in the reaction 


TaBLeE I, Probable transitions from the capture state for /)=1. 
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®R. M. Littauer, Proc. Roy. Soc. ny A63, 294 (1950). 
7A. A. Kraus, jr, Phys. Rev. 93, 1308 (1954). 
8S. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 (1951). 
9G. C. Neilson, Ph.D. Thesis, University of British Columbia, 
1955 (unpublished). 





8 


s 


RELATIVE YIELD 


8 





4 5 1-6 
PROTON ENERGY (Mev) 








Fic. 7. Curve A, yield curve of 430-kev radiation. A yield curve 
for the reaction B"(p,ay)Be’ is shown for comparison. 


Li®(d,ny) Be’, the first excited level in Be’ is }—. The 
probable transitions from the capture state are then 
indicated in Table I for /,=1. The experimental data 
showed that 


W (6)=W1(6)+0.62W2(0) = 1+ (1.05-40.15) cos’, 


and 


W2(0)/W (0) =0.62+0.1 for @ between 0° and 90°, 


where W, represents the transition to the ground state 
and W: to first level in Be’. Hence transition (a) in the 
above table could be taken as W; and (b) or (c) as W2 
without conflict with our data or the relative intensities 
of the two transitions. Possibilities which arise by 
considering /=2 protons are less plausible or incom- 
patible with the data. 

The process may, however, be one of direct capture; 
the low cross section and smooth variation with bom- 
barding energy would suggest this. 
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Back-Goudsmit Effect in Hfs of Na** 3 P, and the Electric Quadrupole 
Interaction Coefficient 


G. S. Boctz, J. N. Dopp, anp K. H. Purser 
Department of Physics, University of Otago, Dunedin, New Zealand 
(Recéived June 17, 1955) 


Recent rf resonance experiments, at zero magnetic field, on the hfs of Na*® 3P32 left some doubt as to 
whether the value of the electric quadrupole coefficient, b, was 2.6 or —21.6 Mc/sec. It is pointed out that 
the doubt can be resolved by experiments under Back-Goudsmit coupling conditions, since a resonance 
curve showing four or three main maxima will be observed, respectively, according as }=2.6 or —21.6 
Mc/sec. Under these conditions too, the Landé factor can be measured. Preliminary experiments are reported 


which give a value of 1.34+-0.02 for the Landé factor. 





AGALYN' and Perl, Rabi, and Senitzky® have re- 
cently reported measurements on the hfs of Na in 
the state 3P;. In each case, radio-frequency transitions 
were induced between the hyperfine levels at zero, or 
near-zero magnetic field. Only two transitions were 
definitely observed, and, owing to uncertainty in their 
identification, there resulted two possible sets of values 
for the hfs coefficients: 


a;=19.0 Mc/sec, 
a;= 19.0 Mc/sec, 


interpretation 1: b=2.6 Mc/sec 


interpretation 2: b= —21.6 Mc/sec 


(coefficients defined as in reference 3). The first inter- 
pretation was favored by measurements of relative 
intensity of the rf resonances; but the second could not 
be ruled out. 

It is the purpose of this note to point out that 
experiments at magnetic fields strong enough to pro- 
duce a Back-Goudsmit effect in the hfs can decide 
which interpretation is correct. If in an experiment the 
frequency » is held constant and the magnetic field H is 
varied—an arrangement which is experimentally prefer- 
able to the converse—rf resonances will occur at fields 
given by 


H(M yoM y—1; Mr?M7)= Ho—a' My 
— (1/12)b' (2M s—1)[3MP—1(I+1)] 


where Ho=hv/g suo, a’ =ha/g suo, and b’=hb/g suo (v, a, 
and } in c/s; uwo=Bohr magneton). In a double reso- 
nance experiment, illumination by circularly polarized 
@ resonance radiation will produce an asymmetrical 
spectrum from which the magnitudes of a’ and 6’, and 
the sign of 4’, can be determined. All other methods of 
illumination will give only the magnitudes of a’ and 8’; 
the spectrum will be symmetrical about Ho, and a 
measurement of this field will determine the Landé 
factor gy which is unobtainable from the zero-field 
measurements. 

In the case of Na™ 3P;, the information already 
available? gives a’=10.2 gauss and either 6’=1.4 or 


1P. L. Sagalyn, Phys. Rev. 94, 885 (1954). 

2 Perl, Rabi, and Senitzky, Phys. Rev. 97, 838 (1955). 

* Davis, Feld, Zabel, and Zacharias, Phys. Rev. 76, 1076 
(1949). 


b’=—11.6 gauss, To determine which value of 6’ is 
correct it is not necessary to find its sign, only to dis- 
criminate between a small and a large magnitude. This 
can be done by employing illumination propagated 
perpendicular to the field, as is more convenient where 
an electromagnet is used. The spectrum will then 
consist of eight resonances displaced from Hy by the 
amounts +$a’+}4)’ and +4a’+40’ gauss (all combina- 
tions of signs). In view of the short lifetime of the 
excited state the half-width of each resonance at half- 
intensity is moderately large; on the basis of the zero- 
field measurements? it should be 5.25 gauss and the 
resolution will, therefore, be incomplete. We have 
plotted the theoretical curves of double resonance 
effect against magnetic field and find that if 6=2.6 
Mc/sec (b’=1.4 gauss) there are four maxima; whereas 
if b= —21.6 Mc/sec (b’=—11.6 gauss) there are three 
main maxima flanked by two more of about half in- 
tensity. In both cases, the separation between maxima 
is about 10 gauss, and the intensity differences between 
the main maxima and the included minima are about 
15%. To discriminate between the two values of 6 is 
thus a matter of performing an experiment in which 
fluctuations are not greater than a few percent of the 
double resonance effect, and then counting maxima. 

We have recently performed some double resonance 
experiments on sodium 3P, using a fixed frequency of 
4300 Mc/sec and 7 illumination. The resonance field 
for this frequency, 2300 gauss, produces a very com- 
plete Back-Goudsmit effect, with second-order per- 
turbations amounting to only a few hundred kc/sec. 
Owing to the presence of fluctuations in excess of those 
attributable to electron shot noise in the photomulti- 
pliers, the detailed structure of the curve could not be 
determined; work is going forward on improvements. 
The value of the Landé splitting factor obtained was 
1.34+0.02. An interesting feature of the experiment 
was the occurrence of an rf discharge at and near the 
field necessary for electron cyclotron resonance. It is 
expected that in later experiments a comparison of this 
field with the double resonance field will provide a 
precise value of the Landé splitting factor which will 
be independent of the measurement of the microwave 
frequency. 
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Cross Section for the Si?*(n,p)Al** Reaction* 


J. B. Marion,f R. M. Bruccer,t anp R. A. CHAPMAN 
The Rice Institute, Houston, Texas 


(Received July 11, 1955) 


By observing the radioactivity induced in glass samples bombarded by monoenergetic neutrons from the 
d-d reaction, the excitation function and the absolute cross section for the Si®*(,>)Al?8 reaction have been 
measured for neutron energies from 4.4 to 8.0 Mev. In this energy region several resonances were found and 
the maximum cross section was measured to be 0.37 barn. 





INTRODUCTION 


Ow measurement of the radioactivity induced in 
a sample by neutron bombardment may be used 
to determine the cross section for the nuclear reaction 
that leaves the active residual nucleus. This procedure 
has been used'~ in the investigation of neutron-induced 
reactions in the light- and medium-weight elements. If 
more than one reaction that produces radioactivity 
takes place, the activities must be separated in order to 
measure the individual cross sections. The (n,a) and 
(n,p) reactions in fluorine have been investigated in 
this manner.‘ The measurement of the induced activity 
as a function of neutron energy provides a convenient 
means of determining the excitation function for the 
reaction. 

When silicon is bombarded by neutrons of several 
Mev, the following reactions may take place: 


Si*+ n—Al?*+ p—3.87 Mev, (1) 
—Mg”+a—2.60 Mev, (2) 
Si?-+-n—Al”+ p—3.0 Mev, (3) 
—Mg"**+a—0.04 Mev, (4) 
Si®+n—Mg""+a—4.22 Mev. (5) 


The (,2n) reactions are not energetically possible be- 
low 8.8 Mev [which is the threshold for the Si”(n,2n) 
reaction |, and the cross sections for the (m,y) reactions 
are quite small for neutrons in the Mev energy range. 
Since Si” and Si* are respectively only 4.70 and 3.09% 
abundant in natural silicon, the effects of reactions (3), 
(4), and (5) will be small in comparison with those of 
reactions (1) and (2). Reaction (1) leaves the radio- 
active nucleus Al**, while reaction (2) leaves Mg”® which 
is stable. Therefore, radioactivity observed in the neu- 


* Supported by the U. S. Atomic Energy Commission. 

t National Science Foundation Predoctoral Fellow; now Post- 
doctoral Fellow, Kellogg Radiation Laboratory, California Insti- 
tute of Technology, Pasadena, California. 

¢t Humble Oil and Refining Company Fellow in Physics; now at 
Phillips Petroleum Company, Atomic Energy Division, Idaho 
Falls, Idaho. 

1H. C. Martin, Phys. Rev. 93, 498 (1954). 

?R. L. Henkel, in Neutron Cross Sections, Atomic Energy Com- 
mission Report AECU-2040 (Technical Information Division, 
‘em ge of Commerce, Washington, D. C., 1952), Supplement 
3, April 1, 19. 


+R. Riacmo, Nuovo cimento 8, 383 (1951). 
‘J. B. Marion and R. M. Brugger, Phys. Rev. 100, 69 (1955). 


tron bombardment of silicon will be predominantly from 
the Si**(”,p)Al® reaction. 

Early measurements’ indicated the formation of 
Al’?* in the bombarbment of silicon by neutrons from 
Ra-Be and similar sources. The Si?*(,p)Al** cross sec- 
tion at a neutron energy of 14.5 Mev was found to be 
220+50 mb by Paul and Clarke.® 


EXPERIMENTAL PROCEDURE 


Silicon samples in the form of soft glass of dimensions 
1 in.X1 in.X} in. were used in the investigation of the 
excitation function for the Si**(,p)Al’* reaction. These 
samples were bombarded by neutrons from the d-d re- 
action. The gas deuterium target that was used has been 
described previously.‘ The glass samples were placed at 
a distance of 2 inches from the center of the target 
chamber at which position the energy spread of the 
neutrons was approximately 100 kev.‘ 

The samples were bombarded for 300 sec and then 
transferred to a counter some distance from the neutron 
source and shielded from it by about 6 feet of concrete. 
Allowing 30 sec for the transferring procedure, the 
activity was then counted for 250 sec while the next 
sample was being bombarded. In order to allow the 2.30- 
min Al’ activity to decay before the sample was used 
again, twelve pieces of glass, cut from the same piece of 
stock, were used. The detector was a plastic scintillator, 
1.5 in. in diameter and ;’; in. thick, covered with a 
0.0005 in. Al foil. A DuMont photomultiplier and the 
conventional electronics were used. 

For the neutron energies used, no radioactivity could 
be produced in the oxygen content of the glass. Short- 
lived activities of 40 sec and 12 sec, arising from the 
(n,p) and (n,a) reactions in the sodium content of soft 
glass, although energetically possible, were not ob- 
served. The decay curve of the activity induced in the 
glass samples by 7.0-Mev neutrons is linear up to about 
500 sec. The activity is predominantly that of Al** 
with a 2.30-min half-life. It is possible that 6.6-min and 
9.6-min activities arising from the reactions Si” (,p) Al” 
and Si*°(n,a)Mg”’ may contribute to the deviation from 
linearity beginning near 500 sec. 

Since the yield of neutrons from the gas target into 
the solid angle subtended by the samples was known,‘ 


§ La M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
6 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 


247 





MARION, BRUGGER, AND CHAPMAN 





MAXIMUM RANGE 
OF Av2® ELECTRONS 


RELATIVE COUNTING RATE 








i i i i i i 
400 800 1200 
SAMPLE THICKNESS (MG/CM*) 





. 1, Relative counting rate of the Al** activity as a 
function of sample thickness. 


and since the approximate composition of the glass was 
known,’ the calculation of the absolute cross section re- 
quired only a determination of the counting rate at a 
particular energy and a measure of the effects of self- 
absorption in the samples. The latter was accomplished 
by measuring the counting rates from samples of dif- 
ferent thicknesses. The results of this determination are 
shown in Fig. 1. For sample thicknesses of less than 200 
mg/cm*, the counting rate is approximately a linear 
function of the thickness. Electrons of energy greater 
than about 0.58 Mev can penetrate this thickness.* For 
greater thicknesses, absorption is important, and the 
counting rate becomes approximately constant for thick- 
nesses near the maximum range of the 2.87-Mev 
electrons. The point at 55 mg/cm? was used in the cal- 
culation of the absolute cross section. For this thickness, 
only about 15% of the decay electrons originating at the 
outer surface are absorbed and fail to reach the detector. 
The absorption in the thin Al foil covering the detector 
is about 2%. 

The pulse-height distribution of the observed activity 
is shown in Fig. 2. An energy calibration made with the 
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Fic, 2. Pulse-height distribution of the electrons from 
the Al’* decay in a glass sample. 


7™W. M. Latimer and J. H. Hildebrand, Reference Book of 
Inorganic Chemistry (The Macmillan Company, New York, 1946), 
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K-conversion electrons from Cs'*? indicated that the 
electrons from the activity induced in the glass had a 
maximum energy of about 2.9 Mev, in good agreement 
with the measured value of 2.87 Mev for the Al’* decay 
electrons.* For the measurement of the absolute cross 
section, a bias setting of 2 volts was used, which allowed 
approximately 89% of the electrons reaching the de- 
tector to be counted. The excitation function was 
normalized to the absolute measurement which was 
carried out at a neutron energy of 7.0 Mev. Uncertain- 
ties in the absorption of electrons in the sample, the 
number of counts below the bias setting, the composi- 
tion of the glass samples, and the neutron flux, limit the 
accuracy of the absolute cross section to about 50%. 


RESULTS 


The excitation functicn and the absolute cross section 
for the Si*8(n,p)Al** reaction, obtained by the above 
methods, are shown in Fig. 3 for neutron energies from 
4.4 to 8.0 Mev. The resonance energies, peak cross sec- 
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Fic. 3. Excitation function and absolute cross section 
for the Si?8(n,p)Al** reaction. 


tions, and estimated widths of the maxima that were 
observed are summarized in Table I. The resonances at 
5.62, 6.51, and 6.81 Mev all have widths of approxi- 
mately 0.1 Mev, which was the energy resolution of the 
neutron beam. Therefore, it is possible that the corre- 
sponding states in Si” are actually narrow and that the 
peak cross sections are very large. The peak at 7.45 Mev, 
however, may have a real width of about 0.3 Mev, un- 
less it is a superposition of several narrow resonances. 

The maximum value of the measured cross section in 
the energy interval studied is 0.37 barn at the peak of 
the 7.45-Mev resonance. In general, the cross section is 
about the same as observed for other reactions of 
similar type.'~4 

DISCUSSION 

The Q-value for the Si?®(m,p)Al** reaction is —3.87 

Mev, and the reaction is not energetically possible for 


neutron energies below 4.0 Mev. The cross section is 
quite small immediately above threshold due to the 


°H. T. Motz and D. E. Alburger, Phys. Rev. 86, 165 (1952). 
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Coulomb barrier, and no Al** activity was observed un- 
til a neutron energy of 4.5 Mev was reached. Below this 
energy, the cross section is <2 mb, the lower limit which 
could be detected by the method used. 

The neutron total cross section of silicon has been 
measured from 3 to 12 Mev with a resolution of about 
10% by Nereson and Darden,’ who find two broad 
resonances at 4.8 and 6.0 Mev. Above these energies the 
value of the cross section is approximately constant at 
1.7 barns. The Si**(m,p)Al’* cross section does not indi- 
cate resonances at either 4.8 or 6.0 Mev, but the low 
value of the (,p) cross section near 4.8 Mev and the 
general rise due to penetrability would tend to obscure 
the effects of broad resonances in these regions. It is not 
difficult to understand why the total cross-section data 
failed to show the 0.1-Mev wide resonances, since the 


1 N. Nereson and S. Darden, Phys. Rev. 89, 775 (1952). 
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TABLE I, Resonances in the Si**(m,p)Al** reaction. 








Neutron energy Peak cross section 
(Mev) (barns) (+50%) 


5.14 (?) 

5.62+0.05 
6.510.05 
6.81+0.05 
7.45+0.10 
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resolution was approximately 0.6 Mev in this energy 
region. Even the peak at 7.45 Mev would have been 
averaged over, despite its 0.3-Mev width. 
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Range and Range Dispersion of Specific Fission Fragments 
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The range and dispersion in range of specific U** and U** fission fragments; namely, those associated with 
delayed-neutron emitters, have been determined in gases of different atomic number. These measurements 
give the Z-dependence of the range and range dispersion for fragments associated with a specific mode of 
fission. After corrections for foil thickness and geometry the Z-dependent part of the range dispersion which 
arises from the nuclear stopping process was determined and values were obtained for the residual com- 
ponent corresponding to the energy dispersion associated with the fission process itself. The values thus ob- 
tained for this energy dispersion are found to be in fair accord with recent theoretical results of Fong. 


INTRODUCTION 


EASUREMENTS have been made of the range 
and dispersion in range of specific fission frag- 
ments in various stopping gases. From the range 
dispersion it has been possible to obtain information on 
the dispersion in the energy release accompanying 
fission and these results can now be compared with 
some recent theoretical work of Fong.’ Experimentally, 
the dispersion in energy accompanying a given mode of 
fission has been given in the literature only indirectly. 
The fission-product energy spectra measurements of 
Brunton and Hannah,? Demmers,’? and Leachman,‘* 
and others involve the gross fission process. The 
dispersion in energy observed in these experiments is 
therefore partly associated with the variation in energy 
release accompanying different modes of fission. 
Another class of experiments employs the measurements 
1P. Fong, (private communication). 
2D. C. Brunton and G, C. Hannah, Can. J. Research A28, 190 
i Can. J. Phys. 31, 78 (1953). 
4R. B. Leachman, Phys. Rev. 83, 17 (1951). 


5 R. B. Leachman and H. W. Schmitt, Phys. Rev. 96, 1366 
(1954). 


of range. Katcoff® has measured the dispersion in range 
corresponding to what might well be ranges of frag- 
ments of a unique mode of fission. These measurements, 
however, were made in air only and complete reliance 
must be placed upon the theory of the stopping of 
fission fragments to derive from the dispersion in 
range the dispersion in the energy of the given fragment. 
Boggild’ has measured the fission fragment ranges and 
the dispersion in the range in gases of different atomic 
weights but the measurements were made upon gross 
fission fragments. It seems thus not untimely to present 
now some measurements made in 1948 which have a 
somewhat more direct bearing than the experiments 
just mentioned upon the question of the dispersion in 
the energy of a given fragment associated with a single 
mode of fission. For various reasons these results have 
not previously been presented in detail; some results 
have, however, appeared in abstract.® 

The experiment here described consisted of measuring 


6 Katcoff, Miskel, and Stanley, Phys. Rev. 74, 631 (1948). 

7 Boggild, Arroe, and Sigurgeirsson, Phys. Rev. 71, 281 (1947). 

8 Good, Wollan, and Strauser, Phys. Rev. 74, 1225 (1948); 
Good, Campbell, and Strauser, Phys. Rev. 75, 1292 (1949). 
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Fic. 1. “Rabbit” near outer terminal of pneumatic tube. U— 
uranium foil, B—Bakelite fission fragment catcher button, P— 
sealing plug, R—release ring, and F—filling valve. 


the range and the dispersion in range of those fission 


fragments associated with the 55-sec, the 22-sec and 
the 4.5-sec delayed neutron activities. These ranges 
were measured in gases of different atomic weights for 
both U8 and U5, 


APPARATUS AND PROCEDURE 


The apparatus for measuring the ranges of the 
delayed-neutron-emitting fission fragments is repre- 
sented in part in Fig. 1. This shows a gas-tight chamber, 
the “rabbit,” situated near the outside terminal of a 
pneumatic tube which extends into the central high- 
flux region of the ORNL graphite reactor. At the top 
of the “rabbit,” which is made of steel, is a cover plate 
under which is clamped a 25-mil nickel foil U on the 
bottom side of which is electroplated a thin (0.3 
mg/cm?) layer of enriched uranium. This is the source 
of the fission fragments which are emitted when the 
“rabbit” is driven pneumatically into the center of the 
pile. 

At the lower end of the “‘rabbit”’ is a bakelite fission- 
fragment catcher button B held in position by a steel 
plug with a bonded rubber disk which gives a gas tight 
seal when the plug is held in position by the arms shown 
on the side of the rabbit. 

The basic elements of the experiment can now be 
indicated as follows. The “rabbit” is filled with a gas 
to a given pressure, it is then sent into the pile where 
the emitted fission fragments from the fission foil 
traverse the gas (if the pressure is at a sufficiently low 


value) and collect on the catcher button. After a 
proper irradiation time the “rabbit” is sent out, and 
when the arms strike the release ring R the bottom 
plug P is released and the fission-fragment catcher 
button is discharged into a neutron counter system 
where the delayed-neutron activity of the button is 
measured as a function of time. 

The saturation activity for a given neutron period 
is then determined from the measured delayed-neutron 
decay curve, proper account being taken of irradiation 
time and the time between the end of irradiation and 
start of neutron counting. This measured saturation 
activity for a given gas pressure and delayed-neutron 
period then corresponds to one point on a curve of the 
type shown in Fig. 2. A repetition of the process for 
various gas pressures in the “rabbit” gives the range 
curve for this particular gas. 

An opening on the side of the pneumatic tube 
assembly allowed access to the gas filling valve shown 
on the front of the “rabbit.” It consisted of a } in. 
thick, pure rubber washer with a hole in the center. 
This rubber was put under compression by means of an 
Allen set screw and an Allen wrench down the centers 
of which were clearance holes for a No. 19 hypodermic 
needle. This needle was connected by means of a 
flexible rubber hose to a gas-filling manifold with 
mercury monometer. A given pressure of gas in the 
“rabbit” was then attained by inserting the needle into 
the “rabbit” through the rubber valve and setting 
the desired pressure on the filling manifold. The needle 
and Allen wrench were attached to long handles in 
order to minimize the radiation hazard in the filling 
process. A small thermocouple concentric with and 
terminating near the end of the hypodermic needle was 
used as a check on the equilibrium temperature of 
the gas. The final temperature was determined by a 
thermometer embedded in mercury in the pneumatic 
tube assembly. After equilibrium was reached, the 
needle was withdrawn and the rubber compressed by 
means of the Allen screw and Allen wrench. The leakage 
of the sealed “rabbit”? was negligible over several 
hours. 

Attached to the lower end of the pneumatic tube 
assembly was a box fastened through a funnel shaped 
bottom to a tube leading into the center of the neutron 
counter system. This box was attached to a line which 
sucked the contaminated air from the pneumatic tube 
when the “rabbit”’ was being discharged from the pile. 
A method of handling the seal-off plug in the bottom of 
the “rabbit” on discharge from the pile was contained 
within this box. This consisted of a hinged arm with an 
electromagnet which was located at the end of the 
pneumatic tube when the “rabbit” was being irradiated 
in the reactor. Upon discharge of the “rabbit,” the 
bottom plug was released and caught by the electro- 
magnet which then swung out of position to allow the 
catcher button to fall into the counter system. After 
counting, the button was retrieved by opening a trap 
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door in the tube in the center of the counter system, 
it was then replaced by a pair of tongs on top of the 
“rabbit” sealing plug through an opening in the box, 
the “rabbit” was clamped in position and by means of 
a hinged arm the plug and catcher button were brought 
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Fic. 2. Counting rates for delayed neutrons from U** fission 
versus gas pressure in “rabbit” for various stopping gases. 
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TaBLe I. Range and range dispersion for light fission fragments. 








Gas Re p(obs) % 7b 


He 143.3 5.4 
De 147.3 6.9 
He 218.2 5.4 
Air 37.9 8.4 
Argon 40.3 9.9 


A%e 


8 4.9 
3 78 
8 4.9 
8 
3 





10.5 
13.4 








Mp pet 'y range Xfoil correction factor (1.026), cm Hg NTP. 
p’ =p —2.6. 
© =[(1.849’)?—2.0]}3. 


into position to seal the “rabbit” for the start of a new 
run. 

The neutron counting system consisted of a paraffin 
cylinder about two feet long and one foot in diameter 
with a two-inch hole along its axis. Around the central 
tube embedded in the paraffin were located six 1-in. 
diameter BF; counters connected in parallel. The 
catcher button was counted in the center of this 
assembly, the response of which is known to be rela- 
tively independent of neutron energy. 

For the success of this method it was necessary to 
show that the fragments being studied would not stick 
to the collector button unless they impinged with 
greater than thermal energy and hence that diffusion 
played no observable role. That low-energy fragments 
do not stick to the collector was shown in two ways. It 
was found (a) that the background counting rate at 
pressures just exceeding the fragment range pressure 
was unaffected by the presence of a few micrograms of 
foil covering the collector button and (b) that the 
background counting rate at pressures exceeding the 
fragment range pressure did not increase with arbitrarily 
long exposures. It was hence concluded that diffusion 
is not observed because a certain minimum energy is 
required to make the fragments stick to the bakelite. 


RESULTS AND DISCUSSION 


Figure 2 shows the experimental results corresponding 
to the 55-sec and 22-sec delayed-neutron fragments from 
the fission of U™*, Interpretation is made as follows: 
Horizontal lines are drawn to represent the low- 
pressure and background counting rates. Judgment as 
to where to draw the “horizontal line” in the region 
between the 55-sec and 22-sec groups is assisted for 
different gases by the knowledge that the ratio of the 
number of fragments in the 55-sec and 22-sec groups 
must be the same, obviously, for all stopping gases. 
Tangents are drawn through the points of maximum 
slope. Then, if the points of intersection between the 
line of maximum slope and the adjacent horizontal lines 
are called R; and Rs, the mean range is given by 
Ro=(R2+R:)/2 and the straggling parameter is 
defined as p= (R2—R1)/2Ro= (Ro—R1)/ (Rot Ri). In 
the following discussion the range distribution is 
assumed Gaussian. Then \, the full percentage width 
at half-maximum, is related to the straggling parameter 
p by A=1.84p. Before discussing the data of Fig. 2 
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TaBLe IT. Range and range dispersion for heavy fission fragments. 








Gas Rot p(obs)% 


H: 113.2 5.8 
D: 118.7 7.7 

He 172.8 6.8 F . 
Air 27.8 11.9 ‘ 15. 
Argon 28.2 13.2 . 1 
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: Senet wes, San Xfoil correction factor (1.033), cm Hg NTP. 
p =p—3.3. 
*h= fa 849’)? —2.0}#. 


it will be well to dispose of those data not explicitly 
represented therein. Curves of the same type as those 
of Fig. 2 were obtained not only for 55-sec and 22-sec 
activities but also for the 4.5-sec activity and for U* 
as well as for U™*. The general statement can be made 
that the ranges for 235 fission are of the order of 2 to 
3% greater than the corresponding ranges for 233 
fission. In the cases of both U** and U™* the 4.5-sec 
ranges were the same within the experimental error as 
the 55-sec range. The essential content of the present 
report is contained in an analysis of the data of Fig. 2 
given in Tables I and II. 

The observed ranges of the delayed-neutron-emitting 
fission fragments can be directly compared for the 
case of stopping in air with the results of Katcoff* and 
a less direct comparison can be made with the data of 
Sugarman® who measured the extrapolated ranges of 
these fragments in aluminum. For this comparison, 
the ranges of Sugarman have been reduced to mean 
ranges in air by the relation 


Rmean (air) 


PairtPargon 
=Revrs( AD i 7 | 





2Rair 
RairtRargon 


where the ranges and straggling in air and argon are 
taken from our data. This relation is justified by the 
fact that the atomic number of aluminum is approxi- 
mately the average of that of argon and air. A compari- 
son of these mean ranges in air is given in Table III, 
and the results are seen to be in good accord. The 
observed percentage dispersion pops is assumed to be 
composed of the range dispersion associated with 
nuclear stopping, electronic stopping, geometry, and 
foil thickness, and in addition an initial energy dis- 
persion, including recoil from the prompt neutrons. 
The dispersion due to foil thickness was determined 
from an experiment in which the heavy fragment range 
was studied in helium for different uranium foil thick- 
nesses. The assumption was then made for the heavy 
fragment that the fission foil represented approximately 
the same fraction of the observed dispersion for all the 
gases studied, viz.: Hz, De, He, air, A. For the light 
fragment the fission foil was taken to contribute a 
smaller amount to the range dispersion in first approxi- 
mation inversely as the light and heavy particle ranges. 


® Nathan Sugarman, J. Chem. Phys. 15, 544 (1947), 
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The third columns in Tables I and II give the 
observed “straggling parameter’’ and the fourth column 
gives the “straggling parameter” corrected for the 
fission foil thickness. 

For the final values conversion has been made from 
straggling parameters to full widths at half-maximum, 
\. In this terminology, 


d?= (Acbs—A foil)? — Ageom?. 


From the third column of Tables II, III and Ageom 
= 1.4%, values are obtained for \, which are listed in 
columns four of Tables I and IT. 

These listed values of \ contain contributions from 
nuclear stopping, electronic stopping and from varia- 
tions in energy in the fission process. From the theory,!° 
it is found that the electronic stopping contributes only 
about 0.2% to the straggling and hence compared to 
the observed values is entirely negligible. There remains 
then only the nuclear stopping contribution and the 
contribution associated with the energy spread in the 
fission process. The nuclear contribution will depend 
on the mass of the stopping gas whereas that arising 
from the fission process will of course be independent 
of the stopping medium. It is on this basis that an 
attempt has been made to separate these two effects. 
This has been done with the aid of the general principles 
involved in the theory of range and range-straggling. 
The expression for the range of a fission fragment as 
given by Bohr" can be considered in an approximate 
sense as consisting of two parts, one in which electronic 
stopping predominates and one in which nuclear 
stopping predominates. Bohr’s approximate expression 
for the nuclear range straggling \v when represented as 
a percentage of the total range R can be written as 


Ry 2 MM, 
ANv?= const(—) x 
R 


(M.+M;)* 
where Ry is the nuclear part of the range and M, and 
Mz are the masses of the fission fragment and the 
stopping nucleus. 
Now the observed total range straggling listed in the 
last column of Tables I and II is given by 


V=Ay*+AP’, (2) 


in which Af’ represents the contribution from energy 
fluctuations in the fission process; and when Eq. (1) is 


(1) 


TABLE III. Mean ranges of specific U** fission fragments in air. 








Ranges (mgs/cm?) measured by 
G and W Katcoff Sugarman* 


2.40 2.56 2.62 
3.27 3.36 3.25 


Fragments 





22 sec 
55 sec 








* Converted data—see text for method used. 


1 N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 
4 N, Bohr, Phys. Rey. 59, 270 (1941), 
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substituted for \y’ one obtains 


R \? M,\M, R \? 
“(—) =Const———*—+ar#(—) oo 
Ry (M,+M;)? Rw 


The ratio R/Ry of the total range to the nuclear 
part of the range which depends to only a minor degree 
on the mass of the stopping nucleus has been calculated 
with the aid of Bohr’s (—dv/dx) formula and a-particle 
data. The values thus calculated are approximately 
the same for the light and heavy fragments and the 
average is listed in the second column of Table IV. 
Values of \?(R/Ry)*, where the \’s are the corrected 
values given in Tables I and II, are listed in the third 
and fifth columns of Table IV and values of the reduced- 
mass factor are listed in the fourth and sixth columns. 
These quantities which according to Eq. (3) are linearly 
related are plotted in Fig. 3. The linear dependence is 
seen to be in satisfactory accord with the data except 
for the case of helium. No reason can at present be 
given for this anomalous behavior. 

If, however, the general linear trend of the data is 
accepted then the intercepts on the ordinate will give 
the last term in Eq. (3) from which \ can be determined 
with the use of the average value of R/Ry. Also, since 
it is known that the range of fission fragments varies 


TABLE IV. Data as plotted in Fig. 3. 








Light fragment 
MiM:2 (xp ) 2 
(Mi+M2)?2 Rn 


2.39 0.0112 0.0137 
2.00 0.0220 0.0243 
2.35 0.0420 0.0137 
2.25 0.123 0.0558 
2.76 0.207 0.1405 


Av =2.35 


Heavy fragment 
MiM:2 (ape ) 2 
(Mi+M)2)? Ry 


Light or heavy 
fragments 


Gas Ro/Rn 





0.0072 
0.0142 
0.0276 
0.0857 
0.165 


0.0106 
0.0256 
0.0218 
0.1250 
0.2530 








approximately as the square root of the energy, one 
has that 
\r=AEr/Er=2(ARr/Re), 


and hence the intercepts give a measure of the energy 
spread in the fission process. 

For the heavy fragments for which the data are 
most reliable, the observed intercept in Fig. 3 gives 
about 5% for the energy spread. For the light fragments, 
the corresponding value is about 8%. If the energy 
of fission of U™* is taken to be 165 Mev, the energy 
associated with the 22-sec delayed-neutron emitter 
(53187) will be about 65 Mev, and with the 55-sec 
emitter (ssBr’’) it will be about 100 Mev. The energy 
straggling as given by the lines drawn through the 
data in Fig. 3 for the light and heavy fragments will 
thus correspond to about 8 Mev and 3.5 Mev, respec- 
tively. The errors to be associated with these figures 
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Fic. 3. Square of dispersion width versus M,M2/(Mi+M2)* for 
fission fragment and stopping nucleus. 


are somewhat difficult to determine. Nevertheless, it 
is of interest to compare these values with those 
obtained from the theory of the fission process as 
developed by Fong.' Fong has shown that in the 
neighborhood of the most probable fission mode, the 
1/e half-width associated with the total intrinsic 
energy spread is about 5.8 Mev. The intrinsic energy 
spread does not include the energy spread resulting 
from fragment recoil from prompt neutrons. This latter 
spread is given‘ approximately by 4.8(Mz/Mz)! and 
4.8(M,/My)* for the light and heavy fragments 
respectively. By appropriately combining these quanti- 
ties, one obtains for the energy full widths at half- 
maximum 8.4 Mev and 5.6 Mev for the light and 
heavy fragments. These values are in good accord with 
those obtained from the lines drawn through the data 
of Fig. 3. It is evident, however, from the figure that 
there is a considerable spread in the measured values, 
but it would seem reasonable to conclude that the 
energy dispersion is probably not appreciably greater 
than the values derived from the line intercepts. 

The authors are indebted to Merle T. Burgy for his 
participation in the early stages of this work, and to 
E. C. Campbell and W. A. Strauser for helpful dis- 
cussions and for cooperation in some of the measure- 
ments. 
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An attempt is made to give a general account for some of the excited levels of 4n-type self-conjugate light 
nuclei, especially for characteristic low-lying 0* levels and also for the 2+ levels which appear not too far 
above the 0* levels in every case except the O' ground state. It is pointed out that these 2* levels may arise 
from the same configuration as the lower lying 0* states which are considered to be deformed. The degree 
of deformation is estimated from the 0*—2* energy separation and found to correspond to quite high 
deformations in some cases. The 6.06-Mev, 0*, pair emitting state in O'*, which is considered to be a “hole 
configuration” by Christy and Fowler, may be deformed and is suspected to have a shape like a line of four 
alpha particles. Also, a rotation-like series of levels with spins and parities, 0+, 1-, 2+, 3-, and 4+ among the 
highly excited states of Mg™ which appears to correspond to a series expected for a linear rotator with six 
alpha particles in a line is discussed. With Ne™, indications of medium-deformed states are found. Analogous 
discussions on the levels in Be* and C” are tried although the experimental evidence is less conclusive. 





1. INTRODUCTION 


HE energy level structures of 4n-type light nuclei, 
like Be’, C”, O'*, Ne”, and Mg*™, show some 
characteristic features which are not quite easy to 
explain from simple shell-model theories. The alpha- 
particle model' has been considered as a_ hopeful 
alternative for describing these levels, and recent 
re-examination of the alpha-particle model of the O'® 
nucleus? seem to show a remarkable agreement with 
experiment.* However, there are still several difficulties 
with this model, especially in assigning the first dila- 
tational vibration to the 6.06-Mev, 0* pair-emitting 
level.!:?-4 
Recently Christy and Fowler proposed a “hole 
configuration,” or a configuration where four # particles 
are raised up to the next shell (s, d orbits) for expiaining 
this state, in analogy to the low-lying }- state in F” 
and the }~ state at around 3-Mev excitation of O'” 
and F"’.® Schiff also investigated a two-nucleon 
excitation for the same state,* and concluded that in 
order to account for the observed lifetime of this state 
a model which is more collective than the independent- 
particle model with pair interaction and less collective 
than the conventional alpha-particle model is necessary. 
Since, however, such 0* states have been found in all 
4n self-conjugate nuclei up to Ne” at around the same 
energy, it is desirable to try to find a more general 
argument in connection with other Jevel characterictics. 
It is the purpose of this note to suggest a possible 
interpretation of these 0* states as rotationless states 
of strongly deformed configurations. 


* Supported by the U. S. Atomic Energy Commission. 

t On leave from the University of Tokyo, Tokyo, Japan. 

1 See for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
— Physics (John Wiley and Sons, Inc., New York, 1952), 


p. 29 
iD 'M. Dennison, Phys. Rev. 96, 378 (1954). 
3 J. W. Bittner and R. D. Moffat, Phys. Rev. 96, 374 (1954). 
4 Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London) 
A67, 134 (1954). 
bR.F. Christy and W. A. Fowler, Phys. Rev. 96, 851(A) (1954). 
* L. I. Schiff, Phys. Rev. 98, 1281 (1955). 


Sections 2 to 4 deal with O'*, Mg™, and Ne” for which 
the occurrence of rotational series allow the determi- 
nation of the deformation. In Secs. 5 to 6, similar 
interpretations are proposed for C” and Be’. 


2. DEFORMATION OF THE O'* NUCLEUS 


In heavy nuclei it is known that deformation of the 
nucleus takes place, especially when the nucleus is 
far from a closed core.’ Since the O'* ground state is a 
closed-core configuration, it must be spherical; but the 
“hole configuration”, where four p particles are excited 
to the d orbits, is no longer a closed-core configuration. 
The d particles will place themselves nonuniformly, 
and the eight particles will not make a complete 
spherical p, core, since j does not remain a good 
quantum number in a deformed potential. The de- 
formation may be quite serious, for after the / shell 
is deformed, only four s particles are left to form a 
closed core, if any, which, then is as small as the outer 
d nucleon group. 

If the 0+ state of O'* at 6.06-Mev is really such a 
deformed state, there should be a 2* rotational state 
not too far above it. Actually there is a 2+ state at 
6.91-Mev, 850-kev higher than the 0+ state [Fig. 1(c) ]. 
The corresponding moment of inertia is quite high and 
is appropriate to four alpha particles in a row. The 
moment of inertia of the system with four alpha 
particles in a line is obtained by assuming that the 
assignment of the first rotational state of the tetra- 
hedron ground state to the 6.14-Mev 3- state in O'* 
is correct and assuming constant-density spherical 
alpha particles in contact with each other. The corre- 
sponding alpha-particle radius is 1.35 10-" cm which 
is, as has been known for a long time, a reasonable value. 
The energy of the 2+ level thus calculated becomes 6.86 
Mey, which is quite close to the observed value. So, the 
“hole configuration” is likely to resemble a structure 
with four alpha particles in a row. 


7A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Dan. Mat.-fys. Medd. 27, No. 16 (1953). 
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Fis. 1. Lower energy levels of 
Be®, C#, O16, Ne™, and Mg™. Dots 
indicate the states interpreted as 
deformed states. 
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Conversely, it is not too unnatural to equate such a 
long alpha-particle nucleus to a shell state with higher 
average angular momenta, since on stretching the 
spherical (tetrahedral) alpha-particle ground state of 
O'* to a line the average angular momentum of the 
nucleons will increase. 

In the alpha-particle model, such a linear configura- 
tion may be metastable, since inter-alpha-particle 
forces are probably made up of a short-range attractive 
force with a repulsive core and a long-range Coulomb 
repulsion force. If the binding energy argument of the 
simple alpha-particle model! is accepted, the energy 
necessary for the structure change may be calculated, 
provided that all normal frequencies of both structures 
are known in order to determine the difference in zero 
point energy. However, as shown by Hafstad and Teller, 
the zero-point energy per bond is quite constant from 
one structure to another,’ and this also holds for four 
particles in a row.’ For an order-of-magnitude estimate 
it will be sufficient just to omit the zero-point energy 
and to calculate the excitation energy from the change 
of the number of the bonds and the change in the total 
Coulomb energy. The energy thus calculated is 9.5-Mev 
which is about 1.5 times the observed energy of the 
excited state. Since the bond energy argument in the 
alpha-particle model does not make too much sense, 
this comparison should not be taken seriously for or 
against the linear arrangement. 

If the moment of inertia is constant or does not 
change much by rotation (strong-coupling limit), there 
should be a 4* state at or around 8.91-Mev. It may be 
rather difficult to find such a 4* level from the elastic 
scattering of alpha-particles on C”,”° since the width is 
expected to be quite small. It would not have been 
found in the inelastic scattering of protons on O"*, 
since it would be masked by a proton group leading to 


8 L. R. Hafstad and E. Teller, Phys. Rev. 54, 681 (1938). 

® The author is grateful to Professor Y. Morino for a discussion 
on this problem. 

” R. W. Hill, Phys. Rev. 90, 845 (1953). 
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a 2- level at 8.85 Mev." Since a 4* level can decay by 
alpha-particle emission, it may be interesting to look for 
alpha particles with energies around 1.3 Mev following 
this proton group.” 


3. ROTATION-LIKE SERIES IN THE EXCITED 
LEVELS IN Mg*‘ 


Among 11 states found in the elastic scattering of 
alpha particles on Ne, there is a series of levels with 
spin and parity 0+, 1-, 2+, 3-, and 4+, with a 0+—2+ 
difference of 234 kev and 0+—4* difference of 780 kev." 
(Fig. 1(e)] The ratio of these energy differences is 
exactly 3 to 10, which is just to be expected for a rigid 
rotator. Furthermore, it is interesting to see that the 
0*+—2+* energy difference, 234 kev, is very close to the 
value expected from the rotation of a linear molecule 
with six alpha particles in a row. With the same 
assumption as was used in the case of the O'*, namely, 
taking the alpha-particle radius from the 3~ state in 
O'*, the splitting is calculated to be 237 kev. As long as 
this series is interpreted as rotational levels, only six 
particles in a row can give such a high moment of 
inertia in a simple manner. The height of the 0* state 
is 11.751 Mev which is again a little higher than half 
of the value calculated for the structure change in the 
alpha-particle model. Lf we ignore the zero-point energy 
change, the latter becomes about 20-Mev. 

It is tempting to interpret the intervening 1~ and 3- 


( 1 Toppel, Wilkinson, and Alburger, Phys. Rev. 99, 632(A) 
1955). 

2 W. F. Hornyak and R. Sherr, Phys. Rev. 99, 632(A) (1955). 

138 Note added in proof.—In a recent investigation by Wilkinson, 
Toppel, and Alburger (private communication) it was confirmed 
that this level is a 2-level which can hardly be assigned to the 
tetrahedral alpha-particle model. Also in this investigation it was 
found that the decay of N"* to this state has rather low compara- 
tive half-life (logft=4.4). These results are significant since, 
except for the 0+ and 2* states interpreted as deformed states in 
above discussion, the lower states of O'* far below the lowest 
T =1 state all have negative parity as in the case of Pb**, strongly 
suggesting that these states are due to single particle excitation. 
This is also indicated by the rather low comparative half-lives of 
beta decay from N"* to these states. 

4 Goldberg, Haeberli, Galonsky, and Douglas, Phys. Rev. 93, 
799 (1954). ; 
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levels also as rotational states. Such levels, however, 
cannot appear as pure rotational states because of the 
symmetry requirement in the alpha-particle model. 
They are possible only if an odd vibration is superposed 
to make the total wave function symmetric for the 
interchange of alpha-particle pairs. To be in accord with 
the small energy of these states, the vibration must 
have a very small energy, rather smaller than the energy 
of rotation. It seems plausible that in the linear con- 
figuration proposed, a vibration mode corresponding to 
the shape of an arc can have a rather low frequency. 
The energies of the 1~ and 3- states are higher by 54 
and 69 kev than the expected energies of (imaginary) 
pure rotational states. These excess energies, then, 
would be the energies of excited states of the lowest 
vibrational mode, if interaction terms are neglected. 
The higher excess in the energy of the 3 state may be 
due to the higher centrifugal force in the 3~ state. The 
absence of higher vibrational states cannot be inter- 
preted easily. It may mean that only one well-defined 
vibrational eigenstate exists, since, guessing from the 
amount of the vibrational energies, the amplitudes of 
these lowest vibrations are already quite high. 

In the case of O'*, the linear configuration was 
considered to correspond to the “hole configuration” 
with the excitation of four particles in the shell model. 
For Mg™, however, the length and the thickness of the 
nucleus makes it inappropriate to give a unique corre- 
sponding shell model assignment. It seems, however, 
that at least the O'* core must be broken and some f 
particles must be considered. So, this 0* “ground” state 
will not correspond to the mere excitation of one group 
of four particles but should mainly correspond at least 
eight-particle excitation. This is also suspected from 
its high energy (11.751-Mev). Hence, one or more 0+ 
medium-deformed states may be hidden in the lower 
energy region where experimental data are rather scarce. 


4. DOUBLE 0+—2+ SERIES IN Ne” 


If the interpretation of some of the O'* and the Mg™ 
states as due to configurations with several alpha 
particles in a row is correct, such an arrangement should 
show up in the excited states of Ne” and in other cases. 
Among the excited levels of Ne” so far known, there is 
a group consisting of a 3-, two 0*, and two 2+ levels 
lying very close together'® [Fig. 1(d) ]. The energies of 
the latter four are 6.738 (O*+), 7.218 (0+), 7.450 (2+), 
and 7.854 (2+) Mev. The reduced widths of the lower 
levels of each spin value are considerably larger than 
the higher two. It therefore appears that they consist 
of two pairs of 0*—2* states. From an interpolation 
between O'* and Mg’, the 0* state due to the linear 
alpha-particle molecule should appear somewhere 
around here; this could account for only one pair, and 
no matter how the 0*—2* pair is taken the energy 
difference does not fit with the rotational energy of the 


18 J. R. Cameron, Phys. Rev. 90, 839 (1953). 
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linear alpha-particle molecule, about 400 kev. Since 
the argument about the height of the 0* linear state is 
not a strong one, none of these levels seem to correspond 
to the linear state. 

Since these energy values have the same order of 
magnitude as the lowest 0* states in other nuclei, Be’, 
C”, and O"*, it is probably more plausible to consider 
similar four-particle excitations with least energy 
consumptions. An alternative two-particle configuration 
theory would seem to meet serious difficulties as follows: 
Between two-particle configurations with the same 
angular momentum and parity, especially in the 0+ 
states, it is well known that a fairly large amount of 
configuration mixing takes place.'** The interaction 
energy is well over 1 Mev. Hence it is rather unlikely 
that such close-lying 0* states (380-kev apart) appear 
if they have two-particle configurations. Also, the large 
difference in the reaction widths of these states suggests 
rather small configuration mixing. 

Simple four-particle configurations of Ne” with low 
energies will be the following: (1) O'%+d* (ground 
state), (2) O'%+/*, (3) O'%+p-+-d’. Tentatively, the 
assumption will be made that (2) and (3) correspond to 
the two close-lying 0+ states. Since the lower 0+— 2+ 
pair have higher reaction width for elastic scattering, 
it will be more plausible to assign (2) to the lower pair 
and the “hole configuration”, (3), to the upper states. 

Since the first excited state of Ne” is found to be 2t, 
at 1.63-Mev, it is interesting to compare the 0*—2* 
separations on the basis of the above assignment, 
attributing each 2+ state to the rotation of the lower- 
lying 0+ state. The separations for the lower and higher 
pairs are 710 kev and 630 kev respectively. For a rough 
estimate, the sum of F of the particles outside of the 
core may be considered as proportional to the moment 
of inertia of the state. Then, the ratios of the 0*—2* 
separations for the above configurations become 
+:$: 79, which gives 740 and 650 kev for the upper two 
separations, adjusting the constant from the ground- 
state—first-excited-state separation. Here, in the case of 
(3) only s;* particles were considered to be the core. 
This procedure should be applicable to the other nuclei. 
For O"*, same constant gives 1090-kev for the separation 
between the 6.06-Mev 0* state and the 2+ state which 
actually lies 850 kev above. In the case of Mg™ the 
height of the lowest 2+ state becomes 0.82 Mev instead 
of the observed value of 1.38 Mev. This fit is not quite 
satisfactory. Actually the height of the 4* state (4.14- 
Mev) in Mg™ suggests that the strong-coupling formula 
cannot be applied to the 0+—2+—4* series of the 
lowest states. 

The 4* states corresponding to the two sets of 0*— 2+ 
states in Ne” at 9.1 and 9.4 Mev should appear if the 


16M. G. Redlich, Phys. Rev. 95, 448 (1954). 

17T). E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 
(1954). 

18C, K. Levinson (private communication). 

 H. Morinaga and E. Bleuler (to be published). 











moment of inertia does not change by rotation. Refined 
experimental data are not yet available at this energy, 
but from both the (d,) reaction®?! and the elastic 
scattering of alpha particles” a state is observed at 
around 9.2 Mev. This level has been suspected to be a 
1~ state, but it would be interesting to know the 
scattering pattern with higher resolution. 

According to this interpretation there may still be 
real linear states among higher excited states of Ne”. 
Among the known levels there is no conclusive evidence, 
but there is a substantial gap where the level scheme is 
not very well established. 


5. BERYLLIUM-8 


For the alpha-particle model this nucleus is the 
fundamental starting point, but the binding energy 
argument fails explicitly. The energy level structure 
seems to be quite well known now and the nature of the 
levels at 2.9-Mev, 7.55-Mev, and 10.8-Mev with 2t, 
0+, and 4+ is quite well established” [Fig. 1(a) ]. Besides 
these states it seems to be certain that there is a very 
broad 2+ level at around 10-Mev. The D wave phase 
shift in alpha-alpha scattering goes through 90° at 
around 10-Mev very slowly. The width of this level 
is about 7 Mev. Also the energy spectrum of the alpha- 
particles following the Li® beta decay shows some 
branching to a very broad peak with several Mev 
half-width and with a maximum at higher energies.” 
After dividing the spectrum by £°, a broad peak with 
several Mev half-width and with a maximum at around 
10 Mev is seen.”* The total area under the 10-Mev peak 
is higher than the total area under the 2.9-Mev peak. 
Since the log ft value for the latter peak is calculated to 
be 5.6, the transition to the higher state must be 
allowed and the state must be 2*. It is doubtless the 
same state as that seen by the alpha-alpha scattering. 

At first sight it looks as if the 2.9-Mev and 10.8-Mev 
state represent the rotation of the dumbbell alpha- 
particle ground state. But this assignment leads to the 
difficulties. First, the moment of inertia is too high 
compared with the value calculated from the O'* 3- 
state. This difficulty might be avoided, however, by 
assuming that the binding of the two alpha particles is 
so weak that the nucleus is more stretched (like the 
deuteron ground state), making the value of the 
moment of inertia larger. But then the 4* state should 
appear much lower than 10/3 times the energy of the 2+ 
state. The experimental value, however, shows the 
opposite shift. Moreover, both the 2.9-Mev state and, 
especially, the 10.8-Mev state are quite narrow. It 
appears, then that the assignment given by Inglis on 

2” T. W. Bonner, Proc. Roy. Soc. (London) A174, 339 (1940). 
21. C, F. Powell, Proc. Roy. Soc. (London) A181, 344 (1942, 43). 
2 A. J. Ferguson and L. R. Walker, Phys. Rev. 58, 666 (1940). 
% See F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 
TT Ae Steinert and M. B. Sampson, Phys. Rev. 92, 660 (1953). 
25 Bonner, Evans, Malich, and Risser, Phys. Rev. 73, 885 
CW. F. Hornyak and T. Lauritsen, Phys. Rev. 77, 160 (1950). 
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the basis of the intermediate coupling model”’ describes 
these two levels better. For the 7.55-Mev 0+ level, a 
p;* configuration may be assumed in analogy with the 
O* states in other nuclei. Since this configuration 
becomes the same state as the ground state in the limit 
of L-S coupling, namely 4S, this level should be one of 
the lowest states. The broad 2* state seems to have a 
large component of a two-alpha particle configurationi. 


6. CARBON-12 


Since elastic scattering experiments to determine 
energy, spin, and parity of excited states of this nucleus 
are impossible, not so much is known about the level 
scheme [ Fig. 1(b) ]. The characteristic 0+ level appears 
at 7.65 Mev.” This state is well known for its difficulty 
of formation in various reactions.” It is, therefore, 
tempting to assign the “hole configuration” to this 
state. Here, the lowest imaginable four-nucleon excita- 
tion is p;‘—p;*. Although the p; configuration outside 
a spherical core would make a spherical configuration, 
it will not be able to keep its spherical symmetry in 
this case since the p3 core becomes incomplete and an 
over-all deformation will take place. 

If such a deformation corresponds to the state of 
three alpha particles in a line as was considered in the 
case of O'*, it will give a 2+ state at around 9.70-Mev. 
Actually, there is a state at 9.61-Mev which can be 2', 
since it decays by the emission of an alpha particle 
to the ground state of Be’. Also, if this is the rigid first 
rotational state of the 7.65-Mev “ground”’ state, there 
should be a 4* state at around 14.18 Mev. There is 
a state known at 14.16 Mev. The spin and parity of 
these states are not known. The normal reaction width 
of the 9.61-Mev state contradicts the suggested 
assignment. 


7. CONCLUDING REMARKS 


Although experimental evidence is not quite con- 
clusive, it seems to be possible to give some general 
interpretation to the low-lying 0* states in connection 
with the 2+ states which are found above all 0* states, 
including the ground states of the nuclei discussed 
except for the O'® ground state which is spherical. 
When the core is not closed, such a 2* state is expected 
to exist either from shell theory or the collective 
rotational model. The present assignment suggests that 
extreme collective features show up in some cases. 
In the case of Mg’, the series of levels mentioned looks 
like an indication of a rigid rotator. It is not unnatural 
that the highly collective feature dominates, since in 
light nuclei the alpha-particle structure is pronounced 
and L-S coupling is important. But the height of the 
4.1-Mev 4+ state in Mg™ shows that the collective 
feature is not perfect for the ground-state configuration. 

27D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

%8 G. Harries, Proc. Phys. Soc. (London) A67, 1953 (1954). 

® V.R. Johnson, Phys. Rev. 86, 302 (1952). 


( * Dunbar, Pixley, Wenzel, and Whaling, Phys. Rev. 92, 649 
1953). 
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It is natural to expect more collective behavior when 
the deformation is appreciable. In the cases of the 
double 0*—2* series in Ne™ the deformations are 
apparently not complete (not quite like lines). So, the 
4* levels may be found at lower energies than are 
expected from the strong coupling-limit theory. In 
general there will be more different degrees of deforma- 
tion, when the nucleus gets heavier, between the least 
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deformed ground state and the highest deformed state. 
The spectrum of such 0* states seems to depend on 
where the nucleus is in the shell. 
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The splittings of the #5, and 1S» states of Li* and the P doublet 
states of Li’ by the tensor force are calculated by a variational 
method which includes the effect of configuration interaction. 
Other forces which would contribute to the splitting, such as spin- 
dependent central forces or vector spin-orbit forces, are not con- 
sidered. The method of calculation is based on the use of a varia- 
tional function of the form y=yYo+A?’o, where ?’ is essentially 
the tensor force, treated as a perturbation on a central force 
oscillator wave function, yo. The effect of the tensor force is shown 
to be equivalent to a mixture of ordinary and spin-exchange 
central forces plus a vector type spin-orbit force of rather com- 
plicated structure. Using a Hu-Massey Gaussian shape tensor 
potential, an S-state splitting of 1.4 Mev is found for Li® and an 


I. INTRODUCTION AND SUMMARY 


RIOR to the discovery of the quadrupole moment 

of the deuteron! and its interpretation in terms of 
a tensor force,? many theoretical studies of the level 
structure of light nuclei were made on the basis of 
central forces alone.*~* To allow for the observed 2.3- 
Mey singlet-triplet splitting in the deuteron, central 
spin-exchange forces were used. In view of the fact 
that the tensor force can account for the entire amount 
of the deuteron splitting,*:’ it is clear that the level 


t nin yg in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* Based on the author’s Ph.D. thesis, Princeton University, 
1952. A preliminary account of some of the results of this work 
was given at the Washington meeting of the American Physical 
ean [A. M. Feingold and E. P. Wigner, Phys. Rev. 79, 221(A) 

1950 

t Now at the Physics Department, University of Illinois, 
Urbana, Illinois. 

i Rabi, Ramsey, and Zacharias, Phys. Rev. 57, 677 

1 


2 W. Rarita and J. Schwinger, Phys. Rev. 59, 436, 556 (1941). 

* E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 

‘D. R. Inglis, Phys. Rev. 51, 531 (1937). 

5H. Margenau and K. G. Carroll, Phys. Rev. 54, 705 (1938); 
H. Margenau and W. A. Tyrrell, Jr., Phys. Rev. 54, 422 (1938); 
Tyrrell, Carroll and Margenau, Phys. Rev. 55, 790 (1939); K.G 
Carroll, Phys. Rev. 57, 791 (1940). 

*W. G. Guindon, Phys. Rev. 74, 145 (1948); J. M. Blatt and 
V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1952), p. 103. 

7R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 


inverted P-doublet splitting of 380 kev is found for Li’. A 
Yukawa shape potential would give similar results. In view of the 
approximations made in the analysis, these results are in reason- 
able agreement with the experimental splittings of 3.5 Mev and 
480 kev for Li® and Li’ respectively. The tensor force is found to 
contribute about 12 Mev to the binding energy of these nuclei 
and to introduce a 6 percent admixture of excited states into the 
ground state. The importance of configuration interaction is 
shown by a second-order perturbation calculation neglecting con- 
figuration interaction which gives entirely different results—a 
negligible S-state splitting for Li® and a normal P doublet structure 
for Li’. The effect of the tensor force on the P-doublet separation 
in Be’ and the F doublet separation in Li’ is discussed briefly. 


structure of other nuclei will also be considerably 
affected by the presence of the tensor force. 

In recent years extensive calculations of the level 
structure of light nuclei have been made by many 
authors*-” using the vector spin-orbit force of the 
Mayer-Jensen shell model." Qualitative agreement with 
the observed level structure of the p-shell nuclei can be 
obtained in this way. For Li® and Li’ practically pure 
LS coupling seems indicated.’ In the present work we 
shall neglect the possible presence of vector-type spin- 
orbit forces, and assume that the nuclear potential 
consists solely of a mixture of charge- and spin-inde- 
pendent central forces plus a tensor force. 

Previous studies of the effect of the tensor force 
on light nuclei other than the deuteron have been 
concerned mainly with its effect on their binding 


®See, e.g., I. Talmi, Helv. Phys. Acta 25, 185 (1952); D 
Kurath, Phys. Rev. 88, 804 (1952); R. Schulten, Z. Naturforsch. 
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2 That Li® might be a case of intermediate or jj coupling has 
been suggested by N. Zeldes [Phys. Rev. 90, 416 (1953) ], T. me 
[Nuovo cimento 11, 285 (1954)], A. Hitchcock [Phil. Mag. 4 

385 (1954)], and Otsuki, Sawada, and Suekane [Progr. Theoret. 
Phys. (Japan) 13, 79 (1955)]. 












energy.”* One would expect the most spectacular evi- 
dence of the tensor force to show up in the splitting 
of levels which in its absence, assuming spin-inde- 
pendent forces alone, would be degenerate. Such levels, 
aside from the singlet-triplet states of the deuteron, 
are, assuming the approximate validity of LS coupling, 
the *P states of He®, the '45 states and the !D states 
of Li’, and the ?P states and the ?F states of Li’. We 
shall primarily be concerned with the splitting of the 
*P states of He® and Li’, and the '4S state of Li®,“ as 
these are expected to be the lowest levels in these nuclei 
on the basis of central forces alone.’ 

Dancoff'’ investigated the splitting of the *P states 
in He® using the Rarita-Schwinger’ square well poten- 
tial and concluded that the tensor force would produce 
a normal P doublet, in contradiction with the experi- 
mental level order, with a splitting that was negligible 
in comparison with the large experimental value. We 
shall see below in Sec. V that an improved calculation, 
with a Gaussian or Yukawa potential, gives results 
more in accord with experiment. 

Calculations on the level structure of Li® including 
the tensor potential have been made by Elliott,” 
Ishidzu and Obi,!* and Morita and Tamura." These 
studies neglected the possible effects of configuration 
interaction. Since the selection rules on the tensor force 
are such that its first-order perturbation effect vanishes 
for doublet or S states, which are the states we are 
concerned with, and very few, if any, states exist in the 
ground state configuration which can interact with 
these states in a second-order perturbation calculation, 
we can expect that configuration interaction will be 
decisive in estimating the effect of the tensor force. 
We shall see below that this is indeed the case. 

The plan of this paper is as follows. In Sec. II the 
level structure of Li® and Li’ is calculated by considering 
the effect of the tensor force as a perturbation of the 
level structure due to the central force. Single-particle 
harmonic oscillator wave functions® are used and only 
interactions among the states of the lowest configura- 
tion, s‘p", are considered. Similar calculations have been 
performed by Elliott,’ Ishidzu and Obi,'* and Morita 
and Tamura.” The results of this method are very 
unsatisfactory, the calculated splitting of the 4S, and 
19 levels of Li® being negligible, and the calculated 
order of the ?P levels of Li’ being the reverse of the 
experimental order. 

In Sec. III a perturbation method to take con- 
figuration interaction into account is developed. The 


13 E. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 (1942); J. 
Irving, Proc. Phys. Soc. (London) A66, 17 (1953); M. Morita 
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4 The effect of the tensor force on the D states of Li*® has been 
investigated using an extension of the methods of this paper by 
D. H. Lyons, Ph.D. thesis, University of Pennsylvania, 1954 
(unpublished). For a summary of the results see D. H. Lyons and 
A. M. Feingold, Phys. Rev. 95, 606 (1954). 

16S. M. Dancoff, Phys. Rev. 58, 326 (1940). 

16 T. Ishidzu and S. Obi, Progr. Theoret. Phys. (Japan) 10, 690 
(1953). 
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method is based on a variational procedure first con- 
sidered by Lennard-Jones,!” who suggested the use of a 
variational function of the form yo+AVyo, where Wo is 
the unperturbed wave function, that due to the central 
force in our case, V is the perturbation potential, the 
tensor force, and X is the variational parameter.'* We 
shall use a modification of this method, replacing V by 
a function with a more suitable radial dependence.” 
The method is then applied to the deuteron as a test, 
and the necessary formalism for applying the method 
to other nuclei is developed along the lines used by 
Dancoff.'® 

To gain further insight into the variational method, 
it is applied in Sec. IV to the a particle to find the con- 
tribution of the tensor force to its binding energy. The 
splitting of the ?P states of He is then calculated in 
Sec. V, and it is now found that the *P 3,2 level lies below 
the *P1/2 state, with a level separation of 1.0 Mev, to 
be compared with the observed splitting of at least 2.5 
Mev.” In Sec. VI and Sec. VII the variational method 
is applied to the 4S states of Li® and the ?P states of Li? 
respectively. In contrast to the results of Sec. II where 
configuration interaction was neglected, qualitative 
agreement with the experimental data is now obtained. 
An inverted P doublet is now found for Li’ with a 
splitting of the same magnitude as the experimental 
value of 480 kev, while for Li‘ a splitting of 1.4 Mev for 
the S states is obtained, which, while less than one-half 
the experimental value of 3.5 Mev, is some ten times 
the value obtained in Sec. IT. 

Most of the calculations are performed using a 
Gaussian potential for ease in computing matrix ele- 
ments. The potential we shall use is one given by Hu 
and Massey,”! 


Vi2e= Vers the= Vo exp(—6*r12") 
+T S12 exp(—7°r1:7), (1) 


where V ¢i2 and ¢;2 are the central and tensor potentials 
respectively, Vo and 7» their respective strengths, 8 and 
7 their inverse characteristic ranges, and Sj, is the 
tensor operator, 


Si2=(3(ti2- 1) (t12- @2)/r12" ]— (01-2). (2) 
The parameters have the values 
Vo=—29.5 Mev, To=—17.4 Mev, B=r=1.29, (3) 


( os} E. Lennard-Jones, Proc. Roy. Soc. (London) A129, 598 
1930). 

18 This method has been applied to nuclear problems by, e.g., 
E. Wigner, Phys. Rev. 43, 252 (1933); E. Feenberg, and J. K. 
Knipp, Phys. Rev. 48, 906 (1935); E. Feenberg and S. S. Share, 
Phys. Rev. 50, 253 (1936). 

1” The advantage of such a procedure is implicit in the work of 
H. R. Hassé, Proc. Cambridge Phil. Soc. 26, 542 (1930). See also 
L. Pauling and E. B. Wilson, Introduction to Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1935), p. 383 ff. 

*” Unless otherwise stated, all experimental data will be taken 
from the compilation of F. Ajzenberg and T. Lauritsen, Revs. 
Modern Phys. 27, 77 (1955). 

* T, Hu and H. S. W. Massey, Proc. Roy. Soc. (London) A1%6, 
135 (1949). 
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where 8 and 7 are in units of mc*/e*. The central force 
is further assumed to be of Majorana space-exchange 
character, so that the lowest nuclear states will be those 
having maximum spatial symmetry.* Knowledge of 
the shape and strength of the central potential will not 
be necessary for most of the calculations except insofar 
as it determines the shape of the wave functions (espe- 
cially the nuclear radius), quantities which we shall 
determine or assume from other considerations, or use 
as adjustable parameters. The use of an exchange tensor 
operator, S;2Pi2, where Pj. is the Majorana space- 
exchange operator,™ instead of Sj. in the tensor poten- 
tial, will be shown below to give practically the same 
results as a nonexchange tensor force. The results also 
will be found to be largely independent of the sign of 
the tensor potential. 


II. p-SHELL CALCULATIONS 


We first calculate the level structure of Li® and Li’, 
confining ourselves to the states of the s‘p” configura- 
tion.** We assume independent particle wave functions 
with a Gaussian radial dependence of the form 
exp(—a’r’), with a being the nuclear radius parameter.’ 
Since we are assuming here that the s shell is closed and 
since we are interested only in the relative spacing of 
the levels, we can neglect completely the particles in 
the closed s shell. 

An estimate of a can be made from the Coulomb 
energy differences of the pairs He*—Li® and Be?—Li’. 
Using the formulas of Feenberg and Wigner,’ this leads 
to the value a=1.0 for Li® and a=1.2 for Li’. If we 
identify the root-mean-square value of the radius with 
the value r=1.2A!*X10-" cm,” we find a=1.2 for 
both Li’ and Li’. We therefore adopt the values a= 1.1 
for Li® and a=1.2 for Li’ as the best estimates for a. 
Most of the results will be presented as a function of a. 

The Majorana central force matrix elements for Li® 


TaBLE I. Majorana central force matrix elements for Li® and 
Li’ (Feenberg and Wigner).* The energy of the lowest state has 
been subtracted from all matrix elements. 








Lit 


2p —-21+K (1+1) BS (i+1+1) 
2D —3K (2) 3D (2+1) 
=s 6 (OO (2) baw Bd (2+1) 
2p (2+1) 
=p (2+1) 
2p (3) 
2p (3) 











= Unless specified otherwise, all lengths are given in units of 
@/me= 2.82 10-8 cm. 

%E. Wigner, Phys. Rev. 51, 106 (1937); E. Wigner and E. 
Feenberg, Repts. Progr. Phys. 8, 274 (1942). 

%L. Eisenbud and E. Wigner, Proc. Nat. Acad. Sci. U. S. 27, 
281 (1941) have shown that Si2 and Si2P12 are the only types of 
two-body, charge-independent tensor operators that can be 
formed which do not involve the nucleon momenta. 

26 Similar calculations have been reported by Elliott,” Ishidzu 
and Obi,!* and Morita and Tamura.” 

26 B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954); J. S. 
Levinger, Phys. Rev. 97, 122 (1955), 
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Fic. 1. p-shell integrals as a function of y, the square of the 
ratio of the range of the nuclear potential to the nuclear radius. 
Based on a Gaussian shape for both the potential and the wave 
function. The central force matrix elements are functions only of 
K® and L°, while the tensor force matrix elements are functions 
only of M® and N°. 


and Li’ have been given by Feenberg and Wigner® and 
are reproduced in Table I. The first column of Table I 
lists the various states, the first superscript being the 
spin multiplicity for the protons, the second superscript 
the multiplicity for the neutrons; the second column 
gives the position of the levels with respect to the 
position of the lowest state; the last column gives the 
partition of the symmetric group to which the spatial 
wave function of the p particles belongs. The integrals 
Land K are defined* as L= VoL", K = VoK®, where 


Lae f ‘ » f eteeR dR) (r)dovde, 
(4) 


rome f + J soeoR oR ed I(rsddedes 


where R(r) and J(rj2) are the radial dependences of the 
single-particle wave function and the central potential 
respectively, and ¢ is the normalization constant for a 
p-particle wave function. For the Gaussian choice of 
R(r) and J (rj), as we are assuming, the integrals L° and 
K® are given by* 
RAMA tI), Lim (tart SAMA), 
5 


where y=a?/6*, the square of the ratio of the central 
force range to the nuclear radius. Graphs of K® and L° 
are given in Fig. 1. 

The tensor force matrix elements for all -shell 
nuclei can also be expressed in terms of two integrals, 
M and N, and the pertinent tensor matrix elements for 
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Li® and Li’ are listed in Table II for the case of an 
exchange tensor force as well as for an ordinary tensor 
force. As was mentioned earlier, the first-order tensor 
matrix elements vanish for doublet or S states. Table IT 
contains for Li’ the matrix elements only for those 
states that interact directly with the *P or ?F states, as 
the latter pairs of states are the ones we are interested 
in. The integrals M and N are defined by M=7)M°, 
N=T N°, with 


2 
a's f. ° f (nx r2)*R?(r1)R? (r2)J (ri2)dvid02, 


(6) 
e 
N -— f+ ft 2? —3(ti- 2) (tie: 81) (tie: F2)/r12” 
X R?(11)R (12) J (112)dvidv2, 


where J(r12) is now the radial dependence of the tensor 
potential. For the case of Gaussian wave functions and 
potential, the integrals are given by 
M= 2y$2/(y+1)82, N= (2y-+7)y8"/2y+1)"%, (7) 
where now y=a?/7’, the square of the ratio of the tensor 
force range to the nuclear radius. If J(ri2) is the same 
for both the central and tensor potentials, as they are 
for the Hu-Massey potential, then it is easily seen that 
M°=2(L°—3K°). (8) 
Graphs of the functions M° and N° are given in Fig. 1. 
For the value a=1.1, we have for the Hu-Massey 
potential 
K=—0.68 Mev, 


L=—5.4 Mev, 


M=—4.0 Mev, 
N=-—4.9 Mev. 


TABLE II. Tensor force matrix elements for Li® and Li’. 








Ordinary Tensor Exchange Tensor 


Lié 





—M 
(1/2)M 
—(1/10)M 
same 

same 

same 

same 


(8Po|t|3Po) M 

@P,|t|3P1) —(1/2)M 

®P2|t|*P2) (1/10)M 

8D, |t|*D1) —(1/10)(7M—4N) 

(°D2|t|*Dz) +(1/10)(7M—4N) 

(*Ds|t|*Ds3) — (1/35)(7M—4N) 

(8S; |#|*D1) — (2/+/5)(M—N) 
Li? 

(1/24/10)(3M—2N) 

— (1/20)(3M—2N) 

(3/10V2)(M—2N) 

— (3/20)(M—2N) 

[(21)8/70](7M—8N) 

(3/35)(7M—4N) 

— (3/70V2)(7M—4N) 

+ (1/2)N 

(2/5)N 


same 
same 

same 

same 

same 

same 

same 
(1/4)(3M—2N) 

— (1/5)(3M—2N) 
(*Psy2|t|*Psv2) — (1/10)N (1/20)(3M—2N) 
(Diy2|t|4Di2) (3/10)N — (3/20)(7M—2N) 
(*Dsj2|t|4Day2) 0 0 

(*Dsia|t|*Dsi2) — (3/14)N (3/28)(7M—2N) 
(Daj2|t|*Dr2) (3/35)N — (3/70)(7M—2N) 


P12] t|*P1/2) 
Ps/2|t|4Ps/2) 
?Piy2|t|*Dy2) 
P3/2|¢|4Dsy2) 
CF 52|t|*Psy2) 
@F 5/2|t|4Dsv2) 
@F72|t|4Dz2) 
(*Pi2|t|4Pi2) 
(#P3/2|t|*Psy2) 
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Fic. 2. (a) Position of the states of the s‘p? configuration of Li® 
with respect to the position of the 4S» state, as a function of a, 
the nuclear radius parameter. Based on the Hu-Massey Gaussian 
potential and neglecting configuration interaction. The experi- 
mental value of a is ~1.1. (b) The percent admixture of *D, state 
introduced into the *S; ground state by the tensor force. 


By using the matrix elements of Tables I and II, the 
level structure of Li® can then be readily computed. 
The tensor force mixes the 4S, and °D, states, the other 
states being left pure. The resultant level separations 
for Li®, assuming a nonexchange tensor force, are given 
in Fig. 2(a) as a function of a. For an exchange tensor 
potential, the P-state levels should be displaced an 
equal amount below the position of the 'P, state. 

A comparison of Fig. 2(a) with the known level 
structure” of Li® shows that, on this model, the tensor 
force cannot account for the main features of Li®. The 
calculated *$,—'So splitting is only 210 kev, 6% of the 
experimental value, and the order of the D states is 
incorrect. (Experimentally, the *D; state lies lowest.) 
Only in the case of the magnetic moment is there im- 
provement over the pure LS coupling value. The ex- 
perimental value of the magnetic moment, 0.822 nuclear 
magnetons, indicates a D-state admixture of ~10%, 
which is in rough agreement with the calculated value 
of 6.4% as shown in Fig. 2(b).2” However, the calculated 
quadrupole moment is —10X 10~*’ cm?, some 20 times 
the experimental value of ~|0.5| x 10-?7 cm?.28 

The calculated splittings of the ?P and ?F states of 
Li’ are also in strong disagreement with the experi- 
mental values. Using the matrix elements of Table IT 
we find, for a=1.2, a splitting of 82 kev for the *P 
states, with the *P1,/2 state below the *P3/2 state, in 


*7 That the tensor force might account for the magnetic moment 
of Li® has been pointed out by K. Komoda and M. Sasaki, Progr. 
Theoret. Phys. (Japan) 8, 669 (1952). 

*8.N. A. Schuster and G. E. Pake, Phys. Rev. 81, 157 (1951). 
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contrast to the experimental value of 480 kev with the 
reverse order for the levels. The calculated result that 
the ?P1;2 state should lie below the *P3,_ state results 
from the fact that the only states in the s‘p* configura- 
tion with which the tensor force permits the *P states 
to interact are the ‘P and ‘D states, and in both cases 
the *Pi2 state has larger matrix elements with these 
states than does the *P3/2 state (see Table II). Similar 
results hold for the *F states. The calculated splitting 
of the °F states is 98 kev with the */"5;2. state below the 
°F 7/2 state. If we identify the 4.6 Mev and 7.4-Mev 
levels of Li’ with the *F 7/2 and *F'5/2 states, respectively, 
then we have as striking a disagreement with the 
calculated values as exists with the P states. The use 
of an exchange tensor force leads to almost identical 
results since the *P and ?F states are symmetric in the 
spatial coordinates of the three p-particles. 


III. CONFIGURATION INTERACTION— 
VARIATIONAL METHOD 


A. Variational Method 


To include configuration interaction in computing 
the effect of the tensor force we shall use a variational 
method. We use as the variational wave function 


V=VotrAYo, (10) 


where yo is our assumed independent particle oscillator 
wave function, the same wave function used in Sec. II 
to represent the effect of the central forces, but now 
with the closed s-shell wave function included. The 
function ¢’ is given by 


f=32 tj, 
ixj 

and J is the variational parameter to be varied so as 
to minimize the energy of y with respect to the total 
Hamiltonian. If the factor (ar;;)" were omitted, then ¢’ 
would be just /, the total tensor potential, and (10) 
would be of the form y=yYot+AV yo, where V is the 
perturbation potential,” a variational method that has 
been much used in problems where configuration inter- 
action is of importance.5-!7-\8 The nondimensional factor 
(ar;;)" is introduced so that by adjusting the integral 
parameter n, ¢/Yo in (10) will have approximately the 
proper radial dependence to represent the effect of the 
perturbation potential, ¢.% From the variational view- 
point, Yo need not be the solution of the unperturbed 
Hamiltonian, and indeed it is best if the nuclear radius 


tj’ = (ari) "bij, (11) 


® Strictly speaking, the perturbation potential should also 
include the difference between the central potential and the 
“effective” oscillator potential for which the Gaussian functions 
are the eigenfunctions. However, this central perturbation poten- 
tial will be neglected as it affects the splitting of the levels only 
in higher order. 

% The introduction of #’ in place of ¢ is similar to the frequently 
used variational function y=yolL1+AV/(r)] where 10) is a 
function containing additional variational parameters [see, e.g., 
references in footnote 19]. Our choice of the form (10) has the 
advantage that it is no more difficult to compute with than the 
poorer function Yo+AWo. 


parameter, a, be so chosen to represent the experimental 
radius. 

If the total Hamiltonian, H, be written in the form 
H=H)+1, where Hy is the central part of H, i.e., the 
kinetic energy plus the central potential, we have 


(Wo| t| Yo) = Wo] t’ | Wo) =0, 
(Wo| Hot|¥o)= Wo] Hot’ |Yo)=0, . 


if Yo is a pure S state or a doublet spin state, which are 
the only states we are concerned with here. The triplet 
D states of Li® require a modified treatment and will 
not be considered further in this paper.’ For \=0 we 
have the unperturbed energy 


Ey= (o| Hol vo), (13) 


Wo being assumed normalized. For another values of i, 
we have 


(12) 


E(\)= (| Hott|¥)/|y¥). (14) 


The addition to the energy due to the introduction of 
a nonzero ) is then 


AE(X) =E(A)—Eo 
= (2A(}1't}) +°(4))/(14+¥0'")), (15) 


where we have used the notation (A)=(Wo| A | Yo) since 
Yo is the only wave function appearing explicitly in the 
matrix elements, and where* 


{lth=$(t+u’), (16) 
=H’ +t'tt’—E't’. (17) 


The value of \ that minimizes AE(A) is then obtained 
by differentiating (15), and is given by 


() 
\o=—————_{1-—- (14-4) 5}, (18) 
2({#'t})U't’) 
k= ({Ut}Pet)/(e). (19) 
If we assume k<} then the square root in (18) may be 
expanded in a power series in k and we obtain 


({#t}) 
No= ———(1-k+2k?—SK+---} (20) 
(é) 


where 


w= —({t't})/(e) (k small). 
Substituting (19) into (15) we obtain 
AE=AE(Xo) =)o({t’t}) 
= bhi S+- -*} (21) 
(é) 
mz —({t't})?/(e*) (& small). 


(20a) 


(21a) 


The quantity AE® represents the additional variational 


31 Note that in general /’ does not commute with ¢. This can 
be seen most easily from the fact that, e.g., ti2 does not commute 
with ty3. While ¢, é’, {it} are Hermitian, ?’t is not. 

® For the special case ¢’=/, Eq. (21) is identical with the per- 
turbation expression given by Wigner, reference 18. 
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energy contributed by the tensor force.* The splitting 
produced by the tensor force of a pair of central force 
degenerate levels is then given by the difference 
between their respective values of AE. We designate 
this splitting by AAE.* 
The amount of excited state, Aot’o, is then given by 
Aort’t’)/ (1 +AcrKe't’)) = k(1—3k+10k—---), (22) 
=k (k small). (22a) 
Thus the expansions in powers of k are justified provided 
the tensor force does not introduce more than 25% 
excited state into y [see Eq. (18) ]. 
Equation (21a) for AE is closely related to the usual 
second-order perturbation formula 
AE= Lx" | Wet] Yo) |*/(Eo— Ex). (23) 
By defining an E£, an effective average energy for the 
states yx, Eq. (23) can be rewritten as 
AE= (Wo|#|Yo)/(Eo— EB). (24) 


To see more clearly the relation between Eqs. (21a) 
and (24) we make the restriction ¢’=¢. Equation (21a) 
is then exactly in the same form as (24) with FE being 
just the energy of the state 4/» with respect to the total 
Hamiltonian. In the general case where ¢’ #1, Eq. (21a) 
may be put in the form 


_ qeeyeee) 
EB 


where E is now the energy of the state (po. 


, (25) 


B. Application to the Deuteron 


As a test of the variational method we shall first 
calculate the deuteron binding energy. We use a 
Yukawa potential suggested by Pease and Feshbach*® 
which gives the correct binding energy, 2.23 Mev, when 
the wave equation is solved exactly. The potential is*® 


Vie=Vett= Ve F12/Briet+ToSixe718/tr12, (26) 
Vo= —46.1 Mev, 8=2.38, 
To= —24.9 Mev, 7r=1.69. 
For yo we choose the simple function 
Yo= (a°/m) te" ana, (27) 


% The additional binding energy due to the tensor force is 
somewhat less than the magnitude of AE since if the tensor force 
were absent the appropriate value of a for yo would be somewhat 
smaller than for y. This effect is particularly pronounced for the 
deuteron [see Sec. III(b)] where all the binding energy comes 
from the tensor force, but should be negligible for the lithium 
nuclei. On the other hand, the contribution of the tensor force to 
the energy of the state y, (y|t|y)/(~|y), can be shown to be 
approximately 2AEZ, 

“Tt is perhaps worthwhile to point out that while the varia- 
tional value of AE must be smaller in magnitude than the accurate 
value (assuming that a is chosen properly) rome need not be true 
for ASE, since the latter is an energy differenc 

35 R. L. Pease and H. Feshbach, Phys. Rev. 81, 142 (1951). We 
neglect a very small amount of spin- -exchange force in this 
potential. 
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TABLE III. Deuteron binding energy. 








Binding energy Percent D 
Mev state 





0 
0. 
1; 
0.: 








where aay is a triplet spin function. The assumed vari- 
ational function is then of the form 


¥=[1+A(ar)"t Wo. (28) 


The true D state part of y has a node at the origin, so 
that we can expect that the optimum choice for the 
exponent m to be at least 2 for the Yukawa potential. 
The unperturbed Hamiltonian, Ho, is the sum of the 
kinetic energy operator, K, plus Vc. For a given choice 
of m and @ the various matrix elements are readily 
computed since they involve only elementary integrals. 
The maximum binding energy for various choices of n, 
and the associated values of a, AE, and the percent D- 
state admixture, are tabulated in Table III. We see 
from Table III that for the choice n= 2 the associated 
binding energy is 1.9 Mev, close to the experimental 
value of 2.2 Mev. This is in spite of our poor choice for 
Wo which has a sharp peak at the origin.** The value of 
AE for a=1.6 is about twice the additional binding 
energy contributed by the tensor force.* The D-state 
admixture is found to be 3.7% which agrees with 
the magnetic moment data. Since the value a=1.6 
is much larger than the correct asymptotic value, 
a=0.65, y is too compact and hence the computed 
quadrupole moment is found to be about one-half the 
experimental value. 

The various matrix elements for n= 2 are given as a 
function of a in Table IV. We first note that the energy 
of the D-state part of y, to, is very high, 142 Mev for 
a= 1.6, thus indicating considerable configuration inter- 
action. This is due both to the complicated angular 
dependence of the tensor force and to the poor choice 
for the shape of yo. We also see that the value of (e*) 
[see Eq. (17) ] is determined almost completely by the 
kinetic energy term. For this reason, in evaluating (e*) 
for other nuclei we shall make the approximation that 


(@)=(K). (29) 


The kinetic energy operator, K, will be taken to be - 
the form 
= — (#?/2M)>; Ai, (30) 


where the sum extends over all WN nucleons, and 
M=M,/(1—1/N), where Mo is the mass of a nucleon, 


36 A. Wilson [Proc. Cambridge Phil. Soc. 34, 365 (1938)] has 
shown that a trial function of the form y=e~*" gives a good 
estimate of the binding energy of the deuteron when pure central 
forces are used. Our value of a=1.6, while considerably different 
from the correct asymptotic value, a=0.65, is approximately the 
same value as found by Wilson. The large departure from the 
asymptotic value is simply a reflection of the incorrect shape 
assumed for yo. 
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TABLE IV. Deuteron matrix elements for n= 2. 








WKt’) = (’Vet’) 
(t’t’) (t’'t’) 
ev Mev 
105 —7.3 
125 —8.7 
132 —9.2 
144 —10.1 
166 —11.7 


@u’) 


¢’t’) (’t’) 
Mev Mev 
15.8 111 
18.4 132 
194 139 
 : Se Sis S| 
23.9 172 


(e*) ee 
—_— Binding Per- 
—AE energy cent D 
Mev Mev _ state 


3.35 156 3.1 
449 1.81 , 
5.00 1.86 

5.72. 1.76 

6.96 1.33 











and the factor (1—1/N) allows approximately for the 
spurious kinetic energy of the center-of-mass motion 
resulting from our use of independent-particle wave 
functions.** 


C. Operator Formalism 


The matrix elements ({#’t}), (¢’t’), and (¢’K?t’) contain 
many terms since ¢’ and ¢ are sums of two-particle 
operators. Thus ({#’t}), for example, contains three 
distinct types of terms, (¢;;'t:;), ((tij/tiat+tistse’)/2), and 
(titer) where i, j, k, l are different particle labels. Fol- 
lowing Dancoff'* we refer to such terms as two-, three-, 
or four-particle terms, respectively, and similarly for 
the terms in (¢’t’) and (é’Kt’).57 The same nomenclature 
will be used also for the respective operators them- 
selves. It is also convenient'® to resolve each operator 
into parts which behave as pure scalars, vectors, 
tensors, etc., under separate spatial or spin space 
rotations, each part transforming as a scalar under 
combined space and spin rotations. We shall call such 
parts scalars, vectors, etc., respectively, and shall also 
so designate their resultant matrix elements. For 
doublet states, as occur in the lowest levels of He® and 
Li’, only the scalar and vector parts of the various 
operators give nonzero contributions, while for S states, 
which occur in He‘ and Li, only the scalar parts give 
nonvanishing contributions. 

The resolution of the various operators is readily 
accomplished by standard group-theoretical tech- 
niques,!*.*8° and we find the following. The two-particle 
terms in {/’t} have the scalar part 


S(tio’ti2) = 2f (112) f’ (112) (3-+-01- 02), 


tho=f(ri2)Si2, te’ = f" (1712) S12. (32) 


The scalar part of the three-particle terms in {?’t} is 
given by 


S({ta‘tis} +4 his'tie}) = Cf (ris) frais) +S (ris) fra) J 
X(3(ti2- t1s)?/ri2?r13?— 1] (o2- 03). 
The scalar parts of the corresponding terms of /’t’ can 
be obtained from Eqs. (31) and (33) by replacing f(r;;) 
by f’ (rij). Because of the factor [3(r2- t43)?/ri’r13°— 1] 
the matrix element of (33) can be expected to be an 


(31) 
where 


(33) 


87 The one-particle sum in the kinetic energy operator, K, is 
kept intact in this connection. 
. Wigner, Gruppentheorie (Friedrich Vieweg und Sohn, 
Braunschweig, 1931). 
*® A. M. Feingold, Princeton thesis, 1952 (unpublished). 


order of magnitude smaller than the matrix element of 
(31). We shall therefore neglect all three-particle terms: 
in computing the scalar matrix elements of {/’t} and 
tt’. For a similar reason, the contribution of the four- 
particle terms in {¢’t} and /’t’ can be expected to be 
even smaller and hence will also be neglected. The same 
reasoning can be applied to the operator #’K?/ and we 
shall retain only its two-particle terms. For ¢’/Kt’ we find 


S(tr’Ktya’) = — (?/M) (3+01-02){ f’ (r12)? Se Ax 
+2f'(ri2)riFA+2f' (rie) i2V -(Vi- V2) 
—8f'(ri2)ti2- V—4Lf (r12)*/riz? Ine: (Vi-—V2)}, (34) 


where 
V=ViLf (ri2)/ni?)], A=AiLf’(r12)/ri2? J, (35) 


A, and ¥; being the Laplacian and gradient operators 
respectively. 
The vector part of ty2’Kty2’ is'® 


V (t12’Kty2’) = (9ih?/M)f’ (ri2)*/r io?) 
X (oi+02)-(t12X[Vi—V2])). (36) 


We neglect the vector parts of the three- and four- 
particle terms of ¢’Kt’. To compute the vector parts of 
{t’t} and ¢’?’ it is necessary to consider the three-particle 
terms in these operators as their two particle terms do 
not possess a vector part.’ The vector part of the three- 
particle terms of {/’t} is given by"® 


V (4 tre"tis} +4 tis‘tie}) 
= (9/2)(f' (rie) f(ris) +S’ (ris) f(ri2) ] 
(tie: tis) (ti2X t1s)/ri2*ris? ]- (o2Xe3). (37) 


For ?’t’, replace f(r;;) by f’ (ris) in Eq. (37). We neglect 
the vector parts of the four-particle terms in {//t} and 
tt’. In applying the above formulas we shall use the 
abbreviated notation 


Si=(S({'t})), S2=(SWK?)), S3= (S(t), 
Vi=(V(it't})), Ve=(V('K?r)), Vs=(V(t'r’)). 


The use of an exchange tensor, /;;P;;, instead of the 
ordinary tensor force assumed above does not change 
any of the above formulas for the two-particle operators, 
since P;;P;;=1. Formula (37) will be changed, but for 
the spatially symmetric wave functions we are con- 
cerned with, it can be shown that the value of V; so 
obtained is the same as for a nonexchange tensor 
force. Thus within the approximations we are making, 
all results obtained with the variational method are 
independent of the exchange nature assumed for the 
tensor force. 


IV. BINDING ENERGY OF He‘ 


As an additional test of the variational method we 
shall calculate in this section the contribution of the 
tensor force to the binding energy of He‘ and shall 
compare the results with the more accurate calculations 
of Irving.” The matrix elements for He* also occur as 
part of the later calculations on He’, Li®, and Li’. 


(38) 











LEVEL STRUCTURE OF Li* 


For yo we assume the wave function 
¥o(He*) = cA (12)A (34) exp{—a® }° 57,7}, (39) 


where the particle labels 1, 2 refer, say, to the neutrons 
and 3, 4 to the protons. The functions A (12) and A (34) 
are the antisymmetric singlet spin functions, and ¢ is 
the appropriate normalization constant. The initial 
wave function, Wo, is a pure ‘Sp state, and /p» is thus a 
pure ®Dy state. The various matrix elements ({¢’t}), 
(t’), and (t’Kt’) are readily evaluated subject to the 
approximations given in Sec. III (only the scalar parts 
of the matrix elements are nonzero). Some details of the 
calculations together with final explicit formulas for the 
matrix elements are given in the Appendix. The final 
results for AE for three values of m, the integral param- 
eter in the definition of ¢’, which determines the radial 
behavior of the D state [see Eq. (11) ], are shown in 
Fig. 3 as a function of a, the radius parameter. We see 
that the value n=1 is the optimum choice, as might 
have been anticipated from the previous deuteron 
calculations since we are now using the Hu-Massey 
Gaussian potential instead of the singular Yukawa 
potential. For a= 1.2, which we assume gives the proper 
radius for the a-particle, we find AE= —7.9 Mev, with 
a D-state admixture of 6 percent. 

Figure 3 also includes the value of AE obtained by 
Werner” using the same method as above but with the 
Pease-Feshbach potential of Eq. (26) (with n=2) 
instead of the Hu-Massey potential. For a=1.2, 
Werner” finds AE= — 10.7 Mev, with a D-state admix- 
ture of 9 percent. These values can be compared with 
the more elaborate variational calculations of Irving," 
who found, using the same Pease-Feshbach potential, 
a D state admixture of 2.6%, with the tensor force 
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Fic. 3. Contribution of the tensor force to the binding energy 
of He‘ as a function of a, the nuclear radius parameter. The experi- 
mental radius is given by a~1.2. The solid curves are based on 
the Hu-Massey Gaussian potential of Eqs. (1) and (3) for various 
values of the shape parameter, ». The dashed curve is based on 
the Pease-Feshbach Yukawa potential of Eq. (26) as calculated 
by Werner. 


“ F. Werner, Masters thesis, University of Pennsylvania, 1954 
(unpublished). 


AND Li’ 265 
increasing the binding energy by 6.1 Mev.*' Our larger 
value of the D-state admixture is undoubtedly due to 
our poorer shape for yo, and consequently also the 
poorer form for ¢’~> as compared to Irving’s more ac- 
curate wave function. 


V. He’ P-DOUBLET SPLITTING 


Although the ground state of He’ is a virtual state, 
we assume, following Dancoff,"* a bound state form for 
Yo. For the *P3/2 state (m;=3/2) we take for Wo the 
antisymmetrized form 


vo=cA (12)[A (34)asP(5)-+A (45)a3P(3) 
+A (53)asP(4) ] exp{—a? > 77}, (40) 


where the particle labels 1, 2 refer to the protons and 
3, 4, 5, to the neutrons, and, e.g., P(5) = (s+iys). The 
remainder of the notation is the same as in Eq. (39). 
The *P 1,2 state need not be considered explicitly as the 
scalar parts of its matrix elements are identical with 
the corresponding ones for the ?P3/2 state, while the 
vector parts of its matrix elements are twice (with a 
change in sign) the corresponding *P 3/2 matrix elements 
(the Landé interval rule). 

The splitting, AAZ, of the two P states is given by 
the difference between the values of AE for the two 
states. Using the approximation (21a) for AZ, an ap- 
proximate formula for AAE in terms of the matrix 
elements for the *P3,2 state alone is then 


AAE= —6V,(S;/S2) +3V2(S;/S2)?, (41) 


where we have assumed that V;/.S; and V2/S_ are small 
quantities. A negative value for AAE corresponds to the 
*P3;2 state being below the *P,, state. The average 
(weighted) variational displacement of the levels, due 
to the tensor force, is then given by 


(AE) w* —S1?/S2. (42) 


The splitting AAZ will in general be much smaller than 
(AE) wy. 

Some details of the calculations and the final for- 
mulas for the matrix elements for the *P3,2 state are 
given in the Appendix. The resultant value of AE as a 
function of a, for several choices of the parameter n, 
is shown in Fig. 4(a). The choice n=1 is again found to 
minimize AE for the Gaussian tensor potential and thus 
presumably gives also the most reliable value for the 
level splitting. The calculated splitting for n=1 is 
shown in Fig. 4(b). For a=1.2, which again we take 
as the most appropriate value, we have a splitting of 
1.0 Mev, with the ?P3/2 state lying below the *P 1/2 state. 
Figure 4 also includes the results of a similar calculation 
using the Pease-Feshbach potential of Eq. (26) as 
calculated by Werner.” Werner finds a splitting of 1.3 
Mey, again with the *P3/2 state below the ?P1,2 state, 
and a 9% excited state admixture in the ?P 3/2 state. 


4 This latter value is not given explicitly by Irving but is easily 
deduced from his matrix elements. 
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Fie. 4. (a) Contribution of the tensor force to the binding energy 
of the *P3;2 ground state of He® as a function of a, the nuclear 
radius parameter. The experimental “radius” is given by a~1.2. 
The solid curves are based-on the Hu-Massey Gaussian potential 
for various values of the shape parameter, ». The dashed curve is 
based on the Pease-F eshbach ¥ ‘ukawa potential as calculated by 
Werner.” (b) The *P3;2—*P1/2 separation as a function of a. The 
solid curve is based on the Hu-Massey potential with n= 1, while 
the dashed curve is based on the Pease-Feshbach potential as 
calculated by Werner.” A positive value of the separation cor- 
responds to the *P3;2 state being below the *P 1/2 state. 


While the order of the states agrees with experiment, 
the calculated splittings are much smaller than the 
experimental! value of at least 2.6 Mev.” 

The numerical results for the Gaussian potential, 
with m=1, are given in more detail in Table V.“ The 
second and third columns give the kinetic energy of the 
states Yo and ¢’o, respectively. The great difference in 
kinetic energy (over 100 Mev for a=1.2) shows the 
importance of states from highly excited configurations, 
and also justifies the approximation of Eq. (29). 
Because of this great energy difference the percent 
excited state admixture into Wo, given in column 6 of 
Table V, is small even though the values of AE are 
quite large. The last two columns of Table V illustrate 
the fact that the splitting of the P states results from 
two competing effects'® [see Eq. (41) ]. The first term 
on the righthand side of Eq. (41) favors the ?P3,2 state 
as the ground state and is due to the *P3/z state having 


Tf the virtual nature of the levels were taken into account, 
the predicted value of the splitting might differ considerably from 
the values given above, but it does not seem likely that it would 
be increased sufficiently to agree with the very large experimental 
value. 

# The results of Table V are based on the Gaussian potential 
of Eq. (1) using the parameters of Eq. (3). To find the effects of 

g the perry To and r we need only note that the 
dependence of AE (and also AAE) on 7» and r is of the form 
(7. o*/o?)F (a/ a. The value of AE (or AAE) for a different choice, 
To’, r’, can then be obtained from Table V by using the formula, 
AE(a, Ty 7 )= “(r/9’(To'/ Ta ®AE (ar /2" ,T 0,7). 


larger matrix elements with states of higher configura- 
tions than does the *P1/2 state. The second term of Eq. 
(41) favors the *P 1/2 state as the ground state and is a 
reflection of # being larger for the *P3/2. state than for 
the *Pyy2 state [see Eq. (25) ]. 

The large discrepancy between our results and those 
obtained by Dancoff, who found a normal doublet 
structure with a small level splitting, seems to be due 
to a number of factors. Firstly, the use of a variational 
function Wo+AlYo instead of Yo+AA)o, which is what 
Dancoff essentially used, increases the calculated effect 
of the tensor force considerably. (See Fig. 4(a) where 
the curve for m=0 corresponds to setting ¢’=1.) 
Secondly, we have used a Gaussian shaped potential 
and Gaussian wave function instead of the square well 
potential and exponential wave function used by 
Dancoff. This has the same effect as using a much 
smaller nuclear radius, which, as we see from Table V 
and Eq. (41), favors an inverted doublet structure and 
a large level splitting. 


VI. S STATES OF Li® 


To calculate the separation of the ‘So and 4S, states 
of Li® due to the tensor force we calculate the value of 
AE for each state separately, the difference between 
the two value of AE then being the splitting, AAE, of 
the states. The calculation of AE for each state is 
similar to the He‘ calculation, as again only the scalar 
parts of the operators give nonvanishing contributions 
to the matrix elements, but the calculations are now 
much more complicated since we have six nucleons to 
deal with instead of four. For yo we use the same wave 
functions as in Sec. II, but now include the a core. 
Thus we take for Yo, 


Vo(®S1) =; exp{ —a? > r7}>° (13° 14)A (12) A (56) agag, 

WoCSo) =Ce exp{—a?  » r;?} (43) 
XL p(ts-14)A (12) A (34) A (56), 

where >>, means the proper sum over the separate 

permutations of the neutron labels 1, 2, 3 and the 


TaBLE V. He® P doublet states as effected by Gaussian tensor 
force (calculated for n=1). 
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* Kinetic energy of unperturbed initial state yo. 

» Kinetic energy of state t’~o admixed into *P 12 state. 

* Variational contribution of the tensor force to the binding energy of 
the *P 42 state. 

4 Splitting between the *P 1/2 and *P 4/2 states. A positive value for —AAE 
means that the *P 3/2 state lies below the *P 1/2 state. 

* Percent excited state admixed into the *Ps;2 state by the tensor force. 
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proton labels 4, 5, 6 so that the resultant wave functions 
will be antisymmetrical with respect to the neutrons 
and protons separately. 

The resultant formulas for the matrix elements Sj, 
S,, and S; are given in the Appendix. On the basis of 
the He‘ and He! results, the calculations have been 
restricted to the value m=1. The numerical results are 
summarized in Table VI and Fig. 5. For a=1.1, we 
have a splitting of 1.4 Mev and a value of AE= — 11.9 
Mev for the 4S, state. While this value of the splitting 
is less than half the experimental! separation of 3.5 Mev, 
it is some 7X the value found in Sec. II where con- 
figuration interaction was neglected. Figure 5 also 
includes the results obtained by Lyons!* using the 
Pease-Feshbach potential of Eq. (26). Lyons finds for 
a=1.1 a splitting of 1.9 Mev, with a AE for the *S,; 
state of —13.3 Mev. With respect to the magnetic 
moment, the calculations of Sec. II give better agree- 
ment with the experimental value of 0.822 nm than the 
variational method which yields a magnetic moment of 
0.922 nm, a value which deviates in the wrong direction 
from the pure *S, state value of 0.879 nm. This behavior 
is due to the fact that the /’Wo state in y contains some 
7D, component which gives a large positive contribution 
to the magnetic moment, while the *D, component, 
which is the only state mixed in with Yo by the method 
of Sec. II, gives a negative contribution. This indicates 
that our variational method overemphasizes the role 
of very highly excited configurations. Thus it appears 
reasonable to accept the splitting given by the varia- 
tional method while using the magnetic moment value 
given by the low states alone, i.e., the value given by 
the method of Sec. II. The quadrupole moment given 
by the variational method is, for a=1.1, +1010-*’ 
cm’, in contrast to the value of —1010-*? cm? found 
in Sec. II. These values are to be compared with the 
experimental value of ~|0.5| X10-?7 cm. Evidently a 
reliable calculation of the quadrupole moment would 
require an elaborate second-order perturbation calcu- 


TABLE VI. The 'S» and #5; states of Li® as effected by the tensor 
force. Based on Hu-Massey Gaussian tensor potential. 








(t’ Kt’ yo Per- 
cent Magn. Quad. 
('t’) exc. mom.f mom.& 
Mev state® nm 10-27 cm* 





96 , . 3.6 0.896 
113 d d . 0.908 
135 * : : 0.918 
161 : ‘ A 0.926 
192 . t d 0.931 
226 : } : 0.933 
155 267 0.933 
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Fic. 5. (a) Contribution of the tensor force to the binding energy 
of the 8S, ground state of Li® as a function of a, the nuclear radius 
parameter. The experimental radius is given by a~1.1. The solid 
curve is based on the Hu-Massey Gaussian potential, while the 
dashed curve is based on the Pease-Feshbach Yukawa potential 
as calculated by Lyons.'® (b) The *S;—1S» level separation for 
the Hu-Massey potential (solid curve) and the Pease-Feshbach 
potential (dashed curve) as calculated by Lyons. 


lation taking states from many configurations into 
account. 

The calculations above use the full 6-particle wave 
function for Yo, and hence the variational function y 
includes quintet states (and also septet states for the 
35, level) which can only arise from configurations in 
which the a-particle core is broken up. An alternative 
procedure to the above is to use the variational method 
but restrict the excited states in y to those that leave 
the a core intact. The variational calculation for this 
“q-d” model is extremely simple to carry out as 
only the two p-particles need be considered in forming 
Wo, and the operators {¢’t} and ?’K?’ now consist of only 
one term each. The results for the depression of the 3S; 
state (which is now the same as the splitting between 
the *S, and ‘So states since the ‘So state is unaffected 
by the tensor force in this model), the percent admixture 
of *D, state introduced by the tensor force, and the 
resultant magnetic moment, are given in Table VII. 
The values of AE are of course now much smaller since 
they do not include the effect of the tensor force on the 
a core, but the splitting is very similar to that obtained 
using the full 6-particle wave functions.® 








® Kinetic energy of unperturbed initial state yo. 

> Kinetic energy of ¢’~o state admixed into 4S; state. 

¢ Contribution of the tensor force to the binding energy of the 4S; state. 

a a between the 4S; and ‘So states. In all cases the 4S: state lies 
below the 'So state. 

e Percent excited state admixed into the 4S: state by the tensor force. 

{ Magnetic moment of the 4S: state in nuclear magnetons including the 
effect of the tensor force. 
« Quadrupole moment of 4S: state as effected by tensor force. 


#4 See J. Dabroswki and J. Sawicki, Phys. Rev. 97, 1002 (1955) 
for a discussion of the validity of the a-d model as a description 

Lif. 

45 D. H. Lyons (reference 14) finds however that the a—d model 
cannot explain the experimental structure of the D states of Li®, 
while the use of the full 6-particle wave function does give reason- 
able agreement. 
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TABLE VII. The “a-d” model for Li®. 








Percent D 


Magn. moment 
state nm 





0.6 0.876 








VII. P STATES OF Li’ 


The variational calculation for the Li’ P states 
proceeds in exact analogy with the He calculations of 
Sec. V. As in the case of He’, the *P1/2 wave function 
need not be considered explicitly. For the *P3/2 state 
we take for Yo the properly antisymmetrized and nor- 
malized function formed from 


exp{ —a? ¥ 12} P(123)A (12)a3A (45)A (67), (44) 


where 1, 2, 6, 7 are the neutron labels, and 3, 4, 5, are 
the proton labels, and where P(123) is the symmetric 
spatial function > ,(x:+7y1)(re-rs), where }>, means 
the sum over the cyclic permutation of the labels 1, 2, 3. 
If the a core be neglected, this is just the wave function 
used in Sec. II. Formulas for the various matrix elements 
for the ?P 3/2 state (we take n= 1 in the calculations) are 
given in the Appendix. The corresponding matrix ele- 
ments for the *Pi2 state can then be immediately 
determined as in the case of He’. 

Numerical results as a function of a, the nuclear 
radius parameter, are given in Table VIII and in Fig. 6. 
The last column of Table VIII gives the resultant 
magnetic moment for the *P3/2 state, to be compared 
with the experimental value of 3.257 nm, the value for 
Yo, the pure *P3,2 state, being 3.126nm. The same general 
remarks apply to this table as to Table V for He (see 
Sec. V). It is seen that the splitting of the P states is a 
very sensitive function of the nuclear radius, as it also 
was for He®. For a=1.2, which we assume gives the 
proper radius for Li’ (see Sec. II), we have the *P3/2 
state below the *P1/2 state, in agreement with experi- 
ment, and a splitting of 380 kev, in good agreement with 
the experimental value of 480 kev. The corresponding 
value of AE is —11.6 Mev. Judging from the results 
obtained for He', it can be expected that the use of the 
Pease-Feshbach potential of Eq. (26) would have given 
somewhat larger values for AE and the splitting. 

If the above calculations are repeated using an 
“a—H;” model, i.e., neglecting the a core of Li’, a 
normal doublet structure is found, with the ?P1/2 state 
80 kev below the *P3/2 state, a result similar to that 
found in Sec. II. Together with Lyons’ results for the 
D states of Li® ** we can conclude that it is essential 
to include the excitation of the a core in evaluating the 
effect of the tensor force. 

The results given in Table VIII (excluding the last 
column) can be applied equally well to the mirror 
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nucleus Be’, where the P state splitting is known to 
be 434 kev, some 10% smaller than the Li’ P-state 
splitting. This reduced splitting could be explained on 
our model by requiring the nuclear radius of Be’ to 
be 2% larger than the Li’ radius, which is not 
unreasonable in view of the larger Coulomb energy of 
Be7,46 

The variational method can also be applied to the 
calculation of the splitting of the °F states of Li’. A 
rough calculation indicates that the separation of the 
°F states is about 3X the separation of the *P states, 
with the F7/2 state below the F5,2 state.” If we identify 
the 4.65 Mev and 7.4 Mev levels of Li’ with the Fz. 
and F 5,2 states respectively (the 7.4-Mev level is known 
to have a spin of 5/2) we have an experimental value 
of 6 for the ratio of the F-state splitting to the P-state 
splitting. 


VI. CONCLUSIONS 


We have seen that the variational method of com- 
puting the effect of the tensor force gives results in 
qualitative agreement with the experimental data on 
the separation of the 1S) and *S, states of Li® and the 
separation of the P doublet states of He’ and Li’. Quan- 
titative agreement could not be expected due to the 
crudeness of the variational method used to approxi- 
mate the all-important effect of configuration inter- 
action. In addition to the uncertainty in shape and 
strength of the nuclear potential and the uncertainty 
in the choice of the nuclear radius (to which the He® 
and Li’ results are particularly sensitive), we have also 
introduced a large error by neglecting many 3-particle 
and.all 4-particle terms in carrying out the variational 
calculations. The most important term neglected in 


TABLE VIII. Li’ P doublet states as effected by the tensor 
force. Based on Hu-Massey Gaussian potential. 
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Mev Mev Mev = state® Mev 


101 3.1 -0.03 2.9 0.02 
127 58 —0.02 0.11 
1600 88 O11 0.36 
200 11.6 0.38 0.78 
248 141 0.74 1.24 

6.0 

7.3 


he 


(K)» 
Mev 





0.06 
0.15 
0.28 
0.41 
0.53 
0.62 
0.68 


305 1.11 1.77 


370 1.45 2.22 








® Kinetic energy of unperturbed yo state. 

> Kinetic energy of t’yo state admixed into *Ps/2 state. 

¢ Contribution of the tensor force to the binding energy of the *P 1/2 om, 

4 Splitting between the *P1;2 and *P 3/2 states. A positive value of — 
means that the *P32 state lies below the *P 1/2 state. 

¢ Percent excited state admixed into the *P3/2 state by the tensor force. 

{ Magnetic moment in nuclear magnetons of the *P3s/2 state as effected 
by the tensor force. 


46 See E. Feenberg, Phys. Rev. 81, 644 (1951), for a discussion 
of the compressibility of these nuclei. A study of the difference 
between the Be’ and Li’ P doublet splittings from the viewpoint 
of a vector spin-orbit force has been made by D. R. Inglis, Phys. 
Rev. 82, 181 (1951). 

47 Inglis (reference 9) finds a theoretical value of 7/3 for this 
ratio, on the assumption that the splitting is due to a vector spin- 
orbit force. 
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the He and Li’ calculations is probably the vector part 
of the 3-particle terms of ¢’K?’. A crude calculation 
indicates that inclusion of this term would reduce 
the splitting found for He® by perhaps 15%, with 
possibly a larger effect for Li’. The most important 
terms neglected in the Li® calculations are probably 
the scalar parts of the 3-particle terms of {/’/} and 
Kt’. Here a rough calculation indicates that inclusion 
of these terms would increase the splitting by about 
40% (for a=1.1, with a larger effect for larger values 
of a). The calculation of these terms is, however, so 
complicated that it has not been carried to completion. 
All in all, we estimate, taking the above effects into 
consideration, that the numerical results given in this 
paper are probably reliable to within a factor of 2. 
However, this is sufficiently accurate to conclude that 
the tensor force is responsible for a considerable part, 
if perhaps not all, of the experimentally observed 
separations of the P doublet states of He® and Li’ and 
the S states of Li®. 

Perhaps the most striking result is the importance of 
considering configuration interaction in calculating the 
effect of the tensor force. This has two main conse- 
quences. Firstly, the effect of the tensor force is largely 
independent of the exchange nature and even the sign 
of the tensor force. Secondly, in considering the effect 
of the tensor force on the splitting of singlet and triplet 
states, the tensor force is equivalent to a mixture of 
ordinary and spin-exchange forces [see Eq. (31) and 
(33) ], while its action on the splitting of doublet states 
is similar to the effect produced by a vector spin-orbit 
force in first order. The equivalent vector spin-orbit 
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Fic. 6. (a) Contribution of the tensor force to the binding energy 
of the *P3/2 ground state of Li’. The experimental radius is given 
by a=1.2. Based on the Hu-Massey Gaussian potential. (b) The 

ps. between the ?P3;2 and *P1/2 states. A positive value for 

e “lta corresponds to the *P3;2 level being below the *P1/2 
level. 
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force is a mixture of both two- and three-particle forces 
[see Eqs. 36) and (37) ] and thus is much more com- 
plicated in form than the vector spin-orbit force usually 
taken as the basis of the shell model. While it is 
attractive to speculate that the vector spin-orbit force 
of the shell model may possibly be a manifestation of 
the tensor force®** the type of coupling introduced by 
the tensor force seems to be of a far more complicated 
nature than the simple and successful 77 coupling 
scheme of the shell model. 
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APPENDIX 
He‘ Matrix Elements 


To calculate S; we first note that for He‘ the operator 
{t/t} reduces to {t/t}=4t,3'ti3 if we neglect the three- 
and four-particle terms. Using the scalar part of t13’ti; 
given in Eq. (31) we obtain for S,, after integrating over 
the spin variables and the coordinates of particles 2 
and 4, 


3X2°Tra® 
§,=———- ra ke »f (ors) 


Xexp{ — 2a? (r:?+-13") — 2779137}. doidv3. (A1) 


The six-dimensional integral is readily evaluated by 
switching to r; and r;; as the independent variables and 
introducing polar coordinates. We find 
Si = 48a T Pe"**[ 4 (n+1) ]! 
= 3X 2*"T Per+3(n+1) !/ ($n)! 
where {?=a?/(a?+2r*). The evaluation of S, and S; 
proceeds in the same manner, and we obtain 


S3;= 3 x 2-2T rs Seanhe’ 

S2=36(h?/M)T Port (3+%) 
=6(h?/M)T foPt* (31+27%) 
=45(h?/M)T Port®(7+ 9?) 


n odd 


n even, (A2) 


(A3) 
(A4) 


4° E. P. Wigner, in Symposium on New Research Techniques in 
Physics, July 15-29, 1952 (Academia Brasileira de Ciéncias, Rio 
de Janeiro, 1954). The results in this paper on the repulsion 
between a nucleon and a half-filled shell due to the tensor force 
interaction depend on the assumption of a nonexchange tensor 
force. Otherwise there is an attraction. Dr. H. Horie has recently 
confirmed and extended these calculations (private communica- 
tion from Professor Wigner). This is in contrast to the results of 
the present paper, which are essentially independent of the 
exchange character of the tensor force. 
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He Matrix Elements 


The calculation of 51, S2, and S; proceeds in exactly 

the same fashion as for He*. We obtain 
Si = 6T0S(S+3¢*) n 
ITH(S+49") on 
n 


0 
=127- 1 (AS) 
= 407 7f5(1+ 4") 2 
S3=6T 0S (S+3¢") 0 

=40T ¢5(142) i 
= (45/2)Tef7(5+7¢) n=2, 

S2= (38?/M)T Po2t (135+ 109¢?+ 21¢4) n=0 
= (3h?/2M)T PoPf*(155+349¢2+210¢4) n=1 (A7) 
= (225h?/4M)T Port*(7+ 2907+ 1404) = n=2. 

The calculation of V» is similar since we are retaining 
only the two-particle terms in the operator. The for- 
mulas are 


(A6) 


V2=36(h?/M)T eat? n=0 
=54(h?/M)T iat n=1 
=135(h/M)T et? n=2. 


The calculations of V; and V; are somewhat different 
since now we must use the 3-particle terms [see Eq. 
(37)]. As an example, V;(n=1) becomes, after per- 
forming the spin sum and integrating over the two 
particles not involved in the potential, 


5X 2UPT 2a!? 
Vi= —— ff f fire +113) (Tie: Tis) 


X(C(rieX tis)*/riz’ris*] exp{ — 20*(r?-+-72?-+17") 
— 77 (1r39?-+-1137) }dvdved03. 


Integrating over r; by switching to r:, 712, and 713 as the 
independent variables, we obtain 


5X2‘T Pa? 

near Wh 
Xexp{ — (4/3)e*[r2+13?— (re-r3) ] 

— 77 (r9?+-13")} dved03. 


This can be reduced to a two-dimensional integral by 
using polar coordinates and integrating over the angles: 


f f exp[ — (r2°-+13?)/n?] 


x [ (rer? 3rors+3)e%"3 
— (re93?+3rarst+ 3)e-"2"8 |drodrs, 


(A8) 


(A9) 


ff cree rot texen'/rira 


(A10) 


5X3Te* 





(A11) 


where 1’=4a*/(4a*+37*). Although (All) can be 
integrated exactly in closed form, it is convenient for 
computational purposes to expand the exponentials in 
power series before integrating. The final formulas thus 
obtained for V; and V; are 


SX3°2T Py! = (+2) (2k-+3) In'* 
2! emo (48°4-18-+-20)h !(R-+-1) 124 
1357 nt © (k?-+3k-+2)q!* 
Bet bo (2R-4-5) 2% 





1= 





(A12) 


SX372T yn? @ (2k+3) Int 
98 ko (4-1) 1284 





Vi=Vi 


SX3™T yy! [(b-+2) I Pyt 
ge Be (2S) ht 





SX3°2T iq! 2» (2k-+5) Int 
= n 
22 pmo h!(k-+-2) 1244 





Li* Matrix Elements 
Si ('So) = 244 AT Pf4(3+ 44°), 
S151) = 4 T P4 (23+ 16f?+- 864), 
S3('So) = 3Tef5(3+52"), 
S3@S1) = TeS5(69+-60f?+- 354) /6, 
S2(*So) = (3h?/M)T Pa*t* (93+ 300¢*+- 255¢4), 
S2(8S,) = (#2/2M)T Pat? (713+ 1827¢2 
+1335¢4+-525¢5). 


(A14) 


(A15) 


(A16) 


Li’ Matrix Elements 
S1= (2/1544) TPt4 (525+ 7606+ 26444), 
S3= (3/2) TPE5(35+38¢2-+11¢4), 


So= (W/4M)T Part? (75-+4450%2-+4257¢4+4 1484¢°), 
(A19) 


(A20) 


(A17) 
(A18) 


V.= (6h?/M)Tde%t*(3+2%*), 
Vi = (3/5600r*) Tn" (4088+ 1232n?-+ 2670! 
+900n8-+1225n8+ - --), 
= (13/45) V3(He*)+ (4/525) Tn? (14+-42n? 
+279! +36m°-+ 2078+ > ++). 


(A21) 


(A22) 








PHYSICAL REVIEW 


VOLUME 101, 


NUMBER 1 JANUARY 1, 1956 


Isotopic Spin Impurity. II. Shell Model 


W. M. MacDonatp 
Princeton University, Princeton, New Jersey* 
(Received August 8, 1955) 


The isotopic spin impurity introduced into nuclear states by the Coulomb interaction is calculated with 
jj-coupling shell-model wave functions. Upper limits on the impurity present in N=Z nuclei for 4<A <16 
are given and shown to be in agreement with the experimental work of Wilkinson on the isotopic spin selec- 


tion rule for E1 transitions. 





I. INTRODUCTION 


HE introduction of isotopic-spin impurity into the 
ground state of Jight nuclei by the Coulomb po- 
tential can be treated most easily by considering the 
nuclear wave function as a (J, T=0) core of nucleons 
coupled to a wave function for the nucleons outside the 
core. The core impurity has been calculated on the 
Fermi gas model' by computing the mixing of excited 
T=1 states with the ground state of an N=Z even-even 
(T;=0, A=4n) nucleus. This core impurity has been 
found to exceed by a large factor the isotopic-spin 
impurity estimated by Radicati* to arise from Coulomb 
distortion of the wave function for nucleons outside 
closed shells. This predominance of core impurity will 
now be verified on the j7-coupling model with harmonic 
oscillator wave functions, where the core now consists 
of the shells completely filled with both neutrons and 
protons. 

We shall first perform a more rigorous calculation of 
the Coulomb mixing of the isotopic-spin states for the 
nucleons outside closed shells by using a more realistic 
representation of the nonexchange potential interaction 
with the core nucleons than the (1/r) dependence of 
Radicati.? Following this, the calculation will be ex- 
tended to obtain the isotopic-spin impurity for Het 
and C", which are closed-shell configurations, (15) 
and (1s;)*(1p4)® respectively. After giving a simple 
method of reproducing the shell-model calculations by 
use of an equivalent potential, we shall have a way of 
obtaining, from the isotopic-spin impurity of He* and 
C!, estimates of the impurity in the ground states of 
some N=Z nuclei having open shells. 


II. TWO NUCLEONS OUTSIDE CLOSED SHELLS 


When there is only one nucleon outside closed shells, 
there can be no mixing to higher isotopic-spin states 
unless there is also excitation of the core. With the 
appearance of two nucleons outside closed shells, how- 
ever, the possibility arises of mixing between T=0 and 
T=1 states as well as between T=1 states of different 
configurations. The first type of mixing produces viola- 
tions of the isotopic-spin selection rules, while the 
second type of mixing destroys the displacement prop- 


* Present address, Department of Physics, University of Wis- 
consin, Madison, Wisconsin. 

1W. M. MacDonald, Phys. Rev. 100, 51 (1955). This paper 
will be designated as (I). 

2L. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953). 


erty of the isotopic-spin operators 7;+iT,, since the 
eigenstates of T; and T;41 are not related by 


(T:+iT ,)Wrrg=( (TFT) (TAT +1) ]Nrr;. (1) 


The implications of this circumstance for 8 decay will 
be discussed in a later paper. These two types of mixing 
are produced by the interaction of the extra-shell 
nucleons, both with each other and with the core. The 
core interaction is a central potential which commutes 
with the j of the individual particles and will produce 
mixing to excited configurations differing from the 
ground state only in the principal quantum number of 
one of the nucleons. On the other hand, the nucleon 
interaction does not commute with the 7 of the in- 
dividual nucleons and can mix the ground state to 
many excited configurations whose parities are the 
same as the ground state. 

For a specific investigation of the two-nucleon mixing 
we shall consider the (1p;)? and (1);)? configurations, 
and the results will be specifically applicable to the 
triads at A=6 and A=14. We do not imply that 7;- 
coupling should be valid for so light a nucleus as Li®, 
but from the results of the calculations on (19;)? will 
emerge certain general conclusions that are applicable 
to any configuration 7*. Indeed the most significant 
features of the mixing are also present in LS coupling 
and the configuration P. 

The nonexchange potential for the Coulomb inter- 
action of an extrashell proton with the protons in closed 
shells will be shown to be represented approximately 
by the potential of a uniform spherical charge 
distribution, 

3Zé r 
V(r)= (:-—), r<R 
2R 3R? 


=Zé/r. r>R (2) 


Using harmonic-oscillator wave functions, one can show 
easily that the contribution of the region outside the 
nucleus to nuclear matrix elements is only a few 
percent of the contribution from the nuclear volume. 
In evaluating the perturbation effect of the core po- 
tential, we shall therefore use V (r)=—Ze’r?/2R°. The 
total interaction of two nucleons in an open shell with 
each other and with the core will be taken as 


V=V.t+V5; 
V = — (Ze?/2R®)f (te r2+ (4—teo) 2] 
V p= (2/112) ($—t21) ($—t2), (3) 
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where /; is related to the usual spin matrices 
*={7:,7,,7¢} by t=} and to 7; by 


15 k= 3(N—Z). 


The decomposition of V, and V , into irreducible tensors 
in isotopic-spin space gives 
Ve=VO+V 
V = — (Ze?/4R*) (r?+1,), 
V 00 = (Ze?/2R®) (ter? + tear”), 


Vp=VpO+V,+4+V,; 
V >= (€/ri2)(3+$ ti te), 
V pO = — (€°/2ri2) (tert tre), 
V p& = (€/112) (tilro— Ft te), (5) 


where V “ is the /th component of a tensor of rank &. 
For two-nucleon configurations, V,“ and V,® can 
be written in terms of T and T;, 


VM = a (e2/2r12) T; 
V »™ = (e/2r2)(TP—4T?). (6) 


These expressions clearly exhibit the fact that the inter- 
action of the extra-core nucleons produces no mixing 
of different isotopic-spin states of the two nucleons. 

In calculating the effect of the Coulomb perturbation 
we shall use only the vector and tensor parts of V, since 
the scalar part can be included in the nuclear Hamil- 
tonian and T will still be a good quantum number. The 
perturbation that we shall use in computing isotopic- 


TABLE I. Coulomb interaction matrix elements between (194)? 
and nearest configirations. The energy separation of (1p)? from 
1p1f, (1d)*, and 12> is taken as 30.9 Mev. 








T;=0 (Li). 
M=[(1p)*JT|V|1p42pJT’'] J=0,2, T=1, T’=0; 
=0.1778 Mev J=1,3, T=0, T’=1. 
p=M? (30.9 Mev) *=3.31X 10-5. 


C(1p4)*J17 | V| i717 sJ=M(T>). 
Eo—E,=30.9 Mev. p=M2(T;)(30.9 Mev). 
ae fee p M(-1) 


(1p)? —0.001858 0.003717 
1py 14 0.002230 —0.004456 
1p; Vfse —0.01024 0.02048 


0 
2 
2 
1p) Ife 2 0.005474 —0.01045 
1p 1fre 2 0.01340 0.02681 
(id)? 0 0.02496 —0.04993 

2 0.008146 —0.01629 
ldy Ids. 2 

0 

2 

0 

2 

2 

0 

2 








1.1107 


3.1X10-* 
1.9X 107 
6.5X107 
6.7X10-* 
1.0X1077 
1.4X10~* 
1.2X10-¢ 
1.0X 10-7 
8.1X 10° 
8.1X 10% 
6.2X 10% 
5.8X 10-5 


4.4X107 


1.3X107 
7.5X 1077 
2.6X10~* 
2.8X 1077 
4.2X1077 
5.7X 10-* 
4.9X10~* 
4.1X107 
3.3X 10-8 
3.3X10-* 
1.0X10~ 
9.5X 10-5 


0.009977 —0.01995 
(1ds,2)* 0.03700 —0.07403 
0.03406 —0.06812 
—0.00985 0.01971 
0.002787 —0.005575 
—0.002787 0.005575 
—0.2475 0.3171 
—0.2363 0.2949 


1p; 2p, 
1py 2; 
1p; 2py 
1 py 2py 
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spin impurity in this case is 
V=V.OO+4)V, 004 V >, (7) 


The evaluation of matrix elements of VU is easily per- 
formed by transforming into a representation in which 
states are characterized by the individual ¢; quantum 
numbers. In this representation the problem of finding 
the matrix elements of an isotopic-spin dependent 
potential between states completely antisymmetric in 
space, spin, and isotopic-spin coordinates is reduced to 
the evaluation of matrix elements of several ordinary 
potentials between wave functions which are either 
symmetric or antisymmetric in the space and spin 
coordinates of the two nucleons, but which contain no 
isotopic-spin variables. 

We first transform matrix elements of the general 
form (yTT;|U|y'T’T;), where y and y’ represent all 
the auxiliary quantum numbers. 


(yTTs|V|y'T’T:)= LO (TTs| trates) (teatza| T’T;) 
Th, 


X (yéritro|U| y'tritre). (8) 
Defining V rr’ ‘7s by the equation 
(yTT;|V|¥'T'T;) = (y| VerFP | 7’) (9) 
we find for Vrr/‘7?: 
Veo =0, 
Vo. = (Ze?/4R*) (r:2—1-2), 
Vn =0, 
Vin = — (22/4) (ri? +127) + 3(2/ri2), 
Vir = (Ze2/4R®) (r?+12) — 4 (2/ri2). 


The antisymmetric character of Vo, arises from the 
difference in symmetry of the space-spin part of the 
wave functions for T=0 and T=1. The sign of Vo, 
is determined by the phases of the vector addition 
coefficients and is not unique. This arbitrariness dis- 
appears when one comes to the matrix element of 
Vo. since the sign of the antisymmetric space-spin 
function associated with the T=1 state is also deter- 
mined by the sign of the vector addition coefficients. 

The matrix elements of the V rr.‘ between different 
J states of (1p;)? and higher 77 configurations can be 
evaluated by first finding the matrix elements between 
(1p) and higher configurations in the LS representa- 
tions. As Talmi® has shown, the Slater integrals 
F® (nylynole; nslgnaly) which appear at this point can 
all be easily evaluated for the case of harmonic- 
oscillator single-particle wave functions. These func- 
tions have the form 


¥(r,9,¢)=[Rui(r)/r]V",9), 
where Y"(3,¢) is a surface spherical harmonic and 
Rui(r) = Nw expl— (v/2)7? rH Lng 4'*t(or*), 
n=1,2,--- 
31. Talmi, Helv. Phys. Acta 25, 185 (1952). 


(10) 


(11) 


(12) 
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Ln+i-4'** being an associated Laguerre polynomial. The 
parameter v can be determined by using the relation 
(r?) = R? and the following values would be obtained : 


A 4 12 16 
v 11/6R? 13/6R? 9/4R*. (13) 


In working in the 1 shell, however, we have found it 
convenient to use just (1p|7?|1p)= R? giving »=5/2R?. 
The uncertainties in other parts of the calculation (e.g., 
energy denominators) does not justify concern over the 
precise value of v. Having evaluated the LS matrix 
elements of V rr’ ‘7s’, we obtain the jj-coupling matrix 
elements by use of the (LSJM | j,j2JM) transformation 
coefficients given by Racah,‘ or less explicitly by a 
formula due to Hope and quoted by Edmonds and 
Flowers.® Using these matrix elements and the energy 
separations given by the oscillator wave functions for 
v=5/2R’, we have calculated the squared amplitude 
of those neighboring jj states which are present in the 
(1p,)? states of He®, Li®, and Be®. These impurities are 
listed in Table I. The corresponding quantities for the 
(1p;)? states of C*, N“, and O" are given in Table II. 
These figures are probably overestimates since the 
energy separation of two states in different isotopic- 
spin multiplets is probably larger than the separation 
given by the extreme single-particle model. 

The first observation we make about these Coulomb 
matrix elements is that no mixing of different isotopic- 
spin states of (1p3)? and (1p,)? can occur. All mixing of 
different isotopic-spin states must therefore occur 
between states already separated by a large energy 
(~20-30 Mev). The nucleon interaction vanishes for 
T;=0 components and can mix only T=1 states. The 
core interaction on the other hand can mix only states 
of different isotopic spin. In doing this there is an addi- 
tional selection rule, however, which arises from the 
central force character of the interaction, Aj;=Aj.=0. 
The result of this selection rule on VU is that the only 
possible mixing of 7=0 and T=1 states is between 
(1p,)? and 1p; 2p; or between (1p,)? and 1p; 2}. 

Although no mixing of different isotopic spin states 
can occur when 7;=-+1, the matrix elements between 
the T=1 states of different configurations have one 
interesting feature. We see that mixing can occur to 
configurations in which the angular momentum j of 
one or both nucleons is different. The core interaction 
does not play anv role in these matrix elements, which 
are expected for this reason to be somewhat smaller 
than those matrix elements to the 1p; 2p; or 1p; 2p; 
configurations. These latter matrix elements are actu- 
ally found to be larger by a factor of ~10-15 and this 
predominance is not due just to the absence of the core 
interaction. This result holds in fact for any spin inde- 
pendent “long-range potential” for which the Slater 
F>F®, Such a potential is approximately diagonal 


"4G. Racah, Physica 16, 651 (1950). 
5 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952). 


IMPURITY 273 
in the (lj) representation. It is reasonable that the 
energy separation between states of the same spin J, 
parity, and isotopic-spin T in (mj)? and (nj,n+1)) 
should not be more than two or three times the separa- 
tion of the same state in (mj)? and (nj’,nj’’). The ex- 
treme predominance of the matrix elements between 
the former configurations then implies that the mixing 
between these configurations will also predominate. 

Two important conclusions have been drawn from 
the results on the Coulomb mixing of excited states to 
the ground state of a two-nucleon configuration: (1) 
only the interaction with core nucleons (protons) intro- 
duces isotopic-spin impurity into the two-nucleon 
state, and this is from excitation of a single nucleon 
without change of its orbital or total angular momen- 
tum; (2) the Coulomb interaction of two nucleons in 
an open shell has an effect like a central potential in 
mixing principally to configurations having the same 
orbital and total angular momenta for the individual 
nucleons. Although the interaction of the two extra-core 
nucleons introduces no isotopic-spin impurity into the 
two-nucleon state, we shall see that such interactions 
do introduce isotopic-spin impurity into configurstions 
of three or more nucleons. The result (2) for two nucleon 
interactions then will be seen to determine the excited 
states which contribute principally to the isotopic- 
spin impurity of the ground state for three or more 
nucleons outside closed shells. 


III. THREE NUCLEONS OUTSIDE CLOSED SHELLS 


The results of the calculation of the mixing of the 
states of two nucleons outside closed shells disclosed 
certain interesting general features. The two-nucleon 
configuration, however, was seen to have the special 
property that no mixing of isotopic-spin states could 
be produced by the interaction of the extra-core 
nucleons. Consequently the efficiency of the particle 
interaction in mixing states of different isotopic-spin is 
first to be observed in the case of three nucleons outside 
closed shells. In addition, in the two nucleon case 
there was no mixing of different isotopic-spin states 
belonging to the ground state configuration. Indeed, 


TABLE II. Configuration interaction matrix elements between 
(1p;)? and nearest configurations. The energy separation of (1p)? 
from 1p 1f, (1d), and 1p 29 is taken as 17.7 Mev. 








Tr=0 (N¥). 
M=[(1p4)°JT| VU] 1p4 29,7’) 
=0.403 Mev, 
p=M2?(17.7 Mev) #=1.52X 10. 


C(1p4)*017 | O| 97017 sJ=M(T>). 
Ey—E,=17.7 Mev. p=M2(T;)(17.7 Mev). 
ii’ M (1) p M(-1) p 
(1d)? 0.03852 4.7X10-* —0.07707 1.9X10-5 
(1dsj2)* 0.01287 «= 55.3X10-7  —0.02573 2.1 10-* 
1p, 2p, 04942 2.6X10* 0.4968 6.1X10~ 
1p) 2p, 0.002476 «:1.9X10-$ ~—- 0.004953 7.9X 10° 
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there was not even a mixing of the ground state with a 
different isotopic-spin state in the nearest configura- 
tion, e.g., (1p)? with 1p, 1p;. In order to investigate 
these aspects of the Coulomb mixing of different iso- 
topic-spin states we shall consider the isotopic-spin 
impurity of the T=} states of the (1,)* configuration, 
this being the configuration to which the low excited 
states of Li’ and Be’ would belong in 77-coupling. 

Matrix elements are needed of the Coulomb inter- 
action Us; of the three extra-core nucleons with each 
other and with the nucleons in closed shells. 


U:= V.04 V,0+ V,™, 
3 
3V 0 = (Ze /2R)> trr?, 
1 


VpM=—E SY (ester, 


i<j 


3V ,™ == 6 yy (tete;—4ty- tri. (14) 


i<j 


The matrix elements of 0; between three-nucleon states 
are reduced by the use of coefficients of fractional 
parentage® (c.f.p.) to the previously calculated matrix 
elements of the Coulomb interaction between two 
nucleon states. This reduction is complicated by the 
fact that the perturbation is the sum of a vector and of 
a second-rank tensor operator.’ 

One would expect the greatest impurity in the T=} 
states of (1p;)* to arise from the low-lying states unless 
unusually small matrix elements occur. The nearest 
states of isotopic-spin T= % should belong to (1);)*. 
Using the calculations of Kurath*® for a Rosenfeld 
potential,® the separation of the T=} and T=$ states 
of (1p;)* is found to be 10.3 Mev. This is in agreement 
with the suggestion by Peaslee and Telegdi!® that the 
first 7 =} level in Li’ lies at 10.8 Mev. From a table of 
(c.f.p.) for (1p;)* we find that the only T=§ state of 
(1p;)* has spin J=$. We find, moreover, that the only 
two-nucleon matrix elements which appear in the 
expression for the three nucleon matrix elements 
are [(1p4)°017;| Ve] (1p4)°017;] and [(1p,)*217;| V2! 
(1p;)?217;] for the states J, T=0, 1 and J, T=2, 1. 
These matrix elements appear with coefficients which 
are equal in magnitude but of opposite sign. Since the 
matrix elements of 2V.“ are independent of J, the 
core interaction contributes nothing to the mixing of 
these T=} and T=$ states of (1p,)*. Furthermore the 
only contributions from 2V,% and 2V, are propor- 
tional to the Slater integral F®[(1p)?; (1p)*] in the 
expansion for the matrix element of r:;~'. The reason 
for this is that the F® term arises from the part of 


®G. Racah, Phys. Rev. 63, 367 (1943). 
7G. Racah, Phys. Rev. 62, 438 (1942). 
*D. Kurath, Phys. Rev. 88, 804 (1952). 
*L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., 
New York, 1948). 
TD. C. Peaslee and V. L. Telegdi, Phvs. Rev. 92, 126 (1953). 
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r1z' which can be represented by a central potential, 
and the coefficient of F must vanish just as does the 
matrix element ;V,“. Using an energy separation of 
10 Mev, we find very little isotopic-spin impurity aris- 
ing from the mixing of the T=} and T= states of 
(1p). 

The mixing of the T=} states of (1p;)* and the T=3 
states of (13)? 1p; can actually occur for the J=}, 3, 
and 5/2 components of these configurations, and the 
intermultiplet matrix elements for all these states are 
given in Table III. The energy separation has been 
taken as 10 Mev to obtain the estimates of the (maxi- 
mum) isotopic-spin impurity which are given. 

We have remarked that the experimental separation 
of the T=} and T= states of (1;)' is at least 10 
Mev. Such a large multiplet separation means that the 
separation of the T=} states of (1p;)* from the T=3 
states of (1p;)* 2p; is probably no more than three or 
four times the separation of these isotopic-spin states 
in (1p;)*. Considering that the Coulomb matrix ele- 
ments between (13)? and 1; 2p; were so large in the 
two-nucleon case and that the matrix elements be- 
tween the T=} and T=$ states of (1p,)* are propor- 
tional only to F®((1p)?; (1p)), we should expect that 
the mixing of different isotopic-spin states between 
(1p,)* and (1p4)? 2p, will be at least as large as the 
mixing of these states within (1),)*. 

The matrix elements between the (J, T7=#%, 4) states 
of (1p;)* and the two (J, T=, $) states of (13)? 2p, 
are given in Table III. The isotopic-spin mixing has 
been computed using an energy separation equal to the 
1p, 2p separation of the harmonic oscillator states. A 
value of Ey— E,=28 Mev has therefore been used. We 
find that the matrix elements between the above states 
in (1p3)* and (13)? 2p3 exceed by a factor of ~12-20 
those between the same states in (1p;)*. The corre- 
sponding isotopic-spin mixing of (1p;)* and (13)? 2p; 
also dominates by a factor of at least fifteen. 

Impurities from configurations like (1,)? 1/12 may 
also appear and one would like to know the relative 
magnitudes of the mixing to configurations like this 
and to (14)? 2p;. Using Racah’s approach to complex 
spectra, we can express the three-nucleon matrix ele- 
ments as linear combinations of two-nucleon matrix 
elements with coefficients of fractional parentage 
(c.f.p.).® For configurations of nonequivalent particles 
the c.f.p. have been discussed by Meshkov"™ and 
Redlich." Using Redlich’s notation the c.f.p. have the 
normalization 


YX | (aiJ171)j-| }aJT) |?=1 


aiJ1T 


(15) 


where a, J;, 7; are quantum numbers of a two-nucleon 
state to which a nucleon of spin j, is being coupled. 
The c.f.p. are always less than unity. Since for three 





4S. Meshkov, Phys. Rev. 91, 871 (1953). 
2M. G. Redlich, Phys. Rev. 99, 1427 (1955). 
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nucleons the sum is distributed over not more than four 
parent states and the c.f.p. vary among themselves by 
no more than a factor of two, the relative magnitude of 
corresponding matrix elements (same J,7') to different 
configurations is determined mostly by the magnitudes 
of the matrix elements between two-nucleon parent 
states. Observing that matrix elements from (1)? to 
1; 2p, are ~10-15 times larger than those to all other 
configurations, one can conclude that the matrix ele- 
ments from (1p;)* to (1p;)? 2, will also dominate 
matrix elements to other three-nucleon configurations. 
Consequently we can conclude that (13)? 2p; con- 
tributes most of the isotopic spin impurity of (1p))*. 


IV. ISOTOPIC SPIN IMPURITY OF CLOSED SHELLS 


In the calculation of the isotopic-spin impurity of the 
state of two or three nucleons in open shells, we have 
neglected the excitation of the isotopic-spin T=0 state 
of the core. We have shown, however, that the isotopic- 
spin impurity of the states for the extra-core nucleons is 
even smaller than that indicated by the calculations of 
Radicati? and are negligible compared to the estimate 
made in (I) of the isotopic-spin impurity of the core. 
We now purpose to study the excitation of the core 
and the isotopic-spin impurity of nuclei having closed 
shells in neutrons and protons. 

The problem can be treated by two different methods 
which illuminate two different aspects of the Coulomb 
effect upon the isotopic-spin state of closed shells. 
These two methods are (1) the reduction to two- 
nucleon matrix elements, and (2) the use of the “equiva- 
lent” potential produced by a closed shell. The first 
approach will show how one may regard the excitation 
of the isotopic-spin state of the core as an extension of 
the Coulomb mixing of the states of two nucleons. The 
second approach leads to a rigorous derivation of the 
method by which we have introduced the effect of the 
interaction of the core on two- and three-nucleon states. 
We shall also show how one can use the method to 
estimate the impurity of closed shells. 


A. Reduction to Two-Nucleon Interactions 


In jj coupling the nuclear wave function is an anti- 
symmetric linear combination of the single particle 
wave functions ¥,=¢jm,(r,0)u(/;). The isotopic-spin 
function u(t;) is an eigenfunction of ¢; with eigenvalues 
+4. The nuclear wave function Wo for the ground state 
can be written as a Slater determinant of these wave 
functions with all the (27,+1) values of m, appearing 
for each shell with each isotopic-spin eigenfunction. 
Excited states V, of this nucleus can also be written 
as a Slater determinant, or a linear combination of 
Slater determinants, in which one or more of the closed 
shell wave functions have been replaced by states from 
the unfilled shells. Since the Coulomb perturbation is a 
two-particle operator, matrix elements to states WV, 
differing from Yo by more than two single particle 
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TABLE III. Matrix elements for isotopic-spin mixing with (1)4)*. 








((1ps)? $4 T | U| (ip)? 99 Tr)=M 
M For A=7 Nucleus p=10-*M? 


0 0 0 
/R 0.0106 Mev 





1 
= ——é 1.11X10~* 
30\/x 


((1p9)* J § Ts |'V| (1p)? 1 J 3 TY) =M 
M For A=7 Nucleus p=10-?M? 








—0.00272 Mev 7.371078 


—0.00111 Mev 


1.24X 10-8 


—4 ——} = 0.00512 Mev 2.61 10-7 








(Ap) 84 Te] D| (1p)? 2643 TT) =M 
For A=7 p=M?/ 
Nucleus (28 Mev)? 


—0.132 Mev 2.2X10-5 
—0.233 6.9X 1075 
—0.0593 4.4X 1076 


—0.1203 1.8X 10-5 


“4 agent 
R 6/10 360\2x/ R 





states will vanish. We shall first calculate only the 
impurities arising from states V, corresponding to single- 
nucleon excitation and shall neglect the effect of two- 
nucleon excitation. This approximation will be checked 
later by calculating the contributions to impurity from 
states of two-nucleon excitation. 

The Coulomb interaction is 


V=e > (3-4) (3—&) ri 
i<j 


(16) 


and the decomposition into irreducible tensors may be 
performed just as in (I). Since we are interested only 
in the mixing of T=1 states to the 7=0 ground state, 
we need retain only the vector component of V as our 
perturbation operator 


é 
c= nie z (tes +ee;)rijt. (17) 


i<j 


The selection rule 0-0 on @ insures that all matrix 
elements of between the T=0 ground state and the 
excited states VY, will correspond to the addition of 
isotopic-spin impurity from T=1 states. 

In Yo let a nucleon in the individual particle state of 
angular momentum jzm2(m2) be excited to the state of 
momentum j3m3(m3) to form an excited state. For the 
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present we suppress the principal quantum numbers n2 
and n;. If by y, we designate the state of the nucleon 
which is excited to the state y,, the matrix element of 
€ is 


e 
(W,,CWo) = — 2 Xf drudraty."(v.* (2) (te +ts2)ris 


Xx Ly(1)~u(2) —¥r(2)po(1) J} . 


Performing the sum over the isotopic-spin states, 
which are combined with each ¢j1m to give two dif- 
ferent y,, we get 


(18) 


2 
(W,,CWo)= ag > C(jsmajvmi| riz | jomejm) 


wim. 


— (jymsjym|riz| jymijeme) |. (19) 


The plus sign corresponds to the excitation of a proton; 
the minus sign, to the excitation of a neutron from the 
same state. The quantity in square brackets can be 
interpreted as a matrix element between the isotopic- 
spin triplet states in the. (jm) representation. 


(W,,CWo)= DL (msjsmsm jum TT; 


71,™1 


x | —Tye?/2r12| nojememijymTT>). (20) 


We transform Eq. (19) to the J, M representation : 


- 2J+1 
(v CV) ae } 


2 Jun 2jit jE (madamsud [ras | ajamjsJ) 


(21) 


The conditions 7:= 73, m,=m3 which emerge from this 
transformation can be understood by observing that 
the excited state can be regarded as a shell with a single 
hole in the state j2m2 coupled to a nucleon in the state 
jams. But unless j72= 73; and m2=m,; the state V, cannot 
have spin J=0, and the matrix element (V,,CVo) must 
vanish. The individual terms of Eq. (21) are not matrix 
elements between properly antisymmetrized jj-states, 
but between individual jj-states coupled to a state of 
total angular momentum J. 

The principal contributions to isotopic-spin impurity 
are seen from Eq. (21) to come from the excitation of a 
neutron or a proton from the state m2j2 to the state 
mot+1, jo. There are 2(2j2+1) equal matrix elements 
(Wn2j2,CVo) corresponding to the perturbation of the 
wave functions for nucleons in the shell 72. The total 
isotopic-spin impurity which is introduced into the 
ground state Wo by mixing with excited states formed by 
excitation of one nucleon is then just 


P=L 2(2j2+1)| (Wnai2,CVo) |*[Lo— E(mej2)}*, (22) 


— (=1)7--28 (yj mejeJ | riz | majomjJ) J. 


where E—E(n2j2) is the appropriate energy de- 
nominator for the nuclear matrix element (Wngj2,CV,). 
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Using the value »>=5/2R? to calculate the impurity 
in C!, we find for the nuclear matrix elements 


(W1pj,Co) = +0.624e/R, 


(Wisy,CVo) = +0.343e?/R. (23) 


These matrix elements lead to an isotopic-spin impurity 
for C® of 
p=3.59(e?/R)*(Ev— E)~, (24) 


where we have taken Eo— E1py~ Ey— E1sy~ Eo— E. This 
value for p can be compared with the result for the 
Fermi gas model! 


p=9.0(e?/R)*(Eo— E,)~. (25) 


The agreement between Eqs. (24) and (25) is good, 
but the numerical value found from Eq. (24) will be 
somewhat lower than the upper limit on isotopic spin 
impurity of C” given in (I). The Zo—Z£ in Eq. (24) is 
equal to the separation of the (1s;)*(1p;)* J, T=0 
ground state of C” from a J, T=0, 1 excited state be- 
longing to (15,)*(1p;)’ 2p, or to (15;)* 2s,(1p;)®. Where 
we took Ey>— E,;~15 Mev in (1), we shall use the energy 
separation ~19 Mev of the 1p and 2 orbits of the 
harmonic oscillator and thus obtain an upper limit of 
1.9X10~-* on the impurity of C". This should be com- 
pared with the previously estimated limit of ~7.5X 10-. 

The impurity of the alpha particle is very easily 
found by using just (Wis;,CWo)." If we use a 1s, 2s 
separation for He* of ~35 Mev, the upper limit on the 
impurity of the ground state of Het emerges as p~1.3 
X10-*. Such a small impurity justifies considering the 
alpha particle as having zero total isotopic spin for 
most nuclear reactions involving emission or absorption 
of an alpha particle. 


B. Contributions to Impurities from 
Doubly Excited Shells 


The contributions to impurity from excited states 
V,, formed by the excitation of two nucleons in states 
y, and y, has been assumed to be much smaller than 
contributions from states VY, of single nucleon excita- 
tion. We shall investigate this assumption by first 
deriving a general expression for the impurity intro- 
duced from states of two nucleon excitation. Analogous 
to Eq. (15) we now have 


e 
(Wy»,CVo) th 2 


f drdrale* (Ve (1) (testers) 
X Ly (1)y,(2) —wW,(2)p,(1) J} . 


The only nonvanishing matrix elements are then 


(26) 


(Wur,CVo) = st: (e2/2)[ (msjsmsna jams | nig! | 2, j1M\N2j M2) 
ae (ns jamsnajams| rg | No jem jim) |. (27) 


This matrix element can be formed for all permissible 
values of mm, m2, mz, and m,. The total impurity due to 


% Contributions from 14 nucleons must be omitted. 
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the excitation of nucleons from the shells 2,7; and n2j2 
to the shells 37; and 47,4 will be found by summing the 
square of the nuclear matrix elements given by Eq. 
(27) over all possible values of the magnetic quantum 
numbers with appropriate energy denominators. If we 
use the same average energy denominator for all terms 
of the sum over magnetic quantum numbers, the total 
isotopic-spin impurity of the nucleus arising from the 
mixing with excited states formed by exciting two 
nucleons is 


open shells closed shells 


po=2 D } 


73,94 71,32 


S(ji,J25 Ja)J4) 
X[Eo— E(j1,j23 jaja) t?, (28) 


where 


S(j1,925 Ja,J4) 
= >| (¥,,,CWo) |? (sum over magnetic 
quantum numbers) 


= Po r(QI+1){ (ns jana jet | e2/2ri2| mi jinejoJ)? 
—2(nsjsnajaJ | e2/2r12| mij inejoJ) 
X (ma janajaJ | e2/2r2| mij m2j2J) (—1)2-*-%4 
+ (najansjsJ | 2/2ri2| mjimejoJ)*}. 


Conservation of parity greatly limits the number of 
excited states which contribute significantly to the 
isotopic spin impurity. The matrix elements which 
contribute principally to 2 in C” are listed in Table IV. 
In evaluating these matrix elements we again do not know 
the relative energy separations of the ground state 
from states of two-nucleon excitation. Accordingly we 
shall use the separation of the individual harmonic- 
oscillator states, neglecting the spin-orbit splittings. 
Where matrix elements are between states degenerate 
on this model, we use the T=0 to T=1 multiplet 
separation in C® of ~15 Mev. We find p2~9.4X 10-5, 
a 5% correction to the isotopic-spin impurity from 
mixing with states of single-nucleon excitation. 


(29) 


(30) 


C. The Equivalent Potential 


If we return to Eq. (19) we can see that if the sum 
over the states $j:m,; were performed, we should have 
for the first term a matrix element for the excitation 
of a single nucleon moving in the potential produced 
by all the nucleons in the closed shells. The second 
term, which we call the “exchange term,” is actually 
equal to the first term when :j:m,=m2jome and re- 
duces the sum over m, when j;=j2 by a factor 27,/ 
(2j:+1). This means that if one wishes to calculate p 
by neglecting the small contributions from true “ex- 
change” integrals in the second term of Eq. (19), one 
must reduce the sum over the j;=j2 terms by this 
factor, i.e., by } when j;=j2= 1; or by } when 7:=j2 
=15;. This can be regarded as merely subtracting the 
self-perturbation effect. The terms of the second sum 
have no simple interpretation in terms of an equivalent 
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TABLE IV. Matrix elements for isotopic-spin impurity 
from two nucleon excitation. 








M= (mijimoj2011| T pris | maja j.011) 
ij Mojo NsJsMsJa M 


(1p4)? (1p,)? 0.00425 Mev 
(1p,)? 1p; 2p, 0.0166 

(1s)? (1p;)? —0.162 

(154)? 1p; 2p, —0.463 











potential when jm, j2m2. The corresponding “ex- 
change” integrals will be much smaller than the 
“‘direct”’ integrals. 

The equivalent potential is given by the sum 


V(r =e Zz, 


7,mj 


dr pim* (1) riz jm(1) (31) 


over all closed shells in the nucleus. The integral in this 
expression can be written in terms of the angular mo- 
mentum eigenfunctions, 


xnt™ =[Rai(r)/r]¥ i" (0,9) 


by the transformation 


Velr2)=e > pi 


jmj mimi’ ,ms 


(13 jm;| lmikm,) (lm $m, | 15 jm;) 


Xf draxai™ (tna (1). (32) 


Make a Slater-type expansion of the integral 


J arixaim'Q)rie xa) 
=> ome) (2,2) (lmi| Px (cosa: | 1m), (33) 
k 


where 


2k+1 
am (L)=—— f Rui(1)Rar(1)ras7 
P;,(cosw12)d(cosw32)dr1, 

(34) 


COSw12= Cos(11,F2). 


Now choose the coordinate system so that @.=0 and 
COSW32= cosd;. From Eqs. (42) and (52) of Racah® 


(lm;| P.(cosw12) | lz) 
= (—1)™(21+-1)V (ik; 000)V (Uk; —mym)0), (35) 


where the V(abc;a$y) are functions related to the 
vector addition coefficients. With this expansion V g(re) 
becomes 


Ve(r2) =e YM (1,0) (21+-1) V (Wk ; 000) (2j+1) 
ik 
XW (ili; tk) (— IV (77k; —mjm9), (36) 


with W (ljlj; $k) a Racah coefficient. In summing over 
j the / values also change. Only even k appear in the 
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TaBLE V. Coulomb potential produced for He‘ and C™. 








Het 


Oscillator model Oscillator model 
potential Xe?/R potential Xe2/R 


Uniform sphere 
y=3/2R? v=5S/ 


potential Xe*/R 





CESS Sess 


mmr 
os 
= 





cn 
Oscillator model 
potential Xe*/R 


Uniform sphere , 
vy=5/2R? 


potential Xe?/R ~ 
9: 











sum since V (Jl/k;000) vanishes unless /+/’+k=2g is 
even. 

The sum in Eq. (36) has been carried out over all the 
states which protons (and neutrons) occupy in the 
closed-shell nucleus and therefore V g(r) is the electro- 
static potential produced by protons in the nucleus. 
We shall calculate now Vz(r) for the simple closed- 
shell nuclei He* and C” to compare this V g(r) with the 
electrostatic potential produced by a uniform sphere of 
charge. In this way we shall justify the use of this 
latter potential in the calculation of the perturbation 
of the states of two or three nucleons outside a core 
consisting of filled shells. 

We shall derive Vz(r) for C® first and shall im- 
mediately be able to give Vz(r) for He‘ also. Since for 
C” k can only be 0, 2 the sum in Eq. (36) reduces to 


V g(r)/2&=12M™ (1p,1p)V (110; 000)W (1 3 1 3; 3 0) 
x ¥ (—1)"HV(§ 4.0; —m; m; 0) 


m=} 


+1201 (1,1p)V (112; 000)W(1 § 1 4; 4 0) 
x E (-1)"4V (9 $2; —m, m;0) 


+2910 (15,15) (000; 000) (0 $ 0 3; 3 0) 
x ¥ (—1)4V(4 40; —m, m;0). (37) 


The sum over the V (3 3 2; —m,; m;0) in the second term 
can be shown to vanish, so one has only terms in 
which k=0. One can show that 


(21+-1) V (110 ; 000) W (1717 ; 3 0) 


j 
= LD (-1)"4V (7 70; —m; mj 0)=1, (38) 
mej 
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and from this derive the result that 
V(r) =e{4M (1p,1p) +29 (15,15)} 
for C, The potential for Het is clearly 
Ve(r)=2M (15,15). 


(39) 


(40) 


Performing the indicated integrations in Eq. (34) we 
find 


mM (1,18) = (e/R) Erf(Ré/r)/é, 
I (1p,1p)=e2(v/x)\[—} exp(— rR) 
+4 (a/v) Erf(Réy/v)/€], 
t=r,/R. 


These values of I (1s,1s) and M(1p,1p) can be 
inserted in Eqs. (39) and (40) to find the effective po- 
tentials for C’? and He‘. The potentials are given in 
Table V for »=5/2R? for the 1p orbits and »=3/2R?, 
5/2R? for the 1s orbits. 

The Coulomb potential produced by the core protons 
is seen to be quite well represented by the potential 
produced by a uniform sphere of charge. The agreement 
of the two potentials is a justification of the method 
by which the interaction of the nucleons outside closed 
shells with nucleons in the closed shells was included in 
the calculation of the isotopic-spin mixing of two- and 
three-nucleon states. 

The potential given by Eq. (39) is that produced by 
the protons in C”. The equivalent potential which is 
to be used in calculating (WV ;;,CVo), however, is derived 
from Eq. (39) by subtracting the contribution of the 
nucleon being excited, this subtraction arising from the 
second term of Eq. (19) when 71, m:=j2, m2. Conse- 
quently to calculate (W1p;,CVo) use 


(41) 


e 
Viny= i ti i dale as (42) 


while for (W1s,,CVo) 
e 
Vigy=— ma (1p,1p)+9N (1s,1s)]. (43) 


The nuclear matrix elements then emerge as 


(W1p4,CVo) = (2p| Vip| 1p) 


(Wisj,CVo) = (2s| Visy| 15). (44) 
These equations can be combined with Eq. (22) to 
calculate the approximate isotopic-spin impurity of a 
nucleus having closed shells in neutrons and protons 
much more easily than by the use of Eqs. (21) and 
(22). The error in the isotopic-spin impurity p made by 
neglecting the exchange integrals for which j:m,+ joms 
in Eq. (19) will be less than 6% for C”. This is satis- 
factory in view of the uncertainties in the energy 
denominators. 





































































This approach of an equivalent potential has been 
used to calculate the isotopic-spin impurity of O'* with 


the result that p~6.7X10~*. 


D. Impurities for Some Nuclei with Open Shells 


Having discussed separately the isotopic-spin im- 
purity for the ground states of two nucleons outside a 
closed shell and of the ground state of a closed-shell 
nucleus, we are now in a position to estimate the isoto- 
pic-spin impurity in a nucleus with two extra nucleons 
or two holes. We have so far shown that the principal 
contribution to the isotopic-spin impurity of both the 
core and an outside two- or three-nucleon state arises 
from the promotion of the principal quantum number of 
single nucleon states. We have further shown that the 
nuclear matrix elements for such isotopic-spin impurity 
can be approximately calculated as the matrix elements 
of an equivalent central potential between the excited 
and ground states for single nucleons. The equivalent 
central potential can be very easily calculated for the 
ground states of N=Z nuclei and the corresponding 
isotopic-spin impurities immediately obtained. Using 
some average energy denominator for all the excited 
states formed by exciting a single nucleon from (nj) to 
(n+1, 7) we have derived some upper limits on the 
isotopic-spin impurity of Li®, Be’, B, and N™. The 
energy denominator used for the upper limits is the 
separation 2hv/M of two harmonic oscillator states 
differing by unity in the principal quantum number 
with v= $R? for Het and v=5/2R? through the entire 
p shell. All the estimates of isotopic-spin impurity 
obtained from the shell model calculations of this paper 
are then summarized in Table VI. 


E. Summary 


These numbers can be compared with the estimates 
obtained from the Fermi gas model for the upper limit 
on the isotopic spin impurity of the ground states of 
even-even N=Z nuclei. The isotopic-spin impurities 
obtained from the shell model for the ground states of 
Be® and C” are approximately $ the upper limits pro- 
vided by the Fermi gas model. A factor of ~} arises 
from the use of the (wl)—(n+1,/) level separation 
instead of the multiplet separation. A second factor of 
~# arises from the decrease in the interaction of 1p 
and 1s nucleons through the Coulomb potential. This 
decrease corresponds to the decreased overlap of the 
shell model wave functions relative to the free-particle 
wave functions of the Fermi gas model. 

It should be remarked that the estimates of im- 
purities given in Table VI are probably still over- 
estimates since, for example, the separation of the 
T=0, J=0 state of (15,)*(1p;)* from the T=1, J=0 
state of (153)*(1p;)’2p4 surely exceeds the separation of 
the 1p and 2 harmonic oscillator states. 
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TABLE VI. Isotopic spin impurities from the shell model. 








Nu- 
cleus Het Lis Be’ Bw Cu Nu Os 








Eo—E 
(Mev) 35 30.9 25 22 19.1 17.7 16.1 
Pp 1.3X107§ 10X10 4.4X10~ 10X10 19X10 3.1107 6.7X10~ 








The estimates of Table VI were only derived for 
ground states. A simple consideration based on Eq. 
(44) suggests that the matrix elements between low- 
lying T=0 states and excited isotopic spin T=1 states 
should not be greatly different from the matrix ele- 
ments between the ground state and excited isotopic 
spin states. The amount of isotopic spin impurity in 
these excited states will then depend mostly on the 
energy separation of states of different isotopic spin 
which have the same total angular momentum parity. 
Therefore we do not expect the impurity of states of a 
few Mev excitation to be very different from the esti- 
mates of Table VI. The isotopic spin impurity of states 
of high excitation (>10 Mev), however, is probably 
much larger. 

The amount of mixing of different nuclear isotopic 
spin eigenstates produced by the Coulomb interaction 
can be compared with the amount of isotopic spin 
impurity deduced from violations of the isotopic spin 
selection rule. The limits on isotopic spin impurity 
which have been found in this way by D. H. Wilkinson 
and collaborators are in agreement with the impurity 
estimated to be introduced by the Coulomb interactions. 

The electric dipole selection rule observed in self- 
conjugate nuclei has also been shown to be a conse- 
quence of charge parity.!® The principal effect of the 
Coulomb potential in such nuclei is the mixing of 
T=0 and T=1 states, which are states of different 
charge parity. Consequently, the calculations of this 
paper show that the violations of the charge parity 
selection rule on £1 transitions can also be attributed 
to the effects of the Coulomb interactions. 
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4 W. M. MacDonald, Phys. Rev. 98, 60 (1955). In Qim® on 
page 65 the coefficient before curly brackets should be (—£?/10). 
Four lines below this (kR)~(hw/Mev)A!/137. The ratio 
|Qim®/Qim™ |? is correctly given by (2/15)*(kR)* but the nu- 
merical value for hw=10 Mev in C® is ~10-5, not ~10-*. It 
should be pointed out that the radial transition contributes to 
Qim™. The ratio of this contribution to the contribution from 
¢a*¢, calculated in the paper, is easily estimated (v/c=h/MRc) 
to be 60A~4/(hw/Mev) =1 for the transition considered. For lower 
energies the transition current is relatively more important; for 
higher energies, relatively less important. The magnitude of these 
retardation corrections for this energy is therefore given by the 
term considered. 

16 G, Morpurgo, Nuovo cimento 12, 60 (1954). 
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The calculation of ft values for allowed and first forbidden orbital electron capture transitions is discussed. 


It is shown that ft values for AJ=1, yes, orbital electron capture transitions, calculated using allowed f 
functions, can be compared directly with ft values for similar transitions involving beta particle emission. 
The L/K electron capture ratios for AJ = 1, yes, transitions are shown generally to be the same as for allowed 
transitions of similar energy for a given element. Comparison with experimentally measured L/K capture 


ratios is made. 





GENERAL method for calculating electron 

capture probabilities for any shell, order of 
forbiddenness, or nucleon-lepton interaction mixture 
has been given by Zweifel.! In application of his method, 
one makes use of C,2, factors given for beta decay by 
Konopinski and Uhlenbeck? and Greuling* for pure 
interactions and by Smith‘ and Pursey’ for interference 
terms arising from mixed interactions. We have used 
Zweifel’s method to derive explicit formulas for f values 
appropriate for ff comparisons with beta emitters. The 
L/K capture ratios in particular are of interest to 
calculate. 

For the sake of definiteness, we shall use the 
S+T(+P) interaction combination, which seems fa- 
vored by recent studies.’ Tables I and II give the 
transition probabilities and f values for allowed and 
unique Gamow-Teller first-forbidden cases, where the 
three subscripts on \ and f indicate the electron capture 
process, the shell where the capture occurs, and the 
order of forbiddenness, respectively, and the superscript 
on \ and f indicates the change of spin. The notation 
used in the tables is the following: G= partial coupling 
constant of the nucleons with the electron-neutrino 
field for the Gamow-Teller interaction; Gr=partial 
coupling constant for the Fermi interaction; g, f= values 
of large and small components of the radial Dirac 
electron wave functions evaluated at the nuclear sur- 
face; gz=neutrino energy in units of moc? for x-shell 
capture. p=nuclear radius in units of %/mc; | {Be|?, 
| f1|*, and }°;;|B,;|?=nuclear matrix elements in the 
notation of Konopinski and Uhlenbeck.? 

We wish now to calculate \ for AJ=1, yes, first 
forbidden transitions using an assumed S+7 mixture. 
There is no contribution from the pseudoscalar in- 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1p. F. Zweifel, Phys. Rev. 96, 1572 (1954). 

2E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
(1941). 

8 E. Greuling, Phys. Rev. 61, 568 (1942). 

4A. M. Smith, Phys. Rev. 82, 955 (1951). 

*D. L. Pursey, Phil. Mag. 42, 1193 (1951). 

*H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
(1952). 

7R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 


280 





variant to AJ=1, yes, transitions. When one tries to 
treat the first-forbidden transitions with AJ=1, it is 
necessary to estimate the relative magnitude of several 
different nuclear matrix elements. Recent treatments 
of the subject have been made by Pursey,® by Ahrens 
and Feenberg,® and by Peaslee.® In Peaslee’s® equation 
(2) the following matrix elements are related by a factor 
i which can be evaluated from an individual particle 
nuclear model and for odd A nuclei may generally be 
of the order of unity, with the sign depending on the 
details of the nuclear states: 


fexn=itfr 


From Ahrens and Feenberg’s* equations (19), we have 
the following relation for electron capture or positron 


emission : a : op ‘ fi 


with estimates®:* of A being of the order of unity, where 
Z is the atomic number of the decaying nucleus and 
is taken here as a positive number, and a is the fine 
structure constant. 

Making use of these relations the transition proba- 
bilities for AJ=1, yes, may be expressed in terms of 
one nuclear matrix element. Using the method of 
Zweifel' and rearranging the results to a simpler form, 


(1) 


(2) 


TABLE I. Allowed electron capture probabilities (AJ =0, 1, no). 

















Electron 

shell Aczol) foros) 
K (or Ly) ace for 42 a ‘| pextant 
Lu Gutta? [| feo|'+5 tH el Say pfuartauat? 
Lin 0 0 








8 T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). 
*D. C. Peaslee, Phys. Rev. 91, 1447 (1953). 


f VALUES 


clearly positive definite, we have 


1 
gx’gx’(2+1)? 
18 


fr 
gx— (1td)— 
p 


tenant) | } 


@ ae 
() = —gyy7? fr | —fatgnu? (20) 
4r? 18 


aZ gui 
+[+a(S) fart (1+¢)—— 
2p p , 
is Hfongan 9 | } (3b) 
gui" 


Acuun =—grur*| J r| -3 (22)? ) 
dr? p" 


Acun 


(3c) 


and Acz1 may be obtained from cx: merely by 
substituting the index Z; for K in all places. The 
upper sign is for S+-7 and the lower sign for S—T. 

By numerical ‘substitution for various values of Z 
and for values of g, the neutrino energy, up to reasonable 
upper limits (~3 Mev) as encountered in experimental 
observations of beta decay, the dominant terms within 
brackets in the above expressions are the terms inde- 
pendent of g. That is, 


[= (Sex cso“), (4a) 
p 


3 aZ\ — 
r ae. 
2p 


Sui ‘ 
+(1+2) = . (4b) 
p 


(Li capture is very small.) Only in the case where 
these large terms approximately cancel would the 
neglected terms assume importance. Using the low-Z 
approximate relationships . 


fx=—}aZgx, fu 


we may further simplify the approximate expressions. 
G’gx*gk’ 2 aZ 2 
Nex) =—— f: (=) (+A+1+2)?, 
4r? 2p 


G@ fig *7aZ\?* . 
Oe r —) (+A—1F2)?. (5b) 
4r? 2p 


—taZgi1, and guir~—}aZfrn, 


(Sa) 


Acuin 


These expressions are quite analogous to Eq. (8) 
of Mahmoud and Konopinski® for beta decay with the 
ST(P) mixture in the low Z approximation. In the 
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TaBLe II. Unique first-forbidden electron capture probabilities 
(AI =2, yes). 








Electron 


shell Aezi() Sexi) 





G? gx? 
tnt 12.2" ~ 2 


G 
Lu an? ui‘ z + | Bis? 


G3 
yee quit? = m | Bail? 


K (or Ly) | By;|? agoK'aK" 


zgf targus" 


3m gui? 
3 woe gut 








beta decay case also, the terms independent of electron 
and neutrino energy ordinarily dominate. If we replace 
their notation by the one employed here, retain only 
the dominant terms, and write their expression for the 
first forbidden correction factor, we have analogously 
for beta minus decay 


CYST=G4 ) ceatiso (6) 


2 
Co(S)T=GE| fol . (7) 


The actual expression for the beta transition rate to a 
certain electron energy interval is obtained by multi- 
plying C by the ordinary statistical factor. The corre- 
sponding statistical factor for the K capture case is 


gx’qx’/4r’, 


and the correction factors C are seen to be almost the 
same for beta minus decay and electron capture except 
for some signs. 

From the similarity of Eqs. (5) and (6) there follows 
the justification of the procedure of calculating ff 
values for AJ =1, yes, electron capture using an allowed 
f to compare with ff values for AJ=1, yes, beta minus 
decay calculated with an allowed f. Consequently, the 
result of the correlation of King and Peaslee’ that 
AI=1, yes, transitions have log ft values around 7.5 
should hold for electron capture also. Application of 
this result can be made to the tables of log ft values for 
electron capture isotopes given by Hoff and Thompson” 
and Major and Biedenharn." One might expect by 
analogy that the ft values calculated with allowed f 
for AJ=0, yes, transitions should be comparable for 
electron capture and beta emission, but we have not 
derived expressions for this case in view of the uncer- 
tainties as to the magnitude of the pseudoscalar 
invariant in beta decay. 

From the above results we can readily see that the 
L/K capture ratios for first forbidden AJ=1, yes, 
transitions will generally be the same as for allowed 


 R. W. Hoff and S. G. Thompson, Phys. Rev. 96, 1350 (1954). 
uJ. K. Major and L. C. Biedenharn, Revs. Modern Phys. 26, 
321 (1954). 
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TABLE III. Experimental and theoretical K/L electron 
capture ratios. 








Half-life 


energy 


Exp. 

elec. Method 
capt. of 
energy 


(Mev) det. 


Theor. 

. energy 
calc. 
from 
exp. 
L/K 
(Mev) 


Exp. a 
L/ energy 





0.819" Atomic 


0.087> 0.084 


34.1 days 
mass 
difference 
Positron 


34.5 hr 0.274 


(5% B*) 
470 days 


1.924° 
or 
1.617¢ 


0.100 


0.28 
0.23 
tee 0.358 
Closed 0.14! 
decay 
cycles 
Closed 36! 1.5 
decay : 
cycles 


0.76% 0.20 


Np** 410 days 0.175 








* Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

> Pontecorvo, Kirkwood, and Hanna, Phys. Rev. 75, 982 (1949). 

eR. W. King, Revs. Modern Phys. 26, 327 (1954). 

¢P. Radvanyi, Compt. rend (Paris) 235, 428 (1950). 

¢ M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 (1952). 

f E. der Mateosian, Phys. Rev. 92, 938 (1953). 

« M. M. Miller and R. G. Wilkinson, Phys. Rev. 83, 1050 (1951). 

aan Thompson, and Seaborg, J. Inorg. Chem. and Nuc. Chem. 1, 
3 (1955). 

'R. W. Hoff, University of California Radiation Laboratory Unclassified 
Report UCRL-2325 (unpublished). 


transitions of the same energy. It is possible in excep- 
tional cases that the large terms retained in the above 
approximation might nearly cancel. The conditions for 
cancellation are nearly the same for K and J; capture, 
and in exceptional cases these decay modes might be 
suppressed relative to the Ly (and rarer Lyx) capture. 
In the case of cancellation, the L/K ratio could be 
larger than normal, and the over-all ft value for electron 
capture would necessarily also be considerably larger 
than normal. 

Theoretical calculations of L/K capture ratios have 
been made by Brysk and Rose” using equations similar 
to those given in Tables I and II. As they have shown, 
capture from the Ly; shell makes a negligible contri- 
bution in the case of allowed and first forbidden AJ =0, 


2H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Unclassified Report ORNL-1830 (unpublished). 
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1, yes, transitions, while for AJ=2, yes, transitions 
Lyx: capture is enhanced and can indeed become domi- 
nant for low neutrino energies. Thus, the ratio of 
capture from the various electron shells conveys the 
same sort of information as beta spectrum shape. The 
predominance of allowed shapes for AJ=1, yes, beta 
transitions leads us to believe that similarly electron 
capture transitions for AJ=1, yes, will show the same 
L/K ratios as allowed transitions of the same energy. 
Experimental measurements of L/K electron capture 
ratios have been made on very few isotopes at present. 
Table III lists data on isotopes which have been 
reported so far. The theoretical L/K capture ratio in 
column six has been calculated from the experimental 
energy for electron capture, using the electron wave 
function ratios of Brysk and Rose.” Similarly, in column 


‘seven a theoretical energy for electron capture has 


been calculated from the experimental Z/K capture 
ratio. 


The experimental and theoretical L/K capture ratios 
for A*’ are in good agreement. However, in the case of 
Kr”, there is an appreciable difference between the 
calculated and experimental L/K ratios which would 
suggest a re-examination of the experimental data 
known for this isotope. For Cd! and I der Mateo- 
sian® and for Os'*®* Miller and Wilkinson" have deter- 
mined the Z/K ratios and calculated the energies for 
decay shown in column seven. In the case of At?!’ and 
Np*®, estimates of the total decay energy have been 
made through the use of closed decay cycles by Glass, 
et al.!° The experimental and theoretical L/K capture 
ratios for At™ are in approximate agreement, the 
difference probably being within the experimental 
accuracy of the measurement. Such is not the case for 
Np*® where the difference between the theoretical and 
experimental L/K capture ratios is too large to be 
ascribed to experimental error. We conclude that the 
closed decay cycle estimate of decay energy for this 
isotope is approximately 40 kev too high. 

‘8 E. der Mateosian, Phys. Rev. 92, 938 (1953). 

(gst). M. Miller and R. G. Wilkinson, Phys. Rev. 83, 1050 


16 Glass, Thompson, and Seaborg, J. Inorg. Chem. and Nuc. 
Chem. 1, 3 (1955). 
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Sulfur and beryllium samples have been used as energy-selective neutron absorbers to investigate the low- 
lying level structure of the Zn® nucleus. The transmission through the samples of the neutrons from the 
Cu®*(p,n)Zn® reaction was measured as a function of the proton energy and the known resonances in the 
neutron total cross sections of S and Be were observed for both the neutron group leaving Zn® in the ground 
state and for a group leaving Zn® in an excited state at 118+8 kev. At a proton energy of 2.9 Mev, these 
two groups are of approximately the same intensity. The Q-value for the Cu®*(p,n)Zn® reaction was found 
to be —2.141+0.005 Mev. The 585-kev resonance in S was observed with neutrons from the V"(p,n)Cr® 
reaction and the threshold energy of 1.566 Mev for this reaction was confirmed. 





INTRODUCTION 


HE low-lying level structure of the Zn® nucleus 
has been investigated by observing! the decay 
scheme of Ga® and by measurements? made on neutron 
threshold energies in the Cu®(p,2)Zn® reaction. The 
threshold measurements indicated an excited state of 
Zn® at 785 kev and some higher excited states ; no lower- 
lying levels were observed. The small cross section at 
bombarding energies near the ground-state threshold 
energy did not permit a careful search for levels below 
an excitation of about 200 kev, and although no neutron 
thresholds were observed in this region, the absence of 
low-lying states could not be established. 

Crasemann! observed ¥ rays of energies 52, 92, and 
114 kev in the decay of Ga®. The 52-kev y ray was 
tentatively assigned to an isomeric state of Ga®. There 
was the possibility, however, that all three y rays 
orignated in Zn®, the decay product. Neutron thresh- 
olds corresponding to excited states in Zn® at these 
energies would not have been observed by Brugger, 
Bonner, and Marion? unless they had been very intense. 

An investigation of the neutron groups from the 
Cu®(p,n)Zn® reaction using photographic plates could 
not furnish conclusive proof concerning the existence of 
low-lying states in Zn® because of the limited resolution 
of this technique. Another possibility for performing an 
investigation of Zn® levels is to use the Cu®(p,n)Zn® 
reaction as a source of neutrons and observe the trans- 
mission of these neutrons through a sample whose 
neutron total cross section contains pronounced, isolated 
resonances. The occurence of resonances other than 
those due to the ground-state group of neutrons indi- 
cates the presence of additional neutron groups and, 
therefore, excited states of the residual nucleus. Such a 
method has been used previously by Stelson and 


* Supported in part by the U. S. Atomic Energy Commission. 

+ A report of this work was given at the Los Angeles Meeting 
of the American Physical Society, December, 1955 [Phys. Rev. 
100, 1795 (1955) ]. 

t Now at Kellogg Radiation Laboratory, California Institute of 
Technology, Pasadena, California. 

1B. Crasemann, Phys. Rev. 93, 1034 (1954). 

? Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 


Preston’ in the study of neutron spectra from (p,m) 
reactions on medium-weight elements. 

Strong resonances are known in the neutron total 
cross sections of sulfur*:® (585+3 kev, !'=1.4 kev) and 
beryllium** (620+10 kev, [=30 kev) which are suffi- 
ciently far from neighboring resonances to permit the 
use of these elements as energy-selective neutron ab- 
sorbers. Therefore, measurements of the transmission 
through samples of S and Be of the neutrons from the 
proton bombarding of Cu® permit an investigation of 
the low-lying level structure of the Zn® nucleus by 
observing the bombarding energies at which these 
resonances occur. 


EXPERIMENTAL 
A. Apparatus 


The transmission measurements were carried out in 
the geometry shown in Fig. 1. The neutron detector was 
a modified long counter of the type described by Marion, 
Brugger, and Bonner.”:? The face of this counter was 
placed at a distance of 6 inches from the target and the 
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Fic. 1. Geometrical arrangement of the neutron detector and ab- 
sorber sample used for making the transmission measurements. 


3 P. H. Stelson and W. M. Preston, Phys. Rev. 83, 469 (1951). 

4D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superinten- 
dent of Documents, U. S. Government Printing Office, Washing- 
ton, D. C., 1955). 
( 5 Peterson, Barschall, and Bockelman, Phys. Rev. 79, 593 

1950). 

®C. K. Bockelman, Phys. Rev. 80, 1011 (1950); Adair, Bar- 
schall, Bockelman, and Sala, Phys. Rev. 75, 1124 (1949). 

7 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 
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Fic. 2. Reciprocal of the transmission through a sulfur sample 
as a function of proton energy for neutrons from the Cu®(p,n)Zn® 
reaction. The neutron energy values are for the ground-state 
group and are based on a Q-value of —2.131 Mev. The arrows 
indicate where resonances would occur for neutrons emitted to 
Zn® states at 0, 52, and 92 kev. The indicated probable errors are 
typical standard deviations for a number of determinations at 
each energy. 


absorber samples were located midway between the 
target and the detector. The sulfur sample was in the 
form of a truncated cone 2 inches in length as shown in 
Fig. 1, while the available beryllium samples was in the 
form of a cylinder 1.5 inches in diameter and 1.5 inches 
in length. The preparation of the targets of Cu® used 
in this experiment has been described previously.? The 
separated isotope was obtained from the Stable Isotopes 
Division of the Oak Ridge National Laboratory. 

Protons were accelerated in the Rice Institute 6-Mev 
Van de Graaff generator. The bombarding energy was 
determined by measuring the field strength in the 90° 
magnetic analyzer with a proton moment magnetome- 
ter.’ The primary energy standard was the threshold 
for the Li’(p,”) reaction.® 


B. 585-kev Resonance in Sulfur 


The transmission measurements made with the sulfur 
cone absorber are shown in Fig. 2. The Cu® target used 
was about 20 kev thick at a proton energy of 2.7 Mev and 
was rather nonuniform. The effect of the nonuniformity 
is evident in the shape of the 585-kev resonance which 
occurs at a proton energy of 2.742 Mev. The arrows in 
Fig. 2 indicate the points at which the 585-kev resonance 
would be expected for neutrons from the Cu®(p,m)Zn® 
reaction leaving Zn® in excited states at 52 and 92 
kev. There is no evidence for the emission of neutrons 
to a state at 52 kev at a proton energy of 2.8 Mev with 
an intensity greater than about 0.4 of the ground-state 
group. No definite conclusions can be reached concern- 
ing the 92-kev state through the use of the sulfur ab- 
sorber, since any effect would be masked by the next 
higher resonance in S for the ground-state group which 
begins with a dip at a neutron energy of 0.68 Mev. 
This effect is evident in Fig. 2. 

Since the width of the 585-kev resonance in S (1.4 kev) 


8 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 
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is much less than the target thickness, the resonance 
energy is determined by the mid point of the observed 
rise. This occurs at a bombarding energy of 2.742+-0.004 
Mev. In order to make this bombarding energy corre- 
spond to a neutron energy of 585+3 kev at the mean 
angle of observation, the Q-value for the Cu®(p,n)Zn® 
reaction must be taken to be — 2.131++0.005 Mev. This 
value is 5 kev less than that obtained from a measure- 
ment of the neutron threshold energy, — 2.136+0.004 
Mev.’ Although the agreement of the two Q-values is 
within the experimental error of the two measurements, 
since the proton energy determinations were made with 
the same equipment and using the same technique, this 
small energy difference may be significant. It is possible 
that a neutron threshold measurement may give too 
high a threshold energy if the theoretical threshold 
occurs between two compound nucleus resonances. In 
this case, there will be no appreciable neutron emission 
until the next resonance is reached and the apparent 
threshold will be too high. 

In order to determine if the difference in Q-values 
observed in the two experiments could be due to a 
faulty energy calibration or to the geometrical arrange- 
ment employed in the transmission measurements, a 
similar transmission experiment was performed with 
neutrons from the V®(p,m)Cr® reaction. The results are 
presented in Fig. 3. The neutron energy at the resonance 
(indicated by the arrow in Fig. 3) was calculated to be 
586 kev at the mean angle of observation, by using the 
threshold energy of 1.5656+0.0015 Mev, obtained by 
Gibbons, Macklin, and Schmitt.? Therefore, in the case 
of the V"(p,n)Cr® reaction, there is no disagreement on 
the Q-value between the sulfur resonance experiment 
and the threshold determination. 


C. 620-kev Resonance in Beryllium 


The beryllium sample was substituted for the sulfur 
cone and the transmission experiment with Cu®*(p,n) 
neutrons was repeated so that a further investigation of 
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Fic. 3. Reciprocal of the transmission through a sulfur sample 
as a function of proton energy for neutrons from the V"'(p,n)Cr® 
reaction. The indicated probable errors are the standard deviations 
for a number of determinations at each energy. 


® Gibbons, Macklin, and Schmitt, Phys. Rev. 100, 167 (1955). 
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the possibility of a 92-kev state in Zn® could be carried 
out and to extend the sulfur data to the region in 
which the effect of a 114-kev level could be observed. 
These data are presented in Fig. 4. A uniform, 30-kev 
Cu® target was used. In addition to the 620-kev 
resonance due to the ground-state neutrons, there is a 
pronounced peak at a proton energy of 2.90 Mev. Since 
the ground-state neutrons have an energy of 740 kev 
at this proton energy and since the beryllium cross sec- 
tion in this energy region is nearly constant, this effect 
must be due to 620-kev neutrons from the Cu®(p,7)Zn® 
reaction being emitted to a Zn® level at 118+8 kev. 
Since the change in the transmission at the two observed 
peaks is approximately the same, the intensities of 
neutron emission to the Zn ® ground state and 118-kev 
state are approximately equal at a proton energy of 
2.9 Mev. Again, there is no evidence for the emission of 
neutrons to Zn® states at 52 or 92 kev at a proton energy 
of 2.9 Mev with an intensity greater than about 0.2 of 
the intensity of the ground-state and 118-kev state 
groups. 

The calculations of the neutron energies shown in 
Fig. 4 were made with the Q-values of — 2.131 Mev. The 
neutron energy at the Be resonance was then found 
to be 622+8 kev, in good agreement with the other 
determinations.*® 


D. Search for y Radiation 


Since the ground-state and 118-kev state neutrons 
from the Cu®(p,2)Zn® reaction have approximately 
equal intensities at a proton energy of 2.9 Mev, it was 
throught that a search for the y rays from the de- 
excitation of the 118-kev state, and possibly of other 
states, would be feasible. To minimize the vy radiation 
from other sources, a self-supporting normal copper foil, 
about 50 kev thick at a proton energy of 3 Mev, was 
mounted at 45° to the beam in a lead-lined tube which 
allowed the proton beam to be stopped about 2 feet in 
back of the foil. A NaI crystal, shielded from the 
machine background by 3 inch of lead, was placed at 
90° to the beam and 2 inches from the copper foil. A 
pulse-height distribution of the y radiation from the 
proton bombardment of the foil was taken at 2.9 Mev. 
The distribution was observed from a y-ray energy of 
0 to 250 kev without the occurence of any discernible 
peak. 

Even if the 118-kev radiation is fairly intense at this 
bombarding energy, the low-energy tail from the y radi- 
ation produced by the interaction of the protons in the 
copper and of the neutrons in the Nal crystal would 
tend to obscure its presence. The present measurements 
are therefore inconclusive as to the presence of low-lying 
energy y radiation accompanying the Cu®®(p,)Zn® 
reaction. 


LEVEL STRUCTURE OF Zn*5 


NUCLEUS 


NEUTRON ENERGY (MEV) 
0.66 0.72 





bad 
> 


(TRANSMISSION)~' 
we 
°o 


fp 
om 








rt i A. i. 4 





i iL 
2.80 2.86 
PROTON ENERGY (MEV) 

Fic. 4. Reciprocal of the transmission through a beryllium 
sample as a function of proton energy for neutrons from the 
Cu®(p,n)Zn® reaction. The neutron energy values are for the 
ground-state group and are based on a Q-value of —2.131 Mev. 
The arrows indicate where resonances would occur for neutrons 
emitted at Zn® states at 0, 52, 92, and 118 kev. The indicated 
probable errors are typical standard deviations for a number of 
determinations at each energy. 


DISCUSSION 


The present experiments have demonstrated the 
presence of a low-lying excited state in Zn® at an energy 
of 118 kev. The possibility that other levels exist in this 
region cannot be excluded on the basis of these meas- 
urements. The energy of 118 kev agrees well with the 
y-ray energy of 114 kev obtained by Crasemann! in a 
study of the decay scheme of Ga®, and it seems probable 
that these two measurements deal with the same level. 
On the basis of the present work and that of Crasemann, 
it is still impossible to construct a consistent decay 
scheme for Ga®, since the origin of the 52- and 92-kev 
+ rays is still uncertain. 

The occurence of low-lying levels in Zn® may be 
expected due to the competition between the filling of 
the fy and p; levels for neutron numbers near 35 (for 
Zn**). Since these levels are quite close in energy, con- 
figurations of low excitation energy may be expected. 
Such an effect occurs from proton numbers 33 (As’°) and 
35 (Br”) and would therefore be expected for neutrons 
as well.” It is also possible that the pure single particle 
levels are more easily excited than those arising from 
fi—p; competition, and that, therefore, only those 
states of higher excitation, which are more likely to be 
single particle levels, were observed in the neutron 
threshold measurements.” 

Since an excited state in Zn® at 118 kev has been 
established and since the possibility still remains that 
there are other states at even lower excitations, the use 
of the Cu®(p,n)Zn® reaction as a source of mono- 
energetic, low-energy neutrons seems unadvisable above 
neutron energies of about 50 kev. 


10M. Goldhaber (private communication). 
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With gaseous sources of As™ and As”, large nuclear resonance fluorescence effects have been observed 
for the 835-kev excited state of Ge” and for the 596-kev excited state of Ge™. The angular distribution of 
the resonance radiation characterizes the spins of both these excited states as 2 and the spins of the ground 


states as 0. 


From the magnitude of the resonance fluorescence effects, the mean lives of the 835-kev and 596-kev 
gamma-ray transitions were determined as (4.6+1.2)X10~" second and (1.9+.0.3) X10-" second, respec- 
tively. These lifetimes are approximately one order of magnitude shorter than those expected for electric 
quadrupole transitions on the basis of the single particle model. 

The influence of collisions in the gas on the observed resonance fluorescence effect was studied using the 


596-kev level in Ge™. 





INTRODUCTION 


HE study of nuclear resonance fluorescence 
provides us with very useful information concern- 
ing the transition probabilities of fast gamma-ray 
transitions whose lifetimes are beyond the range of the 
delayed coincidence method, i.e., shorter than 10-" to 
10~" sec. The sensitivity of the resonance fluorescence 
method increases with decreasing lifetime, i.e., with 
increasing width. Although only transitions leading to 
the ground states of stable nuclei can be studied, the 
knowledge of the branching between competing 
gamma-ray transitions will allow one in some cases to 
draw conclusions concerning transitions between excited 
states. 

In addition to the information concerning transition 
probabilities obtained from the magnitude of the 
resonance fluorescence effect, the study of the angular 
distribution of the resonance radiation represents a 
very direct way of determining spins of excited states, 
multipole orders of transitions, and mixing ratios in the 
case of mixed transitions. 

Although different ways of exciting resonance 
fluorescence have been proposed! and more can be 
imagined, so far only radioactive isotopes decaying to 
the element under investigation have been successfully 
used as the source of the exciting radiation. The nuclear 
experiment is thus very similar to the resonance 
experiments with atoms,’ in which, e.g., the light from 
a mercury arc is used to excite the resonance radiation 
in mercury vapor. The main difficulty in the nuclear 
case stems from the fact that for gamma rays the 
natural line width is, in general, small compared with 
the energy lost to the recoiling nuclei. Consequently, 
the exciting line is off resonance, the cross section is 
greatly reduced, and the resonance effect lost in the 
background of elastically scattered gamma rays. In 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1L. I. Schiff, Phys. Rev. 70, 761 (1946); A. M. Cormack, Phys. 
Rev. 96, 716 (1954). 

2 See, e.g., A. C. G. Mitchell and M. W. Zemansky, Resonance 
Radiation and Excited Atoms (Cambridge University Press, New 
York, 1934). 


order to observe nuclear resonance fluorescence, ways 
and means to restore the resonance condition have to 
be found. Up to the present, the Doppler shift due to 
mechanical motion* and the Doppler broadening due 
to thermal agitation‘ have been successful in producing 
observable nuclear resonance fluorescence effects. Both 
methods are, however, restricted to heavy nuclei and 
to gamma rays of less than about 500 kev, the limi- 
tations being imposed by the strengths of available 
materials and by the range of feasible temperatures. 

Several authors®:* have suggested that the large 
velocities, imparted to the nuclei by the radiation 
preceding the gamma ray under study, could be 
utilized to restore the resonance condition. However, 
experiments on Mg%,® Fe®®,®7 Cu®,7 Mo**,§ and Mo*’, 
using solid sources of Na™, Mn**, Zn®, Tc%, and Nb*”’, 
were unsuccessful, although in these cases the preceding 
radiation has enough momentum to fully compensate 
for the recoil energy loss. The failure to observe reso- 
nance fluorescence in the above-mentioned isotopes 
can be attributed to the slowing down of the recoiling 
nuclei by collisions suffered prior to the gamma emission. 
The collision times encountered lie between 10-" and 
10~-* second. The absence of a resonance effect therefore 
establishes a lower limit of 10~” to 10-" second for the 
lifetimes of these gamma-ray transitions. In some 
favorable cases the increase in the slowing down time, 
achieved by the use of a liquid source, can be sufficient 
to make the resonance fluorescence effect observable.’ 
However, our scanty knowledge of the slowing down 
process makes the evaluation of such experiments 
rather uncertain. 

3P. B. Moon, Proc. Phys. Soc. (London) A64, 76 (1951); P. B. 
Moon and A. Storruste, Proc. Phys. Soc. (London) A66, 585 
(1953); W. G. Davey and P. B. Moon, Proc. Phys. Soc. (London) 
A66, 956 (1953). 

4K. G. Malmfors, Arkiv Fysik 6, 49 (1952); F. R. Metzger 
and W. B. Todd, Phys. Rev. 94, 794 (1954); 95, 627 and 853 
(1954); F. R. Metzger, Phys. Rev. 97, 1258 (1955) and 98, 200 
OW. Kuhn, Phil. Mag. 8, 625 (1929). 

6 E. Pollard and D. E. Alburger, Phys. Rev. 74, 926 (1948). 

7K. Tlakovac, Proc. Phys. Soc. (London) A67, 601 (1954). 


8 F. R. Metzger, Phys. Rev. 83, 842 (1951). 
*F. R. Metzger and W. B. Todd, Phys. Rev. 91, 1286 (1953). 


286 





NUCLEAR RESONANCE FLUORESCENCE 


The obvious remedy to the difficulties stemming 
from the short collision times is the use of gaseous 
sources. Preliminary experiments with gaseous sources 
of Hg and of Tl" were encouraging and it was 
decided to apply the method to an element among 
the lighter nuclei, i.e., in a region of the periodic table 
where the other methods of compensating for the gamma 
recoil energy loss are not applicable. Germanium was 
chosen for the first attempt because As”, decaying to 
Ge™, is available with high specific activity, has a 
relatively simple disintegration scheme and decays to 
the most abundant (36.7%) isotope of germanium. 

The first experiments,’ using sources of As” vapor, 
demonstrated an easily observable resonance fluores- 
cence effect approximately thirty times larger than the 
total elastic scattering. Subsequent runs with the 
shorter lived As” showed effects of comparable magni- 
tude in Ge”. In both cases the angular distribution 
of the resonance radiation was measured with As vapor 
sources which, under the conditions then used, consisted 
almost exclusively of As, molecules.“ For angular 
distribution studies the use of such sources is not 
objectionable; for the determination of the lifetimes, 
however, the exact shape of the exciting gamma line 
has to be known and the use of molecules with con- 
stituents of comparable mass makes the recoil phe- 
nomena, which are responsible for the line shape, 
rather complicated. For the lifetime measurements the 
use of As, sources was, therefore, abandoned and the 
experiments were carried out with AsH; sources. 


MOMENTUM REQUIREMENT FOR THE 
PRECEDING RADIATION 

The preceding radiation, through Doppler effect, 
has to supply the energy lost to the recoiling nuclei in 
the gamma emission and in the scattering process. 
For a gamma ray of energy E,, the recoil loss in the 
emission process is Erg= E,?/2Mc*, where M is the mass 
of the recoiling nucleus. The energy lost in the scattering 
process is the same, the total energy deficit AE is 
therefore given by AE=E,?/Mc*. In order to restore 
the resonance condition, at least for those gamma 
rays emitted in the forward direction, the Doppler shift 
resulting from the preceding radiation has to equal 
AE, i.e., (v/c)E,=E/MC or Poree'=P,. This means 
that, to be effective in restoring the resonance condition, 
the preceding radiation has to possess a momentum at 
least equal to the momentum of the gamma ray under 
study. 

If the preceding radiation is itself a gamma ray or if 
it is a neutrino accompanying K-capture, the most 


1 F. R. Metzger, Proceedings of the 1954 Glasgow Conference 
(Pergamon Press, London and New York, 1955), p. 201. 

uF, R. Metzger, Phys. Rev. 98, 200 (1955). 

Reported at the Washington Meeting of the American 
tise. Society, April, 1955 [F. Metzger, Phys. Rev. 99, 613(A) 
(1955) ]. 

3G. Preuner and I. Brockmiller, Z. physik. Chem. A81, 129 
(1913). 
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favorable case is one in which the available decay 
energy is approximately equal to the energy of the 
radiation being studied. If the available decay energy 
is much larger than the necessary minimum, the mag- 
nitude of the resulting resonance effect is reduced 
accordingly. 

For a beta decay with a maximum momentum just 
fulfilling the minimum condition, i.e., for a decay for 
which Pmax= Py, the observed resonance effect is small, 
because the number of beta decays giving the maximum 
amount of momentum is small. The most favorable 
decay energy for a beta decay as the preceding radiation 
is the one for which the maximum momentum is 
approximately twice the momentum P,. 

The Doppler broadened line is centered around 
E,= Ex— Er= Ey— Ee?/2M, where E, is the excitation 
energy of the gamma emitting nuclear level. Exact 
resonance will occur for gamma rays of energy Eves 


= Eot+ Er= Eot Ee?/2M Ce. 


ANGULAR DISTRIBUTION OF THE RESONANCE 
RADIATION 


(a) General 


When a nucleus with a ground state of total angular 
momentum J» is excited with an unpolarized gamma-ray 
beam to a state with total angular momentum J, 
the angular distribution of the resonance radiation 
with respect to the exciting beam is identical with the 
angular correlation of successive gamma rays for the 
spin sequence Jo—J—Jo.* If the spin of the ground 
state is known, the determination of J is straight- 
forward and involves fewer parameters than an angular 
correlation experiment, which necessarily involves two 
different gamma-ray transitions. 

The observation of a sizeable resonance fluorescence 
effect implies that the lifetime of the intermediate 
state is shorter than 10-" second and makes the 
influence of extranuclear fields on the angular distri- 
bution very unlikely. 

Compared to the angular correlation experiment, the 
study of the angular distribution of the resonance 
radiation has the disadvantage of being, at least in 
most cases, restricted to angles between 90 and 150 
degrees. The angles below 90 degrees are unfavorable 
because of the sharp increase of the elastic scattering 
and because of the difficulties arising from the large 
intensity of the Compton radiation. The necessity of 
shielding the detector from the direct beam by an 
absorber attenuating the direct radiation by a factor 
of the order of 10 imposes geometrical restrictions 
which render the angles beyond 150 degrees impractical. 
On the other hand, the symmetrical correlations of the 
type Jo—J—Jo, which are typical for the resonance 
radiation, are usually very large and the available 
range of angles is sufficient to determine the pertinent 
constants with the necessary accuracy. 


4D. R. Hamilton, Phys. Rev. 58, 122 (1940). 
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(b) Experimental Procedure 


The geometry used for the determination of the 120° 
point of the angular distribution of the 596-kev radiation 
in Ge” is shown in Fig. 1. For the higher energy quanta 
of Ge” a larger absorber of the direct beam was neces- 
sary and the geometry had to be modified accordingly. 

The scattered radiation was detected with a thallium- 
activated sodium iodide crystal of 35-mm diameter 
and 40-mm length connected to a RCA 6342 photo- 
multiplier tube and a single channel scintillation 
spectrometer. For the measurements of the differential 
cross sections the single channel accepted approximately 
the full width at half-maximum of the photopeak of the 
gamma ray under study. In order to prevent serious 
pile-up due to the pulses from the very intense Compton 
scattered radiation, a Cd-Pb shield surrounded the 
detector. 

For all experiments the same ring scatterers were 
used. The germanium scatterer consisted of 25 bars of 
germanium metal'® arranged in a ring of 11 inches 
diameter. Each bar, of approximately semicircular 
cross section, was 2$ inches long and had a cross 
sectional area of } square inches. For comparison 
purposes, a zinc ring scatterer of similar dimensions 
was fabricated from zinc sheet metal.'* The scatterers 
were supported by three 2-inch diameter aluminum 
rods. The different scattering angles were realized by 
changing the relative positions of source, scatterer 
and detector. Whenever possible only the detector 
was moved ; in this way the solid angle subtended by the 
scatterer at the position of the source, which had to be 
calculated for the oddly shaped germanium bars, was 
kept constant. The change in the scatterer-detector 
solid angle, including the change in the absorption by 
the Cd-Pb shield, was determined by moving a point 
source to the different positions of the scatterer and by 
observing the resulting changes in the counting rates. 
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Fic. 1. Arrangement for Ge experiment. The relative position 
of source, scatterer and detector depicted is the one corresponding 
to a mean scattering angle of 120°. 


© We are indebted to the Bell Telephone Laboratories, Murray 
Hill, New Jersey, for the loan of these germanium bars. 

16 Courtesy of The New Jersey Zinc Sales Company, New York, 
New York. 
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The As” and As” activities were produced by 
deuteron bombardment of germanium metal in the 
M.I.T. cyclotron.!’? The arsenic was separated from 
the germanium target by the method of Green and 
Kafalas.'* The arsenic, now in acid solution, was 
reduced to arsine with zinc and the arsine was thermally 
decomposed to arsenic metal. 1.5 mg of arsenic was 
added to assure complete recovery of the active arsenic’ 
However, in subsequent separations as little as 50 ug 
of As carrier was found to be ample. The arsenic metal 
was then distilled into quartz ampoules of volume 
0.6 ml. The quartz ampoules, which had to be heated 
to 700°C in order to volatilize all the arsenic, were 
incorporated into air-tight stainless steel containers in 
order to prevent any contamination of the laboratory 
in case of rupture. 

The oven consisted of 1-inch diameter quartz tubing 
wound with nichrome wire. As an additional safety 
measure, the quartz tubing of the oven formed a 
vacuum-tight vessel, which was evacuated and sealed 
off after the source in the stainless steel container had 
been inserted. The temperature of the source was 
measured with a chromel P-alumel thermocouple in 
contact with the stainless steel source container. 

At a given angle the following procedure was adopted : 
First, with the source at several feet distance from the 
detector, the counting rate in the fixed channel was 
measured; this counting rate was taken to be repre- 
sentative of the source strength. The second step, with 
the source at room temperature, and in its normal 
position, consisted in a comparison of the counting 
rates due to the germanium and the zinc scatterers. 
Every five minutes the scatterers were exchanged and 
every twenty minutes the calibration of the scintillation 
counter was checked. For all positions the counting 
rates of the two scatterers agreed to better than 3% 
of the total rates, the total rates being of the order of 
100 counts per minute for a source of about one 
millicurie. 

After the comparison at room temperature the source 
was heated to 700°C. After temperature equilibrium 
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Fic. 2. Resonance fluorescence in Ge”. Pulse-height distributions 
of the radiation scattered from zinc and germanium rings. 

17H. J. Watters and J. F. Fagen, Phys. Rev. 92, 1248 (1953). 

18M. Green and J. A. Kafalas, J. Chem. Phys. 22, 760 (1954). 





NUCLEAR RESONANCE FLUORESCENCE 





. 23 = 


b 
o 


— = COUNTS PER MINUTE 
pd 
to) 











200 ~~ 400 600 800 
SOURCE TEMPERATURE ‘°C 
Fic. 3. Resonance fluorescence in Ge’, Dependence of the 

resonance effect on the temperature of the arsenic source. The 

solid line represents the temperature dependence of the density of 
the As,-vapor calculated on the basis of vapor pressure data,!* 
and normalized to give the experimental value of the plateau. 

Above 800°C the dissociation of the As, vapor causes an increase 

(dashed line) of the resonance fluorescence effect (see discussion 

in the last chapter). 


had been reached, the counting rate due to the ger- 
manium scatterer was compared with that due to 
the zinc scatterer using the same schedule as de- 
scribed above. While with the source at 700°C the 
counting rate with the zinc scatterer was practically 
unchanged, the counting rate with the germanium 
scatterer showed a considerable increase due to reso- 
nance fluorescence. For the source mentioned above the 
increase in the counting rate varied between 50 and 
100 counts per minute for the different scattering angles. 

In order to ascertain that the increase in counting 
rate, observed with the germanium scatterer, was due 
to resonance fluorescence from the 596-kev level in the 
case of the As” source and from the 835-kev level in 
the case of the As” source, the pulse-height distribution 
of the scattered radiation was measured for the two 
sources. Such a measurement was especially necessary 
in the case of As”, because the decay scheme is un- 
certain and gamma rays with energies greater than 1 
Mev are emitted. In Fig. 2 are reproduced the pulse- 
height distributions obtained with an As” source for 
the germanium and the zinc scatterers. In the pulse- 
height distribution due to the radiation scattered 
from germanium, a clear photopeak corresponding to 
an 835-kev gamma ray is present. There is no indication 
of tails due to resonance fluorescence of higher energy 
gamma radiation. Further confirmation of this fact 
was derived from the observation that the germanium 
and the zinc scatterers gave rise to essentially identical 
counting rates in the region above 1 Mev. By an 
analogous experiment with As” it was ascertained that 
in this case it is indeed the 596-kev radiation that gives 
rise to the increased counting rate when the germanium 
scatterer is in position. 

The gaseous form of the arsenic sources is an essential 
condition for the observation of resonance fluorescence 
in Ge”, This can be demonstrated by a measurement of 
the temperature dependence of the resonance fluores- 
cence effect The results of an experiment with an am- 
poule containing 0.05 mg of As per ml are summarized 





Fic. 4. Angular distri- 
bution of the resonance 
radiation from the 596-kev 
level in Ge”. The solid line 
represents the theoretical 
angular distribution for an 
excited state with spin 2 
and a ground state with 
spin 0, corrected for the 
finite angular resolution. 
The differential cross sec- 
tion is given in arbitrary 
units. 
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in Fig. 3. The resonance fluorescence effect follows the 
curve representing the number of arsenic molecules per 
ml of source volume calculated from the temperature 
of the source using known vapor pressure data." 
Above 432°C, i.e., above the temperature at which 
all the arsenic in the ampoule is in the vapor phase, the 
effect is essentially constant. This latter fact is especially 
welcome for the angular distribution experiments 
because it disposes of the necessity of rigid controls for 
the source temperature. 

Another indication that the thermal Doppler- 
broadening alone, even at 1000°C, is insufficient to 
compensate for the gamma recoil energy loss was 
obtained when a quartz ampoule broke inside the steel 
container. The resonance fluorescence effect suddenly 
disappeared, i.e., became smaller than 2% of the 
original effect, although all the activity was still in the 
steel container and the steel container was at 1000°C. 
The arsenic had chemically united with the steel in 
such a way that the compound formed was solid at 
1000°C and thus did not give rise to resonance 
fluorescence. 


(c) Results and Discussion 
Germanium-74 


The results obtained for the angular distribution of 
the resonance radiation from the 596-kev level in Ge™ 
are summarized in Fig. 4. The agreement of the experi- 
mental points with the theoretical distribution for an 
excited state with spin 2 and a ground state with 
spin” 0 is good. The least-squares fit, W(@)=1+ (0.37 
+0.07)P2(cos6)+ (1.06+0.09)P,(cos6), has to be com- 
pared with the theoretical distribution, corrected for 
the finite angular resolution: 


W (6)=1+-0.37P2(cosé@)+1.03P,4(cos@). 


It should be mentioned that for an even-A nucleus, 
as long as one considers only dipole and quadrupole 
transitions, the theoretical value A4/Ao=1.143 for the 
0-2-0 spin sequence is larger by more than a factor 
of 2 than the value A,4/Ao for any other sequence 
Jo—J-—Jo with any mixture of dipole and quadrupole 


® Townes, Mays, and Dailey, Phys. Rev. 76, 700 (1949). 
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TABLE I. Observed and predicted ratios of the differential 
cross sections at 90° and 121°. 











Spin of the Theoretical ratio Experimental 
835-kev level da (90°) /do (120°) ratio 
1 0.79 
2 2.04 2.2+0.3 
3 0.08 








radiation. Therefore as soon as one is able to establish 
that A,4/Ao is >0.51, the spin sequence involved must 
be 0-2-0, i.e., the spin of the ground state must be 0 
and the spin of the excited state must be 2. The value 
A,4/Ao=1.06+0.09 which we measured for the 596-kev 
radiation of Ge™ therefore confirms the assignment” 
of spin zero to the ground state of Ge”. 


Germanium-72 


Because of the relatively short half-life of As” 
(26 hours) the angular distribution measurements with 
the 835-kev radiation were restricted to two angles, 90° 
and 121°. The ratio of the differential cross sections for 
resonance fluorescence at these two angles was found 
to be 2.2+0.3. For Ge”, with spin zero in the ground 
state,” this ratio of differential cross sections depends 
only on the value of the spin of the 835-kev excited 
state. The values of the ratio, expected for different 
spins of the 835-kev state, are given in Table I. From 
this tabulation, one concludes immediately that the 
spin of the 835-kev level in Ge” is 2. This value of the 
spin, and the fact that Coulomb excitation of this level 
has been observed,” make the parity of the 835-kev 
state even and characterize the 835-kev transition as 
an electric quadrupole. It should be mentioned that 
the 835-kev state is not the first excited state of Ge”; 
in violation of the Goldhaber-Sunyar* rule, the first 
excited state of Ge” is a 0* state” at ~700 kev. 


DETERMINATION OF THE GAMMA-RAY LIFETIMES 


(a) Absolute Cross Section and Lifetime 


The mean life of a gamma-ray transition to the 
ground state of a nucleus is closely related to the cross 
section for resonance fluorescence. If gamma emission 
to the ground state is the only mode of decay for the 
excited state, i.e., if internal conversion is negligible 
and if no branching exists, a detailed balance considera- 
tion? shows that 

oh 
f o(E)dE= (62/8) 
T 


line 


where Ao is the wavelength at resonance, 7 is the mean 
life of the level, g: and ge are the statistical weights of 
the ground state and the excited state, respectively, and 

%N. P. Heydenburg and G. M. Temmer, Phys. Rev. 99, 
617(A) (1955). 


#1. M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
22 G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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o(E) is the cross section for resonance fluorescence for 
a gamma ray of energy E. 

Because of the recoil from the preceding radiation, 
the exciting gamma radiation has a breadth that is so 
wide in comparison with the absorption line width 
that it can be regarded as a continuous spectrum. The 
energy distribution NV(Z) in this spectrum can be 
calculated from the properties of the preceding radiation 
which are usually known. The cross section for reso- 
nance fluorescence, averaged over the incident spec- 
trum, is ow=fN(E)o(E)dE/SN(E)dE. In view of 
the sharpness of the absorption line, V(Z) can be taken 
as being constant in the region where a is significantly 
different from zero, i.e., in the neighborhood of the 
resonance energy Eyes. We then have 


N (Eves o(E)dE 
) fw ron 


N N 





Cn = 


£1 4r 


Solving for 7, expressing Xo in terms of Ey, and using 
the numerical values for the constants, one obtains 


g2 2.53 N (Eres) 
7) s00= — ’ 
£1 Exes? tn N 
where Eyes is measured in ev, oy in barns and where 
N (Eres) is the number of gamma rays in a one-ev 
internal at Ep.= Eo+E?/2Mc’. 

Knowing already the angular distribution, the main 
problem consists in finding a source for which NV (Ex) 
can be calculated and in then determining oy, for this 
source by a measurement of the differential cross section 
at one angle. 


(1) 








(b) Line Shape of the Exciting Radiation, 
Calculation of N(E,.)/N 


The final values for the lifetimes of the 596-kev 
transition in Ge’ and the 835-kev transition in Ge” 
were obtained from experiments with AsH; sources; 
we shall therefore discuss in some detail the calculations 
of the line shapes for AsH; sources. 

As far as the recoil behavior is concerned, AsH; 
(arsine) is the closest approximation to monatomic 
arsenic vapor that can be prepared without much 
difficulty. Because of the large ratio of the masses of 
the constituents of the arsine molecule, the energies 
available for excitation of the molecule when the 
As atom receives its recoil are small* and are not 
sufficient to break up the molecule. One therefore 
expects the arsine molecule to recoil as a whole and 
one consequently carries out the calculations of the 
line shape using the molecular weights 77 and 75 
for As*H; and As”Hs, respectively. The disintegration 
schemes of the two isotopes are very different and the 
two cases have to be treated separately. 


~ 3 Hans Suess, Z. physik. Chem. B45, 312 (1940). 
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Arsenic-74 


According to the decay scheme™ of As”, 60% of the 
disintegrations leading to the 596-kev level in Ge™ 
proceed by electron capture, 40% by positron emission. 
An analysis of the pulse-height distribution due to the 
As™ gamma rays, observed with a scintillation spec- 
trometer, leads to a value of 59+4% for the share of the 
electron capture transitions, and of 41+4% for the 
positron decays, in good agreement with the accepted 
disintegration scheme. 

The energy available for the K-capture transition to 
the 596-kev state in Ge” is 1.94 Mev, the momentum 
of the neutrino is 3.78 mc. The molecules containing 
decaying As” nuclei acquire a recoil momentum equal 
in magnitude and opposite in direction to that of the 
neutrino. Depending on the angle of emission with 
respect to the recoil motion, the gamma rays exhibit 
Doppler shifts ranging from — 16.06 ev to +16.06 ev. 
As long as the neutrono angular momentum is one-half, 
the gamma emission is isotropic with respect to the 
recoil direction and all the Doppler shifts in the interval 
given above occur with equal probability. The line 
shape from K-capture alone is thus a rectangle of 
32.1-ev width, centered around E,=E,.—AE, where 
AE=E,?/M?=5.15 ev. The superposition of the 
thermal Doppler broadening and of the Doppler 
broadening due to the x-rays and the Auger electrons 
results in a rounding off of the corners of the rectangular 
distribution, but fails to affect the region near Eves. 

While the recoil momentum spectrum for the K- 
capture transition consists of a single line, the recoil 
distribution due to the 0.92-Mev positron spectrum is 
continuous, ranging from zero to the maximum recoil 
momentum of 2.62 mc. The maximum Doppler shift 
corresponding to this im. 1entum is 11.1 ev. The gamma 
line caused by the positi: decay is therefore 22.2 volts 
wide at its base; it is symmetrical with respect to 
Ey = Eregs—5.15 ev and its exact shape depends on the 
beta-neutrino and the recoil-gamma angular corre- 
lations. To simplify matters, isotropic beta-neutrino 
and beta-gamma angular correlations were assumed. 
Calculations with beta-neutrino correlations of the 
form [1+ (p./E.) cos#] showed that, for the particular 
case of Ge”, the fraction of gamma rays per ev interval 
at Eves, N(Eres)/N, which essentially determines the 
magnitude of the resonance effect, is practically 
independent of the assumed beta-neutrino correlation. 
The values of V(Exns)/N for the strong correlations 
indicated above differ from the value V(Ex.)/N for 
the isotropic correlation by less than 4%. 

Using a ratio of 59 to 41 for the contributions of 
K-capture and of positron decay, one obtains the 
composite gamma line shape depicted in Fig. 5. From 
this graph the fraction of quanta per ev interval at 
Eves, N(Eres)/N is found to be 4.00%. If one uses the 
limiting values for the ratio K/6*, i.e., 1.22 and 1.70, 


% Johansson, Cauchois, and Siegbahn, Phys. Rev. 82, 275 
(1951). 
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Fic. 5. Line shape of the 596-kev gamma rays emitted by an 
AsH; source, calculated on the basis of 59% electron capture and 
41% positron decay. The rounding-off effects of the thermal! mo- 
tion and of x-rays, etc. are neglected. The dashed 'vertical line 
indicates the position of Eo, the energy of the excited state of 
Ge", 


N(Exes)/N varies only from 4.09 to 3.92. Thus the 
uncertainty in our knowledge of the branching ratio 
contributes little to the error in the value for the 
lifetime. { 

In view of the insensitivity of N(Ere.)/N to un- 
certainties in the decay scheme and in the beta- 
neutrino angular correlation, the error in NV (Ere.)/N 
was estimated to be smaller than 5%, i.e., N (Exes)/N 
= (4.00+0.2)% per ev. 


Arsenic-72 


For this isotope the uncertainties in the disintegration 
scheme are considerable. It is known” that 62% of the 
positron decays lead directly to the 835-kev level in 
Ge”, that 19% go to the ground state while the re- 
maining 19% feed different levels above the 835-kev 
state. The amount of electron capture, however, is 
uncertain. McCown, Woodward, and Pool** report 
x-rays and positrons in a ratio of 2 to 1. A study of 
the relative intensity of annihilation radiation and 
835-kev gamma rays leads to a positron to 835-kev 
gamma-ray ratio of 0.73+0.20. Using allowed capture- 
positron branching ratios’? we have calculated, on the 
basis of the reported intensities of the partial positron 
spectra, the electron capture intensities feeding the 
four excited states at 0.835-, 1.50-, 2.67- and 3.07-Mev 
excitation energy. In order to bring the positron to 
835-kev gamma ratio into accord with the experimental 
value, the intensity of the 0.27-Mev positron spectrum 
had to be reduced. Assuming that each of the higher 
levels reaches the 835-kev level by a single gamma ray, 
the values N (Ey.)/N were then calculated for the four 
different decay paths. The results of these calculations 
are summarized in Table II. 

In view of the considerable uncertainties pointed out 
above, the error in the final value for N(Eye.)/N has 
been estimated at + 20%, i.e., N (Eres)/N = (1.984 .4)% 
per ev. 

25 Mei, Mitchell, and Huddelston, Phys. Rev. 79, 19 (1950). 


26)McCown, Woodward, and Pool, Phys. Rev. 74, 1315 (1948). 
27 P. F. Zweifel, Phys. Rev. 96, 1572 (1954). 





(c) Measurement of ow 
Germanium-74 


The geometry used for the absolute measurement of 
the differential cross section was essentially that of 
Fig. 1. The use of a source ampoule of different size 
changed the effective angle to 118°. 

The source consisted of 50 micrograms of arsine 
contained in a Pyrex ampoule of 1.7 ml volume. At 
room temperature this amount of arsine will produce a 
pressure of approximately 7 mm Hg, i.e., a pressure low 
enough to eliminate collision effects. 

Although the comparison of the zinc and germanium 
scatterers during the angular distribution experiments 
indicated that, in the absence of resonance fluorescence, 
the two scatterers were well matched, another com- 
parison with the arsine source at liquid air temperature 
was carried out. The difference in this case amounted to 
+0.2+2.3 counts per minute; the plus sign indicates 
that the germanium showed the slightly higher counting 
rate. The total counting rate was 110 counts per minute. 
After removing the liquid air, i.e., with the source 
again at room temperature and in the gaseous phase, 
the counting rate with the germanium scatterer 
exceeded that with the zinc scatterer by 179.4 counts 
per minute. The resonance effect thus amounted to 
179.2 counts per minute. 

Several similar runs were carried out. In between 
runs the distribution of the As” activity over the source 
volume was measured by observing, through a lead 
slit of 7 inch width and 4 inches thickness, the counting 
rates due to different portions of the ampoule. These 
measurements indicated a slow decomposition of the 
arsine gas which had to be taken into account. 

Using the calculated value for the solid angle source- 
scatterer and the experimentally determined solid 
angle scatterer-detector, and taking into account the 
results of the angular distribution experiments, one 
obtains from all runs a value (7.540.2)X10-** cm? 
for oy of Ge™ for the 596-kev radiation emitted by an 
arsine source at room temperature. To arrive at this 
value, the finite thickness of the scatterer and the 
preferred attenuation of the resonance radiation in the 
scatterer had to be taken into account and the source 
strength measurements had to be corrected for the 
contributions of the annihilation radiation and of the 
635-kev gamma ray to the counting rate in the fixed 
channel. 


TABLE IT. Relative intensities of the different branches of the As” 
decay and corresponding values of N (Eres) /N. 








Level 
excitation 
energy, Mev 


Intensity Intensity 
f of K- N (Exes) /N 
percent per ev 


1.99 
2.33 
1.91 
1.88 


Average 
N (Eres) /N 


Oo 
positrons 


0.835 63 3 
1.50 12 1 
2.67 5 13 
3.07 <i 40 


capture 





1.98 
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Germanium-72 


For the 835-kev transition in Ge”, the measurement 
necessary for the determination of o, was carried out at 
an effective angle of 90 degrees. As in the case of Ge", 
the source consisted of arsine gas at one hundredth of an 
atmosphere pressure. 

Without resonance fluorescence, i.e., with the source 
at liquid air temperature, the two scatterers gave rise 
to practically identical counting rates, the difference 
being —0.2+2.8 counts per minute. The total counting 
rate with the zinc scatterer was 76 counts per minute. 
With the source at room temperature the counting 
rate with the germanium scatterer was by 63.7 counts 
per minute larger than the counting rate with the 
matched zinc scatterer. The resonance fluorescence 
effect thus accounted for 63.9 counts per minute. After 
the necessary corrections, which were similar to those 
made in the case of Ge”, a value (7.8+.3)X10-** cm? 
was obtained for on, of Ge” for the 835-kev radiation 
emitted by an arsine source at room temperature. 


(d) The Mean Lives of the Gamma Transitions 


In Table III are summarized the numerical values of 
the different terms which enter into the calculation of 
the mean lives according to formula (1). 

The errors of the ow values are no longer the statistical 
uncertainties, but represent the estimated combined 
uncertainties in the source strength determination, the 
solid angle calculations, the absorption corrections, etc. 

Recently,” Coulomb excitation of the two levels has 
been reported. The mean lives calculated from thick- 
target yields** are 1.3X10-" second for the 596-kev 
transition in Ge™ and 1.9X 10~” second for the 835-kev 
transition in Ge”. The agreement in the case of the 
596-kev transition is satisfactory, the seriousness of the 
discrepancy in the mean lives of the 835-kev transition 
depends on the uncertainty attached to the mean life 
deduced from the Coulomb excitation yield measure- 
ment. Comparisons in other cases will indicate whether 
there exists a definite trend in the discrepancies between 
the lifetimes measured with these two methods. 

The mean lives calculated on the basis of the single- 
particle model” are 2.5X10-" sec and 4.7X10-" sec, 
i.e., they are 13 and 10 times longer than the experi- 
mental mean lives. This indicates that even in these 
relatively light nuclei cooperative phenomena are quite 
pronounced. 


INFLUENCE OF MOLECULAR BINDING AND 
OF COLLISIONS 
Only a few elements are available as monoatomic 
vapors at reasonable temperatures, i.e., below the 
softening point of quartz. If one wishes to apply the 
resonance fluorescence method to other elements, 
volatile compounds will have to be used. This im- 


28G. M. Temmer (private communication). 
” V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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TABLE III. Mean lives of the two gamma-ray transitions and experimental data used to calculate them. 








g2_2Je+1 


Eres (ev) (Exes)? gi 2Jo+1 


ny (barns) 


N (Exes) /N Tee 





5.96X 108 
8.35X 105 


3.55 10" 5 
6.97X 104 5 


(7.5+1.1)X 10 
(7.8+1.2)X 107 


4.00+0.2 (1.90.3) X10 
1.98+0.4 (4.6+1.2)X10-" 








mediately introduces the problem of the sharing of the 
recoil energy among the constituents of the molecule 
and of the breakup of the molecules. 

Some indication of these difficulties appeared when 
the absolute cross sections for resonance fluorescence in 
Ge™, measured with As, and with AsH; sources, were 
compared. The o, determined in the angular distri- 
bution experiment with As, sources was smaller than 
the o, measured with AsH; sources, the ratio of the 
two cross sections being 0.76. As both measurements 
must lead to the same value for the mean life of the 
596-kev transition, the expressions V(Eyes)/N for the 
two sources have to be in the same ratio of 0.76 as the 
ow’s [see Eq. (1) ], If one assumes a breakup of the 
As, molecule to occur whenever the recoil energy of the 
Ge* nucleus exceeds the binding energy of an As atom 
to the As, molecule, one arrives at a value of 0.92 for 
the ratio of the values of N(Eyxs)/N for As, and for 
AsH; sources. The discrepancy between this value and 
the experimental value 0.76 was at first attributed to 
the considerably higher vapor pressures in the As,- 
sources used for this comparison, i.e., the difference 
was attributed to changes in the line shape due to 
collisions. However, when experiments with As, sources 
differing by as much as a factor of 1000 in vapor density 
were carried out, they yielded the results summarized 
in Fig. 6. These results show that, due to a favorable 
mixture of positron decay and K-capture, the resonance 
fluorescence effect in Ge” is very insensitive to collisions 
in the As, sources. Evidently the loss in N(Eys)/N 
due to the collision-narrowing of the 8* portion of the 
gamma line is compensated by a gain in N(Eyes)/N 
due to the contraction and consequent increase in 
height of the K-capture rectangle (see Fig. 5). A 
calculation shows that the first four collisions between 
Ge* nuclei and As, molecules change N(Exs)/N by 
less than 10%; the first collisions actually cause a 
slight increase of N (Eres)/N. Using a molecular collision 
diameter of 4.6 10-* cm the solid curve in Fig. 6 was 
calculated. It indicates that, once the As, density is 
below ~15 mg/ml, N (Exes)/N varies by less than 3%. 

In AsH; sources the collisions take place between 
particles of equal mass, the resonance fluorescence 
effect excited in Ge” by the radiation from AsH; sources 
is therefore more sensitive to collisions. However, for 
the very low pressures used for the measurement of 
ow the influence of collisions is smaller than 1%. 

Having shown that the collisions between the 
recoiling Ge* nuclei and As, molecules are not re- 
sponsible for the low value of N (Exes)/N deduced from 


the measurements with As, sources, another explanation 
had to be found. 

Realizing that N (Eyes)/N is zero for decays which do 
not break up the As, molecules, one is led to assume 
that 17% of the expected breakups did not occur or 
did so only after the momentum of the Ge* nuclei had 
been distributed among the constituents of the mole- 
cule. Presumably these 17% of the decays are those in 
which the Ge* nucleus has a kinetic energy larger than 
the bond energy but moves towards the triangle 
formed by the other three atoms of the original As« 
molecule, i.e., they are decays in which the bonds are 
compressed. Further experiments with different arsenic 
compounds or with one arsenic compound and different 
recoil conditions would help to clarify the situation. 

As a consequence of the difference in the V(E,.s)/N 
values for As, sources, and for sources of approxi- 
mately free As atoms, one expects to observe a change 
in the resonance fluorescence effect from an arsenic 
source when one reaches temperatures at which dissocia- 
tion into As, and As becomes appreciable. For the 
high-density sources used in the angular distribution 
experiment, no such effect was noticeable even at 
1150°C. However, for the low-density source, used in 
obtaining the data presented in Fig. 3, a gradual 
increase of the resonance fluorescence begins at 800°C 
(dashed line in Fig. 3). The total increase between 
800°C and 1150°C amounts to 16%, a value consistent 
with the dissociation data of arsenic vapor and with 
the difference between o,, for As, and for ASH; men- 
tioned earlier. 
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Fic. 6. Influence of collisions in As, sources on the resonance 
effect from the 596-kev level in Ge”. The solid curve was calcu- 
lated using a molecular diameter of 4.6X 10~* cm and an original 
line shape very similar to that given in Fig. 5. 
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In view of Ilahovac’s’ positive results with liquid 
sources of Zu®, we looked for resonance fluorescence 
effects from the germanium scatterer using liquid 
sources of As” and of As”. In both cases the result 
was negative, i.e., the observed effect, if any, was 
smaller than 3% of the effect measured with a gaseous 
source of the same strength. 


ACKNOWLEDGMENTS 


The author wishes to thank Mr. W. B. Todd for his 
help in taking the data and in maintaining the equip- 


PHYSICAL REVIEW VOLUME 


101, 


METZGER 


ment, Professor W. B. Keighton for performing the 
necessary chemical separations, Mr. F. B. Thiess for 
aid with the computations, Dr. Leonard Eisenbud for 
valuable discussions, and Mr. J. B. Bulkley of the 
Radioactivity Center at M.I.T. for his kind cooperation 
in. arranging the cyclotron bombardments. This work 
would not have been possible without the generous 
loan of the germanium by the Bell Telephone Labora- 
tories; our special thanks go to Dr. W. O. Baker, 
Director of Research in the Physical Sciences, for 
granting the loan and to Mr. J. H. Scaff, in charge of 
Semiconductor Metallurgy, for its execution. 


NUMBER 1 JANUARY 1, 1956 


Neutron Cross Sections for Zirconium 


Janet B. GuERNSEY* AND CLARK GOODMAN 
Laboratory for Nuclear Science and Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received July 19, 1955) 


The inelastic neutron cross section for the excitation of the 930-kev level in zirconium has been measured 
as a function of neutron energy between 0.9 and 2.2 Mev. The de-excitation gamma radiation has been ob- 
served with a single-crystal NaI (T1) spectrometer. Isotopic assignment of the observed level is still uncertain. 
The total cross section for zirconium has been measured for neutrons with energies between 0.7 and 1.2 Mev, 
using a hydrogen recoil counter in a good-geometry transmission experiment. Some correlation between 


inelastic and total cross sections has been observed. 


I. INTRODUCTION 


HE inelastic scattering of neutrons by nuclei has 
been a subject for much experimentation during 

the last few years. Several different techniques for the 
determination of cross sections have been worked out, 
and are discussed in the literature.! Determinations of 
the inelastic cross section as a function of bombarding 
neutron energy have been made for a number of 
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Fic. 1. Large-crystal experimental geometry. The single-crystal 
NalI(TI) spectrometer is mounted inside, and coaxially with, the 
conical scatterer. The 8-inch lead cone effectively shields the 
crystal from neutrons and gamma rays coming from the tritium 
target. The resolution of neutrons striking the scattering cone is 
about 20 kev, the solid angle subtended by the scatterer at the 
crystal is close to 2x. 
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1 Garrett, Hereford, and Sloope, Phys. Rev. 92, 1507 (1953); 
Eliot, Hicks, Behegian, and Halban, Phys. Rev. 94, 144 (1954); 
Taylor, Lonsjo, and Bonner, Phys. Rev. 94, 807(A) (1954); R. E. 
Carter and J. R. Beyster, Phys. Rev. 90, 389(A) (1953); M. Walt 
and H. H. Barschall, Phys. Rev. 93, 197 (1954). 


elements,?* mainly those with first excited states of 800 
kev or more. Resonance structure observed in the cross 
sections for Al, Cr, Ni, and Fe has been attributed to 
resonances in the formation of the compound nucleus. 
Griffitht has determined the inelastic cross section for 
Zr for 4.5-Mev neutrons. The purpose of the work 
reported here was to observe the inelastic cross section 
for zirconium as a function of incident neutron energy, 
and to endeavor to compare it with the total cross 
section, in both magnitude and resonance structure. 


Il. EXPERIMENTAL METHOD 
Inelastic Cross Section 


The method chosen for this investigation was the 
same as that described by Kiehn and Goodman.’ A 
single-crystal NaI(T1l) spectrometer is used to observe 
the gamma-ray spectrum arising from the de-excitation 
of those levels in the scattering sample which have been 
excited by the inelastic scattering of the incident 
neutrons. The scatterer was made of natural zirconium, 
in the form of a hollow truncated cone (i.d.=2} in., 
o.d.= 3? in., thickness= 23 in. at the face presented to 
the neutron beam). This was placed on the axis of 
symmetry of the incident neutron beam, as shown in 
Fig. 1. The detector was a 2 in.X2 in. Harshaw 
M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954). 


B. Day, Phys. Rev. 89, 908(A) (1953). 
L. Griffith, Phys. Rev. 98, 579 (1955). 
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“canned” NalI(T]I) crystal, placed inside the scattering 
ring, and shielded from the direct neutron beam by an 
8-in. lead cone. A DuMont 6292 photomultiplier tube, 
bonded to the crystal with a thin film of nujol, served 
as a detector for the light pulses produced by the 
gamma rays from the scattering ring. The pulse height 
distribution was analyzed by a ten-channel pulse sorter, 
and energy and yield calibrations made using the photo- 
electric peak of the pulse-height distribution. 

Figure 2 illustrates the method of calibration. A 
pulse-height spectrum of the gamma rays from zir- 
conium was taken at a neutron energy high enough to 
give a good counting rate. The yield of gamma rays was 
determined by integration of the photopeak for a given 
number of bombarding neutrons. An iron cone of the 
same dimensions was substituted, bombarded with the 
same number of neutrons, and the pulse-height spec- 
trum and gamma-ray yield determined. Comparison of 
the two yields allows the calculation of the absolute 
value of oj, for Zr from the known value of o;, for Fe, 
as given by Kiehn and Goodman.? The gamma-ray 
yields must of course be corrected for variation of 
neutron flux within the scatterer, gamma-ray attenu- 
ation within the scatterer, and efficiency of the crystal 
detector. Energy calibration was made by comparison 
with the known gamma rays from Co™ and Cs", as 
indicated in Fig. 2. 

Neutrons were produced by the H*(p,n)He’ reaction, 
using protons from the Rockefeller electrostatic gen- 
erator. The proton beam was monitored by a calibrated 
beam current integrator; its energy was determined by 
the proton-resonance controlled analyzing magnet of 
the generator. Neutron flux was monitored by an en- 
riched BF; long counter, placed at 90° to the proton 
beam, and 2 meters from the target. The spread in 
neutron energy at the scatterer was about 20 kev at 
1 Mev. 

Total Cross Section 


Total cross-section measurements were made using 
a good-geometry transmission method, with a pres- 
surized (70 psi) hydrogen recoil counter as a detector 
of neutrons. The geometry was similar to that used 
previously in this laboratory.* The scattering samples 
were in the form of cylinders, one inch in diameter, and 
of a thickness sufficient to decrease the neutron flux 
by about a factor of 2. Thin lithium targets were used 
for this part of the work, to produce neutrons with an 
energy spread of about 5 kev. Monitors for both proton 
and neutron beams were the same as described above. 
The use of the hydrogen recoil counter, which is in- 
sensitive to neutrons of energies below about 400 kev, 
minimizes background effects due to room-scattered 


neutrons. 
Ill. RESULTS 


The only gamma ray observed was at 930 kev, cor- 
responding to a level in Zr” observed by Preiswerk and 


5 J. B. Guernsey and C. Goodman, Phys. Rev. 92, 323 (1953)- 
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Fic. 2. Calibration of zirconium gamma ray: E,=1.3 Mev. 
Energy calibration of the 930-kev gamma radiation from the de- 
excitation of zirconium was made using two standard sources and 
the gamma ray from the de-excitation of the first level in Fe. 
hes calibration was made from the known inelastic cross section 
or Fe. 


Stahelin.* No other gamma rays between 0.6 and 2 
Mev were observed. Table I gives the stable isotopes 
of zirconium, with their abundance and energy levels, 
where known. 

The yield of the 930-kev gamma ray from Zr as a 
function of neutron energy is shown in Fig. 3. It should 
be pointed out that the calculation of an absolute value 
for ain is dependent on how many isotopes of the element 
under investigation take part in the observed excitation. 
The ordinate in Fig. 3 is in barns per atom of the natural 
element. Thus if one were to attribute the 930-kev 
gamma radiation to the single isotope Zr, the inelastic 
cross section for the excitation of this particular isotope 
would be the value in barns given in the figure, divided 
by 0.171, to take into account the isotopic abundance. 
Since this would give an abnormally high cross section, 
it seems likely that more than one isotope is contributing 
to the observed radiation. Care should be taken in 
interpreting the results of experiments of this type, as 
cross sections are sometimes quoted as above, and 
sometimes as barns per atom of the particular isotope 
excited. The first method of designation is probably to 


TABLE I. First excited states of stable Zr isotopes. 








Percent 
abundance 


Mass 
number 


90 $1.5 
91 11.2 
92 17.1 
94 17.4 
96 2.9 


Lowest level 
(kev) 





2030 
930 








® P. Preiswerk and P. Stahelin, Helv. Phys. Acta 24, 300 (1951). 
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Fic. 3. Neutron inelastic cross section for zirconium. The inelastic cross section is for the natural element. There is repeatable evidence 
of closely spaced resonances throughout the energy region investigated. The neutron energy resolution is about 20 kev. No attempt has 


been made to assign energies to individual resonances. 


be preferred from an engineering standpoint (i.e., 
reactor design) while the latter should be used for com- 
parison with theoretical calculations, such as those of 
Hauser and Feshbach.’ 

Another difficulty in the evaluation of cross section 
is the calculation of neutron flux within the scatterer. 


Otor ZIRCONIUM 


Cr IN BARNS 





For a thin scatterer one may well assume that es- 
sentially every neutron undergoing an elastic encounter 
will be scattered out of the sample. For a scatterer 
whose dimensions are of the order of a mean free path, 
however, the assumption of a single scattering encounter 
is of doubtful validity. Calculations made by Day®‘at 
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Fic. 4. Total neutron cross section for zirconium. This cross section, obtained by a transmission experiment, 
shows evidence of closely spaced resonances. The data are in good agreement with the latest published values, 
represented on the figure by solid triangular points. The neutron energy resolution is about 3 kev. 


7 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
®R. B. Day (private communication). 











NEUTRON CROSS SECTIONS FOR Zr 


Los Alamos for a somewhat different geometry indicate 
that multiple scattering may put the cross sections in 
error by as much as 50% for a scattering sample of 
the dimensions used in this work. Calculations for 
the geometry used here are extremely tedious, if not 
impossible ; accordingly, an experimental determination 
was attempted. The experiment was repeated with iron 
cones of different dimensions; the indication was that 
the multiple scattering effect was only of the order of 
10%, but was not reliable enough to yield a value for 
the correction. Therefore the results given in Fig. 3 
have not been corrected for multiple scattering. 

In Fig. 3, the solid line represents an average cross 
section. The deviations of the experimental points about 
the curve are interpreted as unresolved resonance 
structure, since the variations in gamma-ray yield were 
repeatable experimentally over a period of two months. 

The total cross section for zirconium is given in Fig. 
4. Here again the solid curve is an average value, and 
the deviations of the experimental points are probably 
unresolved resonance structure. Since the calculation 
of or is dependent only on a knowledge of relative 
neutron flux, absolute values of the cross section are 
accurate to within 2%. They compare favorably with 
those of other workers.’ Figure 5 compares the resonance 
structure of the total and inelastic cross sections for a 
small portion of the energy region covered. The energy 
spread of the neutrons used in the total cross-section 
determination is smaller than that of the neutrons used 
in the inelastic cross section measurement by a factor 
of 4. Thus the structure is expected to be more pro- 
nounced in the former case. There appears to be some 
correlation between resonances in the two cases. It 
should be pointed out that o7 appears as a factor in 
the calculation of o;,; therefore calculations were made 
using both actual and average values of or, and com- 
pared. The structure in the inelastic scattering was 
preserved in both cases. Figure 5 represents cross 
sections calculated using an average value of or. The 
possibility should not be overlooked, however, that 
multiple scattering may contribute to the resonance 
structure observed in the inelastic cross section. 
Multiple scattering at a resonance in the elastic cross 
section would serve to increase the effective neutron 
flux within the scatterer, and thus also to increase the 
observed inelastic scattering. Recent results on inelastic 
scattering from manganese tend to support this con- 
clusion. The total cross section for this element shows 


® Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1952), Supplement 3, 1954 
(Wisconsin data). 
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Fic. 5. Neutron cross sections for zirconium. A comparison 
between the total and inelastic cross sections for zirconium shows 
essentially the same density of nuclear levels. The level spacing 
is about 10 kev. The inelastic cross section is still rising from its 
threshold value. The neutron energy resolution is about 3 kev for 
the total cross-section measurement ; about 20 kev for the inelastic 
cross-section measurement. 


a strong resonance at a neutron energy of 300 kev.” 
The inelastic cross section for the excitation of the first 
level (at 128 kev) has been determined in this labora- 
tory, using a technique which employs a scatterer only 
0.7 cm thick." No resonance structure is observed 
between 200 and 400 kev neutron energy. This indicates 
that multiple scattering in the large sample may account 
for the structure observed with this technique. Experi- 
mental work is in progress toward a clarification of this 
point. 
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Measurements on the excitation function and angular distri- 
bution of B”(p,a)Be’,Be™* have been carried out with apparatus 
which is an improvement over that used for previous measure- 
ments. Excitation functions have been measured at laboratory 
angles of 90° and 145° with respect to the bombarding beam, from 
0.8 to 1.65 Mev. Angular distributions have been measured at 1.0, 
1.2, 1.36, 1.5, and 1.63 Mev, and at 1.3, 1.5, and 1.63 Mev for the 
excited state. The excitation functions show resonances at 1.17 
and 1.5 Mev for the ground state, and 1.55 Mev for the excited 
state transition. The resonances are superposed on a continuous 
isotropic background. The 1.17-Mev resonance shows nearly an 


isotropic distribution to the ground state. The 1.5-Mev state 
shows a distribution which is 1—0.53 cos? @ with very small 
interference terms. The angular distributions leading to the excited 
state show a marked asymmetry with the backward angles being 
favored. The absolute cross section at laboratory 90°, E,=1.5 
Mev for the ground state transition, is 21.1+4 mb/sterad. This 
value is in reasonable agreement with previous work. 

The angular distributions are not inconsistent with an assign- 
ment of 3/2- for the 9.70-Mev state and 7/2+* for the 10.06-Mev 
state in C¥, 





INTRODUCTION 


HE reactions of B” with neutrons and protons 
have always been of interest since they lead to 
the mirror nuclei of Be’ and Li’. These have low-lying 
first excited states at 434.3 and 479.0 kev, respectively.’ 
The relative yields of a particles to the ground and 
first excited states of these nuclei give information 
concerning the level parameters of the intermediate 
nuclei C" and B" and the residual nuclei Li’ and Be’. 
The reactions B"(p,a)Be’,Be™ have been studied most 
extensively by Brown e al.,? henceforth referred to as 
BSFL. Figure 1 shows the levels involved in the re- 
actions. 
The purpose of this work is to obtain further in- 
formation on these reactions by measuring the angular 
distributions of the @ particles, as well as remeasuring 
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Fic. 1. C" energy 
levels involved in re- 
actions of B” plus 
protons. 
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1 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

* Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1951). This gives a summary of all work previously done on the 
mirror nuclei Be’ and Li’. 


the excitation function and absolute differential cross 
section. 

In the work of BSFL, measurements were hampered 
by interference of protons scattered from the target. 
For the present work an apparatus has been constructed 
to eliminate these background difficulties. 

The Q values for the reactions are low (1.147 and 
0.717 Mev)! so that for backward angles of observation 
the energies of the a particles are lower than the bom- 
barding protons for energies at which the yield is 
appreciable. In a magnetic spectrograph of the resolving 
power used in these experiments, the orbits of a doubly 
charged a particle and a proton are indistinguishable at 
the same energy. However, in an electrostatic analyzer, 
doubly charged alphas are widely separated from 
protons of equal energy, traversing it at half the field 
required for the protons. Thus, the use of an electro- 
static analyzer is a distinct advantage in this experi- 
ment. At a bombarding energy of 0.8 Mev the longer- 
range a particle group lies only 70 kev below the region 
of scattered protons from boron, for a measurement at 
90° to the beam. Thus, if thin targets are used to 
confine the elastically scattered protons in a small 
energy range, electrostatic measurements can be made 
relatively free of proton background in an energy range 
extending from 0.8 Mev upward. 


APPARATUS 


The primary objective is to measure the angular 
distributions of the a particle groups in the reaction 
B"(p,a)Be’. An apparatus has been constructed which 
has a continuously adjustable angle from 146° in the 
backward direction to 14° in the forward direction. 
Figures 2 and 3 show the schematic view of the ap- 
paratus. The cylindrical target chamber is designed 
with a slot halfway around it placed below the line of 
the beam. A sleeve sealed by “O” rings covers the slot 
and contains the opening to the cylindrical analyzer. 
Since the beam line is above the slot, the analyzer must 
be placed at an angle to the horizontal plane. The true 
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angle of the analyzer with respect to the beam is given 
by cos#= cosé cosy, where ¢ is the projected angle in 
the horizontal plane and 64 is the angle of dip from the 
horizontal plane. A value of 14.2° was chosen for 6 
because it is a good balance between smallness of 6 and 
proximity of the analyzer to the target. This arrange- 
ment makes possible a continuous change in angle 
without disturbing the vacuum in the system. Obser- 
vation windows are provided on the target chamber for 
aid in alignment and for viewing the condition of the 
target. On the opposite side from the slot, an “O” ring 
is placed in a groove flush against the target chamber. 
When the tube leading to the electrostatic analyzer is 
adjacent to this “O”’ ring, the analyzer is sealed off from 
the target chamber, which can then be filled with air 
so that targets may be changed without disturbing the 
vacuum in the analyzer. The system is evacuated with 
an oil diffusion pump trapped with liquid nitrogen. 
Vacuums of the order of 5X10-* mm were maintained 
in the system. 

The cylindrical electrostatic analyzer has been used 
in this laboratory for many years.’ The analyzer is 
mounted on a rotating table so that it may turn con- 
centrically with the sleeve which covers the slot on the 
target chamber. It has a 10-inch average radius, and a 
plate separation of } inch. The high voltage‘ is measured 
by the current draining through a precision resistor. 
For nonrelativistic orbits, the particle energy passed 
by the analyzer is proportional to the voltage placed 
across the deflecting plates. If the particle energy is 
expressed in electron kilovolts and the voltage in kilo- 
volts the constant for this analyzer is 19.77+0.11 for a 
singly charged ion traversing a median orbit. The 
analyzer was operated without entrance or exit slits, 
in which case the solid angle is limited by the walls of 
the analyzer. 

The vacuum line is coupled to the rotating system 
by a rotating connector concentric with the target 
chamber and support. The angle of the analyzer with 
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Fic. 2. Side view of experimental apparatus. 
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Fic. 3. Top view of experimental apparatus. 


respect to the beam is indicated by a scale on the ap- 
paratus and is easily read to 0.5°. 

The targets are made by evaporating boron 10 on 
thin nickel films of 90 wg/cm? thickness.*:® 

The detector must satisfy several requirements. 
Since the reactions have low Q values, the variation of 
energy with the angle of observation of the a particles 
is very great. Thus, it is important to have a detector 
which has uniform response over the entire range of a 
energies. The detector must be insensitive to small 
sparks and discharges which occur in the analyzer. A 
proportional counter was built which satisfied these 
conditions. The counter is filled with 5 to 6 cm Hg of 
methane gas, which flows continuously through the 
counter. The counter is separated from the high vacuum 
by a pyroxylin foil of about 200-kev stopping power for 
1.5-Mev a particles. The foil is supported by a wire 
gauze with a 50% transmission. 

The proportional counter provides additional dis- 
crimination against scattered protons. A 6 cm Hg filling 
of the counter is such that an a particle of about 1.2 
Mev has a range equal to the depth of the counter 
chamber. Any proton which can pass through the 
analyzer for the same voltage setting will have half the 
energy but still a far greater range, so that the proton 
pulses are observed to be about } to } the size of the a 
pulses. The discrimination between the a particles and 
the protons was so effective that no special care was 
required to have very thin targets. Some of the targets 
produced scattered protons in a wider energy range than 
one would expect from their nominal thickness. This 
caused no difficulty in detecting the lower yield particles 
because of the effective discrimination. 

The source of protons is a 2-Mev Van de Graaff 
accelerator belonging to the Division of the Biological 

5 Boron obtained from Stable Isotopes Division, Oak Ridge 
National Laboratory, Oak Ridge, Tennessee. 


6 Films obtained from Chromium Corporation of America, 
Waterbury, Connecticut. 
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Sciences, the University of Chicago. This machine has 
been described by Kahn.’ The maximum energy spread 
in the proton beam is 1%. 

The beam is collimated by a 0.045 in. xy in. slit at 
the entrance to the target chamber. This collimation 
keeps the beam restricted to a small region on the 
target which can always be viewed by the analyzer. 

The incident proton energy was determined by the 
energy of the a groups as measured by the analyzer. 
The incident energy was then computed by the known 
Q values of B"°(p,a) Be’, 1.147 Mev for the ground state, 
0.714 Mev for the excited state. 


GENERAL PROCEDURE OF MEASUREMENT 


The apparatus was first adjusted so that the beam of 
protons struck the boron target at the center of the 
reaction chamber. The target was mounted in a slot 
at the base of the chamber at an angle of 45° with 
respect to the beam. The analyzer was then adjusted 
so that it pointed to the center of the chamber for all 
possible angles of observation. Finally the angular 
distribution of 0.6-Mev protons scattered from gold 
was measured. The results were in agreement with the 
Rutherford scattering formula with no systematic 
deviation. 

The layer of boron on the nickel films was of such 
thickness that the a particles were spread in an energy 
band from 80 to 100 kev wide. This energy spread is 
too wide for all the a particles to be accepted for one 
analyzer setting. Instead of making a measurement at a 
single point, profiles were taken by varying the voltage 
on the analyzer and making curves of counts per 
microcoulomb of beam current plotted against the 
voltage setting. The information desired from the meas- 
urement is the cross section or a number proportional 
to the cross section. 

The data obtained from the profiles are related ap- 
proximately to the spectrum of a particles f(¢,0)dedQ 
produced at the target by the expression: 


f * floPhde a9 (ae/60E Ya(0)V¥s4(0), 


where e¢ is the energy of the a particles, @ is the angle of 
observation, €max is the upper energy limit of the a 
particles, AQ is the solid angle subtended by the ana- 
lyzer, Ae is the energy separation between each setting 
of the analyzer in the measurement of a profile, de is 
the width in energy about a mean energy e that the 
analyzer will accept a particles, Y,,(0) is the yield for 
the nth point along the profile, and Y,,(é) is the 
fraction of @ particles that will leave the target in a 
doubly charged state at an energy é which is the 
average energy of the profile. (The profiles are narrow 
enough that the change in Y,,(e) over their width is 


7D. Kahn, Phys. Rev. 90, 503 (1953). 


JAMES W. CRONIN 


not important.) The values of Y,,.(¢) are obtained from 
Dissanaike.*® 

The above expression is nearly exact if Ae=de. It is 
a property of an electrostatic analyzer that de is pro- 
portional to the energy setting «, so that de=Re, R 
being the resolution factor of the analyzer. R is about 
2% and Ac&8 kev. For analyzer settings from 1.0 to 
1.5 Mev, (Ae/de) ranges from 0.40 to 0.26. Errors in 
the above relation for these values of (Ae/de) are shown 
to be about 1%. 

Using the above expression, the cross sections in the 
center-of-mass system are given by 


(=) -[e-o()] 


rf (Se 


where V, is the number of target nuclei/cm*, and J, is 
the number of protons which strike the target for each 
point on the profile. 

The conversion to the c.m. system is made by the 
approximate relations 


COSO¢.m =COSO jah — a sin*@ ap 
(dQe.m / dQ») 1 + 2a COSA ia», 


where a@ is a factor containing the masses, bombarding 
energy and Q value involved in the reaction. These 
formulas are given by BSFL.? For B'(p,a)Be’ the 
expressions are good to 2% or better. 

Relative cross sections are obtained by multiplying 
Dd »Y.(0) by the first factor in the above expression 
(instrument factor). 


EXCITATION FUNCTIONS 


The excitation functions for the ground- and excited- 
state alpha transitions were measured at 145° and 90° 
in the lab system. The variation of the center-of-mass 
angle with energy is quite small, so that the corres- 
ponding center-of-mass angles are 151° and 100°, 
respectively. The excitation functions were obtained 
by measuring the profiles of the groups as a function 
of bombarding proton energy. The profiles were meas- 
ured by the method discussed above. From the profiles 
> »Y (0) was obtained. The corrections were all related 
to the yield one would expect with a resolution width 
of the analyzer set for 1.2-Mev alphas. The correction 
would then be 


1.2/[é¥ 44 (©) (dQe.m./dQiav) J. 


The corrections were calculated, and their product with 
> »V (6) gives the relative yield at the particular angle 
as a function of bombarding energy. The bombarding 
energy is measured by the leading edge of the particle 


®G. A. Dissanaike, Phil. Mag. 44, 1051 (1953). 
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group. The two energies are related by: 


E.=0.5433 E,—0.730 Mev for ground-state transition. 
E.= 0.5433 E,—0.454 Mev for excited-state transition. 


From the relation dE,/dE,=0.543, an error in the 
measurement of Z, makes twice the error in E,. The 
uncertainty in the a particle measurement is about 
1.5%, making the Z, values uncertain by as much as 
3%. For the measurements at 145°, each profile was 
measured twice, and these two measured values always 
agreed within statistical accuracy. The excitation 
function at 90° has each point measured only once. 
The yields at 145° were such that most points had 
DY n> 500. At 90°, most points had >°,Y,> 1000. 
The statistics were limited by the time required to 
measure an entire profile, which usually consisted of 
twenty settings of the analyzer. Peak counting rates 
were of the order of 150/minute. 
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Fic. 4. Excitation functions for the reactions B"°(p,a) Be’,Be™* 
at 145.3° in lab system. 


Figures 4 and 5 show the results of the excitation 
function measurements. 

The points at 90° in the lab of several of the angular 
distribution measurements which were made with the 
same target as the excitation function are plotted as 
diamonds on the same graph as the excitation function. 
These points agree quite well with the 90° lab excitation 
curve. They serve as a check on the reproducibility of 
the data and as an indication of the stability of the 
targets. This particular target was used for more than 
5000 microcoulombs of proton bombardment. Carbon 
layers on the target have an effect on the energy deter- 
mination. Targets were discarded when a visible dis- 
coloration appeared and the vacuum system was always 
trapped with liquid nitrogen. About 3000-5000 micro- 
coulombs of bombardment were required to produce a 
visible layer. The effect of carbon contamination is 
believed to be small, A 7-kev layer for a particles would 
produce only a 1% error in the energy determination. 


ANGULAR DISTRIBUTIONS 


For a given bombarding energy, the yields are ob- 
tained for angles ranging from 6),)=145° to 614,= 25° 
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Fic. 5. Cross sections for B(p,~) Be’?,Be’* at 100° in the center- 
of-mass system. The diamond-shaped points are taken from 
angular distribution measurements made during other runs with 
the same target. The agreement is evidence of the stability of the 
target. 


in approximately 10° intervals. The collecting efficiency 
of the analyzer varies strongly with angle because the 
energy of the a-particle groups is sensitive to the angle 
of observation. The backward angles thus have a lower 
statistical accuracy than the forward ones, since all 
points are measured for the same number of incident 
protons. 
At higher bombarding energies and at forward angles, ° 
the energy of the a groups is so large that the analyzer 
will not support sufficient voltage to deflect the groups 
into the proportional counter. For these cases, low 
atomic number foils were used to slow the particles 
down to energies which could be handled by the ana- 
lyzer. All the measurements using foils were done at 
forward angles. A calculation of the attenuation of the 
a beam by mutliple scattering in these foils was per- 
performed by a method similar to that of Dickenson 


TABLE I. Calculation of corrected yields from raw data for 
1.5-Mev angular distribution. 








Instrument 
factor® 
1.2 
€¥ 44(€)dQe.m. 
dQiab 


Nominal 
foil Nominal 
thickness angle 
(kev) (degrees) 


Corrected> 
yield 


cosem. 5 Zn Va 





202.6 
177.0 
217.9 
237.3 
245.1 
259.5 
259.3 


1.936 
1.772 
1.560 
1.362 
1.186 
1.038 
0.901 


1.152 
0.964 
0.822 


—0.878 
—0.822 
—0.730 
—0.619 
—0.487 
—0.336 
—0.176 


—0.176 
—0.006 
0.174 


0.174 
0.350 
0.515 
0.664 
0.788 


104.5 

99.9 
139.7 
174.2 
206.7 
250.0 
287.8 


221.0 
254.0 
295.6 


221.3 
265.7 
302.5 
293.3 
316.1 


148° 
140° 
130° 
120° 
110° 
100° 

90° 


90° 
80° 
70° 


70° 
60° 
50° 
40° 
30° 


260.0 
250.0 
246.4 


246.4 
253.5 
245.5 
210.7 
203.5 


1.081 
0.933 
0.794 
0.704 
0.630 








* Corrected to resolution width at 1.2-Mev a energy. 
>A 2% increase is given to the 240-kev foil measurements for normali- 
zation. A 3% increase is given to the 500-kev foil measurements. 
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and Dodder.® The correction for this attenuation proved 
to be small and was adsorbed in the normalization of 
the angular distributions for the forward and backward 
hemispheres at 90° lab. 

The backward angle yields were measured with the 
boron surface of the target facing the beam. The meas- 
urements at forward angles were done with the boron 
facing away from the beam, and having the incident 
protons traversing the target backing before initiating 
any reactions. This method allows the maximum angle 
that the reaction products make with the normal to 
the target to be 45°. Beyond 45° the path within the 
target rapidly increases with angle so that straggling 
and scattering within the target become appreciable 
and the energy spread of the group becomes wider, so 
that a longer time is required to measure the profile. 

Table I shows how the experimental results are cor- 
rected to give the center-of-mass angular distributions 
for the measurements at 1.5 Mev, for the ground state. 
For this energy measurements were taken at every 5° 
because this distribution showed the most marked 
deviation from isotropy. However, the table only shows 
the measurements for 10° intervals. 

The angular distributions are measured for the ground- 
state transitions at 1.03, 1.20, 1.36, 1.50, and 1.63 Mev. 
Excited-state transitions are measured at 1.3, 1.5, and 
1.63 Mev. Figure 6 shows the experimental results 
normalized at 90° lab. 


® W. C. Dickenson and D. C. Dodder, Rev. Sci. Instr. 24, 428 
(1953). 
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ANALYSIS OF ANGULAR DISTRIBUTION INTO 
EXPANSIONS IN LEGENDRE POLYNOMIALS 


The angular distributions are most amenable to 
theoretical analysis if they are expressed in a series of 
the form 


Y(@)=Y¥o1t+X01 ArPi(6)], 


where P;(@) are the Legendre polynominals. The analy- 
sis into Legendre polynominals follows procedures out- 
lined by Rose.?° 

The angular aperture of the analyzer is 1°40’. The 
attenuation coefficients for Legendre polynominals up 
to the fourth order are shown to be negligible, so that 
no angular resolution corrections are necessary.'° 

The results were analyzed by the method of least 
squares to fourth-order Legendre polynominals. This 
assumes that /=2 is the highest incoming orbital 
angular momentum contributing to the reaction. In 
support, of this assumption, a calculation was made of 
ingoing and outgoing penetrabilities. The tables of 
Coulomb functions of Bloch et al. have been used." The 
channel radius was chosen according to the prescription 
that r.=1.4X10-"(A,!+-A,}). The calculations show 
that incoming waves with />2 can have at most a 
partial width of one or two kev. 

In order to find the least square solution it is necessary 
to invert a 5X5 matrix. These calculations were carried 


1M. E. Rose, Phys. Rev. 91, 610 (1953). 
" Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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TABLE II. Table of coefficients Az in the expansion of angular distribution of B"°(p,a)Be’,Be’ in 
4 
Series Y (0) = r 1+ 2 AxPx(cosé) | 
‘ 1 








Energy 
(Mev) Ai 


Ar 


Ai 


As 





0.009 +0.006 
0.026+0.038 
0.072+0.042 
—0.017+0.009 
0.048 +0.037 


—0.111+0.041 
—0.223+0.015 
—0.127+0.015 


Ground state 
0.000+0.004 
0.011+0.068 

—0.100+0.043 
—0.308+-0.017 
—0.097+0.060 


Excited state 


0.000+0.054 
0.042+0.024 
0.018+0.020 


0.075+0.0020 
0.089+0.051 
0.288+0.032 
0.010+0.017 
0.092+0.055 


0.140+0.056 
0.000+0.024 
—0.180+0.046 


0.043 +0.003 
0.157+0.064 
0.102+0.027 
—0.056+0.022 
0.191+0.041 


0.021+0.060 
0.117+0.033 
—0.168+0.052 








out on the AVIDAC at the Argonne National Labora- 
tory. The yields at each angle were given weights 
inversely proportional to their statistical error. 

Table IT shows the values of the coefficients in the 
expansion in Legendre polynominals. Figure 7 shows 
the experimental points compared with the least squares 
fit for the 1.5-Mev ground-state angular distribution. 

The higher Legendre polynominals have much of 
their effect in the regions near 180° and 0°. Since these 
“ends’’ of the distributions are not measured, there is 
no visual proof of their existence in many of the curves. 
Although the analysis shows such terms (with large 
errors), their presence does not have the significance of 
the appearance of the lower order polynominals P; and 


P,. The least squares fit and the experimental points | 


for 1.5 Mev agree quite well. The curve passes through 
the error ranges of 3 of the points. 


MEASUREMENT OF THE ABSOLUTE 
CROSS SECTION 


The absolute cross section was measured at 1.5-Mev 
bombarding energy and 90° in the laboratory system. 
From our equations relating the yield and the cross 
section, one must measure the yield from a target of 
known composition. The measurement is made from a 
target thick enough to fill the entire energy window of 
the analyzer. Then the cross section is given in terms 
of detailed analysis of the reaction. The target is divided 
into elements of 2-kev thickness for the incoming 
protons. This defines a number of nuclei/cm? for that 
layer. Then each 2-kev layer contributes a particles 
spread over a region in energy, which can be calculated 
from the stopping power of the a particles and the 
kinematics of the reaction. With the energy spread so 
obtained, one has the yield and cross section related by 


Y (€)= NpNi(do/dQ)(Re/AE)AQY ,,(€), 


where AE is the spread in energy caused by a 2-kev 
proton layer and JN; is the number of target nuclei per 
cm? in a layer 2 kev thick for protons. The target used 
is a B,O; target containing natural boron, made by 
evaporating fused B.O- from a tungsten spiral im vacuo. 


The B,O; evaporates at a little over 600°C so it is 
assumed that the composition on the target is pure 
B,O3. Assuming no isotopic fractionation in the evapo- 
ration, 18.8% is used as the fraction of B" in the natural 
boron to compute the target composition. 

Values for the stopping power of BO; were obtained 
from work reviewed by Allison and Warshaw." The 
estimate of the a-particle stopping powers from the 
proton data is the largest source of error in the measure- 
ment, giving an uncertainty of 15%. 

The quantity RAQ is a constant of the analyzer. It 
was measured by scattering protons from a thick 
tantalum target and using the same type of analysis 
as was given above for the B,O,; target. Here, the 
Coulomb cross section can be calculated so that RAQ 
is the only unknown. The value of the stopping power 
for tantalum was obtained from the recent measure- 
ments on stopping powers of protons in metals by 
Cooper’s group at Ohio State University.” 

In measuring the yields of protons and a particles, 
care was taken to measure the beam current correctly. 
The collector button was biased positively with respect 
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Fic. 7. Least squares fit to experimental data for angular 
distribution of B'(p,a) Be’ for bombarding energy of 1.5 Mev. 


2S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 
13 Green, Cooper, and Harris, Phys. Rev. 98, 466 (1955). 
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TABLE ITT. Calculation of absolute cross section. 








Bombarding energy 
Measured yield Y (e) of ground 
state alphas from natural B,O; 
target 
Energy « of eee 
nae wer 0 3: 
5 ‘Mev al alphas 
i '5-Mev protons 
— Y,,(€) of doubly 
rged a-particles 
Energy spread AE of alpha 
particles from a layer of B,O; 
2 kev thick for 1.5-Mev 
protons 
Number J; of B® nuclei/cm? in 
a 2-kev proton layer of B,O; 
RAQ 
ae *g N, of protons per —_ 
AE a 


1.50 Mev+3% 


9.21 counts/pcoul+5% 
1.49 Mev+1% 


1452 kev/mg cm*+15% 
158 kev/mg cm*+7% 


0.89+2% 


19.53 kev 


0.412 10"7 
0.251X 10-46% 
6.28 10! 


re “Nie(RAQ) V,, (6) — —=21.1+4.0 mb/sterad 








to the chamber to prevent secondary electrons from 
contributing to the measured current. Table III shows 
the tabulation of the results and calculation of the cross 
section. 


THEORETICAL CALCULATION OF ANGULAR 
DISTRIBUTIONS 


The angular distributions may be calculated theo- 
retically by the equations given in Blatt and Bieden- 
harn,“ who simplify the formulas by eliminating all 
sums over magnetic quantum numbers. This procedure 
introduces “Z” coefficients which are closely related 
to the Racah coefficients. 

A resonant reaction in the simplest case of a single 
level participating is characterized by quantities 
asl,J,a's'l’. Here a denotes the particular pair of 
particles in the ingoing channel, s is the vector sum 
of the spins of the pair, and / is the relative orbital 
angular momentum between the pair. Jo is the spin of 
the compound state through which the reaction passes. 
The primed quantities have identical definitions for 
the outgoing channels. For the case, in which only these 
quantities enter into the reaction, the differential re- 
action cross section is: 


da 
—(asl,Jo,a’s'l’) = 
dQ 2 


x ow 
> BrP 1(cos6), 
s+1 10 


where 


~ (ts 
4[(E-F,)*+ GT] 





[ gast PL £0 ’s wf 
XZ(WolJo;sL)Z (USI ol’Jo;s'L). 


E, is the resonant energy, I’ is the total width, and 
Zaet is the square root of the partial width Tas, and 
represents the amplitude for the participation of a 
partial wave / in the reaction. The gas: are proportional 


“J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 


to the square root of the penetrability, 1/(F?+G/). 
In terms of our notation in the expansion of the angular 
distribution into (1+0:1441P1), A,=B,/Bo. 

The Z coefficients are defined by Biedenharn, Blatt, 
and Rose.'’® The most useful tabulation of the Z co- 
efficients for this problem is given by Sharp et al.!¢ 

The angular distributions cannot be uniquely calcu- 
lated with the above expression because the mixing of 
several channel spins may be possible and the mixing 
of small amounts of higher / values may greatly change 
the angular distribution. 

In this specific reaction, the nucleus B" has [= 3+, 
and the proton has J=}+, so one may have channel 
spins of 7/2 and 5/2. In the outgoing channels, Be’ has 
spin 3/2- and 1/2 for the ground and excited states, 
respectively, and a has spin 0 so that there is a unique 
channel spin. The outgoing channel for the excited 
state is further simplified by the spin of 1/2-. Only one 
value of J’ is allowed which conserves both parity and 
angular momentum in the outgoing channel. 

In general, one would expect that the major contri- 
bution to the angular distribution for a given Jo would 
come from the lowest possible / value if more than one 
is allowed, but a small admixture of a higher / value 
may change the angular distribution significantly. If / 
is the lowest possible value, then /+-2 is the next possible 
value in order to conserve parity. If one defines a 
5= ga0t+2)/(|Sascr+2)|+|Sasr|), One may, calculate the 
angular distribution coefficients as a function of 6. 
This procedure is the same as that used by Stelson."” 

If mixing of / occurs only in the incoming channel, 
the coefficients of the angular distribution are given by, 


Bri=(Z{lJobJo;sl} (1— |5|)* 
+Z{lJo(I+ 2),Jo;sL}25(1— |5| )cos(E142— £1) 
+Z{ (1+-2),Jo(l+2),Jo;sL} LZ {UT ol’Jo;s’L} J. 


Here £142—& is the phase difference between the two 
partial waves and is given by 


Eu2— f= [tan-s(—) +tar-'(—-) 
1+2 l+1 
Fixe PF; 
| tan-a(—*) - tana ~)}. 
Gire G; 


where n=Z,Z,e*/hv and F; and G;, are the regular 
Coulomb functions evaluated at the nuclear radius. 
This analysis will be used in the discussion.'* 


RESULTS 


The general features of the excitation curves agree 
with those of BSFL. Our measurements can be inter- 


ad “pee Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952). 

16 Sharp, Kennedy, Sears, and Hoyle, Chalk River Report 
CRT-556, 1954 (unpublished). 

17 P. H. Stelson, Phys. Rev. 96, 1564 (1954). 

18 Note that the modification of the angular distribution goes 

as 5, while the persue | (i.e., appearance of higher order Legendre 
polynominals) goes as 
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preted in terms of resonances at 1.17 and 1.5 Mev, 
corrected for barrier, superimposed on a broad con- 
tinuous background. BSFL find resonances at 1.0 and 
1.5 Mev. 

Our excitation curve at 151° c.m. may be compared 
to BSFL at 143° c.m. Their curve is lower at the second 
resonance whereas ours shows the two resonances to be 
of about equal intensity. BSFL mention that their data 
may be low at higher bombarding energies. 

The resonances leading to the excited state of Be’ is 
centered at 1.55 Mev. It is superimposed on a back- 
ground that is increasing with energy. There seems to 
be a consistent effect that the resonance for the excited 
state transition has its peak at a slightly higher energy 
than the ground-state peak. The excitation curve of 
BSFL seems to show the same effect. The rising back- 
ground may account for part of this apparent shift. 
Measurements beyond the resonance show that the 
cross section does not drop off as rapidly as it rises, 
indicating other contributions to the reaction. The 
location of the levels correspond to levels at 9.70 and 
10.06 Mev in C"™ as given by Ajzenberg and Lauritsen.! 

The absolute cross sections are in agreement with 
BSFL within experimental error. Table IV gives a 
comparison of the cross sections. The BSFL cross 
sections are corrected to 90°i4, (100°:.m.) by the angular 
distributions measured in this work. 

The angular distributions are flat in the region of 90° 
c.m. so that the excitation curves at 90° c.m. and 100° 
c.m. are much alike. At 90° c.m., all odd-order inter- 
ference terms are zero, so that the excitation curve 
shows the same shape as the total cross-section curves 
where the contributions of the two resonances add 
without interference. 

The total widths obtained from the excitation curves 
are estimated to be '=300 kev for the lower energy 
resonance, and I'=250 kev for the higher energy reso- 
nance. The resonance for the excited-state reaction has 
about the same width as the ground-state resonance. 
Lack of separation of the two resonance peaks makes 
an estimate of the error in the widths difficult. 

The angular distribution measurements show the 
first resonance (denoted I) and the background to be 
isotropic. The second resonance (denoted II) shows a 
marked cos*@ term. Figure 8 shows a plot of the co- 
efficients of the Legendre polynominals as a function 
of bombarding energy. The errors for the coefficients 
have been stated in Table II. The most striking feature 
of these curves is the sharp peak of the odd order co- 


TABLE IV. Comparison of differential cross section for B!(p,a) 
at 100°... measured in this work with those given in BSFL. 








BSFL 
mb/sterad 


This work 
mb/sterad 


Energy 


(Mev) Transition 





1. Ground 16 
t. Ground 17 
t. Excited 9.6 


17.343.5 
21.144.0 
10 +2.0 
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Fic. 8. Variation of values A, in the expansion of the angular 
distribution in a series Y(0)=Yo[1+ 22 AxPx(6)] with proton 
bombarding energy. 


efficient in the region directly between the two reso- 
nances. This indicates that the two levels must have 
opposite parity. 

The angular distributions enable one to calculate the 
total cross sections for the reaction. These are 44X17 
X10-*? cm? and 44%X18.4X10-*" cm? at 1.2- and 1.5- 
Mev proton bombarding energy, respectively. The 
background appears isotropic and uniform in the region 
of the resonances with a total cross section of 4rX6 
X10-*’ cm?. Subtracting off this amount gives 47X11 
X 10-*? cm? and 44rX12.4X 10-*" cm? for the total cross 
sections for resonances I and II, respectively. 

The calculation of the total cross section of the 
resonant reaction to the excited state of Be’ is made 
uncertain by the presence of nonresonant background, 
which increases with bombarding energy. Since asym- 
metry at about 90° c.m. occurs, one assumes that at 
90° c.m. the excitation function is free of interference 
terms, and that the background may be subtracted off. 
The background is estimated from the rise in excitation 
function beyond the resonance. The total cross section 
for the resonant part of the reaction is 447.8107?" 
cm? on the basis of these assumptions. The total 
resonant cross sections are felt to be correct within 
+20%. 


DISCUSSION AND INTERPRETATION OF RESULTS 


Lower limits on the J value of the compound state 
may be imposed by a knowledge of the absolute cross 
section. The total cross section for a resonant reaction 
at the peak may be written as 


UH Tae 
(s+1)(20+1)  (Pp+T,)?” 





where I’, is the partial width for the incoming channel, 
I, is the partial width for reactions leading to all other 
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TaBLe V. Comparison of reduced widths of resonance I 
with Wigner sum rule limit. 








Solution 1 
2 y#MR, 
I’, (kev) 3 # 


Solution 2 
2 vy'MR, 
I’, (kev) 3 


8% 75 2.7% 
08% 225 2.5% 


Channels 


a 225 
p 75 











channels, J is the target nucleus spin, and s is the 
projectile spin. The maximum value that the expression 
r,I,/(1,+T,)* has is } when ',=I,, so that one has 
the inequality 

2J+1 


(2s+1)(27+1) 


Resonance I has its only reaction channel to the 
ground state of Be’, with a total cross section of 
4r(11.0+2.2)10-*? cm*. Resonance II has its reaction 
channels to either the ground or first excited states of 
Be’, if we assume that the same resonance level is 
contributing to the two modes of decay. (Making the 
assumption of distinct resonances leads to immediate 
difficulty.) The total reaction cross section for II is then 
4x X[20.244.0]X 10-*’ cm*. Limits on J are then given 
by 


x2 


I; 2J+123.0840.6, Jmin=3/2; 
Il: 2J+127.0 41.4, Jmin=5/2. 


The angular distribution for resonance I is nearly 
isotropic. (The anisotropy is thought to be due to 
interference terms between the two resonances.) 3/2-, 
5/2+, and 7/2* give isotropic distributions and at the 
same time satisfy the J >3/2 condition. Spins 7/2* and 
5/2+ may be formed by /=0 and channel spins 7/2 and 
5/2, respectively, in the entrance channel which yields 
immediately an isotropic distribution. Spin 3/2- formed 
by /=1 waves may decay to the 3/2- ground state of 
Be’ by /’=0, yielding an isotropic angular distribution. 
Of these choices, we discard 7/2+ on the basis that l’ =3 
is required for a decay to either the ground or first 
excited state of Be’. This assignment would allow one 
to expect some yield to the excited state, which is not 
observed. 3/2- is chosen over 5/2+ by appealing to 
evidence obtained in measurements on the mirror 
nucleus B" by Li and Sherr.’ They study levels which 
appear at 9.86 Mev and 10.23 Mev in B" by inelastic 
scattering of a particles on Li’. By means of analysis by 
Wigner sum rule limits they place an upper bound for 
the angular momentum of these levels. For the lower 
energy resonance, J <3/2+ or J¢5/2-. If these levels 
are really mirror levels to C", then 3/2 is the favored 
value for the angular momentum. 

Since the absolute cross section and total width of 
the level is known, the partial widths may be calculated 
and the results compared with Wigner sum rule limit.” 


#C. W. Li and R. 4" Phys. Rev. 96, 389 (1954). 
” T. Teichman and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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The reduced widths are calculated with the aid of the 
barrier penetrabilities given above. The total width of 
the level is '=300 kev. The equation for the partial 
width is quadratic, which gives two solutions (Table V). 

The 3/27 assignment is consistent with the results of 
measurements on B'(p,7)C" by Day and Huus.” They 
find a resonance at 1.2 Mev for y decays to the ground 
state. 

Comparing the absolute cross section for y decay and 
the cross section for a decay gives an estimate of the 
width of about 10 ev. The transition 3/2- to 3/2- is a 
magnetic dipole. The magnetic dipole transition esti- 
mate” is = 18 ev. 

The angular distributions show a very strong odd 
order interference between the two levels so that the 
two must have opposite parities. This restricts the 
angular momentum to 5/2+, 7/2+, and 9/2+ for reso- 
nance II. The spin of II must be such as to allow an 
appreciable yield to the excited state of Be’. Of these, 
only 7/2* gives equal /’ values of 3 for a decay to either 
state. Though /’=3 is large, the penetrabilities are 
relatively insensitive to 1’. 

7/2+ may be formed by /=0 waves with channel spin 
equal to 7/2 or by /=2 with channel spin equal to 7/2 
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Fic. 9. Calculated variation of the coefficients B,/Bo in the 
angular distribution for resonance II as a function of the mixing 
parameter 5=g2/(|g2|+|go|) for channel spin 7/2 and J =7/2t. 
The horizontal bars across the graph are the experimentally 
measured values for the coefficients B;/Bo. The width of the bars 
gives the limit of error. A and B are the experimental values of 
B,/Bo and B2/Bo, respectively, for the excited-state transition. C 
and D are the experimental values for B,/Bo and B2/Bo, respec- 
tively, for the ground-state transition. The vertical line represents 
the best fit for 5= —0.3. 
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2 R. B. Day and T. Huus, Phys. Rev. 95, 1003 (1954). 
2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc. New York, 1952), p. 627. 








EXCITATION FUNCTIONS AND ANGULAR DISTRIBUTIONS 


or 5/2. The angular distribution is very sensitive to 
admixtures of /=2. The angular distribution due to the 
resonance is obtained by subtracting off the isotropic 
background from the measured distribution. This gives 
a distribution of 1—0.414P,(0). This can be fitted by an 
admixture 5=g2/(|g2|+|go|)=—0.3 of J=2 waves. 
Figure 9 shows how the angular distributions vary with 
the mixing parameter 6. The bars across the graph 
express the measured coefficients with their errors. 
The angular distribution due to the excited state 
resonance is obtained by neglecting the odd-order 
interference terms, and subtracting from the total 
intensity an amount which is obtained by estimating 
the nonresonance intensity at the 100° c.m. measure- 
ment. The corrected distribution is given by, Y (6) 
~1+0.06P;+0.167P,. This distribution seems not 
completely consistent with the ground state distri- 
bution. In Fig. 9, the P, term does agree, while the P» 
term does not. An argument may be made that the 
distributions are not inconsistent. Since the interference 
between the resonance and the background shows a 
strong P; term, this must be interference from an odd- 
parity state. This would require /=1 waves in the 
entrance channel. /= 1 may have an angular distribution 
which is as complex as P2(@). Thus one would not 
expect the P,(@) term to agree with the distribution 
calculated for the single resonance, because the back- 
ground itself may contribute to P,(6). The P,(@) term 
should be consistent within the uncertainty of sub- 
tracting off the background. This agreement is actually 
achieved as Fig. 9 shows. The failure” of the appearance 
of a y-ray resonance to the ground state of C" is also 
additional support for the 7/2+ assignment, which 
would be a magnetic quadrupole transition. On the 
assumption of J=7/2+ and '=250 kev obtained from 
the excitation functions, the reduced widths for the 
resonance II may be compared with the Wigner sum 
rule limits. The branching ratio T,/f'. (prime indi- 
cating the excited state transition) is obtained from 
the ratio of the total cross sections. The two solutions 
are given in Table VI. Of the two solutions, solution (1) 


307 


TABLE VI. Comparison of reduced widths of resonance II 
with Wigner sum rule limit. 








Solution 1 
2 vy@#MR, 
I’, (kev) 3 8 


P 160 
a 56 
a’ 34 


Solution 2 
2 AMR, 
I’, (kev) 3 ht 


Te Wan 90 9% 
15.7% 100 32% 
20.3% 60 42% 


Channels 











is preferable, since it does not give such large per- 
centages of the Wigner limits. 

The data are sufficient to establish that J;>3/2, 
Ji:2 5/2. Detailed analysis of the data strongly suggests 
spin and parity assignments of 3/2- and 7/2+ for the 
levels at 9.70 and 10.06 Mev in the level scheme of 
C".% All evidence here is consistent with the assump- 
tions of 3/2-, 1/2- for the ground and first excited 
states of Be’, respectively. The data are consistent with 
other work on related reactions. 
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Comparison of Differential Cross Sections for the Reactions C'*(d,p)C* and C!?(d,n)N™} 
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The differential cross sections for the reactions C"(d,p)C™ and C#(d,n)N® to the ground states of the 
mirror nuclei C“ and N¥ are reported for deuteron bombarding energies of 2.68 Mev and 3.26 Mev. The 
angular distributions at the forward angles are in agreement with those predicted from the formalism of 
Butler for both reactions. The cross sections are compared at the angle of the first stripping peak, and this 
comparison indicates that the reduced widths of the mirror nuclei C and N™ are the same. This is in agree- 
ment with the assumption of the charge symmetry of nuclear forces. 





T is expected, on the basis of charge symmetry of 
nuclear forces, that the reduced widths of corre- 
sponding levels in mirror nuclei should be equal. A 
comparison of the relative yields of (d,p) and (d,n) 
stripping reactions with a self-conjugate target nucleus, 
using one bombarding energy, furnishes one means for 
an experimental check of this assumption. 

Recently a comparison has been reported by 
Fujimoto ef al.’ for the reactions Mg*(d,p)Mg*® and 
Mg*(d,n)Al*®. Using the Butler approximation, they 
extracted reduced widths for the ground states of Mg” 
and Al** from published cross sections for these reac- 
tions. They found that the (d,p) width of Mg* is an 
order of magnitude larger than the (d,m) width of Al", 
and concluded that the (d,p) and (d,n) reactions could 
not be treated as equivalent nuclear reactions. However, 
further considerations are pertinent. The Mg*(d,p) 
reactions to the ground and several excited states were 
measured by Holt and Marsham,? and in a subsequent 
publication*® they mention that all cross sections quoted 
at first and used in the calculations of Fujimoto et al. 
should be reduced by a factor of four. This diminishes 
the difference between the calculated (d,p) and (d,n) 
reduced widths by the same factor. In addition, the 
Mg™(d,p) reactions were studied at a bombarding 
energy of 8.0 Mev, whereas the Mg”(d,m) reactions 
were obtained for a bombarding energy of 4.0 Mev. The 
difference in Coulomb effects for the two reactions 
would be such as to enhance the (d,) cross section with 
respect to the (d,m). Futhermore, such effects as the 
scattering of the liberated particle by the residual 
nucleus may be appreciably different for these quite 
different bombarding energies. In view of these several 
considerations, it seems difficult to conclude that the 
experiments discussed above indicate an appreciable 
difference in the two reactions. 
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sion and the Wisconsin Alumni Research Foundation. 
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The purpose of this article is to report measurements 
of differential cross sections for the reactions C"(d,p)C™ 
and C"(d,n)N® at deuteron bombarding energies of 
2.68 Mev and 3.26 Mev. The two cross sections were 
compared at the angle of the forward stripping maxi- 
mum, in order to estimate the relative sizes of the 
ground-state reduced widths of C® and N", respectively. 

The C”(d,p)C® cross section was measured absolutely 
in a differentially pumped gas scattering chamber, 
using a target thickness of from five to ten kev.‘ For the 
purpose of comparison with the (d,) cross section, the 
(d,p) cross section was averaged over an energy region 
equivalent to the target thickness in the (d,n) measure- 
ment. Absolute measurements of the C"(d,n)N™ cross 
sections were made using a gas recoil neutron spectrom- 
eter. Both solid and gas targets were used. Target 
thicknesses used at these energies were 320 kev of 2.68 
Mev and 360 kev at 3.26 Mev. Absolute cross sections 
were obtained by comparing the neutron yield from the 
C®(dn)N® reaction to that from the D(d,n)He* re- 
action, whose cross section is known, and also by 
calculation of the spectrometer efficiency from its 
parameters. 

The uncertainty in the C”(d,p)C™ cross sections is 
8%, on the average. At forward angles where the cross 
sections are compared, the uncertainty in these cross 
sections is about 10%. The C”(d,n)N™ cross sections 
have an estimated uncertainty of about 19% at Ea= 2.68 
Mev, and 13% at Eg=3.26 Mev. 

The angular distributions for the two reactions are 
shown in Figs. 1 and 2. The solid curves are calculated 
fits to the data from the formalism of Butler for an 
angular momentum transfer by the captured particle of 
one unit. For the purpose of displaying the agreement 
of the C"(d,p)C™ angular distribution with that pre- 
dicted by Butler, the calculated curve was fitted to the 
data after an isotropic background cross section had 
been subtracted from the data. This subtraction is 


* Jones, McEllistrem, Douglas, Herring, and Silverstein, Phys. 
Rev. 98, 241(A) (1955). Details of the measurements and measur- 
ing equipment will be discussed in a subsequent publication. 

5 Benenson, Shurman, and Haeberli, Phys. Rev. 96, 836(A) 
(1954). Details of the spectrometer construction and calibration 
are contained in R. E. Benenson, Ph.D. thesis, University of 
Wisconsin, 1954 (unpublished). Spectrometer information will be 
published subsequently. 
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COMPARISON OF DIFFERENTIAL CROSS SECTIONS 


shown on the figures by a dashed base line for the Butler 
curve. These curves are arbitrarily normalized to fit 
the stripping peak, and do not represent a calculation of 
the absolute cross sections. As is seen from the figures, 
the distributions at forward angles agree well with that 
predicted by the Butler formalism. The agreement for 
the C"(d,n)N® reaction is in contrast to that observed 
previously at 8-Mev deuteron bombarding energy by 
Middleton et al.® 

Several investigations have shown that the theoretical 
stripping cross section is proportional to the reduced 
width of the final state. (See, for example, reference 1.) 
While it is extremely difficult to calculate absolute 
values for reduced widths because of the uncertainty in 
the various factors contained in the formulae for cross 
section, it is possible to obtain relative sizes of reduced 
widths by comparing yields from stripping reactions. In 
order to compare the reduced widths of the residual 
mirror nuclei, C” and N*, it is necessary to remove the 
kinetic factors in the stripping cross section formula, 
i.e., those factors which depend on the Q-values for the 
two reactions. To estimate these factors the Butler 
stripping approximation was used in the form of Eq. 
(34) of Butler’s paper’ and also in the form expressed 
in Eqs. (19), (40), and (49) of Huby’s paper.® The ratio 
of the kinetic factors for the expressions of Butler and 
Huby are listed as columns a and 3, respectively, in 
Table I. These two expressions are the same except that 
Butler’s equation contains an additional factor f. For 
the case of a neutron captured with one unit of angular 


c'2(d,n) NS 
fEg= 2.76 wev 
XEg= 2.68 wev 


c'%(d,p)c'> 
© Eg=2.67 
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Fic. 1. Angular distributions for C"(d,n)N® and C#(d,n)C# to 
the ground states of both nuclei. The open circles and the X- 
9 are the C!*(d,n) data. The angular distribution at 2.76 Mev 

been arbitrarily normalized to the cross-section measurements 
at 2.68 Mev. The solid circles are the cross-section measurements 
for the C"(d,p) reaction. The solid curves are the Butler curves for 
the two reactions. For the (d,p) reaction, the dashed line indicates 
the isotropic component of the cross section which was subtracted 
before fitting the Butler curve. To fit the distributions, a nuclear 
radius of 4.7 10~% cm was used for the (d,n) curve, and a radius 
of 6.5X 10- cm for the (d,p) curve. The extent of the vertical bars 
on the data points indicates the expected statistical fluctuations. 


do 
dw 





6 Middleton, El Bedewi, and Tai, Proc. Phys. Soc. (London) 
A66, 95 (1953). 

7S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

®R. Huby, Progr. Nuc. Phys. 3, 177 (1953). 





c'\d,n)n'> 
§ Eg* 3.36 mev 
X Eg? 3.26 wev 


w uw 
o a 


vn 
a 


PER STERACIAN 
8 
r x-O4 


c'%(d,p)c 





If wiILLIBARNS 
dw 


oe 20° 40° 60° 80° 100° 120° 140° 160° 
© (C.oF M.) 


Fic. 2. Angular distributions for C"(d,n)N® and C#(d,p)C* to 
the ground states of both nuclei. The open circles and the X- 
ng are the C#(d,n) data. The angular distribution at 3.36 Mev 

as been arbitrarily normalized to the cross-section measurements 
at 3.26 Mev. The solid circles are the cross-section measurements 
for the C"(d,p) reaction. The solid curves are the Butler curves 
for the two reactions. For the (d,p) reaction, the dashed line 
indicates the isotropic component of the cross section which was 
subtracted before fitting the Butler curve. To fit the distributions, 
a nuclear radius of 4.7 10— cm was used for the (d,n) curve, and 
a radius of 6.5X10~ cm for the (d,p) curve. The extent of the 
vertical bars on the data points indicates the expected statistical 
fluctuations. 





momentum, f=[(1+K.r0)/K.ro}, using the notation 
of Butler’s paper. 

In calculating these kinetic factors from the expres- 
sions of Butler and Huby, it is necessary to assume a 
nuclear radius. Many of the recent stripping angular 
distributions for light nuclei have been fitted with nu- 
clear radii in the vicinity of 5X 10— cm. For this reason, 
and because the C"(d,n)N* distribution was fitted with 
a radius of 4.7X10-" cm, the kinetic factors were 
calculated using a radius of 4.7X10-" cm for both 
reactions. These factors provide the ratios quoted in 
columns a and 6 of Table I. 

It is to be noted that a somewhat different radius was 
used to fit the angular distributions of the (d,p) reaction. 
A momentum analysis of the Butler amplitudes for the 
(d,p) reaction has been carried out for the two radii 
involved, and it is found that most of the difference in 
the results of this analysis for the two different radii is 
in the,low momentum components of the distribution. 
In fact, the relative contributions of those momenta for 
l>3 are the same for either choice of radius. The high- 
momentum components, where pure stripping is ex- 
pected to predominate, are insensitive to the choice of 
radius. The low-momentum components, which do de- 
pend on the choice of radius, are seriously affected by 
compound nucleus formation. It is believed that the 
larger radius (6.5X 10-" cm) needed to fit the angular 
distribution of the (d,p) reaction is a result of the inter- 
ference of the compound nucleus and _ stripping 
amplitudes. 

Several effects believed present in the reactions have 
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TaBLE I. Differential cross section and kinetic factor ratios. 
Ratio of cal- 


“) ° (%), ° (Z), /(), culated kinetic 
Ea (z * othe wae Ratio of factors 
Mev mb/sterad mb/sterad 


cross sections a b 
2.68 19+2 3245 


1.7+0.3 2.79 2.01 
3.26 13+0.6 3144 2.4+0.4 2.89 2.08 











* Butler formalism, ro =4.7 X10-% cm. 
> Huby formalism, ro =4.7 X10-" cm, 


not been considered in these calculations. Coulomb 
effects have not been considered, because, although they 
certainly strongly influence the magnitude of the in- 
dividual cross sections, the effect on the ratio of the two 
cross sections cannot be very large. Effects involving the 
incident deuteron appear in both reactions and do not 
affect the ratio. Therefore, the Coulomb effect involving 
the outgoing proton will be the only one which would 
change the cross section ratio. Since the outgoing proton 
has an energy greater than 5 Mev, well above the 
Coulomb barrier, this would not be a large correction. 
Nuclear effects not considered in these calculations 
which strongly influence the stripping reaction® are the 
elastic scattering of the incident deuteron wave by the 
target and the scattering of the liberated particle by the 
residual nucleus. The deuteron energy is the same for 
both reactions and hence also the deuteron scattering 
effect. The scattering of the liberated particle is ex- 
pected to be most important for low values of angular 
momentum. For these reactions the estimate of Toboc- 
man and Kalos® suggests that both the protons from 
the C"(d,p)C® and neutrons from the C”(d,n)N® are 
strongly affected only for /-values <2. The penetration 
probabilities for the outgoing neutrons and the outgoing 
protons of both S and P wave momenta are nearly the 
same. This means, if we assume hard sphere scattering, 
that the potential scattering amplitudes for the outgoing 
neutrons in the C(d,m) reaction will be about the same 
as the scattering amplitudes for the protons from the 
C"(d,p) reaction. 

To be more specific, we may compare phase shifts for 
the systems C¥+m and N%+ . The analysis of the 
elastic scattering of neutrons’® by C” and the analysis 
of the elastic scattering of neutrons" by N™ provide 
empirical S and P wave potential phases for the neutron 
scattering which are very similar. If we average the S 
and P wave potential phases from these two analyses 
for the same neutron energy as encountered from the 

*J. Horowitz and A. M. L. Messiah, J. phys. radium 14, - 
695 (1953); W. Tobocman, Phys. Rev. 94, 1655 (1954). W 
Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 


 R. Budde and P. Huber, Helv. Phys. Acta 28, 49 (1955). 
uJ. L. Fowler and C. H. Johnson, Phys. Rev. 98, 728 (1955). 
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C"(d,n)N™ reaction at Ez= 2.68 Mev, we obtain S and 
P wave phases of —80° and — 15°, respectively. These 
phases provide scattering amplitude magnitudes of 
0.98 and 0.26 for these neutrons. Fowler and Johnson, 
using a nuclear radius of 3.7 10—" cm, calculate hard- 
sphere phases of —62° and — 15° for S and P waves. If 
we use this same nuclear radius to calculate hard-sphere 
phases for the scattering of the C"(d,p) protons (5 Mev 
protons) by C", the residual nucleus, we obtain S and 
P wave phases of —56° and — 21°, respectively. These 
phases provide scattering amplitude magnitudes of 
0.83 and 0.36 for the protons. These magnitudes are 
quite similar to the empirical neutron amplitudes 
quoted above. 

Resonant scattering for the two cases will of course be 
the same assuming charge symmetry of nuclear forces, 
since by the conservation of energy, the compound 
nucleus (N") for the two scattering processes will be at 
the same excitation energy. Therefore we expect that 
effects due to the nuclear scattering of the liberated 
particles by the residual nucleus will be quite similar 
for the two reactions, C"(d,p) and C"(d,n), since they 
are compared at the same deuteron bombarding energy. 

Another source of possible discrepancy in the cal- 
culated ratios arises from the presence of compound 
nuclear amplitudes in the (d,p) and (d,m) reactions, 
since the kinetic factors for such amplitudes depend 
upon the Q-value of the reactions in quite a different 
manner than do those for stripping. An analysis of the 
data in terms of stripping and compound nucleus 
amplitudes is not presently available, so that an ac- 
curate correction to the kinetic factors cannot be made. 
In order to obtain some idea of the possible size of this 
effect, we calculate that if the compound nucleus ampli- 
tude were one-third that of the stripping amplitude in 
the (d,p) reaction, and if this amplitude was equally 
divided between S and P wave outgoing particles, the 
tabulated kinetic factor ratios would be reduced about 
10%. If the compound nucleus amplitude equalled the 
stripping amplitude in magnitude, the ratios could be 
reduced by almost a factor of two. 

It is seen in Table I that the differences in (d,p) and 
(d,n) cross sections can be explained entirely from the 
kinetic factors, to within the accuracy to which they are 
calculated. There seems to be no need to conclude that 
the reduced widths differ by an appreciable amount. 
This is in agreement with the assumption of charge 
symmetry. 

The authors wish to express their gratitude to 
Professor H. T. Richards for suggesting this comparison 
and for valuable advice concerning the interpretation 
of the measurements reported. 
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Solutions are given for the S states of the potential V(r) = — Vo/[1+e«"-®)]. These are used to calculate 
the position of the giant S-wave neutron resonances at low (zero) energy and the bound states of the po- 
tential. If one chooses Vo=39.8 Mev, a=2X 10" cm™ and a=1.35A4!X10-" cm, the potential binds the 
right number of particles. S-wave maxima in the elastic scattering cross sections then occur at A = 13, 64, 
and 183. The experimental curves show a rise in the total scattering cross section in the region A~60 ‘and 


180 for small neutron energies. 





INTRODUCTION 


HE nuclear shell model' has been extremely 

successful in describing the bound states of 
nuclei. Recently Feshbach, Porter, and Weisskopf* have 
endeavored to fit the neutron scattering data up to 
20 Mev using the clouded-crystal-ball model of the 
nucleus (i.e., a potential well with a real and imaginary 
part). The existence of giant resonances in the scattering 
cross section may be attributed to excited shell model 
states of the bombarded nucleus. In their first paper 
(FPW 1953), they chose a square well potential of 
depth 19 Mev and radius 1.454'X10-" cm. Adair® 
pointed out that this potential is too shallow to bind 
the required number of particles in a nucleus. The 
experimental data was re-examined and it was found 
(FPW 1954), that a better fit could be obtained by 
using a square well of depth 42 Mev, and radius 
1.45A!X 10-8 cm. This potential comes closer to fitting 
both the bound state and scattering data. However, 
with these parameters, the bound states of a nucleus 
lie somewhat too deep. For example, the 3p state in 
Pb*8 is bound by 14.1 Mev, which exceeds the experi- 
mental binding energy* by approximately 6 Mev. 

It is not too surprising that the square well potential, 
which drops discontinuously to zero at the nuclear 
radius, does not fit both the bound state and scattering 
data. One would expect that the nuclear potential 
should decrease smoothly to zero over a distance of the 
order of 10- cm. In the model of FPW, the energy 
separation between the nuclear levels is too great. The 
effect of putting a tail on the nuclear potential is to 
decrease the energy separation of the states. Therefore, 
one might hope that if a well with a diffuse surface is 
used, a single potential would be found which would 
fit both the scattering data and bound states of the 
nucleus. In this connection we have previously studied 
the potential’ V(r) = — Vo/cosh?(ar). It was found that 
the the position of the low-energy S-wave resonances could 


3 ; Sup ey ae by the Office of Ordnance Research, U. S. Army. 
MG. Mayer, Phys. Rev. <a “we (1949); Haxel, Jensen, and 

Pin Phys. Rev. 75, 1766 (194 

2 Feshbach, Porter, and Welsskepf, Phys. Rev. 90, 166 pas 
96, 448 (1954). Hereafter these will be referred to as FPW 

3R. K. Adair, Phys. Rev. 94, 737 (1954). 

* Kinsey, Bartholomew, and Walker, Phys. Rev. 78, 481 (1950). 

5 R. D. Lawson, Bull. Am. Phys. Soc. 30, No. 5, il (1955). 


be reasonably well reproduced. However, the potential 
drops off too rapidly to bind the high-angular-momen- 
tum states in heavy nuclei. One must, therefore, choose 
a potential which is flat out to almost the nuclear 
radius and then drops smoothly to zero. Afpotential 
which satisfies this condition is 


dues Vo 
‘y= ———- (1) 
1 eatr-0)” 


provided a is not too small.® 

Analysis of the neutron scattering data in the inter- 
mediate energy region’ has indicated that it is difficult 
to fit the experimental cross section as a function of 
energy using a potential which is independent of the 
energy of the incident particle. Therefore, if there is 
any connection between the potential acting on a bound 
nucleon and the interaction causing the scattering, it 
probably holds only in the low-energy region. We have, 
therefore, examined the possibility of finding a single 
set of parameters for the potential, Eq. (1), which will 
give agreement between the binding energy of a particle 
in the nucleus and the position of the zero-energy 
S-wave resonances in the neutron scattering cross 
sections.® 

Fortunately, one can easily find a series solution for 
S states so that recourse to a machine calculation is not 
necessary. However, to find the eigenvalues of the 
equation, one has to sum an infinite series. We, there- 
fore, do not propose to examine the problem in all 
detail, but merely wish to show that by adding a tail 
to the nuclear potential, the bound state and low-energy 
scattering data are more closely fitted by a single set of 
well parameters. 


* This potential has been previously me by several authors to 
analyze various effects, see for example, R. D. Woods and D. S. 
Saxon, Phys. Rev. 95, 577 (1954); R. M. Sternheimer, Phys. 
Rev. 97, 1314 (1955). Yennie, Ravenhall, and Wilson, Phys. 
Rev. 95, 500 (1954); D. G. Ravenhall and D. R. Yennie, Phys. 
Rev. 98, 277 (1955) have assumed the nuclear charge distribution 
is of this form to interpret the electron scattering experiments. 

7S. Fernbach (private communication). 

§ Actually the experimental curves given in FPW (1954) are 
broken off at 50 kev. However, to the accuracy with which our 
calculation can be carried out, without machine help, this is 
equivalent to zero energy. 
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METHOD OF SOLUTION 


For the bound S states of the potential given by 
Eq. (1), one must solve the differential equation 


(2) 


where x=ar, =—2mE/h'o?>0 (since E<0), »* 
=2mV o/h'c?, B=e-**, and x, which is r times the 
radial wave function, must satisfy the boundary 
conditions x(0)=0, x(x» )—0. 

Equation (2) is easily solved by setting x=e**F. 
The resulting equation for F becomes precisely the 
hypergeometric differential equation when one makes 
the substitution z=e-*. Thus the solution which 
satisfies the boundary condition at infinity is 


x=e** Le a,e"*, (3) 
where 
—[A2+n(n+2k)] 
 B(n+1)(n+142k) ” 


The series solution obtained in this way converges only 
in the region —In8<x<o (i.e., a<r<o). 

For small values of x, a series solution in e? is easily 
obtained : 


(4) 





xXa= et? >), bre”, (S) 


BL\2— n(n+ 2i7) } _ 


where 





Aw at122) 
and 
PeN-k, (7) 


which converges for 0 <«<—In8. 

Since the wave function must vanish at x=0, we 
must take a linear combination of x, and x_. Further, 
since x;*(x)=x_(«), the solution obeying the boundary 
condition is 


= ix+* (0)x+(*) —x+(0)x4* (x) V 21. (8) 


The energy eigenvalues are given by equating the 
value and slope of the wave functions, Eq. (3) and 
Eq. (8), at the “nuclear radius,” a=2o/a. 

As would be expected the eigenfunctions are similar 
to those for a square well. For small x, (@e7)"=e"(*-70) 
so that the series }°, b,e"* approaches bo, a constant, 
and x—sin(yx). For large x, the wave function, Eq. 
(3) approaches e~**, since (e~7/8)™"=e—™(*-70) 30, In 
the region near x=, the solutions are distorted 
because the nuclear potential now has a diffuse surface. 

The solutions in the continuum are obtained from 
Eqs. (3) and (8) by replacing & by ik. For x>-x», the 
solution may be written as 


x= [ei(eet5o) » Ante "* — ¢—ikket+ bo) » ie ane" |/2i, (9) 


where a, is given by Eq. (4), except that & is replaced 
by ik, and do is the S-wave phase shift. The solution 


R. D. LAWSON 


for x<2xo has the same form as before, except that +* 
s now equal to \?+-k’. 

If we denote by yu the logarithmic derivative of the 
interior wave function evaluated at x=xo, then the 
phase shift, 50, is given by 


crite g-tikee (mn tik+u)An/Din(n—ikt+u)Ant, (10) 


where 


An=Ban. (11) 


RESULTS AND DISCUSSION 


In the limit that &, the wave number of the incident 
neutron, approaches zero, one easily shows from Eq. 
(10) that the condition for a zero-energy S-wave 
resonance in the elastic scattering cross section is 
precisely the same as the condition that a particle be 
bound with zero energy in the well. The experimental 
cross sections® in the region A~60, show a rise at low 
energy. This has been interpreted by FPW as a low- 
energy S-wave resonance. We shall retain this interpre- 
tation and, therefore, require that our potential just 
binds a particle with zero energy in the region A~60. 

In the case of a square well potential, as considered 
by FPW, the condition for a zero-energy resonance is 
that the wave function be flat at the “nuclear radius,” 
a=rA}, that is, 


(2m V o/h?) eA4= (n+4)m. (12) 


If the scattering potential is to bear any resemblance 
to the bound state potential, this should correspond to 
the 3S state just being bound in the well. Assuming 
this resonance occurs at A=58, it follows that 4S peak 
lies at A= 158. 

On the other hand, the potential considered in this 
paper is diffuse. Therefore, the wave function can be 
increasing at the “nuclear radius,” a=r,A}, and still 
describe a state which is bound with zero energy. Thus 
the 3S zero energy resonance occurs when ‘yx is some- 
what less than 52/2. Further, since x(0)~™1, for a not 
too small, and since the series multiplying e*’* is 
independent of A, when evaluated at x=%o, it follows 
that the position of the mth S and (m+-1)st S resonances 
are related by 


(2mV o/h?) *¥0(A (nt4ys*— Ans!) =m. (13) 


Therefore, if we require that the 3S state be bound 
with zero energy at A=58, the 4S resonance occurs 
for A> 158. 

Assuming a=1.35A!X10-" cm, we can obtain an 
estimate of the well depth, Vo of Eq. (1), necessary to 
bind the 3p; neutron‘ in Pb®® by 7.4 Mev. A square 
well of depth 39 Mev will bind this state” by 7.9 Mev. 


*°H. H. Barschall, Phys. Rev. 86, 431 (1952); Miller, Adair, 
Bockelman, and Darden, Phys. Rev. 88, 83 (1952); Walt, Becker, 
Okazaki, and Fields, Phys. Rev. 89, 1271 (1953); Okazaki, 
Darden, and Walton, Phys. Rev. 93, 461 (1954). 

” This is slightly deeper than indicated by experiment. How- 
ever, the spin-orbit coupling should raise the 3p; state by approxi- 
mately 0.5 Mev. 








BOUND STATES AND LOW-ENERGY NEUTRON SCATTERING 


Since our well has sloping sides, we shall need a depth 
somewhat greater than this. If one chooses a= 2X10" 
cm~', this implies that \?= 2mV/h’a? should be some- 
what greater than 0.47 (the value obtained when 
Vo=39 Mev). If one takes \?=0.48 (Vo= 39.8 Mev) one 
finds that the 3S state is bound with zero energy when 
yx=7.48, which implies that the 3S resonance occurs 
at A=64. With these parameters it automatically 
follows that the 2S maximum occurs at A~13 and the 
4S at A=183. The fact that the 4S low-energy reso- 
nance no longer occurs in the neighborhood of A = 160, 
may not be too serious since the experimental curves 
given by Miller e¢ al.° show a low-energy rise around 
wolfram (A = 184). 

To examine the effect of this potential on the bound 
states, we calculate, by first-order perturbation theory, 
the position of the 3p level in Pb’. For a square well 
potential of depth 39.8 Mev and radius 1.354!x 10-" 
cm, the state is bound by 8.6 Mev. If one takes as a 
perturbation, the difference between the potential given 
by Eq. (1) and a square well of the same depth and 
radius, one finds that the change in the energy eigen- 
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value induced by sloping the walls is 1 Mev. Therefore, 
we would estimate that the 3p state in the diffuse well 
is bound by 7.6 Mev. To get some idea of the error 
involved in using perturbation theory, we have calcu- 
lated the binding energy of the 3S state at A=140 by 
two methods: first the eigenvalue has been found 
exactly by summing the requisite series, Eqs. (4) and 
(6); second, we have estimated its position by first- 
order perturbation theory. The exact calculation shows 
that the state is bound by 8.6 Mev. In a square well of 
depth 39.8 Mev and radius 1.35A!X 10-" cm, this level 
is bound by 10.2 Mev. The energy change brought 
about by the diffuse surface is 1.3 Mev and thus 
according to perturbation theory the state is bound by 
8.9 Mev. Therefore, first-order perturbation theory 
underestimates the energy change of the 3S state by 
0.3 Mev so that one might expect the 3p state in Pb” 
hes closer to 7.3 Mev in the diffuse well. 

I should like to thank Dr. E. Teller for many stimu- 
lating discussions. The writer has enjoyed interesting 
conversations with Dr. H. Mark and Miss A. Ross 
concerning this work. 
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Based upon recent developments of hydromagnetic turbulence, the interaction of a cosmic-ray particle and 
a moving interstellar cloud is investigated. It is found that the particle can be accelerated by an inductive 
mechanism with a comparable efficiency to Fermi’s mechanisms of collision. However, the efficiency is the 
highest when the particle is trapped between two interstellar clouds and is accelerated by the combined action 
of the two mechanisms in a “push-pull” manner. It is suggested that cosmic radiations are primarily acceler- 
ated by such a “push-pull” mechanism in some favorable regions in our galaxy. 





I. INTRODUCTION 


ECENT measurements of cosmic radiation have 
shown that the protonic and the nuclear compo- 
nents have very much the same energy spectrum. Con- 
sequently the lifetime of a heavy cosmic-ray nucleus in 
interstellar space cannot exceed five million years. This 
consequence of the similarity of the energy spectra 
required therefore a mechanism which is capable of 
accelerating a charged particle to an extremely high 
energy in a relatively short time and in such a manner 
that their age distribution is independent of nuclear 
charge. 

To meet this demand, Fermi proposed that cosmic 
radiations were accelerated in the trapping magnetic 
fields along the spiral arm of our galaxy.? The general 
galactic magnetic field is almost parallel to the spiral 
arm and its intensity is about 6X 10~® gauss.’ Owing to 
the turbulent motion of the interstellar medium, the 
lines of force are irregularly pushed back and forth and 
also the field intensity fluctuates along the spiral arm. 
Fermi showed that a cosmic-ray particle, spiraling 
along the lines of force of the general magnetic field Ho 
with an angle @) between its momentum vector and the 
direction of the field (angle of pitch), will reverse its 
direction of motion when it encounters a region with its 
maximum field intensity H,, greater than Ho/sin*@». Ina 
variable magnetic field, the reversal of the motion of the 
particle will result in a change of energy. As a rule, the 
energy will increase or decrease according to whether the 
turbulent region that causes the reversal moves toward 
the particle (head-on collision) or away from it (over- 
taking collision). Let B be the eddy velocity, taken to be 
positive for a head-on collision and negative for an 
overtaking collision, and 8 be the velocity of the 
particle, both being measured in units of the velocity 
of light. Fermi showed that the energy gain Aw is given 


by* 


* The research reported in this paper has been supported in 
part by the Geophysical Research Directorate of the Air. Force 
Cambridge Research Center. 

( 1 Kaplon, Peters, Reynolds, and Ritson, Phys. Rev. 85, 295 
1952). 

2 E. Fermi, Astrophys. J. 119, 1 (1954). 

asi Chandrasekhar and E. Fermi, Astrophys. J. 118, 113 
1953). 
4E. Fermi, Phys. Rev. 75, 1169 (1949). 


Aw= (2BB cos6o+2B*)w/(1— B*)=(2BB cos6))w. (1) 


This will be called an F-gain for short. Therefore, if a 
particle is trapped inside two such regions, say, 100 
light years apart, with the jaws of the trap moving 
toward each other at a velocity of 20 km/sec, the 
particle will have an energy increase of 10% in 3X 10° 
years. 

With the energy gain, the value of sin®) decreases 
proportionally.? The acceleration process thus proceeds 
until @ reaches its minimum value x, which is defined by 


sin?y= Ho/Hm; (2) 


then the particle will escape the trap. 

When this condition is reached, the process of acceler- 
ation becomes exceedingly slow. The particle would 
then keep on spiraling along the magnetic lines of force 
and be capable of passing without reflection through 
occasional maxima of field intensity along its path. This 
condition continues until it encounters a region with a 
sharp variation in magnetic field where the angle of 
pitch could be converted back to a Jarger value and the 
trap action then be resumed. 

It was first suggested by Davis that cosmic radiations 
could also be accelerated in the spiral arms of our galaxy 
by the inductive action of varying magnetic fields.® The 
essential difference between Fermi’s acceleration mech- 
anism and the inductive mechanism is that the former 
increases the momentum component parallel to the 
magnetic field while the later increases the normal 
component. In other words, an energy gain by Fermi’s 
mechanism results in a decrease of the value of sin 
reducing the trapping action of two turbulent regions, 
while the effect of an inductive action is just the reverse. 
Therefore, if the turbulent motions of the interstellar 
clouds are accompanied with corresponding time- 
variations in the galactic magnetic fields, and if the 
energy gain (which we shall call an J-gain) resulting 
from the inductive action during an encounter with one 
of those clouds is greater than the F-gain, then the 
inductive action will result in 6) increasing and the 
cosmic-ray particle becoming stable in the trap and 
being very efficiently accelerated. We shall see that this 


5 L. Davis, Jr., Phys. Rev. 93, 947 (1954). 
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will happen whenever x <4) <6., where @, is a critical 
value of 4. 

In this paper, which is based upon Chandrasekhar’s 
theory of turbulence,® a general mechanism of accelera- 
tion along the foregoing line is presented. The similarity 
of the energy spectra of different components can also 
be explained. 


II. POSSIBLE CHARACTER OF INTERSTELLAR 
MAGNETIC FIELD 


Recently Chandrasekhar has developed a statistical 
theory of hydromagnetic turbulence. In his theory, the 
process of energy transfer between different Fourier 
components (specified by the wave number &) of the 
velocity field and the magnetic field is visualized in 
terms of two suitably defined eddy coefficients, y;, 
describing the transfer of kinetic energy between the 
different modes, and );, similarly describing the transfer 
of energy between the kinetic and the magnetic forms. 
The essential results of this theory are that for small k, 
(i.e., for large eddies), there is an equipartition between 
the kinetic and the magnetic energies, while for large k, 
(ie., for small eddies), the solution of the problem 
allows two possibilities: either there is no magnetic 
energy in the high Fourier components or the magnetic 
energy is about 2.5 times the kinetic energy. These two 
modes are distinguished as the velocity and the mag- 
netic modes respectively. Two schematic representa- 
tives of the field intensity in interstellar clouds (of 
linear dimension L) for these two modes are shown in 
Fig. 1. 

The occurrence of the two modes is interpreted as two 
extreme cases of the conditions of the turbulent medium. 
The former case arises when the viscosity provides the 
principal source of energy dissipation while the latter 
case arises when joule heating provides the means of 
energy dissipation. Under the interstellar conditions, 
the kinematic viscosity v is so much greater than the 
resistivity, 1/420, that the velocity mode is the one 
which is most likely to be realized. As will be shown in 
the following section, this is the basic point upon which 
the proposed mechanism of acceleration is based. 


Ill. MECHANISM OF ACCELERATION 


There are basic reasons for the requirement of a large 
eddy size. First of all, large eddy size is needed for the 
trapping action. Also, in large eddies, the motion of a 
cosmic-ray particle can be described as in a uniform 
magnetic field, regarding the time and space variation 
of the fields as a small perturbation. This greatly 
simplifies the mathematical formulation. A cosmic-ray 
particle of 10'5 ev energy describes loops of 1/10 
parsec in radius in a magnetic field of 10-® gauss. 
(1 parsec= 3.26 light years.) Therefore, the size of inter- 
stellar clouds, 10-50 parsecs in linear dimension, does 
satisfy the requirement. 


6 S. Chandrasekhar, Proc. Roy. Soc. (London) (to be published). 
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Fic. 1. (a) Velocity mode. (b) Magnetic mode. 


Consider a cosmic-ray particle with a charge e 
spiraling around the magnetic lines of force linking two 
clouds each of linear dimension L, and approaching one 
of them. Let @ be the angle between the momentum 
vector p of the particle and the direction of the magnetic 
field H (the angle of pitch), and 4 the value of @ when 
the particle is in the general magnetic field Hy between 
clouds. The radius of the spiral orbit the particle des- 
cribes is 

p= pe sind/eH. (3) 
During the motion the quantity 
q=sin*6/H=sin’6o/ Ho (4) 


is approximately constant.’ If the maximum field 
intensity in the clouds, Hm, is greater than Ho/sin’@s, 
the particle will reverse its motion where the field 
intensity is equal to Ho/sin*#@. The change of the energy 
caused by this reversal is 


Aw= (2B cos#y+2B*)w/(1— BY) ~ (2B8 cos6.)w, 


where c6 and cB are the velocity of the particle and the 
velocity of the cloud in the direction of H, respectively, 
and w is the energy of the particle including its rest 
mass. This is what we have called the F-gain. 

Accompanied with the mass motion of the clouds, 
there is a net flow of kinetic energy into the magnetic 
energy. The amount of the flow is given by the equation 
derived by Chandrasekhar® as 


1d dv 
~ “ur)=251(—), (5) 
2 dt 


Ox 


in which (dv/dx) is the variation of the velocity com- 
ponent of the turbulent medium along the direction of 


7H. Alfven, Cosmical Electrodynamics (Oxford University Press, 
Oxford, pp. 20, 21). 
( 8S. Chandrasekhar, Proc. Roy. Soc. (London) A204, 435 
1950). 
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H per unit distance along H. Since we have assumed 
that the magnetic fields in the interstellar clouds have 
no high-frequency components, it follows that 


dH/dt=2.5HV/L. (6) 


where » stands for iB. This time variation of the 
magnetic field results in an inductive action. 

It must be noticed that with a positive value of V 
(head-on collision), the magnetic field increases and so 
the induced electromotive force is in the direction of 
motion of a positive particle. Thus the inductive action 
and Fermi’s mechanism operate to reenforce each other. 
The same holds true for an overtaking collision. 

With the time variation of the magnetic field given 
by (6), the energy gain by a cosmic-ray particle per 
loop is 


(e/c)mp*dH /dt, (7) 


where p is given by (3). 
The number of loops the particle describes in traveling 
a linear distance dx along the direction of H is 


dx cBsind dx siné 
a (8) 


cB cos8 2xp 2p cos) 


Thus the energy gain during the whole course of the 
encounter is 


dH 


dx sind e 


AE= 


—™p 
2mp cos? c dl 


pe sin’é / 1 dH 
Sle) 
2c cos#\H dt 


where the integration is effected over the total linear 
distance traversed by the particle. This is what we have 
called the J-gain. 

Assuming the kinetic energy of the particle, E= pc, 
to be constant, inserting 2.5V/L for H/H, gH for sin*é, 
and replacing dx by (0H/dx)dH in (9), we obtain for 
the J-gain: 


apa 2SBE f qH ee 
Lq Sony (@H/az)\(1—gH) 


It can be seen from (10) that the energy gain could be 
substantial if the particle traverses a relatively long 
distance in which 6H/dx is small. Therefore, the J-gain 
depends sensitively on the angle of pitch 6) and the 
spectral distribution of the turbulent magnetic field in 
the clouds. The smaller the angle of pitch 60, the deeper 
will the particle penetrate into the cloud and the larger 
will be the J-gain. Our present knowledge of the 
galactic magnetic filed is still inadequate for a realistic 
discussion of the process proposed. Nevertheless, as we 
shall show presently (in Sec. IV), so long as the mag- 
netic field in the clouds has no high-frequency compo- 





(10) 
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nents as indicated in Fig. 1(a) and the size of the clouds 
is sufficiently large, it is most probable that there exists 
a range (x,0.) for the angle of pitch 0 such that if 
x <0 <6, the J-gain is higher than the F-gain. 

The physical significance of the existance of a critical 
angle such as 6, can be seen as follows: For a cosmic-ray 
particle trapped between two clouds approaching each 
other, with its initial pitch angle @)>0., the F-gain is 
greater than the 7-gain and an energy gain by the 
particle results then in a decrease of the pitch angle 
until 6) becomes equal to @,. On the other hand, if 
x <00<6., the J-gain is greater than the F-gain and an 
energy gain results in an increase of the angle of pitch 
until again, ) approaches gradually the angle @,. Thus 
6, is the “equilibrium” value of the angle of pitch which 
the particle will tend to have. Therefore, for the case of 
acceleration, @, is the angle of pitch at which the 
“push-pull” action of Fermi’s mechanism and the 
inductive mechanism is operating. 

In the case of two clouds receding from each other, 
the trapped cosmic-ray particle will be deaccelerated by 
both Fermi’s mechanism and the inductive action. 
However, there also exists an angle 6,’, similar to 0,, for 
which the energy reduction by Fermi’s mechanism (the 
negative F-gain) is equal to that by the inductive action 
(the negative J-gain). When @>6.’, the particle is 
stable in the trap. For x <0) <6,’, the energy reduction 
will result in a steady decrease of the angle of pitch 
until @) becomes x, when the particle will be able to 
penetrate the maximum magnetic field without reflec- 
tion and thus escape from the trap. 

After the particle has escaped from the trap, it 
would keep on spiraling along the magnetic lines of 
force without the reversal of its direction of motion. 
This condition continues until either it encounters a 
region with a sharp variation in magnetic field where 
6) could be converted back to a larger value according 
te a statistical distribution of directions, or it suffers a 
“head-on” collision with a cloud with an appropriate 
distribution in magnetic field where 4 could be effec- 
tively increased by the inductive action, and then the 
trap action can be resumed. 

The angles @, and 6.’ are not necessarily equal ; in fact, 
6.’ is likely to be larger than @,. One interesting conse- 
quence of this property arises for the cases where clouds 
are first approaching and then receding from each other. 
A trapped cosmic-ray particle, which after acceleration 
between the clouds by the “push-pull” mechanism has 
attained the angle of pitch 6)(=6.) can find itself sud- 
denly in the unstable region (x,0.’) when the clouds 
begin to move away from each other. On the other 
hand, in those traps where deacceleration has been 
operating, all the cosmic-ray particles will have their 
pitch angles greater than @,, and thus, they will be 
ready for acceleration should the “jaws” of the trap 
reverse their directions of motion. Therefore, a high- 
energy particle has higher probability of being acceler- 
ated than deaccelerated. 
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Some further remarks which might be made regarding 
the “push-pull” mechanism are the following. Firstly, it 
should be noticed that the mechanism operates for 
positive particles as well as for negative particles. Sec- 
ondly, the mechanism is very inefficient for non- 
relativistic particles as can be seen by putting E=0 
in Eq. (10). Finally, with the time variation of the 
magnetic field given by (6), induced currents will be 
set in the interstellar medium. However, one can 
readily show that the velocities of the ions and the 
electrons in the medium and the drift velocities of the 
guiding centers of the spirals described by the ions and 
the electrons are much smaller than V. Thus the induced 
currents will not offset the mass motion of the cloud and 
consequently the relation (6) will continue to be valid. 


IV. ANGLES 6. AND 8,’ 


In order to demonstrate the existance of the equilib- 
rium angles @, and @,’, we shall consider the following 
two cases: 

Case I.—Clouds with 0H/dx <15Ho/L. 

Let us first consider a special case in which 0H/dx 
can be represented by 2(H,,—Ho)/L and then apply the 
results to more general cases. In this case, (10) reduces 
to 


AE=————_—(2-+-.gH,)(1—¢H)* 
69(Ha—Hy) gH gH) 


Hy(2+ sin’) 


=2BE cosy , 
2.4 (Hn- Hy) sino 





on account of the relation gHo= sin. 
A comparison of (1) and (11) gives the following con- 
dition for the J-gain to be larger than the F-gain: 





Ho(2+sin76) E 
(2)>. 


2.4(Hm— Ho) sin’ \ w 


1.2 
|=(m- 1)-05| sin’@9< 1, (12) 
€ 


in which m and ¢ stand for H,,/Ho and E/w respectively. 
Since sin’@>>Ho/Hm, we must have 


m 
<—=m. 


1.2 
[=m 1-05] < 
€ sino Hy 


(13) 


In other words, 

where m,.=(1.2+0.5e¢)/(1.2—¢). (14) 

When m<™m.,, it follows from (12) that 6)<@., where 
sin’0,= ¢/[1.2m— (1.2+-0.5e) ]. (15) 


For x <00<6., the J-gain is greater than the F-gain. If 
the right-hand side of (15) should be greater than 1, the 
equation should be interpreted as simply 0.= 2/2. 


m< Me, 


The foregoing results can be applied quite generally 
whenever the value of 0H/dx is less than Hy(m.—1)/L 
everywhere in the clouds; for then the integrand in (10) 
is everywhere larger than that in the special case con- 
sidered and the value of the integral should also be 
larger. Two special cases of the foregoing are the 
following: 


(a) H=Hot+ (Am— Ho) sin(xx/L), (OS x< L/2), 
with Hm/Ho< (0.64m.+0.56)=6 if e=1. 
(b) H= Hot (Hm— Ho) exp[ — (2«— L)*/L?)], 


with H»/Ho< (1.2m,.—0.2)=10 for e=1. 

Case IJ.—Clouds with their field intensity curves 
very flat near Hm. 

Divide the field intensity curve in the clouds into two 
regions (Ho,H) and (H,H»), with 


H=tH,, 


(16) 


(17) 


(18) 


so that, in the region of (H,Hm), 0H /dx can be repre- 
sented by a constant value (H,,—H)/l, when / is the 
linear distance. This can always be done as long as the 
magnetic field has no discontinuity in the neighborhood 
of H,, as indicated in Fig. 1(a). Then (10) becomes 


AE= (AE): +(4E)2, (19) 








d(qH), (20) 


, f gH 
Lq “gH (9H/dx)(1—gH)} 





2.5BE qH 
= J d(qH) 
Lq ~ qu (0H/dx)(1—gH)! 


q 


5BEl 


a ww Ts ee 
3Lq(Ha—H). +qH)(1—qH) 


(21) 
The sufficient condition that the J-gain be greater than 
the F-gain is then 
el(2+£&m sin’6o)(1— £m sino)! 
21, (22) 
1.2mL(1—£) cos@o sin’ 





in which m and ¢ have the same meanings as before. 
Since cos sin’ has a maximum value 2/3v3, and 
m sin*@o>>1, (22) will always be satisfied if 


V3el(2+£)(1—&m ain™)* ‘ 
0.8mL(1—£) aa 





(23) 


1 0.64m?L?(1—&)? 
[:-———|._ 


m sin*Oy9<-| 1— 
: 3€P (2+)? 


Consequently, the sufficient condition of the existence 
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of the equilibrium angle @,(> x) is 


(1-HAn Hn Z, 
¢5e(2+4)*——~45e&—_._ (25) 
(mL)? (mL)? 


The quantity of the left hand side of (25) represents the 
curvature of the magnetic field at Hy». 

The foregoing arguments can be applied equally well 
to overtaking collisions to show the existance of @,’. To 
the first order of approximation, @, and 6,’ are equal. 
However, to a higher order of approximation, 6,’ is 
likely to be larger than @,. For when terms of the second 
order in B are taken into account, the absolute value of 
the negative F-gain is less than the positive F-gain by 
the amount 4B*w. The same should be true of the 
I-gains. This proves 6.’>6.. 


V. TIME SCALE OF THE ACCELERATION 


It was first suggested by Kaplon, Peters, ef al. that! 
the integral spectra of different components of cosmic 
radiations can be represented by a single formula 


n(>E)~1/(1+£)*, (26) 


where m is the number of particles whose energy per 
nucleon is greater than E and s is about 1 for the pro- 
tonic component and is about 1.3 for the nucleonic 
components. This formula holds for E<50 Bev/nucleon 
and has been confirmed by other groups of cosmic-ray 
workers. 

Now let us consider the “push-pull” mechanism dis- 
cussed in Sec. III. A cosmic-ray particle which is trapped 
between two clouds approaching each other, will spend 
part of its time in the clouds and the rest of its time in 
traveling between clouds. Let 7; be the time taken for 
an encounter with a cloud, and let 7; be the time taken 
in traversing the distance between two clouds. 7, will be 
simply 


T,=aL/(c cos6,), (27) 
where aZ is the distance between the clouds. The value 
of T, can be estimated as follows: 

At the equilibrium angle @., the F-gain is equal to the 
I-gain. Since the energy gain by the inductive action 
per unit time is, according to (7). 


)-\Z) 
=1.25E(V/L) sin’, (28) 


where we have put 6=1 and (1/H)(dH/dt) equal to 
2.5V/L. Thus 


T1 
2Bw cosé,= f one sin*6dt 
0 


= 1.25(V/L)T, 
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as the particle spends most of its time in the region of 
the cloud where 6~72/2. For the acceleration of a rela- 
tivistic particle (E~w), 


T,~1.6L cos0./c. (30) 


The sum of 7, and 7; gives the time interval between 
two successive encounters as 


(1.6 cos*@.+-a)L 
T=T1+T.= 





, (31) 
c cos@, 


with an energy gain of 4Bw cos@,. Hence the energy gain 
per encounter is 


dw/dN =4Bw cos6., 
and the energy gain per unit time is 


dw/dt=4Vw cos*#,/ (1.6L cos*®.+aL). 


(32) 


(33) 


It is clear that the process of acceleration cannot last 
forever since the distance between the clouds, aL, is 
limited. The maximum time allowed for the acceleration 
is of the order of a//2V. After that the particle has to 
undergo another cycle of acceleration as well as a cylce 
of de-acceleration although the former has a higher 
probability. Consequently an efficiency factor 7 should 
be introduced in (33), giving the average rate of the 
energy gain of the cosmic-ray particle as 


(dw/dt)4=w/A, (34) 


where A, given by 
A= (1.6+a sec’6.)L/(4nV), 


determines the time scale of the acceleration. 

The present knowledge on the interstellar clouds 
suggests L=10 parsec, aL=30 parsec, V=10 km/sec 
for the clouds in the neighborhood of the sun. Taking 
n=10% and 6.=30°, we have A=4.2X10" sec=14 
million years, which is too long unless a higher value for 
n (say 30%) is used. On the other hand, the recent 
measures’ of the 21-cm radiation from the innermost 
part of our galaxy indicates the velocities of clouds in 
the region of 1.5 to 2.5 kiloparsecs from the center are 
as high as 50-70 km/sec, and even higher towards the 
center. If the high values of V are taken, A becomes of 
the ordér of several million years. In conclusion, there 
seems to be regions in our galaxy where the “push-pull” 
mechanism does provide enough efficiency for the ac- 
celeration of cosmic radiation. 


(35) 


VI. ENERGY SPECTRA 


One of the essential points of Fermi’s theory of the 
origin of cosmic radiation is that the energy spectra are 
determined by the rate at which the cosmic-ray particles 
are accelerated and the rate at which the particles are 
eliminated. We have seen from (34) that the energy 


®*Kwee, Muller, and Westerhout, Bulletin of the Astronomical 
Institutes of the Netherlands No. 458 (1954). 
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of a particle at time ¢ is 
w(t)=w exp(t/A). (36) 


Assuming the lifetime of the particle to be governed by 
the statistical law 


P()dt= (dt/B) exp(—1/B), (37) 


we can readily show that the energy spectrum is of the 
following form 


dn~swy'dw/w'**, (38) 
with 


s=A/B. (39) 


In the original form of his theory,‘ Fermi assumed 
that the nuclear collisions effectively destroy the 
particle. Under this assumption, B will be different for 
different species of nuclei and so will the energy spectra. 
This is contradicted by the experimental results. 

In order to overcome this difficulty, Morrison ef al.!° 
and Fermi? independently suggested that cosmic-ray 
particles are eliminated from our galaxy by leakage and 
thus B would be the same for all components of the 
cosmic radiations. This assumption can be slightly 
generalized by saying that the cosmic-ray particles are 
eliminated by leakage from the region or regions where 
the acceleration is operating. This will also give an 
inverse power-law spectrum which is the same for all 
the components. The advantage of the modified 
assumption is that there may be in the galaxy only a 
few regions where the physical condition is suitable for 
the acceleration of cosmic radiation. Then the leakage 
from a smaller region seems to be more natural than the 
leakage from the galaxy. 

Assume for instance that the nucleus of the galaxy is 
the only region where cosmic radiation could be effi- 
ciently accelerated. The motion of a cosmic-ray particle 


# Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954). 
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inside of the nucleus can be described as a random walk, 
with length of steps (a+1)Z, and duration r. The aver- 
age number of steps a particle takes before it leaves the 
nucleus is 3R?/2(a+1)?L?, where R is the radius of the 
nucleus. Therefore 


3R? 
B=————1. 
2(a+1)*L? 


Putting R=3000 parsec, a=3, L=10 parsec, and B 
=A/1.2 as required by the shape of the energy spec- 
trum, and A=3 million years, we have 


(40) 


t= 10" sec, (41) 


which is about twice longer than the average time dura- 
tion of each step without trapping action. 

As far as the present knowledge goes, the center of 
our galaxy seems to have a physical condition favorable 
for the acceleration of cosmic radiation. However, 
before one can definitely assume the central region of 
the galaxy to be the principal source of cosmic radiation, 
various questions related to the isotropy of the cosmic 
radiation should be answered." 

Two remarks should be added in conclusion. The first 
is on the mechanism of injection. Recent discovery of 
the solar component of cosmic radiation indicates that 
stars or stars of particular types are probably the injec- 
tors. The second is on the cutoff in the energy spectrum. 
Since the “push-pull” mechanism is inefficient for 
accelerating nonrelativistic particles, the low efficiency 
of the acceleration mechanism serves as another possible 
explanation of the cutoff. 

The author wishes to express his sincere thanks to 
Professor Chandrasekhar for his interset in this work 
and his kind guidance, and to Professor Blaauw for 
several discussions on the structure of the galaxy. 


LL. Davis, Jr., Phys. Rev. 96, 743 (1954). 
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The charge-dependent effects of the s-—7® mass difference, the Coulomb interaction, and the #~+) 
—y-+n radiative transition are calculated phenomenologiaclly using a charge-independent potential model 
for the pion-nucleon nuclear S-state interaction. It is found that the charge-exchange S-wave-scattering is 
little affected but that the transition rate for a bound x~ meson (Panofsky effect) is suppressed about 10%, 
removing the discrepancy between the difference in scattering lengths as calculated from scattering and from 


the Panofsky effect. However, it is also found that there can be 25% 


corrections to the w~ elastic scattering 


amplitude of either sign, making the precise analysis of low-energy x~ elastic scattering experiments difficult. 





INTRODUCTION 


HE over-all success of the hypothesis of the con- 
servation of isotopic spin by the pion nucleon 
interaction is marred by the discrepancy between the 
difference in the S-wave scattering lengths as deter- 
mined directly, (6:—63)/k=0.27,1 and as evaluated 
from photomeson experiments and the Panofsky effect 
using detailed balancing, (6,—63)/k=0.19.? Part of this 
discrepancy may be experimental,’ but there are three 
ways that the #-— system fails to conserve isotopic 
spin and which could also be large enough to affect the 
analysis of these experiments. In the first place, the 
Panofsky effect itself shows that the neutral pion is 9 
electron masses lighter than its charged counterparts.‘ 
This means that the eigenscattering states are not pure 
isotopic spin states, so that both the eigen phase shifts 
and the asymptotic ratios of the scattered waves will 
differ from those calculated using the isotopic spin 
formalism. Further, the phase shifts of the m—n 
system must be evaluated at a different momentum 
than those in the x-— p system. In the second place, the 
Coulomb interaction between the negative pion and the 
proton not only modifies the *-—p phase shifts, but 
also changes the amplitude of the incident wave at the 
proton and hence affects the r°—™m scattering as well. 
Finally, the fact that the negative pion can undergo 
radiative capture with a probability comparable to that 
for charge exchange scattering’ again modifies the 
eigenstate phase shifts and amplitudes. 

Ideally, one would like to calculate all these effects, 
including the mass difference itself, by including the 
electromagnetic interaction in the Hamiltonian for the 
pion-nucleon system and solving the scattering problem 

* Research supported by the U. S. Atomic Energy Commission. 

t Now at the University of California Radiation Laboratory, 
Livermore, California. 

1W. Spry, Phys. Rev. 95, 1295 (1954); J. H. Tinlot and A. 
Roberts, Phys. Rev. 95, 137 (1954). 

2H. L. Anderson and E. Fermi, Phys. Rev. 86, 794 (1952); 
J. Leiss and C. Robinson, Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics (Interscience 
Publishers, New York, 1955), p. 4 

3 At the Pisa Conference, Bernardini reported a new result of 
1.7 for the minus-plus photo-pion production ratio in deuterium, 
which raises the Panofsky effect value to (6:—63;)/k=0.22+0.02. 


4W. Chinowsky and J. Steinberger Phys. Rev. 93 586 (1954). 
5 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 


for this system. This would in all likelihood lead to a 
charge dependent modification of the interaction as well 
as to the kinematic effects listed above. However, the 
attempts to date to calculate pion-nucleon S-wave 
scattering from field theory, even in the absence of 
electromagnetic effects, have not been very convincing 
or successful. Consequently the approach used in this 
paper is to use a charge-independent potential model for 
the pion-nucleon interaction and to include only those 
isotopic-spin-dependent terms already required by 
experiment: the x-—7° and n—p mass difference, the 
Coulomb interaction, and a radiative capture interac- 
tion adjusted to fit the experimental transition ratio 
T'o/T,=0.94+0.20.5 


CHARGE INDEPENDENT POTENTIAL MODEL 


The fact that the early measurements of 6; did not 
extrapolate linearly to zero at zero energy led Marshak® 
to postulate a potential model for the S-state inter- 
action consisting of a repulsive core surrounded by a 
longer range attractive potential. Orear’ has since shown 
that the scattering experiments are compatible with a 
linear momentum dependence for the S-phase shifts up 
to 200 Mev, and that agreement with experiment is 
improved by the addition of some d-wave scattering. 
However, since there is some slight theoretical justifica- 
tion for the Marshak model in terms of a strong meson- 
meson interaction,’ this model is used here. 

In order to determine the parameters of the model, it 
is convenient to make use of the effective range analysis? 
suitably modified to take account of the repulsive core. 
This is done by plotting k cot(6+R) against k* for 
some assumed core radius R. Since the present data are 
very insensitive to the choice of core radius,” it is con- 
venient to assume the same core for both isotopic spin 
states. For simplicity in the calculations that follow, it 
is useful to use a square well for the attractive part of the 


®R. E. Marshak, Phys. Rev. 88, 1208 — P. Noyes and 
A. E. Woodruff, Phys. Rev. 94, 1401 (1954). 

7J. Orear, Nevis Laboratory. Report No. 11 Y eora 

8A. N. Mitra and F. J. Dyson, ae Rev. 90, 372(A) (1952); 
M. Ross, Phys. Rev. 95, 1687 (1954). 

°J. M. Blatt oy D. Jackson, Phys. Rev. 76, 18 (1949); H. A. 
Bethe, Phys. Rev. 76, 38 (1949) 

0H. P. Noyes, Phys. Be %, 618 (A) (1955). 
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FAILURE OF 


potential with the same range in both states. The 
scattering length and effective range are then given in 
terms of the range and depth of the potential by 


—a=([tand(r—R) ]/A—r, (1) 
and 


retr=r—R+1/[(R—a)d\?]— (r—R)*/3(R—a)?, (2) 
where 
V(x)=0, x<R; V(x)=—d, Re<x<r; 
V(x)=0, r<x. 


The effective range plots are given in Fig. 1 for the well 
parameters given in Table I, and the momentum 
variation of the phase shifts is plotted in Fig. 2. (The 
unit of length is h/m,—c.) All these models suffer from 
the defect of not giving a 4; as large as is apparently 
indicated by experiment around 100 Mev, but (except 
for II) are not ruled out by existing data. Since, how- 
ever, they all are fitted to the same scattering lengths, 
they agree with experiment at low energy and serve to 
test how dependent the effects considered here are on 
the details of the model. It is, perhaps, of interest that 


TABLE I. Well parameters for the various models 
The unit of length is #/m,-c. 











0.3 
0.3 
0.4 
0.5 








the more reasonable models (I, III) require a proton of 
about the size indicated by the electron scattering 
experiments." 


INTRODUCTION OF ISOTOPIC SPIN DEPENDENT 
EFFECTS 
The above potential models can be considered as 
arising from an interaction term of the form 


o-[2A3?-+A1?+ (As?—Ax’) (t- T) 6/3, (3) 


where t is the isotopic spin of the nucleon, T the isotopic 
spin of the meson, and @ a six-component wave function 
for the pion-nucleon system. If we let the total isotopic 
spin I=t+T, this interaction is diagonal in the repre- 
sentation diagonal in J?, J,, and gives the usual Klein- 
Gordon equation. If the free-particle equation of motion 
is to agree with the experimentally determined masses, 
we must add to the usual free-particle Hamiltonian a 
term of the form 


5m? (T3?+-als+bi3T 3). (4) 
Any field-theoretic treatment which is to agree with 
experiment must lead to this result, although it might 


“R. Hoffstatder and R. W. McAllister, Phys. Rev. 98, 217 
(1955). 
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Fic. 1. Effective-range plots for three core radii. Roman 
numerals refer to models given in Table I. All models have scat- 
tering lengths a;=0.10, a:=—0.17 [see Rinehart, Rogers, and 
Lederman, Nevis Laboratory Report No. 12 (unpublished); 
J. Orear, Phys. Rev. 96, 176 (1954) ]. Phase shifts come from the 
following authors: 1. J. Orear et al., Phys. Rev. 96, 174 (1954), and 
Proceedings of the Fifth Annual Rochester Conference on High- 
Energy Physics (Interscience Publishers, Inc., New York, 1955), 
p. 18. 2. H. A. Bethe and F. de Hoffmann, Phys. Rev. 95, 1100 
(1954). 3. E. Fermi e¢ al., Phys. Rev. 95, 1581 (1954). 4. F. de 
Hoffmann ef al., Phys. Rev. 95, 1586 (1954), Track I. 5. H. L. 
Anderson et al., Phys. Rev. 100, 267, 278, 338 (1955). 


also modify the interaction (3); the latter effect is 
ignored here. If y_ and yo represent the *-— p and the 
m—n wave functions, the equations of motion inside 
the range of forces are then 


yy" +k 2y_+ (As+2A7)y_, 3+Vv2 (AA?) yo 3=0, (5) 
5 
yo + Ro*yo+ (2A¥+A1) Vo 3+v2 (Av—A1?) y_ '3=0, 


} 
3 8, 0 
eS. 


3 


SHIFT (RADIANS) 


PHASE 


PION MOMENTUM 





Fic. 2. Comparison of models given in Table I with data. Phase 
shifts calculated from the models are indistinguishable on this plot 
from those given by the effective range formula & cot(6+£R) 
= (R—a) + Frerth?. 
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where k_ and ko are the center-of-mass momentum of 
the charged and neutral pion respectively. Coulomb 
effects can be included simply by using the appro- 
priate Coulomb wave functions for the negative pion 
outside the range of interaction. 

The inclusion of the possibility of radiative capture is 
not so straightforward, since this involves the question 
of the charge and current distribution iaside the range of 
interaction, which is unknown. However, at a given 
energy, this transition can clearly be simulated pheno- 
menologically simply by including an interaction term 
coupling the -— p, x°—mn system to the y—m system. 
The energy dependence of this term could then be fitted 
by using data on the S-wave photoproduction of nega- 
tive and neutral pions from neutrons. Rather than 
attempt such an elaborate treatment here, we simply 
adjust the coupling to the *-— system to give the 
observed Panofsky ratio, and assume it will not change 
significantly over the small energy range (129< E,<161 
Mev) considered. For simplicity we also assume that 
the direct coupling to the x°—m system is negligible and 
that the gamma ray is not scattered once it is produced. 
If yy: and yy2 are the wave functions for S-wave gamma 
rays of two different polarizations, our equations of 
motion inside the range of interaction then become: 


vy" +k 2y_+ (As?+2A1*)y_/3 
+2 (AP—A1*) 0/3 — J? — J*¥42= 0, 
yo + Royo (2A2+A1?) yo/3+V2 (AP—Ax?)y0/3=0, (6) 
da thy yy —Py-=0 ya! thy? ya—P’y_=0, 
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Fic. 3. Comparison of the absolute magnitude of the scattering 
amplitudes calculated including the charge-dependent effects with 
those calculated from the same model ignoring these effects. 
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where k, is the center-of-mass momentum of the gamma 
ray, and J? is to be adjusted to give the experimental 
ratio of 0.94 for x° to y yield in the Panofsky effect. 

Using the obvious fact that we can let yy1=¥,2= 4», 
there are three normal mode solutions to the above 
equations, which we label P, V, and G. These solutions 
are: 


yri=0, x<R, j=—,0,7, 

yri=ay' sinK;(x—R), R<x<r, I=P,N,G, (7) 

yri= Er) sin(kyx+6r), 
where the normal mode frequencies K; and ratios 


a; are determined by solving Eqs. (6). The nine phase 
shifts are given by 


k; cot(kw+4;)= Kr cotlK1(r—R) ]. (8) 


r<x, 


Since we are interested in transitions starting with the 
m-—p system, we pick our normalization such that 
§;-=1. Then continuity of the wave functions gives 


£i=a// sin(k_r+67-)/ar~ sin(kw+é6,’). (9) 


If we now impose the usual boundary condition of an 
incident plane wave and outgoing spherical waves 
(with appropriate momenta), the differential cross 
sections starting with negative mesons incident on 
hydrogen are 

oz do® dot 2¢ 
—=—|s7]*, (10) 


dQ qa@ vw qa@Q w 


where 


1 
$j=—L (Dkr! exp (i814) F1/ 


2ik_ 
exp(—157-)F 1) —6_, ;], 


Vo 
—=|s_[, —=—|s0]*, 


(11) 
and we have defined 
F p=ty°E@” exp —i(5y°+5e7) ]—Eo%En? 
Xexp[—i(5e°+6yn7)], (P,N,G) cyclic. (12) 
If we ignore the gamma-ray transition and the mass 
difference, K,?=k?+);? and Ky’=k_*+ ; so that 
5,-=6,°=53 and 5y-=dy°=6,. Further, since under 
these conditions £,°=vV2 and fy°=—1/v2, F, 
=—(1/v2) exp(—ié:) and Fy=—v2 exp(—ié;), this 
expression reduces to the usual result. 
If we introduce the Coulomb interaction in the x~— p 


system, the phase shifts for this system are now 
defined by 


k_Fo' (k_r) cosés~+k_Go' (k_r) sind;~ 
Fo(k_1) cosés-+Go(k_r) sind;- 
= K, cot(Kr(r—R) ], 





(13) 


where Fo and Gp are the regular and irregular Coulomb 
functions as defined by Yost, Wheeler, and Breit.” 


2 Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936). 
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The asymptotic coefficients of the scattered waves are 
now 


Er/=ay'[Fo(k_v) cosdsi+Go(k_r) sind;*]/ 


ar sin(ke+6r), j=0,y; §r-=1, (14) 


and in the *-—p system we must add the Coulomb 
amplitude 


—a exp[ia In sin?(0/2) ]/2k sin?(0/2), a=e/horan, 


to the nuclear term s_ defined above. 

In the Panofsky effect we must replace the Coulomb 
scattering functions with a bound-state wave function 
outside the range of forces. It is a very good approxi- 
mation to ignore the level shift and simply use the 
m~ mesonic hydrogen atom wave function xu,(x) for 
this. We therefore take y_=£;-xu,(x) outside the 
range of interaction. The x° and y phase shifts are 
defined as before, but the asymptotic ratios now 
become 


(15) 


If we normalize to one bound x~ meson, the amplitudes 
of the outgoing waves are 


pi= > rér exp(i67’)F 2d 1F 1, 


€7)=ay'ru.(r)/ar~ sin(kwr+é7’), j7=0,y, EO =1. 


(16) 


TABLE II. Results of the various models for the Panofsky effect. 








Model J 


I 0.5479 
II 0.09426 
III 1.6314 


% Correction 


—9.81 
—8.14 
— 11.07 


P,0/Ty 
0.945 


0.950 
0.954 











with the F; defined as before; the ratio of the yield of 
neutral mesons to gamma rays is | po|?/2c| p,|?. We 
can compare the transition rate to that calculated by 
Fermi’ simply by taking the ratio of po to Premi 
= u-(0)V2(a3—4a1)/3, where as and a; are the scattering 
lengths for S-states of isotopic spin $ and }. 


RESULTS AND CONCLUSIONS 


If one solves Eqs. (6) and fits the gamma-ray 
coupling parameter J? to give the observed ratio of 
m to y yield, all models show that the 7° transition 
rate is depressed by about 10% compared to that given 
by Fermi. The exact values are given in Table II. 
Consequently these models, with a difference in 
scattering lengths of 0.27, predict that the difference 
in scattering lengths as calculated from the Panofsky 
effect in the usual way should be 0.243, in agreement 
with the latest experimental result.? It remains to 
show that they are also in agreement with the charge- 
exchange scattering between 20 and 40 Mev. The 
corrections to the charge-exchange scattering ampli- 
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Fic. 4. Comparison of the phase shifts calculated including the 
charge-dependent effects with those calculated from the same 
model ignoring these effects. The large rise of the 79—mn phase 
shift corrections at low energy is due primarily to the fact that the 
m® momentum remains finite as k_ approaches zero. 


tude are given in Fig. 3, and are at most a couple of 
percent for all models over this energy region, so that 
it can be safely concluded that the charge dependent 
corrections considered here do remove the discrepancy 
between charge exchange scattering and the Panofsky 
effect. 

The situation with regard to elastic scattering is not 
so straightforward. As can be seen from Fig. 3, the 
corrections to the elastic scattering amplitude can be 
as much as 25% and go in opposite directions for a 
small core and large range (II) and for a larger core and 
smaller range (III). That this change is not just due to 
changes in the phase shifts can be seen from Fig. 4, 
where it is seen that the corrections to the phase shifts 
that replace 6; and 6; (P and V normal modes in the 
notation of equation 7) are very similar for models I 
and III. It is clear from the numerical work leading to 
these results that both the changes in asymptotic ratios 
and the role played by the normal mode in which the 
radiative transition is dominant are sensitive to the 
choice of model. Consequently it will be necessary not 
just to reinterpret the phase shifts in the usual isotopic- 
spin-independent scattering amplitude but to use 
expression (11) for the analysis of r~ elastic scattering 
at low energy when results of precision greater than 
25% are desired. Since this expression contains 15 
experimental parameters (9 phase shifts and 6 ratios), 
it will be hopeless to attempt this analysis directly at a 
single energy even if precise photoproduction and 
radiative capture data are available in addition to 
scattering experiments. However, if one is guided by 
model calculations to assume that certain of the 
parameters are energy-independent, analysis should 
become possible, if tedious, 
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Interactions of 380-Mev Alpha Particles in Nuclear Track Emulsion* 
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A study has been made of stars produced by 380-Mev alpha particles in Ilford G.5 emulsion. The mean 
free path for star production is 18.4--0.9 cm. The number of prongs per star varies from one to eight. The 
average number of prongs per star is 3.3. The striking feature of these stars is stripping, or splitting of the 
incident alpha particle. This is evident in the large number of two-prong stars in which both prongs emerge 
with high energy at small angles to the beam direction; in the presence of one-prong stars, in which the 
single prong is a fast proton or deuteron emerging in nearly the forward direction; and in the very narrow 
angular distribution of the fast prongs. 

The star prongs have been divided into two groups, one group consisting almost entirely of cascade prongs, 
and the other consisting predominantly of evaporation prongs. The properties of the two groups of prongs are 
examined. It is found that the excitation produced by alpha particles is similar to that produced by protons 
of the same energy, but the cascade differs in important respects. 

By observing the stars with prongs of energy lower than is necessary to escape the barrier of a heavy nu- 
cleus, one can identify 27% of the stars as originating in light nuclei. This places a lower limit on the number 





of events occurring in the gelatin. 





I. INTRODUCTION; STAR-PRODUCTION 
PROCESSES 


HE interaction between a nucleon or light nucleus 
of a few hundred Mev energy and a complex 
nucleus is generally believed to proceed in two steps 
known as the cascade and the evaporation processes. The 
initial stage lasts probably less than 5X10-” second, 
and consists of nucleon-nucleon collisions violent enough 
so that one or both colliding nucleons are projected from 
the nucleus, generally in the forward hemisphere. This 
may be complicated by the escaping nucleons’ “picking 
up” other nucleons in traversing the distance to the 
edge of the nucleus. There appears also to be the possi- 
bility of a collision between a nucleon and a group of 
nucleons existing as an instantaneous substructure in 
the nucleus. 

After the initial stage of the disintegration is over, the 
nucleus will often still contain energy of excitation suffi- 
cient for the evaporation process to take place. This 
consists of the slow emission of both charged and un- 
charged particles from the nucleus. The amount of the 
excitation should depend on the bombarding energy, 
and probably also on the bombarding particle. 

Alpha-particle stars might be expected to resemble 
somewhat those produced by protons! of the same 
energy. Throughout this paper, the study of Bernardini 
et al. on stars formed by protons of 350 to 400 Mev will 
be compared with the results reported here. Some 
striking differences are observed, which arise from the 
fact that in the cascade stage of the reaction an impor- 
tant process occurs in the alpha-particle stars that is not 
found with protons. It was observed by W. H. Barkas 
that often the alpha particle strips or breaks into 
fragments, thus contributing another component to the 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952). 


cascade. This observation suggested that the alpha- 
particle stars merited a detailed investigation, both to 
study this effect and to observe other aspects of the 
high-energy disintegration process. 

The mean free path in emulsion for nuclear interac- 
tions of the alpha particle is expected to be less than 
that of a proton of the same energy. The following 
considerations tend to this conclusion: (a) The greater 
size of the alpha particle and the possibility of electro- 
static disintegration of the alpha particle should in- 
crease the interaction cross section above that observed 
for protons. (b) The light elements, which are partially 
transparent to a proton at 350 to 400 Mev, must not 
be appreciably so for a 380-Mev alpha particle, which 
consists of four nucleons, each of nominal energy 95 
Mev. The probability of an interaction is raised both by 
the number of particles and by the fact that the nucleon- 
nucleon cross sections are larger at 95 Mev than at 
higher energies. In addition, the finite size of the alpha 
particle adds relatively more to the geometric cross 
section of the light elements than to heavy elements, 
so that stars from light elements should be found with 
greater abundance, both relative to silver bromide stars 
and in absolute number among alpha stars than among 
proton stars. 

The interactions of fast alpha particles with the nuclei 
in photographic emulsions were first studied by the late 
Eugene Gardner,’ who exposed Eastman NTA plates 
to beams of alpha particles accelerated by the 184-inch 
cyclotron to 50, 95, 130, 170, and 210 Mev. Gardner had 
envisioned extending the study to 380-Mev alpha par- 
ticles, and intended using electron-sensitive emulsions, 
because the fast prongs were not visible in the NTA 
emulsion. The work reported here was carried out in 
much the way Gardner had anticipated. 


2 Eugene Gardner, Phys, Rev. 75, 379 (1949). 
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II. MEASUREMENT OF MEAN FREE PATH 


For this study a 400-micron Ilford G-5 plate was 
exposed in the external 380-Mev alpha-particle beam. 
In the area scanned, the linear density of alpha-particle 
tracks was (2.92+0.036) x 10° per cm. The plates were 
exposed so that the alpha particles entered the plate 
with a dip angle of only 1.5°. The length of alpha- 
particle track was therefore 2.92 10* cm per cm*. By 
area scanning, one can find a mean free path upon 
dividing this length by the number of stars found per 
square centimeter. A total of 1250 stars was found by 
area scanning with a 53X oil-immersion objective and 
5X oculars. This number of stars was corrected for the 
loss of efficiency in finding one, two, and three-prong 
stars. Beam-particle tracks were followed in order to 
find stars, and it was determined from a sample of 70 
stars that the area scanning was only 50% efficient for 
one-prong stars; 82% efficient for two-prong stars, and 
92% efficient for three-prong stars. No larger stars were 
missed in the scanning. The over-all efficiency was 90%. 
No examples were found in this study of interactions in 
which no charged particles were emitted from the 
collision. By close examination of events under high 
magnification, a number of neutron-induced stars were 
eliminated as well as a number of cases in which crossing 
and stopping tracks merely appeared to be stars when 
seen under low power. The corrected mean free path was 
18.4+0.9 cm. Elastic scattering events are not included 
in this figure. Gardner’s value of 96 cm at 210 Mev is 
surely too high, probably in part because his insensitive 
emulsions did not record energetic protons. Conse- 
sequently he was unable to recognize stars that consisted 
entirely of cascade protons. The mean free path can be 
calculated if one assumes that the alpha-particle radius 
is to be added to the nuclear radius to obtain an effective 
geometrical cross section. Putting the nuclear radius 
equal to r9A?, one obtains agreement with the measured 
mean free path if ro is 1.23X10-" cm. This appears 
reasonable.® 


III. CHARACTERISTICS OF STARS AND PRONGS 
A. Total Prong Spectrum 


An initial classification of each star of a group of 
281 studied under high magnification (97X oil objec- 
tives and 10X ocular) was made on the basis of the total 
number of prongs present. Following Hodgson,‘ a prong 
of less than 4 microns was not counted as a genuine 
prong, unless the presence of other short prongs showed 
that the star originated in a light nucleus. (See Sec. IV.) 

In the frequency distribution shown in Fig. 1(A) 
the correction for scanning efficiency mentioned above 
has been applied. The average number of prongs per 
star is 3.3. No slow mesons were observed, nor were 
any “hammer tracks” of Li’, B’, or Li® seen. 


3 Robert W. Williams, Phys. Rev. 98, 1389 (1955). 
4 P, E. Hodgson, Phil. Mag., seventh series, 45, 190 (1954). 
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Fic. 1. Fre- 
quency distribu- 
tion of the num- 
ber of prongs per 
star. (A) applies 
to all stars. (B) 
applies to stars 
known to origi- 
nate in light nu- 
clei. 
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B. Analysis of Prongs 


The prongs of the stars in the area selected for inten- 
sive study were examined to determine their mode of 
emission. The criteria used to separate the cascade from 
the evaporation prongs are the result of work by Bailey,® 
who has found that when silver is bombarded with alpha 
particles the evaporation protons emitted in the for- 
ward hemisphere with energy greater than 22 Mev 
constitute less than 5% of the protons emitted. He 
finds similarly that in the backward hemisphere, 
evaporation protons with energy greater than 20 Mev 
are present with an abundance of less than 0.2%. Singly 
charged particles, emitted either forward or backward, 
with grain densities lower than those corresponding to 
the energy limits quoted above, were classified as cas- 
cade particles. Only eight were found in the backward 
hemisphere. Particles heavier than protons were also 
classified as cascade particles if their energies could be 
shown to be higher than limits similarly used for pro- 
tons. A considerable number of cascade particles are not 
identified by this procedure, but 82% of the stars show 
at least one cascade particle and 21.8% consist entirely 
of cascade prongs. Figure 2(B) shows the angular distri- 
bution (projected onto the plane of the emulsion) of 427 
identified cascade prongs. The peaking forward is very 
pronounced: the ratio of the number of prongs in the 
forward hemisphere to the number in the backward 


5 L. Evan Bailey, Phys. Rev. 98, 275 (1955). 
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Fic. 2. (A) An- 
gular distribution 
of “black” and 
(B) cascade 
prongs. @ is the 
projection on the 
plane of the emul- 
sion of the prong 
angle with re- 
spect to the beam 
direction. 
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hemisphere is 419/8, and three-fourths of the prongs are 
emitted within 30° of the forward direction. The dis- 
tribution is considerably more peaked than that found 
for gray and sparse black prongs in the proton stars 
studied by Bernardini e¢ al.,! and indicates an important 
contribution to the cascade from the fragmentation of 
the alpha particle. 

Figure 2(A) shows the angular distribution of “black 
prongs.” The ratio of the number of prongs in the for- 
ward hemisphere to those in the backward hemisphere 
is 2.4: 1. If the black prongs were all emitted by evapora- 
tion, their angular distribution would be isotropic in the 
rest frame of the emitting nucleus. Any forward excess 
observed in the evaporation spectrum would be due to 
the velocity of the parent nucleus in the laboratory 
system. This cannot account for the large excess of 
black prongs in the forward direction. Unfortunately, 


the separation criteria allow inclusion among the black 
prongs of low-energy cascade protons and of heavier 
cascade particles, whose higher ionization makes them 
impossible to identify if they remain in the emulsion 
only a short distance. 

The ratio of the number of prongs in the distribution 
of Fig. 2(A) to that in Fig. 2(B) is an upper limit for the 
ratio of the number of prongs emitted by evaporation 
to the number emitted by cascade. This ratio is 
1.57+0.10 black prongs per identifiable cascade prong. 

The frequency distribution of the number of black 
prongs per star as a function of the number of cascade 
prongs per star is shown in Fig. 3. Figure 3(A) shows the 
prong spectrum of stars with no identifiable cascade 
prongs. Figures 3(B), 3(C), and 3(D) show the black- 
prong spectra for stars with one, two, and three cascade 
prongs, respectively. Not shown in these figures is a 
single star with no black prongs but with four cascade 
prongs. Figure 3 illustrates the decrease in the cutoff 
number of black prongs, from 8, through 7, 5, and 4, 
to zero for stars with one, two, three, and four cascade 
prongs respectively. This shows clearly the decrease in 
energy left available in the nucleus for the evaporation 
process as more of the original alpha-particle energy is 
carried away by cascade prongs. This agrees with the 
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Fic. 3. Frequency 
distribution of the 
number of _ black 
prongs per star as a 
function of the num- 
ber of cascade prongs 
in the star. (A) is 
for stars with no 
cascade prongs; (B) 
for stars with one 
cascade prong; (C) 
stars with two cas- 
cade prongs; and 
(D) stars with three 
cascade prongs. 
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result of Bernardini ef al.’ that the average energy 
transfer to the nucleus per black prong is 35 to 50 Mev. 

Figure 3(C) reveals a striking difference between 
stars formed by alpha particles and stars formed by 
nucleons. This is the large number of stars consisting 
entirely of two cascade prongs. These appear to be dis- 
integrations of the alpha particle, but in 30% of these 
stars, one of the prongs was a fast, heavy fragment, the 
charge of which often appeared to exceed two. 

Another difference between alpha stars and proton 
stars is found in the angular distribution of the cascade 
prongs. As shown in Fig. 2(A), 63% of the cascade 
particles are emitted within 20° of the beam direction, 
whereas under proton bombardment only 31% are 
found in this interval. Part of this effect must be at- 
tributed to the stripping of the alpha particle. It must 
also be remembered, however, that the alpha particle is 
moving so slowly that only protons ejected well forward 
in nucleon-nucleon collisions are likely to be energetic 
enough to be classified as cascade particles. 


IV. INTERACTIONS IN LIGHT NUCLEI 


A lower limit on the number of stars that result from 
interactions with the light nuclei in the emulsion can be 
computed by noting the stars that have prongs of energy 
too low to escape the potential barrier of a silver or 
bromine nucleus. The ranges corresponding to these 
energies are 40 microns for alpha particles and 150 
microns for protons. These criteria (which have been 
applied by many authors) have been confirmed recently 
by Bailey,® who has measured the emission spectra of 
charged particles from pure-element targets. At least one 
such low-energy prong has been observed in 27% of the 
stars analyzed. One may compute the fraction of stars to 
be expected in the carbon, nitrogen, and oxygen of the 
emulsion by using the same assumptions as employed 
in calculating the mean free path. Such a calculation 
indicates that 37% of the stars are from light elements. 
This is a reasonable agreement, since it is hardly to be 
expected that all the light-element stars contain short 
prongs. 


TABLE I. Frequency distribution of the number of prongs per star 
for identified light element stars. 








1 2 3 4 5 6 ss 
10.4 17.7 


Number of prongs 0 





Percent abundance in 0 0 25.0 25.0 13.5 7.3 1.0 


380-Mev alpha stars 


Percent abundance in --- «++ +++ 24 38 21 11 3 3 
300-Mev neutron stars 
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The frequency distribution of the total number of 
prongs per star for the identified light-element stars is 
shown as curve B in Fig. 1. The average number of 
prongs per star is 4.4. This indicates that when an alpha 
particle disintegrates a light nucleus usually nothing 
remains but hydrogen and helium isotopes. The dis- 
tribution of the number of black prongs for the stars 
from light nuclei is shown in Fig. 4. The average 
number of black prongs per star is 3.23. 

These results differ in two ways from those for proton 
stars. Bernardini ef al. found that the stars formed in 
the gelatin were predominantly “small.” (They define 
a “small star” as a star with fewer than 5 black prongs.) 
In addition they found that only a few of the total 
number of large stars occurred in light nuclei. In this 
study about 15% of the light-element stars have five or 
more black prongs, and at least two thirds of all such 
stars originate in the gelatin. 
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Fic. 5. Angu- 
lar distribution of 
the prongs from 
stars known to 
originate in light 
nuclei. (A) is the 
distribution for 
black prongs. (B) 
is the distribu- 
tion for prong 
with energy 
greater than 22 
Mev. @ is the 
projection on the 
plane of the emul- 
sion of the prong 
angle with re- 
spect to the beam 
direction. 
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The angular distribution of the prongs with energy 
above 22 Mev from light nuclei is shown in Fig. 5(B). 
Figure 5(A) shows the angular distribution of the black 
prongs from the identified light nuclei. The distribution 
in Fig. 5(A) is more isotropic than the angular distribu- 
tion of black prongs from all the stars. The ratio of the 
number of prongs emitted in the forward hemisphere to 
those emitted in the backward hemisphere is 2.04. 

One must remember that these stars are probably not 
completely typical of all light-element stars. The 
separation criterion employed favors recognition of 
stars with a large number of prongs and stars with 
prongs emitted in the backward hemisphere. One can 
see that if the excitation energy imparted to the nucleus 
is divided among many emitted particles, the chance of 
finding a low-energy prong is greatly increased. Hence 
stars with many prongs will more often reveal their 
origin from a light element. Stars with prongs emitted 
in the backward hemisphere will have the prong 
velocity in the laboratory system reduced by the center- 
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Fic. 6. Photomicrograph of a one-prong star produced by alpha stripping. Note the change in grain density at the star origin 


which indicates that the prong is singly charged. 


TABLE IT. Frequency distribution of the projection in the plane of the emulsion 
of the scattering angle in elastic alpha-nuclear scattering. 
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of-mass motion of the emitting nucleus. These prongs 
will appear less energetic in the emulsion and facilitate 
recognition of their parent nucleus, while particles 
emitted in the forward hemisphere will appear more 
energetic in the laboratory system and mask their 
origin. 

Three stars were observed in which two heavily 
ionizing, very short prongs, i.e., range 1 to 3 microns, 
emerge at 180° to each other, appearing to be fission 
products of the residual nucleus after the emission of 
the other prongs. These events have been classified as 
occurring in light nuclei, since the excitation energy 
imparted to the nucleus is not great enough to cause 
fission of silver or bromine. 

Blau, Oliver, and Smith® have studied the stars 
formed by 300-Mev neutrons in emulsion, using lami- 
nated emulsions to study separately the stars formed in 
the light nuclei of the emulsion. For comparison, the 
results of these authors are listed below the results of 
this experiment in Table I. Their value for the mean 
number of prongs per star is 4.4+0.2, but is should be 
noted that this average is the mean prong number for 
neutron stars of three or more prongs. 


V. ONE-PRONG STARS 


The one-prong stars fall into two groups. Most of 
them have as their only prong a fast singly charged 


® Blau, Oliver, and Smith, Phys. Rev. 91, 949 (1953). 


particle, energetic enough to be well into the class of 
prongs designated by cosmic-ray physicists as “grey.” 
Such an event is shown in Fig. 6. An attempt was made 
to identify these particles by multiple scattering and 
opacity measurements. Only three of these were found 
with enough track length in the emulsion to justify 
such measurements. The results of the measurements 
were reconcilable with either protons or deuterons, but 
no definite identification could be made. In addition to 
this type of one-prong star, four one-prong stars were 
seen in which the single prong was a multiply charged 
heavy fragment. 


VI. SCATTERING 


In addition to the star-production process, the alpha 
particles can interact with nuclei and merely scatter, 
either elastically or inelastically. The inelastic scattering 
events that could be detected by a change of grain 
density in the primary constituted the one-prong stars. 
Deflections greater than 4° in the emulsion plane were 
recorded. In Table II is given the distribution of these 
projected deflection angles for tracks that did not show 
any change of grain density after scattering. 
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The C#(x,xn)C" and Al?"(x,x2pn)Na™ cross sections were measured for protons (105 to 350 Mev), 
deuterons (85 to 190 Mev), and alpha particles (380 Mev) by using a 4x 6 counter to determine the absolute 
disintegration rate and measuring the incident flux with a Faraday cup. The absolute value of the 
C*(p,pn)C" excitation function was found to be 13% lower than the value previously published for these 
energies, and was found to be constant between 200 and 350 Mev. The new value of this reaction cross 
section removes some of the discrepancies between p-p scattering cross sections measured elsewhere and 
those measured at Berkeley, and affects other experiments that use the reaction as a proton flux monitor. 
The other cross sections are in reasonable agreement with values determined by comparable methods. 

The relative excitation functions for C"(d,dn)C" and C"(He’,He*n)C" reactions were also measured by a 
stacked-foil technique using end-window counters. These were normalized to absolute values from the 4 


counter data for deuterons. 





I. INTRODUCTION 


BSOLUTE cross sections for reactions producing 
C" and Na™ from bombardment of C” and Al” 
with high-energy particles have been determined for 
protons of 105 to 350 Mev, deuterons of 85 to 190 Mev, 
and alpha particles of 380 Mev, by use of the external 
beams of the 184-inch cyclotron. Many of the excitation 
functions have been determined previously, some by 
essentially the same technique used in this experi- 
ment,!~ but because of the importance of these reaction 
cross sections for beam monitoring®* it was decided to 
redetermine the absolute values separately. An im- 
portant feature of the experiment was the nearly 
concurrent measurement of all the cross sections, which 
should help insure high accuracy of the ratios. 

The method involved absolute determination of the 
number of particles impinging on the targets by use of a 
Faraday cup, and absolute determination of the 
disintegration rate by use of a 4m, constant-flow, 
methane proportional counter calibrated against a 
similar instrument of the National Bureau of 
Standards,? and against @-y coincidence counting, 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at the University of California Radiation Laboratory, 
Livermore, California. 

1 Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952); 
W. W. Chupp and E. M. McMillan, Phys. Rev. 72, 873 (1947). 

2 Warshaw, Swanson, and Rosenfeld, Phys. Rev. 95, 649(A) 
(1954). 

3M. Lindner and R. N. Osborne, Phys. Rev. 91, 1501 and 342 
(1953). 

4 Stevenson, Hicks, and Folger, Phys. Rev. (to be published). 

5 Batzel, Crane, and O’Kelley, Phys. Rev. 91, 939 (1953). 

*L. Marquez, Phys. Rev. 88, 225 (1952); Phys. Rev. 86, 405 
(1952). 

7 E. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 

8 p-p and p-d scattering cross sections affected by the change in 
the C!*(p,pn)C" excitation curve are: Birge, Kruse, and Ramsey, 
Phys. Rev. 83, 274 (1951); Oxley, Shamberger, and Towler, 
Phys. Rev. 78, 326 (1950); 84, 1262 (1951); 85, 416 (1952); 
85, 1024 (1952); Cassels, Pickavance, and Stafford, Proc. Roy. 
Soc. (London) 214, 262 (1952). Other experiments affected include: 
J. W. Meadows, Phys. Rev. 91, 885 (1953); K. Strauch and J. A. 
Hoffman, Phys. Rev. 86, 563 (1952) ; 90, 449 (1953) ; L. Marquez 
and I. Perlman, Phys. Rev. 81, 953 (1951). 

® We are indebted to Dr. H. H. Seliger of the Radioactivity 
Section of the National Bureau of Standards for his assistance in 


Corrections for self-absorption in the foils were em- 
pirically determined. 

Besides a desire to redetermine the absolute cross 
sections in view of recent advances in absolute 8 
counting, an incentive for the experiment was the 
discrepancy in the shape of the C”(p,pm)C" excitation 
function near 350 Mev as reported by two different 
groups.” Two methods of degrading the proton 
energy were used to explore the reasons for the dis- 
crepancy. The same technique was applied to the 
C"(d,dn)C" excitation function near the maximum 
available energy (190 Mev). The C®(a,an)C" and 
Al?" (x,x2pn)Na*™ reaction cross sections were measured 
only for the maximum particle energies. 

In an experiment which preceded the bulk of the 
work being reported, the relative excitation functions 
for the C®(d,dn)C" and C”(He'*,He*n)C" reactions 
were measured by a stacked-foil technique. An end- 
window counter was used in these experiments and the 
results were normalized from the 4 counter data for 
deuterons. Although the precision of these measure- 
ments was low compared with the other cross sections, 
the values were included for completeness. 

The following discussions relate only to the techniques 
and procedures used in the 4m counter experiments; 
discussion of the end-window counter data is reserved 
for the end of the paper. 


Il. EXPERIMENTAL PROCEDURE 
A. Beam Characteristics and Monitoring 


A plan view of the cyclotron is shown in Fig. 1. 
Most of the measurements were made with the scattered 
external beam which emerged from the magnetic 
deflectors, passed over the proton probe cart, through 
the premagnet collimator, through the steering magnet, 
and then through the 48-inch collimator and into the 
experimental area (cave). All the beams used were 
monoergic to within 1%. 


providing us with sources previously calibrated in their 4 B 
counter. 
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Fic. 1. Plan view of the cyclotron showing the path of the 
scattered beam. Absorbers for the “good geometry” experiments 
were placed on the proton probe cart and interposed in the 
scattered beam at position B; the steering-magnet current was 
then adjusted so that only particles of the proper energy entered 
the cave. 


The beam was monitored by a Faraday cup.' The 
signal from the cup was led to one of several low- 
leakage Fast condensers which had been calibrated 
against a similar condenser measured by the National 
Bureau of Standards to within 0.1%." Measurements 
made with different condensers showed excellent 
agreement. The voltage on the condenser was measured 
by a 100% inverse-feedback integrating electrometer 
and a Speedomax recorder, which were calibrated 
against a Rubicon potentiometer to within 0.1%. 

The charge collected by the Faraday cup must be 
related to the number of particles that passed through 
the target foils. Factors that must be considered in the 
measurement of the beam include secondary emission 
(electrons or heavy charged particles) from the face of 
the cup, high-energy secondary particles emitted 
forward from the thin foil (0.005 in. Be-Cu) in the 
face of the vacuum housing, loss of charge by conduction 
through the cup supports and residual gas in the cup 
housing, and the relative area of the foils and the cup 
compared to the spatial distribution of the beam. 

Previous experience with the Faraday cup used in 
this experiment showed that a thin foil biased to +300 
volts had a negligible effect on the collection charac- 
teristics of the cup when it was used in the experimental 
area shown in Fig. 1. Presumably the stray magnetic 
field (~25 gauss) in this area was more effective than a 
biasing voltage applied to the foil. An additional 
magnetic field (~100 gauss) produced no observable 
change in the collection efficiency of the cup. Thus 
secondary emission from the face of the cup was not an 
important source of error. 

Teflon insulators were used throughout the collection 
system with a resulting time constant for the entire 
system of many days. The gas pressure in the cup 

0 We are indebted to A. H. Scott and C. Peterson of the Elec- 


tricity Division of the National Bureau of Standards for assistance 
in obtaining the calibration. 
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chamber had to be increased to more than 100 microns 
before ionization of the gas by the beam was ob- 
servable. Conduction losses were minimized by main- 
taining the cup close to ground potential through the 
action of the feedback amplifier. 

The spatial distribution of the beam was investigated 
by exposing an array of plastic scintillators (CH) 
diametrically across the beam. The C" activity was 
essentially constant near the center and then dropped 
rapidly to less than 10~ of the activity of the central 
region. If the activity in the region beyond the rapid 
falloff is attributed to a neutron flux, then the correction 
(1.25%) for the portion of the charged particle beam 
collected by the cup that did not pass through the 
target foils was almost precisely canceled by the 
correction for the neutron flux. 

The largest correction to the — cup readings 
resulted from the high-energy electrons emitted from 
the vacuum-housing foil." 

The number of electron collisions in a copper foil 
of thickness ¢ mg/cm? is determined by the Rutherford 
scattering cross section, 


a't d cos6 
N = fof 1.37 10-*— 
fe cost# 


per incident particle of charge z with velocity Bc. The 
maximum energy of the electrons is (4m/M)E for an in- 
cident particle of mass M and energy E (nonrelativisti- 
cally). Not all the electrons escape from the foil because 
of their finite range and multiple scattering. By neglect- 
ing the latter effect and assuming the electron range to 
be well defined (i.e., a sharp drop to zero intensity at a 
unique thickness), one may calculate a maximum 
correction. In Table I the results of such calculations 
are tabulated assuming the electron ranges to be 1.0, 
0.7, and 0.5 of the extrapolated ranges.” The curves for 
number vs absorber thickness may be approximated by 
straight lines, so the mean range is half the extrapolated 
range. Therefore we have chosen to use the calculations 
for half the extrapolated range, and, in order to take 
into account the multiple scattering, we have arbitrarily 
applied only one-half the calculated correction. We 
assign an uncertainty in the beam monitoring equal to 
the applied correction. 


B. Degradation of Particle Energy 


Carbon absorbers placed in front of the target foils 
in the path of the beam were used to degrade the 
incident energy. The particle current that emerged 
from the absorbers was contaminated with relatively 


1 The magnitude of this effect was called to our attention by the 
article on p-p scattering at 460 Mev, by Meshcheryakov 
Bogachev, Neganov, and Piskarev, Doklady Akad. Nauk, 
S.S.S.R. 99, 995 (1954). 

2H. A. Bethe and J. Ashkin in Experimental Nuclear Physics, 
_ by E. Segré (John Wiley and Sons, Inc., New York, 1953), 

ol. I. 











CROSS SECTIONS AT 


low-energy particles, which were thought to be the 
cause of the discrepancies mentioned above in the shape 
of the C"(p,pn)C" excitation function near 350 Mev.? 
Absorbers were placed in two positions in an attempt to 
measure the effect of the secondary particles. Position 
A was directly before the Faraday cup, so that the 
particles emerged from the absorber and passed through 
the target foils into the Faraday cup. This was essen- 
tially the technique used by Aamodt et al.! to degrade 
the proton energy. Because the C!(x,xn)C" cross 
section increases for energies lower than those used in 
this experiment, the effect of low-energy secondary 
particles on the excitation function is magnified in 
relation to their number. Absorbers were also placed 
in position B, which was on the proton probe cart 
(Fig. 1) in the path of the scattered beam. The colli- 
mators and steering magnet then provided a good 
energy selector, and low-energy charged particles were 
no longer present in the beam entering the cave. 
Absorbers were also placed at position A in these 
experiments to obtain further energy degradation and 
to study the effect of the secondary particles as a 
function of the incident-particle energy. 

Actually, several absorbers were used at position A 
and target foils were placed at various depths. The 
Faraday cup then measured the current through the 
last foil. To determine the current (primary plus 
charged secondary particles) that passed through the 
other foils in the absorber, separate measurements were 
made with an ionization chamber in front of the 
absorber. The same absorbers used above were than 
in turn inserted between the chamber and the Faraday 
cup to measure the fraction J/J» of the beam that 
passed through foils placed at the various depths in 
the absorber. This technique gave the total particle 
current at each foil position to an accuracy comparable 
with the direct measurement of the incident current, 
since measurements at 350 Mev with and without 
absorber in the beam path gave the same value for the 
cross section. 

In analogy to the geometries defined in scattering 
experiments, measurements made with the absorbers 
at position A are referred to as “poor geometry” 
measurements, while those at position B are referred to 
as “good geometry” measurements. 


C. Foils 


The carbon foils were made of polystyrene, (CH), 
and were 1 or 1.25 in. in diameter. The thicknesses 
varied from 1 to 15 mils. Some of the foils were coated 
with very thin layers (of the order of 100 angstroms) of 
silver to test the effect of nonconducting samples on 
the efficiency of the 4x proportional counter as described 
below. The aluminum foils were of the same diameters 
and 5 and 10 mils thick. 

Each of the target foils represented a slice of a 
“thick” slab of the foil material. “Guard” foils of 5 
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TABLE I. Calculated number of high-energy electrons in the 
forward direction from 0.005-in. copper foil. 








Effective electron range in units of 
extrapolated ranges 


0.7Rext 


0.019 
0.023 
0.023 


0.028 
0.029 
0.030 


0.092 


1.0Rext 


0.020 
0.030 
0.033 


0.039 
0.040 
0.041 


0.13 


Particle 


0.5Rext 


0.016 
0.016 
0.016 


0.020 
0.020 
0.020 





350-Mev proton 
205-Mev proton 
170-Mev proton 


190-Mev deuteron 
105-Mev deuteron 
85-Mev deuteron 


380-Mev alpha 





mils thickness were placed between foils of different 
elements and between foils and absorbers to protect 
against recoil loss and capture."-* In addition, several 
foils were usually stacked at each absorber depth, and 
no variation in apparent cross section was observed in 
these foils. 

The beam diameter was 0.5 in. when the 1-inch-diam- 
eter foils were used, and 0.75 in. when the 1.25-inch- 
diameter foils were used. The foils were large enough to 
intercept essentially all the beam, including the multiply 
scattered portion. This was shown by inserting photo- 
graphic film at each absorber depth ; the blackening was 
always confined to an area less than that of the foils. The 
small fraction of the beam that may have missed the 
foils was compensated by the effects of the neutron 
contamination as shown by a beam distribution survey 
described in Sec. ITA. 

The foils were weighed and measured to an accuracy 
of about 0.1%. The foils were counted for 3 or more 
half-lives; the C" activity fitted best a 20.4-min 
half-life, and the Na™ a 15.1-hr half-life. 


D. 4x Proportional Counter 


The target foils were counted in a 4m constant-flow 
methane proportional counter.’ A typical voltage 
plateau is shown in Fig. 2. No discriminator plateaus 
were taken because the discriminator was fixed intern- 
ally at a point above the noise level. The operation of 
such a counter has been described by Seliger and 
Cavallo.'® 

Since the field is low at the sample position when 
nonconducting foils are counted,'® several polystyrene 
foils were coated with silver to a thickness of approxi- 
mately 100 angstroms (measured by the comparative 
light transmission of coated and uncoated foils). There 
was never any significant difference between the 
determinations of the cross section with an uncoated 
foil and those with a coated foil, which indicates that 
essentially all the 8 particles were energetic enough to 


3 R. E. Batzel and G. T. Seaborg, Phys. Rev. 82, 607 (1951). 

4S. Fung and I. Perlman, Phys. Rev. 87, 623 (1952). 

16H. H. Seliger and L. Cavallo, J. Research Natl. Bur. Standards 
47, 41 (1951); also H. H. Seliger and A. Schwebel, Nucleonics 
12, 54 (1954). 
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Fic. 2. Typical high-voltage plateau for the 4x 
proportional counter. 


escape the low-field region. This problem did not enter 
when aluminum foils were used. 

The efficiency of the counter as a function of foil 
diameter and foil position was also investigated. 
Aluminum foils varying from 0.25 to 1.5 in. in diameter 
were activated in a uniform neutron flux and the 
relative counting rate per unit weight showed no 
variation as a function of foil diameter within the 
statistical uncertainty (~1%). Also a small test 
foil was counted at various distances from the foil 
holder and no dependence on position existed in the 
region occupied by the foils (Fig. 3). 
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Fic. 3. The active foils were inserted into the 4r counter on a 
probe as shown in the figure. The geometrical sensitivity of the 
counter was tested with a small test foil and the relative sensi- 
tivity is shown in the lower half of the figure. The active foil was 
always confined to the region of uniform sensitivity. 
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Long-lived, 8-active isotopes mounted on thin foils 
were used to check the performance of the counter 
during the period of the experiments. 

To check the efficiency of the 4m counter against a 
suitable standard, three sources calibrated by the 
National Bureau of Standards were obtained.'* Two 
were T]™ sources and one was a Sr®— Y™ source. The 
sources were sandwiched between 0.2 mg/cm? of 
aluminum leaf to prevent source losses, and the NBS 
calibration was made after sandwiching. The ratios of 
the counting rates in our counter compared with those 
in the NBS counter were 0.99, 1.00, and 1.01; we 
therefore believe the counter to be 10041% as 
efficient as the NBS counter, which is at least 99% 
efficient.!® 


E. Self-Absorption 


In view of the preceding discussion, the major 
uncertainty in the absolute beta counting was the 
self-absorption in the activated foils. To determine a 
useful self-absorption curve required measurement of 
high precision, which in turn required a minimum 
number of measured parameters. The following factors 
entered into these measurements: 


(1) Time between measurements should be as short 
as possible to minimize decay corrections. 

(2) The counting rate should be as high as possible 
to eliminate background uncertainties. 

(3) Better than 1% statistics required. 

(4) Counting rate should remain almost constant to 
maintain dead-time correction nearly constant. 

(5) The weight of the foil should not enter critically 
in the measurement. 

(6) The uniformity of the foil activation should not 
enter critically into the measurement. 

(7) The foil geometry should not be important. 


To minimize the uncertainty from the first three 
factors a high counting rate was required, which 
aggravated the correction due to dead time. For 
comparing thin foils, uncertainties from factors (5) 
and (6) became appreciable. Two techniques were 
used to minimize these effects. A technique which 
removed most uncertainties, except factor (7), was to 
use a single thin foil which was counted and then 
folded and recounted in exactly the same counting 
arrangement. In this case there was a slight reduction 
in counting rate due to the increased thickness of the 
doubled foil, since the other factors remained 
unchanged. This procedure was repeated for increased 
thickness with increased uncertainties due to edge 
effects. To eliminate the edge effects, but with un- 
certainties in the dead-time corrections, uniformly 
activated foils were counted singly and then combined 


‘6 Courtesy of Dr. H. H. Seliger, National Bureau of Standards. 
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so that weighing and activation uncertainties were 
small. 

To further reduce the uncertainties in the 4m counter 
measurements, the absolute disintegration of several 
activated foils was measured by the beta-gamma 
coincidence technique. In this case the activated foils 
were sandwiched between plastic scintillators placed 
on the end of a photomultiplier for the beta counting, 
and the gamma counting was done with a Nal scintil- 
lator. The beta efficiency was approximately 90% 
and the gamma efficiency roughly 3%. Slight corrections 
for y-y coincidences (0.5%) and dead-time (1%) were 
applied. The agreement between 4m counting and the 
8-y counting was good, but in the case of the poly- 
styrene foils the 8-y point appeared to be slightly 
higher than the extrapolation of the 49 counting data 
to zero thickness. Since both measurements have 
systematic uncertainties of the order of this difference, 
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Fic. 4. The fraction of the C" decay positrons escaping from a 
uniformly activated polystyrene is plotted against the foil thick- 
ness. The curve is arbitrarily normalized to the mean value of the 
B-y coincidence measurement and the extrapolation of the 4r 
measurements to zero thickness. 


the self-absorption curves were normalized to a point 
midway between the two zero-point determinations. 

The self-absorption curve for uniformly activated 
polystyrene is shown in Fig. 4. The curve should 
apply to any measurement of the C" activity in foils 
where the activated area is more than a range of the 
beta particles from the foil edge. In high-energy 
bombardment, the production of Be’ in the foil requires 
that the foils be counted less than 2.5 hours after 
bombardment for the contaminating activity from 
Be’ to be less than 1% The similar curve for Na™ 
activity in aluminum is shown in Fig. 5. In this case 
contamination by F'8 and Na” require that the measure- 
ments be made more than 18 hours but less than 3.5 
days after bombardment to be free from contaminating 
activity. In particular, the Na” activity, with its 
low-energy betas, has a much steeper self-absorption 
curve and can produce large uncertainties in the 
measurements. 
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Fic. 5. The fraction of the Na™ decay betas escaping from a 
uniformly activated aluminum foil is plotted against the foil 
thickness. The curve is arbitrarily normalized to the mean value 
of the B-y coincidence measurement and the extrapolation of the 
4r measurements to zero thickness. 


III. RESULTS 
A. Energy Dependence of Cross Sections 


The measurements of the C!(x,xn)C"™ cross sections 
as a function of energy showed a significant dependence 
on the position of the absorber in relation to the target 
foil. Measurements made in “poor geometry”’ (position 

A) consistently gave apparent cross sections about 
7% higher than those measured in “good geometry” 
(position B). This dependence was ascribed to the 
charged and uncharged secondary particles that leave 
the absorber. (A crude calculation of the effects agreed 
very well with the empirical corrections.) 

Figure 6 shows the apparent variation of the 
C"(p,pn)C" cross section as a function of the proton 
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Fic. 6. The apparent C*(p, pn)C" cross section from “poor 
geometry” measurements is plotted against proton energy for 
three different incident proton energies. The apparent rise at 
lower energies is due to secondary interactions in the attenuator 
(see text). 
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Fic. 7, The apparent increase in the C"(p,pm)C" cross section 
due to secondary interactions is plotted versus absorber thickness 
in the “poor geometry” measurements. 


energy. Measurements for three different incident 
beam energies are shown (the incident energy was 
varied by placing absorbers in position B, and the 
variation of the cross section with energy was deter- 
mined by placing absorbers in position A). In each 
case the cross sections are normalized to the value at 
the incident beam energy. All the curves show the 
rise found in earlier experiments,! and it would appear 
that the increase is a consequence of the method of 
beam degradation rather than a true nuclear effect, 
for the cross section for the “good geometry”’ measure- 
ments is essentially constant. 

The ratio of the apparent cross section as a function 
of absorber thickness is shown in Fig. 7. The points 
are an average of the data shown in Fig. 6, with the 
lowest-energy point (170 Mev) omitted (since at this 
energy the cross section appears to show a significant 
increase). The conclusion drawn from Fig. 7 is that 
the secondary particles increase the observed cross 
section in a constant ratio for absorbers greater than a 
given thickness. The effect of the secondaries does not 
continue to increase as the absorber thickness increases 
because 


(1) the low-energy secondary particles are scattered, 
and a fraction, which increases with absorber thickness, 
misses the foil ; 

(2) the relatively low-energy charged secondary 
particles are removed by ionization loss within a short 
distance from their creation; and 

(3) the secondary particles are emitted with an 
angular distribution so that a large fraction of those 
formed in the front of the absorber miss the foil. 


The results of these measurements would seem to 
remove the discrepancy mentioned in the introduction 
in the shape of the excitation function, and would 
require that the excitation function reported in reference 
1 be corrected for energies below the maximum beam 
energy. 

Similar behavior is exhibited by the C”(d,dn)C™ 
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excitation function, although the details are different 
because deuteron and proton interactions give different 
energy and angular distributions for the secondary 
particles. 

The excitation function for C"(a,an)C" was not 
measured, but somewhat similar behavior probably 
should be expected. 


A. Absolute Values of the Cross Sections 


The absolute values of the cross sections were 
calculated from the formula 


Awl A 


) NAof 


where Aoo/A is the number of reactions produced by 
N particles in a foil with Aof/A nuclei per unit area. 
The last quantity was calculated from the measured 
weights and diameters of the foils; the first, from the 
decay constant A and the measured counting rates 
corrected for decay and self-absorption; the second, 
from the charge collected by the Faraday cup corrected 
for high-energy electrons. No correction was applied for 
neutron-induced events and the fraction of the beam 
collected by the Faraday cup that missed the foils, 
because these two effects cancelled each other. The 
cross sections measured in “poor geometry” were 
corrected by the empirically determined factors for 
the effects of secondary particles; for protons the 
correction was a uniform reduction of 1/1.07; for 
deuterons, a reduction of 1/1.04 for 0.5-in. carbon 
absorbers and 1/1.08 for greater thicknesses. The 
correction may be significantly in error for the lower 
deuteron energies because the absorbers were relatively 
thick compared with the ranges. All energy measure- 
ments were based on the Aron ef al.!” range curves. 
None of the cross sections was corrected for the isotopic 
abundance. 

As an additional check on the beam-monitoring 
technique, the C"(p,pn)C™ cross section was measured 
for 340-Mev protons by bombarding 1X1 X0.75-in. 
plastic scintillator (effectively polystyrene) in a 
uniform proton flux. Ilford G.5 emulstions were placed 
on each side of the scintillator and proton tracks were 
counted to determine the particle flux. The C™ activity 
was counted by placing the scintillator in optical 
contact with a photomultiplier tube and the counting 
efficiency was determined by the f-y coincidence 
technique. This measurement gave a cross section of 
36+3 mb. 

The ratio of the C"(p,pn)C" and Al?’(p,3pn)Na™ 
cross sections was measured by the simultaneous 
bombardment of a sandwich of aluminum and poly- 
styrene foils at 340 Mev and was found to be 3.21, in 
agreement with the ratio of the absolute cross sections 
determined independently. 


17 Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663 (unpublished). 
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C. Errors 


The absolute cross sections are listed in Table II 
with their associated relative standard errors. The 
values quoted are subject to various systematic errors, 
some of which have been discussed above. They include 


+3% 


<+41% 
+1% 
+2% 
+1 to +4% (Table I) 
+1.25% 
—1.25% 
<+1% 


(1) self-absorption 

(2) condenser and electrom- 
eter calibration 

(3) counter efficiency 

(4) secondary particle effect 

(5) knock-on electrons 

(6) beam spatial distribution 

(7) neutron contamination 

(8) half-life uncertainty 


An estimate of the accuracy of our measurements is 
+5 and —4% for 350-Mev protons and 190-Mev 
deuterons. 


D. Comparison with Other Measurements 


Also listed in Table II are results of previously 
published values of the absolute cross sections. With 
the exception of the C”(p,pn)C™ cross section, all our 
values are as much as 20% larger than those previously 
reported. Full discussions of the techniques and 
corrections applied to these measurements were not 


TABLE II. Absolute reaction cross sections (4x counter data only). 








Particle 
energy 
(Mev) 


350 


Cross section*® 
Geometry (mb) 


36.0+0.7 
35.5+0.7 
35.9+0.8 
37.9+0.4 
35.5+1.0 
35.941.0 
37.2+1.8 
37.0+2.0 
39.7+0.9 
61.1+0.6 
60.8+0.6 
60.6+1.3 
60.6+0.9 
61.341.3 
60.6+1.8 
61.641.8 
60.7+1.0 
56.9+1.8 
57.0+0.6 
48 +3> 

11.1+0.2 
10.80.5° 
28.8+0.3 
22 +2! 

24.2+0.3 
23.4 . 





A. C®(p,pn)C" good 
good 
poor 
good 
poor 
poor 
poor 
poor 
poor 
good 
good 
poor 


B. C#(d,dn)C" 


C. C®(a,an)C" 
D. AP"(p,3pn)Na™ 


E. Al"(d,3p2n)Na™ 190 

190 good 
380 good 
380 good 


F. Al"(a,4p3n)Na™ 








* Note: All errors are standard errors of a single measurement and do not 
include estimated uncertainties due to possible systematic effects. Correc- 
tions for self-absorption, geometry, and knock-on electrons have been 
made. text. 

> See reference 3. 

¢ See reference 6. 

4 See reference 5. 
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Fic. 8. The excitation function for the C"(p,pn)C" reaction is 
plotted as a function of proton energy. The dots are “good 
geometry” measurements, and the triangles are “poor geometry” 
measurements, corrected as described in the text. The squares 
are from the data of reference 1 normalized to 36.0 mb at 350 Mev. 


given, so it is difficult to assess the severity of the 
discrepancies. It should be noted that essentially the 
same beam-monitoring techniques were used in all the 
experiments, and that corrections for the knock-on 
electrons from the Faraday cup housing foil were not 
applied to the previous measurements. 

Recently Rosenfeld ef al.'® have redetermined the 
C"(p,pn)C™ cross section at 460 Mev and quote 33 
mb as a preliminary value, in reasonable agreement 
with our results. Also recent measurements up 
to 2.9 Bev” of the ratio of the C"(p,pm)C" and 
Al?"(p,3pn)Na™ cross sections are in reasonable agree- 
ment with our results. 

The most significant difference from earlier experi- 
ments is the shape of the C”(p,pn)C" excitation curve 
in the neighborhood of 350 Mev (Fig. 8). Readjusting 
the excitation function both in shape and absolute 
value will have important effects on seemingly unrelated 
experiments because of the widespread use of the 
reaction as a beam monitor. For example, the p-p 
scattering cross sections measured at 240 Mev by 
Oxley et al.§ should certainly be modified. Even though 
they intercalibrated their counter with a beta standard 
used by Aamodt et? al., the revised shape of the excitation 
function requires a 41/49 reduction in their values 
(to 4.05+0.32 mb/sterad). If a cross section of 36.0 
mb for the C?(p,pn)C" reaction is used, their values are 
further reduced (to 3.56+-0.28 mb/sterad) and are in 
excellent agreement with the results of Chamberlain 
et al. (3.60.2 mb/sterad). 

The p-p scattering cross sections measured by Birge 
et al.§ at 105 and 75 Mev may be reduced directly by 
the ratio 36/41 (to 4.80.9 and 5.8+1.2 mb/sterad, 
respectively). The revised values are in agreement with 
the Berkeley measurements.” 

Cassels et al. measured the p-p scattering cross 
sections at 146 Mev by using two methods to calibrate 


18 A. H. Rosenfeld (private communication). 

#R. F. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 
(1954) ; and erratum (to be published). 

Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 932 
(1951). 
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Fic. 9. The excitation function for the C!*(d,dn)C™ reaction is 
plotted as a function of the deuteron energy. The dots are “good 
geometry” measurements, and the triangles are “poor geometry” 
measurements, corrected as described in the text. The squares 
are the end-window counter data normalized at 190 Mev to the 
4r counter data. 


their beam monitor. One of the methods involved the 
use of the C”(p,pn)C™ cross section and gave a p-p 
scattering cross section of 4.61+0.55 mb/sterad. This 
result should be reduced in the ratio 43/57 to 3.56+.0.42 
mb/sterad. Their value based on a photographic 
emulsion calibration remains high compared with 
other measurements. 


E. End-Window Counter Measurements 


The stacked-foil technique was used to measure the 
relative excitation functions of deuterons and He’® 
particles for the C”(x,xn)C™ reaction. Graphite foils 
14% in. in diameter and } and 7, in. thick were placed 
between guard foils and inserted at various depths in 
uranium absorbers. Near the end of the range, the 
carbon foils were inserted consecutively. The incident- 
particle current was measured by an ionization chamber 
and the current through each foil was determined from 
charge-attenuation curves measured with a Faraday 
cup.24 

The foils were counted in an end-window 6 counter 
with a 3.5-mg/cm? window. The counter and its use 
in connection with these experiments are described more 
fully in a paper by Schecter et al.” No activity other 
than the 20.4-minute C"™ was observed; the foils were 
counted for several half-lives. Corrections were applied 
for counter dead time, C" decay, and geometry differ- 
ences (found empirically). 

The excitation curve for deuterons was normalized 
to the high-energy point from 4m counter data, and the 
low-energy cross sections were corrected for secondary 
particles as in Sec. IIB. The range of the deuterons was 


21 Millburn, Birnbaum, Crandall, and Schecter, Phys. Rev. 
95, 1268 (1954), and unpublished data. 

2 Schecter, Crandall, Millburn, and Ise, Jr., Phys. Rev. 97, 184 
(1955). 
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Fic. 10. The excitation function of the C(He?,He'n)C" 
reaction is plotted as a function of the He® energy. The measure- 
ments were made with an end-window counter whose efficiency 
was determined relative to the 44 counter through the normali- 
zation of the 190-Mev deuteron data. The correction for secondary 
interactions at less than the maximum energy is very uncertain 
and is reflected in the unsymmetrical errors. 


determined for a similar stack and the energies were 
computed from the tables of Aron et al.!” Uncertainties 
in the range point cause the large energy uncertainties 
for low energies; the horizontal lines in Fig. 9 represene 
an estimate of the uncertainty in placement of tht 
midpoint, and do not represent merely the spread (due 
to range straggling) of energies that pass through the 
foil. 

The excitation function for He’® particles shown in 
Fig. 10 was normalized on the basis of the deuteron 
data, because both curves were measured under the 
same experimental conditions. The techniques and 
corrections were the same for both cases; for the cross 
sections shown in Fig. 10, a constant correction of 
1/1.08 was applied to the data for energies lower than 
the maximum. The errors on the points are unsym- 
metrical because it was felt that such a correction for 
secondary-particle effects was very likely incorrect for 
incident He* particles. The inelastic and stripping 
cross sections for He® are approximately equal to those 
for deuterons, but the stripped secondaries have 
ranges greater than the residual range of the He’ 
particle.” Thus the effects of the secondary particles 
may not level off to a constant value as quickly as they 
do for protons and deuterons whose secondaries have 
ranges shorter than the residual range of the primary 
particle. Caution should be exercised in use of the data 
of Fig. 10, for the measured shape of the excitation 
function may be incorrect. The cross section is constant 
within experimental error for energies greater than 80 
Mev. 


IV. SUMMARY AND CONCLUSIONS 


In addition to obtaining absolute values of the cross 
sections, we have measured the ratios of the various 
reaction cross sections with a good degree of accuracy, 
certainly to less than 5%. In addition we have shown 
that the C"(x,2m)C" excitation functions are nearly 
constant at and near the maximum energies of the 
charged-particles beams available at Berkeley; earlier 
measurements that indicated a sharp dip near the 
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maximum energy underestimated the effect of secondary 
particles produced in the attenuators. 

The absolute value of the C’(p,pn)C" cross section 
at 350 Mev is significantly lower than that reported 
earlier,! and the difference is believed to be due to the 
increased accuracy of absolute 8 counting that has been 
achieved in the last few years. Readjustment of the 
excitation function on the basis of our results leads to 
improved agreement between the p-p scattering cross 
sections measured at Berkeley and those measured 
elsewhere® using the C"(p,pn)C" reaction to monitor 
the proton beam. The reported results of other experi- 
ments will be affected by the readjustment of the 


AT 
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excitation function; a partial list of such experiments 
is given in references 6 to 8. 
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Production of Deuterons in High-Energy Nucleon Bombardment of Nuclei 
and Its Bearing on Nuclear Charge Distribution 


Witmort N. Hess AND Burton J. Moyer 
Radiation Laboratory, University of California, Berkeley, California 
(Received August 2, 1955) 


A study has been made of deuterons produced at wide angles to a beam of 300-Mev neutrons and a beam 
of 300-Mev protons. The cross-section dependence on atomic number for these deuterons for light elements 
can be written as c= kA!, This fact and the energy spectra and angular distribution of the deuterons show 
that the process that forms these deuterons is related to the indirect pick-up process described by Bransden. 
This is a two-step process in which the incident nucleon, or its collision partner, is scattered and then picks 
up a deuteron-forming partner in the same nucleus. A yield of tritons has also been observed which has the 
same A-dependence and is presumably made by a similar process. The A-dependence of the deuteron- 
production cross section also suggests that these deuterons are made on the nuclear surface. Because of this 
A dependence, a comparison of the deuteron yields using an incident neutron beam and an incident proton 
beam can give information about the relative numbers of neutrons and protons on the surface of the nucleus. 
An analysis of this sort leads to a possible conclusion that for heavy nuclei there is a nuclear skin rich in 
neutrons. For light nuclei the effect is not observed. If this skin is composed only of neutrons its thickness 


must be about 0.8 10-" cm for lead. 


I. INTRODUCTION 


MONG the various phenomena that reveal the 

constitution and organization of the nucleus are 
the identity and characteristics of the secondary par- 
ticles that emerge under controlled bombarding condi- 
tions. The deuteron as a secondary particle has been of 
considerable interest, since its small binding energy 
invites questions as to the processes by which it may 
emerge intact, particularly in high-energy events. The 
elucidation of these phenomena has contributed to the 
“pick-up” concepts which have been prominent in recent 
nuclear reaction theory. 

In 1952, at this laboratory, Clark! observed a yield 
of deuterons at 40° to a 340-Mev proton beam from a 
carbon target. Because these deuterons were made at a 
large angle to a high-energy beam, it was improbable 
that they were direct pick-up deuterons.?* Because of 


1D. D. Clark (private communication). 
? J. Hadley and H. York, Phys. Rev. 80, 345 (1950). 
3G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 


the way they are formed, direct pick-up deuterons are 
quite sharply peaked along the direction of the beam, 
and have energies fairly closely related to the beam 
energy. It is expected that there will be considerably 
fewer direct pickup deuterons at 340 Mev than at 100 
Mev. At about the time Clark first observed these 
deuterons, Bransden‘ wrote a theoretical paper describ- 
ing a method for producing deuterons of characteristics 
similar to those observed. Quoting from Bransden’s 
paper, ““Deuterons may be formed as the result of a 
second-order process in which a nucleon of relatively 
small momentum (produced by the collision of the 
incident neutron with a nucleon in the target nucleus) 
picks up a second nucleon in the target nucleus to form 
a deuteron.” 

This mechanism of formation could account for the 
observed deuterons. It is known that the energy spec- 
trum of protons quasi-elastically scattered from carbon 
at 40° from a 340-Mev proton beam shows a character- 


4B. H. Bransden, Proc. Phys. Soc. (London) A65, 738 (1952) ; 
and private communication. 
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istic range of energies below the bombarding energy,°® 
and some of the scattered protons can pick up partners 
having suitable momenta to make deuterons. The 
pickup process would form deuterons traveling roughly 
in the direction of the scattered protons. In this way 
we can obtain a considerable yield of deuterons, at 
larger angles from the beam than the direct pick-up 
process would allow. Such deuterons would be similar 
to those Clark observed. 


Il. EXPERIMENTAL APPARATUS AND PROCEDURE 
A. Cyclotron Beams 


This experiment was performed with the external 
high-energy proton and neutron beams of the 184-inch 
Berkeley synchrocyclotron. The neutron beam was pro- 
duced by bombarding a 2-inch-thick Be target with 
340-Mev protons. The neutron spectrum® obtained in 
this way is shown in Fig. 1, in which the peak of the 
spectrum is seen to be at about 300 Mev. 

A copper energy degrader placed in the deflected 
beam reduced the energy of the proton beam from 340 
Mev to 300 Mev to allow direct comparison with the 
neutron-beam experiments. 

The scattering targets used were lithium, carbon, 
aluminum, copper, cadmium, lead, uranium, and 
polyethylene, (CH) .. 


5 Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952). 
* This was obtained by Ball, Cladis, and Hess by the method 
given by Cladis, Hadley, and Hess, Phys. Rev. 86, 110 (1952). 


B. Particle Identification by Measurement 
of E and dE/dx 


1. General Experimental Method 


A large part of the information in this experiment was 
obtained by a particle-detection method which meas- 
ured dE/dx and E for the scattered charged particles. 
This is accomplished by using a telescope of three 
crystal scintillators, the crystal towards the target 
moderately thin and the second crystal thick enough to 
stop most of the scattered particles. The third crystal 
is used to detect the passage of particles too energetic 
to be stopped in the second crystal, which it was desir- 
able to keep to a limited size. The apparatus is shown 
in Fig. 2. The particle energy loss in the thin crystal is 
related to dE/dx, and the energy loss in the second 
crystal to £ of the incident particle. The measurement 
of these two parameters determines the mass and energy 
of the observed scattered particles (particles assumed 
to have one electronic charge). The relationship between 
E and dE/dx for various particles is plotted in Fig. 3. 


2. Counters 


The scintillators used in this experiment were made 
of terphenyl-impregnated polystyrene, and were viewed 
by RCA 5819 photomultipliers. The first and second 
scintillators—which measure, respectively, dE/dx and 
E of the incident particles—were also viewed by a pair 
of 1P21 photomultipliers on each scintillator in order 
to define a coincidence that could be used as an oscillo- 
scope sweep trigger. Because of the thickness of the 
dE/dx crystal, the particles that passed through the 
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telescope had the following low-energy cutoffs : 


E> 36 Mev; 
E>48 Mev; 
E>58 Mev. 


protons, 
deuterons, 
tritons, 


He® and heavier particles were not observed in any 
measurable quantity, probably because the energy cut- 
off is too high. The energy cutoff for He* is 125 Mev. 


3. Electronics 


Figure 2 shows the electronics used with the E—dE/dx 
equipment. The pulses from the 5819 photomultipliers 
viewing the scintillators were exhibited on a model 517 
Tektronix oscilloscope. The 1P21 signals were added, 
clipped, amplified, and fed into a double-coincidence 
circuit, the output of which was used to trigger the 
scope and was also recorded on a scaler. The scope face 
was photographed by a 35-mm free-running movie 
camera. 


4. Calibration 


Part of one run was devoted to calibrating the 
E—dE/dx equipment. This was done by placing the 
scintillators directly in a low-intensity beam of mono- 
energetic particles. Deuterons were accelerated to 190 
Mev in the cyclotron and then the energy of the deu- 
terons was reduced by placing copper energy degraders 
in the deflected beam to obtain deuterons of 120 Mev 
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Fic. 2. Experimental apparatus used in the E—dE/dx method. 
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and 50 Mev. Similarly, the 340-Mev proton beam was 
reduced to 110 Mev and to 40 Mev, and the pulse- 
height distribution produced in the counters was meas- 
ured for these various incident particles. The results of 
these measurements are shown in Fig. 4, though only 
the central part of the 40-Mev proton beam pulse-height 
distribution is shown because straggling in the extensive 
energy degradation made this distribution so wide. The 
curves drawn on Fig. 4 are the E vs dE/dx relationship 
plotted on Fig. 3, and the theoretical curves have been 
fitted to the calibration data at the 110-Mev proton 
point. It is seen that the theoretical curve fits the experi- 
mental data satisfactorily. 


C. Ho-Range Method 


Part of the data taken using the 300-Mev proton 
beam were obtained by using Hp and range to determine 
mass and energy of the scattered particle. This was done 
by bending the paths of the scattered particles through 
a magnetic field and then counting the numbers of 
particles appearing at various exit positions by a 35- 
channel set of scintillation counters. This equipment is 
quite similar to that used by Cladis.* The separation of 
deuterons from protons was accomplished by placing 
graded, tapered absorbers in front of the 35-channel 
counters. Figure 5 shows the experimental arrangement. 
The absorbers were made to be a certain fraction of a 
deuteron range thick at each point. Several of these 
wedge-shaped absorbers were provided, having thick- 
nesses of 0.3Rp, 0.6Rp, 1.2Rp, and 2.0Rp. 

The total counting rate of the 35-channel counters 
were determined as a function of absorber thickness, 
and a curve of this sort for aluminum is shown in Fig. 6. 
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Fic. 3. The E—dE/dx relationship for various particles. 
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Fic. 4. E—dE/dx cali- 
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The dip at the deuteron range is quite apparent, indi- 
cating the fraction of deuterons. 


Ill. ANALYSIS OF DATA 


A sample of the E—dE/dx data taken with an Al 
target at 40° is shown on Fig. 7. These data show clearly 
the proton line and also the deuteron line. Also less 
evident, but present, is a contribution of tritons. If the 
proton, deuteron and triton lines are drawn in on this 
plot as in Fig. 4, and lines of constant mass are then 
drawn between these three lines, a particle-mass distri- 
bution curve can be obtained by counting the events 
lying between the various lines. A mass spectrum ar- 
rived at in this way is shown in Fig. 8. It is seen that the 
deuteron peak is quite well separated from the proton 
distribution, and also that there are some tritons present 
and that they are moderately well separated from the 
deuterons. 

The counting rate of the scaler that was recording 
the number of scope traces was used to obtain the differ- 
ential cross section for all scattered charged particles 


40 


Orbitrary units 


from a given target, which is expressed by 


C(6) 1 
“o-—(-), 


where we have C(@)=scaler counts at angle 6, V =corre- 
sponding beam flux, m=target atoms/cm?, 2=solid 
angle, and e=counting efficiency. 

The neutron beam flux was measured by employing 
CH.—C target differences together with known n—p 
cross sections Proton beam flux was determined by a 
calibrated ionization chamber which the beam traversed. 

The cross sections o(@) result from a combination of 
protons, deuterons, and tritons, and in order to get 
individual particle cross sections we return to the pulse- 
height data. By superimposing proton-deuteron and 
deuteron-triton separation lines, which can be obtained 
from Fig. 3, onto the pulse-height data as shown in 
Fig. 7, we can determine the fractions of the total 
counts that are protons, deuterons, and tritons. The 
target-out yield must be subtracted away in order to 
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Fic. 5. Experimental apparatus used in the Hp-range method. 
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get these fractions. Using these numbers, we can get the 
cross sections for production of protons, deuterons, and 
tritons at angle @ from nucleons bombarding element X : 


. protons 


0 (nucleon +X —)p) (0) m=? (0) : | ; 
all particles 


r deuterons 7 


d (nucleon +X —d) (0) =e (0) : ) 
Lall particles 


| tritons 
o (nucleon +X —#) (8) =a (6) ii ana 








all particles } 


Tables I and II give a summary of the cross sections 
obtained in this way. The deuteron differential cross 
sections for proton bombardment of various elements 
at an angle of 40° to the beam are shown in Fig. 9. All 
the differential proton cross sections measured in the 
course of the experiment are plotted against A in 
Fig. 10. 

We can also obtain energy spectra from the pulse- 
height data as shown in Fig. 7. Taking the results of 
the calibration run as shown in Fig. 4, and using the 
calculated E vs dE/dx lines as shown in Fig. 3, we can 
draw lines of known energy intersecting the E vs dE/dx 
lines. By counting the numbers of events between two 
such lines and dividing by the energy interval, we obtain 
the energy spectra. Proton spectra obtained from the 
E vs dE/dx data are shown in Figs. 11, 12, and 13. 





8 





COUNTS/MONITOR 
. 
2 





gu 
ial 


ABSORBER THICKNESS an R, 


Fic. 6. An absorber curve obtained using the Hp-range method. 


Deuteron energy spectra made by E vs dE/dx and 
Hp-range methods for an angle of 40° are shown in 
Fig. 14. 

The absorber curves, such as shown in Fig. 6, ob- 
tained by use of the magnet, can be analyzed to get the 
differential cross sections for production of deuterons. 
The magnitude of this dip at Rn=1 compared to the 
height of the curve for an absorber ‘‘uckness of Rp=0 
gives the fraction of charged particles that are deu- 
terons. Correction must be made for proton nuclear 
absorption in the tapered absorbers. 


IV. CALCULATION OF DEUTERON YIELDS 
AND ENERGY SPECTRA 


Employing the indirect pickup-process model pro- 
posed for the deuteron-formation mechanism, and start- 
ing with known spectra and yields of scattered protons, 
we may try to fit the deuteron spectra and yields. We 
write, for the carbon nucleus as an example, that the 
cross section for producing indirect pick-up deuterons, 
using an incident proton beam, is the product of the 
cross section for quasi-elastic scattering of the beam 
protons and the probability that a scattered nucleon 
picks up a partner to form a deuteron. Thus 


do(p+C—sd) do(p+C—p) p 
dQdE dd E 


da (p+C—n) 
dQdE 





(P2). 


The first term on the right above is the contribution 
from scattered protons picking up neutrons, and the 
second term is due to scattered neutrons picking up 
protons. P; is the probability for a scattered proton to 
pick up a neutron to form a deuteron and P» is the 
probability for a scattered neutron to pick up a proton. 
In the case of the proton beam we have measured 


da(p+C—>) , da(p+C—d) 
a 
dQdE = dQdE 


do(p+C—mn) 
dMd@E 





, but not 


For the shape of the quasi-elastic scattered-neutron 
energy spectrum, the last term above, we take the 
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measured proton spectrum and change it point by point 
by the ratio of the free-nucleon differential cross sec- 
tions, onp(0)/opp(0). The areas underneath the spectra 
were normalized to the measured differential cross sec- 


30 


40 
arbitrary units 


tions ¢(p+C-—p) and o(n+C->), since the latter 
should be expected to be equivalent to o(p+C-—n). 
The probability that a proton picks up a neutron P, 
should equal the probability that a neutron picks up a 


TABLE I. Differential cross sections obtained using 300-Mev protons. (All values are in millibarns/steradian.) 








Lithium 


Carbon 


Aluminum Copper 





7 p4X-+p(26°) 
Op+X=p( °) 
7 p+X-+a(26°) 
op+x+a(40°) 
Op+ xa(60°) 
Op+X+t(26°) 
op+x-+1(40°) 
Tp4+X+t 


35.3 +3.0 
1.16 +0.31 


0.079+0.042 


70.0 +4.0 
52.3 +4.0 
1.72 +0.41 
1.90 +0.35 
1.42 +0.30 
0.120+-0.068 
0.148+0.069 
0.024+0.041 


130.1 +5.0 
89.0 +40 
3.54 +0.75 
4.69 +0.48 


0.150+0.108 
0.4150.108 


188.5 +7.0 
142.8 +6.0 
6.44 +1.32 
7.86 +1.04 


0.3160.179 
0.260+0.189 





Cadmium 


Uranium 





Op4X-+p(26°) 
p+X+p(40° 
Op4+X-+4(26°) 
7 p+x-+a(40°) 
Tp4+Xod (60°) 
Op+X+1(26°) 
op+x-+1(40°) 
%p+x+1(60°) 


193.2 +9.0 
11.22 +1.20 


0.492+0.296 





251.0 +11.0 
16.80 + 1.68 


0.191+ 0.248 
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TABLE II. Differential cross sections obtained using 300-Mev neutrons. (All values are in millibarns/steradian.) 








Lithium 


Carbon 


Aluminum Copper 





On+X+p(26°) 
Tn4X-+p(40°) 
n+X2d(26°) 
On, X-+a(40°) 
On+X-+t(26°) 
Tn+Xt : 


9.6 +0.85 
1.13 +0.17 
0.092+0.026 


27.7 +2.0 

16.15 +0.77 
2.80 +0.40 
2.09 +0.20 
0.311+0.133 
0.291+0.061 


49.2 +3.0 
29.7 +1.4 
4.15 +0.50 
3.87 +£0.40 
0.860+0.195 
0.599+0.124 


76.3 +5.0 
46.8 +1.9 
7.08 +0.86 
5.31 +0.62 
0.7150.295 
0.992+0.196 





Cadmium 


Lead Uranium 





On4X-+p(26°) 
On+X~+p(40° 

On+X+a(26°) 
On+X+4(40°) 
Tn+Xt (26°) 
On X t(40°) 


64.2 +2.4 
8.85 +£0.78 
0.820+0.217 


120.2 +9.0 
80.4 +3.3 
9.71 +1.60 
10.03 +1.12 
1.60 +0.61 
1.948+-0.395 


83.3 +3.3 
9.97 +1.17 
1.518+0.380 








proton P, for carbon, since the matrix element entering 
into both probabilities should be the same, and the 
number of neutrons is the same as the number of pro- 
tons, and there is not expected to be any effective differ- 
ence in the distribution of neutrons and protons for the 
carbon nucleus. 

Using this information, and assuming that the energy 
dependence of the pick-up probability can be written 
as a power law in the kinetic energy of the scattered 
nucleon, we take 


P,= P2=kRE~ "scattered nucleon) 


where E is the energy of the beam nucleon after it has 
been scattered but before it picks up a second nucleon 
in the target nucleus to form a deuteron. Substituting 
this into the equation above and arbitrarily choosing a 
particular value for m, we get the deuteron energy 
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Mass spectrum obtained from E—dE/dx data. 








spectrum. The pick-up deuteron energy is related to, but 
not the same as, the scattered-nucleon energy. In a 
p—d collision leading to the formation of a direct pick-up 
deuteron the energy relation is 


Epick-up deuteron > (8/9) Eproton cos’, 


where ¢ is the angle between the direction of motion of 
the incident proton and the pick-up deuteron formed in 
the event. We may write as an approximation for the 
energy relation in a complex nucleus, 


Epick-up deuteron > (8/9) Escattered nucleon cos*é— 2% 


where Eycattered nucleon 1S the energy of the beam nucleon 
after it has scattered, but before it picks up to form a 
deuteron ; @ is the angle between the directions of motion 
of the scattered nucleon and the pick-up deuteron; and 
B is similar to the binding energy of the nucleon which 
is removed from the target nucleus in forming the 
pick-up deuteron. The value of B can be evaluated from 
the data of Hadley and York.? Chew and Goldberger® 
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Fic. 9. Deuteron differential cross sections at 40°, 
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Curves constructed in the method outlined above, 
* Sp.x- p (26°) using m= 1, 2, 3, 4, and 6, are shown in Fig. 15 with the 
ee corresponding experimental deuteron spectra super- 

imposed on them. The areas under these curves above 
50 Mev have been measured and are listed in Table IIT. 
© Onsx—p (40°) The last column in the table lists the values for the 
pick-up probability found when the sum of the experi- 
mentally measured differential cross sections for deu- 
teron production at the three angles used were made to 
agree with the sum of the same cross sections as calcu- 
lated by the method of this section. 

It appears that the energy dependence of the pick-up 
probability is best given by E~ or E~*. 

There have been other estimates of this energy de- 
pendence of the pick-up process. Heidmann,’ using the 
Born approximation, obtained a value of »=6. Brate- 
nahl,® using deuterium for the target nucleus, has ob- 
tained a value of m=3 experimentally. Slater, at this 
laboratory, in studying (d,p) reactions which are the 
inverse of the pick-up process, found an energy de- 
pointed out that the 0° deuteron spectrum from carbon pendence which for energies higher than 50 Mev is given 
found by Hadley and York looked similar to the inci- by =2 for several heavy elements. In the analysis by 
dent 87-Mev neutron spectrum displaced to a 65-Mev Chew and Goldberger,’ the cross section obtained has 
peak ; this gives B=13 Mev. roughly an E~* energy dependence. 
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Fic. 10. Proton differential cross sections. 
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Fic. 11. Energy spectra of protons at 40° to the beam for various elements bombarded with 300-Mev protons. 


7 J. Heidmann, Phys. Rev. 80, 171 (1950). 
* A. Bratenahl (private communication). 
*L. M. Slater, University of California Radiation Laboratory Report No. UCRL-2441, March, 1954 (unpublished). 
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Fic. 12. Energy spectra of protons at 40° or 60° to the beam for various elements bombarded 
with 300-Mev protons. 


V. RESULTS AND CONCLUSIONS 
A. Proton Yields and Energy Spectra 


The differential cross section for scattering protons 
from light elements here observed at 40° to the 300-Mev 
proton beam can be written as 


Oo (p+X—p) (40°) = k. {9.72 


Dr. Warren Heckrotte predicted an exponent of 0.78 
on the basis of the theory of a semitransparent nucleus.'® 
A recent measurement of proton nuclear absorption 
cross sections" gave an exponent for A-dependence of 
0.73 for high-energy incident protons. 

Proton-energy spectra are shown for various elements 
at various angles in Figs. 11, 12, and 13. The spectrum 
from carbon at 40° compares well with Cladis’s curve® 
for the same spectrum. The quasi-elastic peak stays 
visible all the way to uranium, but the background of 
multiple-nucleon collision events of course becomes 
larger with increasing values of A. 


© Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

1 A. J. Kirschbaum, University of California Radiation Labora- 
tory Report No. UCRL-1967, October, 1952 (unpublished) ; and 
Phys. Rev. 90, 449 (1953). 


B. Dependence of Deuteron Production 
Cross Sections on A 


According to the data of this experiment the differ- 
ential cross section for deuteron production from light 
elements (lithium, carbon, and aluminum) at 40° to an 
incident proton can be written as 


7 (p+C-+a) (40°) = RA}. 
This strongly suggests that the mechanism that pro- 
duces these deuterons is the indirect pickup process 
described above. It has been shown in the preceding 
paragraph that the differential cross section for quasi- 


TABLE III. Areas under the curves of Fig. 15.* 





Expression 
used for 
pickup 
Angle to beam 26° 40° 60° probability 
Measured value 1.78+0.41 1.904035 1.42+0.30 


EW" 2.39 
2 E> 1.88 1.63 
Calculated J 7-; 1.69 1.80 


by using ) F-« 1.53 : 1.94 
E-$ 1.26 2:23 





1.19 








* All cross sections given in millibarns/steradian. All energies given in 
v, 
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Fic. 13. Energy spectra of protons at 26° to the beam for various elements bombarded 
with 300-Mev protons. 


elastic nucleon scattering goes as A°®-”. Also, the A de- 
pendence of the direct pickup process is known from 
the work of Hadley and York.? The total cross sections 
measured by Hadley and York for making direct pick-up 
deuterons from carbon and copper indicate an exponent 
of 0.41. Now, returning to the direct pick-up deuterons, 
we have 


Gindirect pickup > [o, nucleon sentencing LY’ ick-up probability ] 
ai [C\A°-? [C2491] = C,C2A'8, 


Cu+Cd+Pb+uU 40° 
*Hp- RANGE 


° E- dE/dx 


Y 


n= 3 (see text) 
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JA\ 
BRANSDEN © \\ 
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ENERGY 
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The exponent here is close to that mentioned in the 
foregoing. It should be noted that the A-dependence of 
the pick-up part of this process implies that the pickup 
occurs on the surface of the nucleus. That is, the ex- 
ponent 0.41 shows that as the target nucleus becomes 
larger only part of the added nucleons are important 
in producing the pick-up deuterons. Since the mean free 
path of deuterons in nuclear matter is small compared 
to nuclear dimensions, the important nucleons are ex- 
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Fic. 14. Energy spectra of deuterons at 40° to the beam for light and heavy elements 
bombarded with 300-Mev protons, 
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Fic. 15. Deuteron en- 
ergy spectra calculated 
by using the indirect 
pick-up process and as- 
suming the energy de- 
pendence of the pick-up 
process to be given by 
E-*, Values of n of 1, 2, 
3, 4, and 6 were used in 
the calculation. 
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pected to be the surface nucleons; but apparently not 
all of these are effective, in view of the value of 0.41 
instead of approximately 3. 

Above copper the heavier elements in this experiment 
do not obey the same A dependence as the light elements 
in the production of deuterons. The value of the ex- 
ponent here is about 0.6. Stuart” has shown that 
electric-field stripping of the emergent deuterons should 
not be responsible for this heavy-element A-dependence. 
The effect that provides the most reasonable explana- 
tion has to do with the pick-up probability. Since the 
pickup takes place on the surface of the nucleus, the 
area of the surface that can be effective in the pick-up 
process is limited by the fact that a deuteron cannot 
be formed if the two nucleons involved are farther apart 
than they can be in a deuteron. 

The radius of the copper nucleus is larger than the 
nominal size of the deuteron (~4x10~" cm). There- 
fore, it is not surprising that for nuclei larger than 
copper the additional surface area is not effective in 
producing deuterons, and that as a result the pick-up 
part of an indirect pick-up process for heavy elements is 
independent of A. Selove'® has found that the direct 
pick-up differential cross sections at 18° for making 
deuterons from copper and lead are essentially equal, 
also indicating that n=0 for this case. As a result of 
this, all the A-dependence of the indirect pick-up process 
for heavy elements is given by the nucleon-scattering A 
dependence, which for heavy nuclei is about »=0.5 
(see Fig. 10). 

2R. N. Stuart, University of California Radiation Laboratory 
Report No. UCRL-2574 (unpublished). 


1 W. Selove, Phys. Rev. 92, 1328 (1953); and private com- 
munication. 
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C. Deuteron Angular Distribution and 
Energy Spectra 


The angular distribution of deuterons from proton 
bombardment of carbon is shown in Fig 16. On the 
figure are the theoretical curve of Bransden™ and the 
curve obtained by the method of Sec. IV of this report 
by using n= 2. The experimental distribution is seen to 
be quite flat over the angular interval measured. The 
Born approximation curve of Bransden is normalized 
to a total cross section in carbon of 9 millibarns. It 
appears to be too much peaked forward. The height of 
the curve calculated by the method of Sec. IV has been 
adjusted to the experimental data by arbitrarily choos- 
ing the value of k in P=kE-*. (See Table III.) 
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Fic. 16. Angular distribution of deuterons. 


“The author is deeply indebted to Dr. B. H. Bransden and 
Mr. J. McKee of Queens University, Belfast, Ireland, for extend- 
ing the calculations of reference 3 to obtain the energy spectra and 
angular distribution of deuterons shown in Figs. 14 and 16, 
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Fic. 17. Energy spectrum of tritons at 40° to the beam for 
light elements bombarded with 300-Mev protons. 


The deuteron energy spectra at 40° are shown in 
Fig. 14. The energy spectra calculated by Bransden and 
by the method of Sec. IV are shown on these figures. 
The Bransden spectra seem to have somewhat too low 
an energy cutoff. It is noted that the 45° deuteron en- 
ergy spectrum by Hadley and York resembles the in- 
direct deuteron spectra obtained in this experiment. 

During an analysis of 300-Mev neutron-induced stars 
in oxygen, Fuller’ has recently found a considerable 
yield of high-energy deuterons (>20 Mev) having an 
energy spectrum and angular distribution very similar 
to the deuterons observed in this experiment. 


D. Tritons 


As shown in the mass spectrum in Fig. 8, there is a 
measurable yield of tritons observed at wide angles to 
a 300-Mev nucleon beam. Cross sections for triton pro- 
duction are given in Tables I and II. If we work out a 
least-squares fit to the data for Li, C, and Al, we get 


0 (pp-x-ot)(40°) = RAI, 


This A-dependence is very similar to the deuteron A 
dependence, which would imply that the tritons also 
are formed by the indirect pick-up process. The energy 
spectrum for tritons from proton bombardment of light 
elements at 40° to the beam is shown in Fig. 17, and 
is similar to the deuteron spectra, as might be expected 
if the same mechanism of formation is involved. 


VI. SURFACE NUCLEONS 


It has been demonstrated that the indirect pickup 
deuterons are made near the nuclear surface. Because 
of this fact we can get some information about the 
variety of nucleons found on the surface of the nucleus 
if we perform two experiments, using first an incident 
proton beam and then an incident neutron beam. 

First, let us consider the indirect pickup deuterons 
resulting from proton bombardment. Figure 18(A) 


18M. O. Fuller, University of California Radiation Laboratory 
Report No. UCRL-2699, September, 1954 (unpublished). 
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shows this event. For nuclei with nearly equal numbers 
of neutrons and protons a simple cross section argument 
would lead one to expect about three times as many 
scattered protons as neutrons in the scattered-nucleon 
beam. As most of the scattered nucleons are protons, 
then the particles that are picked up at the nuclear 
surface to form deuterons are mostly neutrons. 

In the performance of an incident-neutron beam ex- 
periment as shown in Fig. 18(B), the same argument 
leads one to expect more scattered neutrons than pro- 
tons in a ratio of approximately 3:1 With a neutron 
beam incident the scattered nucleons, consisting mainly 
of neutrons, must pick up protons at the nuclear surface 
to form deuterons. In this way the yield of deuterons 
from a proton beam experiment depends strongly upon 
the presence of neutrons on the nucleon surface, and the 
deuterons from a neutron beam experiment depend 
upon the presence of protons on the nuclear surface. 

Using the method outlined in Sec. VII, we obtain 
values for the fraction x of “surface” nucleons that are 
neutrons. The values of x are shown on Fig. 19. The 
crosses are the volume fraction of nucleons that are 
neutrons. This is given by 


Number of neutrons/atomic number= V/A. 


The experimental values of x for light elements (lithium 
and carbon) lie on the curve of V/A, indicating that 
for light elements the surface nucleons are not to be 
distinguished from the nucleons in the rest of the 
nucleus. For heavier elements, especially lead and 
uranium, the experimental value of x lies significantly 
above the V/A curve. The average of the x values for 
the four heaviest elements lies almost three standard 
deviations above the V/A line. This indicates that there 
may be an excess of neutrons on the nuclear surface, if 
the foregoing interpretations are correct. 

Actually, the “surface’’ as defined by this experiment 
has some depth, being the region in which the pickup 
part of the indirect pick-up process takes place. An esti- 
mate of the depth of this “surface” based on Bransden’s 
calculations gives 1.8 10— cm. 

If we use a simple model and assume that there is a 
nuclear skin composed of neutrons only, we can get an 
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Fic. 18. Schematic diagram of the indirect pickup process 
using (A) a proton beam or (B) a neutron beam incident on the 
target. 
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estimate of its thickness, 
Ix=s+(l—s)(N/A), 


where /=depth of surface layer within which pickup 
occurs =1.8X10-" cm (from Bransden), x=average 
fraction of nucleons in this region that are neutrons 
=0.78 (from this experiment for Pb), and s= thickness 
of assumed “skin” of neutrons. For Pb, for which 
N/A =0.60, the value of s thus obtained is0.8X 10-" cm. 

Measurements of nuclear radii by methods that in- 
volve the charge distribution'® and by methods that 
involve the nuclear potential distribution’? tend to 
substantiate this viewpoint. The charge-distribution 
radii appear to be smaller than those determined by 
high-energy neutron collisions, thus suggesting the 
presence of surface neutrons. The best value of the 
coefficient for the square-well-radius as obtained from 
the charge distribution experiments is about 7o>=1.20 
X10-* cm, and for the nucleon distribution the value is 
about ro==1.37X10—-% cm. The charge-distribution 
radius is smaller, but part of the difference may be due 
to the range of nuclear forces. Neglecting the effect of 
the range of nuclear forces, we can estimate a value for 
the neutron skin thickness from these data. Consider- 
ing lead, 


s~AroA t= (207)§(1.37— 1.20) X 10- = 1.0 10-8 cm. 


The neutron skin effect has also been postulated 
theoretically'* as being a result of the Coulomb poten- 
tial. The value of s in that analysis is thought to be 


about } the meson Compton wavelength, s~}(h/yc) 
=0.7X10-" cm. 

It has been suggested that a difference in the mo- 
mentum distributions of surface neutrons and protons 
could be responsible for the difference in the indirect 
pickup deuteron yields upon proton or neutron bom- 
bardment, interpreted here as being due to a difference 
in surface populations of protons and neutrons. If the 
neutrons on the surface have a higher average mo- 
mentum, then according to the analysis of Chew and 
Goldberger there is a larger probability that neutrons 
will be picked up than protons. A reason why neutrons 
may have larger momenta is that the potential well is 
deeper for neutrons than for protons, owing to the 
Coulomb potential. But the fact that the proton wave 
function is depressed more steeply than the neutron 
wave function, because of the Coulomb barrier, implies 
that the proton wave function has more curvature near 
the edge of the well, therefore contributing to high- 
momentum components for the protons. It is not ob- 


16 Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951); V. L. 
Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953); F. Bitter and 
H. Feshbach, Phys. Rev. 92, 837 (1953). 

17 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 75, 7 
(1949); Bratenahl, Fernbach, Hildebrand, Leith, and Moyer, 
Phys. Rev. 77, 597 (1950); Warren Heckrotte, University of 
California Radiation Laboratory Report No. UCRL-2510, March 
1954 (unpublished). 

18M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 
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Fic. 19. The fraction of surface nucleons that are 
neutrons for various elements. 


vious whether the net effect is to make the average sur- 
face neutron momentum larger or smaller than the 
surface proton momentum. 

Swiatecki," considering why the nuclear surface 
energy is as large as it is, has developed a nuclear model 
that bears on this problem. This new model has sloping 
sides in which the rise occurs in a distance of 6 to 8 
X10- cm. In a Fermi gas, if there are more neutrons 
than protons in the nucleus, then the zero-point energies 
for neutrons are larger than for protons. These faster 
neutrons explore greater volumes of space and therefore 
result in a larger effective radius ior neutrons. This 
model then gives faster neutrons, and also neutrons 
existing at larger radii than protons. Both these effects 
could contribute to the observed deuteron yields. 


VII. DETERMINATION OF THE FRACTION OF 
SURFACE NUCLEONS THAT ARE NEUTRONS 


As in Sec. IV, we can write, for the cross section 
for deuteron production from protons bombarding ele- 
ment A, a product of a nucleon-scattering cross section 
and a pick-up probability : 


7 (p+ Ard) (0) = 0 (p+ Asp) (8) (Pi)+o m4 An) (9) (Po). 


Similarly, for neutrons bombarding element A, we can 
write 
F (n-A-vd) (0) = O(n A-»p) (0) Pita (ny sn) (0) Po. 

Now if we separate the scattering in nucleus A into 
scattering from protons and neutrons we can write 

O (p+ Ap) (0)= (Z)o (p+ p-»p) (0)+ (A —Z)o (p+ n+p) (8), 

T° tawny (0) = (Z)o (n+-p-»p) (0), 

o(ptAn) (0) = (A —Z)o(p+n-n) (8), 

oT (n+A-n) (0)= (A —Z)O(n+-n-n) (@)+ (Z)o n+ p->n) (0). 

The cross sections on the right above are nucleon- 
nucleon cross sections averaged over a range of energies 
attributable to the internal momentum of the struck 


nucleon, and otherwise modified so as to be appropriate 
to collisions within the nucleon well. They do not need 


"9 W. J. Swiatecki, Phys. Rev. 98, 203 (1955). 
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TABLE IV. Fraction x of nucleons in the pick-up region 
that are neutrons. 








x from double 
scattering 


0.652 
0.458 
0.609 
0.732 
0.708 
0.859 
0.845 


x from single 


Element scattering 





0.564 
0.470 
0.585 
0.684 
0.620 
0.775 
0.745 








to be explicitly evaluated, as is evident in the following 
discussion. 
In the course of the experiment we measure four cross 
sections. 
o(p+4-)(8), 7 (p+-4-+) (8), 


T(n+A-va)(O), F(n4-4-—+p) (8). 


Using these data and above equations, we must make 
two simplifying assumptions in order to proceed : 


T (ntn->n) (@)= oT (pt+-p—p) (8), 
7 (p+-n—p) (6)= T (nt+-p—+>p) (6)= T(ptn—n) (6)= 7 (nt-p-»n) (8). 


The first assumption says that n—m scattering is the 
same as p— p scattering, for which there is considerable 
evidence. The second says that the n—» differential 
cross section in the center-of-mass system is sym- 
metrical about 90°. This is very nearly true in the case 
of free n— > collisions” for angles from 40° cm to 140° 
cm, which covers the angular interval of interest. The 
fact that these events take place in the nucleus rather 
than as isolated events is assumed to not change the 
picture appreciably. For simplicity we call the cross 
sections on the left-hand side in the above equations 
Opp and gay. These should not be taken to be free 
nucleon-nucleon cross sections. Substituting, we get 


o(p4-A-rd) (0) = Zo ppP1+ (A—Z)onpPit (A—Z)onpP2, 
o (n4-A-vd) (0) = ZonpPit (A—Z)oppP2t+ZonpPr. 


Now let us consider the pick-up probabilities We have 
P=kN, where N=number of available partner nu- 
cleons. The proportionality constant k is the same for 
a proton picking up a neutron as for a neutron picking 

*” Chung Ying Chih, University of California Radiation Labora- 
tory Report No. UCRL-2575, May, 1954 (unpublished); J. 


DePangher, University of California Radiation Report No. 
UCRL-2153, March, 1953 (unpublished). 
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up a proton: 
P\=kM,, N,=lax, 


P2=kN2, N2=la(1—x), 


where V,=number of available neutrons, V,;= number 
of available protons, a=effective surface area within 
which pickup event occurs (related to size of deuteron), 
l=effective depth of pick-up region, and «= fraction of 
nucleons in the pick-up region that are neutrons. Sub- 
stituting in preceding equation and taking a ratio, we 
obtain 


__ F(t Ard) (0) 


‘¢ A> (@ 
ST eee Bew tang ts) 


” (Zeyyt (A—Z)een e+ (A—Z)eny(1—3) 





Taking the ratio of the measured proton-production 
cross sections, 


_ 7 (p+ Ap) (0) eS Zo ppt+(A- Z)onp_ tor 4 “ms 


Coy ie 


? 


o(n+-A-»p) (8) Zonp 


and substituting this into the previous equation and 
solving for x, we have 


Gah) 
e)aleF)t 


The values of x can be obtained from this equation by 
using the experimental data. 

If a similar analysis is carried out for only those 
events in which the incident nucleon is scattered twice 
before it picks up to form a deuteron, the results are not 
much different from the single-scattering analysis. The 
values of x are slightly larger, especially for heavy nuclei 
(see Table IV). 

The nucleons that pick up to form deuterons result 
from a combination of single-scattering events, double- 
scattering events, and more complicated events. The 
double-scattering events become more important for 
heavy nuclei. Because of this, the surface neutron sur- 
plus in heavy elements is, if anything, larger than that 
indicated in Fig. 19, owing to complex scattering events. 
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Modified Fermi Mechanism for the Acceleration of Cosmic Rays 
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Fermi’s treatments of the acceleration of cosmic rays are generalized by including the statistical fluctua- 
tions in the number of accelerating and decelerating interactions of a particle with a varying magnetic field. 
This alone does not greatly change the result, a power-law energy spectrum still being obtained. However, 
interactions, not considered by Fermi, in which the average energy change is zero may now contribute 
much, or all, of the acceleration. In particular, in his second model, where the galactic magnetic field is 
roughly uniform along the spiral arm of the galaxy, standing hydromagnetic waves now accelerate and 
decelerate particles by “betatron” collisions. To get the observed energy spectrum requires rms gas velocities 
of 10 km/sec in oscillations whose extensions normal to and parallel to the field are of order 1 and 7 light 
years, respectively. The observed near-isotropy of cosmic rays may be explained by inhomogeneities in 
the magnetic field of scale small compared to the helix radius. These can be numerous enough to produce 
near-isotropy without being so numerous that the particle is less likely to diffuse to the end of the spiral arm 
than to make a nuclear collision. It is speculated that, because of the statistical effects, fluctuating stellar 
magnetic fields may accelerate a few particles in a small-scale version of Fermi’s first model and thus solve 


the injection problem. 





I, INTRODUCTION 


T is now widely believed that cosmic rays result 

from the electromagnetic acceleration of ions that 
originate either in the outer atmospheres of the stars 
or in interstellar space, and that the cosmic rays are 
stored either in the galaxy or in the solar system by 
magnetic fields. Many specific mechanisms have been 
proposed that might accomplish the acceleration. That 
due to Fermi! is among the most attractive since it 
operates in a general statistical fashion and makes a 
minimum of special assumptions about the electro- 
magnetic field. It operates whenever the magnetic field 
is not static and does not require the kinds of regularity 
found in laboratory accelerators. However, when con- 
sidered quantitatively using the best available astro- 
nomical data, neither of Fermi’s versions seems satis- 
factory. Further investigation of these mechanisms 
shows, as will be described below, that additional 
factors should be considered and that when this is done 
some of the main difficulties may be removed. 


II. FERMI’S MECHANISMS 


In Fermi I, the magnetic field is assumed to be very 
tangled and imbedded in a turbulent gas whose motion 
dominates the field. In Fermi II, the field is assumed to 
be fairly regular and to run along a spiral arm of the 
galaxy, the magnetic field being strong enough to 
dominate the motion of the gas. For the reasons given 
in Fermi II and elsewhere,” in connection with a more 
detailed description of such a field, this regular model 
seems to fit astronomical data much better than does 
the turbulent model. Fermi considered only processes 
in which the magnetic field could be considered as 
static when viewed from a suitable inertial frame, and 

1E. Fermi, Phys. Rev. 75, 1169 (1949); Astrophys. J. 119, 1 
(1954). These papers and the two modifications of the mechanism 
that they describe will be referred to as Fermi I and II, re- 


spectively. 
2 L. Davis, Phys. Rev. 96, 743 (1954). 


thus all interactions between particles and gas clouds in 
which magnetic fields are imbedded may be regarded 
as elastic collisions. The change in energy of a cosmic- 
ray particle in such a collision may be either positive 
or negative depending on the relative direction of the 
velocity of the gas cloud, but there is a second-order 
term in this velocity that is always positive and that is 
all that remains when one averages the energy change 
over all collisions. Fermi considers only this average 
effect and obtains the observed power-law spectrum in 
each model provided certain parameters have appro- 
priate values. 

It was soon found’ that the values required for the 
Fermi I model were not astronomically plausible. The 
mechanism considered in Fermi II depends on the fact 
that large amounts of energy will be gained if a particle 
is trapped between two constrictions in a tube of force. 
If the distance between the constrictions is decreasing, 
all collisions add energy by increasing the component 
of momentum parallel to the field. This continues until 
the helix that constitutes the trajectory between con- 
strictions becomes so steep that the particle passes 
completely through a constriction. It was argued that 
particles trapped between constrictions that move 
apart—as is the case half of the time—are not to be 
regarded as losing energy because their helices become 
flatter and the particles are more susceptible to future 
trapping. Thus once trapped a particle runs rapidly 
through a sequence of negative and positive traps, the 
sequence ending only when the energy has been in- 
creased. According to this argument each process gives 
a positive energy change and Fermi’s formulas apply. 
A serious difficulty stems from the observed near- 
isotropy of cosmic radiation, which seems to require 
that the anisotropic distribution produced by these 
acceleration processes be smoothed out reasonably 
rapidly by other processes. But if this is the case, the 


3A. Unsdld, Phys. Rev. 82, 857 (1951). 
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particles that have lost energy in an expanding trap 
should not remain in flat helices until they regain their 
energy in a contracting trap and it will not be true that 
each sequence of traps produces a large energy gain. 
Another difficulty is connected with the assumption 
that a particle will diffuse to the end of the spiral arm, 
a distance of the order of 10° light years, in a time that 
must be less than that required for a nuclear collision, 
at most 10’ years. This is possible if the direction of 
motion along the spiral arm is reversed only on the 
occasions when a sequence of traps increases the energy 
by 10 percent. If the direction may also be reversed by 
many weaker isolated traps that add less energy, or 
remove energy, then either the diffusion rate or the 
acceleration rate will be too low. Rather than treat 
these problems in detail, let us consider two other 
factors‘ that should be included anyway and that 
suggest a slightly modified Fermi mechanism for the 
acceleration of cosmic rays in which these difficulties 
seem less serious. 


Ill. STATISTICAL FLUCTUATIONS IN ENERGY 


Fermi considered only processes in which the mag- 
netic field could be regarded as static when viewed from 
a suitable inertial frame and used only the average 
energy gain in an interaction between a particle and a 
gas cloud. But standing waves in the magnetic field are 
just as likely as running waves. If a cosmic-ray particle 
spirals through a standing wave while the field is in- 
creasing, the associated induced electric fields will 
increase the energy of the particle; if the field strength 
is decreasing, energy will be lost. Such an interaction 
may be designated as a betatron collision. It is not 
easy to determine what the nonzero average energy 
change would be if one averaged over all such collisions 
and hence one cannot apply the analysis of Fermi I 
and II. However, it is not necessary to accelerate all 
particles, it is enough to accelerate some and decelerate 
others by statistical fluctuations in the number of 
positive and negative energy changes that the individual 
particles experience. Let us proceed to examine these 
statistical effects, which should be included even in the 
case where there is a known average effect. The analysis 
of this section is applicable both to the irregular field 
of Fermi I and to the regular field of Fermi II. It applies 
to cosmic-ray acceleration in fields that extend through- 
out the galaxy and also to possible acceleration in 
fluctuating stellar fields. 

Let w= mc? be the total energy and wo= myc? the rest 
energy of a cosmic ray. Since the energy change in an 
interaction tends to be proportional to w, define 


(1) 


In essence, the problem is the treatment of a random 
walk in ¢. Let m(e,f)de be the number of particles per 
unit volume having « in de at time ¢. This tends to 


e=In(w/wo), w=woet. 


4L. Davis, Phys. Rev. 93, 947(A) (1954). 
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vary with time for a number of reasons. Let dt/r(e) be 
the probability that during dé a cosmic ray be removed 
by nuclear collision or by diffusion out of the region 
where cosmic rays are stored. Let J(e,t)de be the rate 
per unit volume at which particles are added by some 
injection process. Let —p(e) be the rate at which e 
changes because of what are ordinarily called ionization 
losses in the interstellar medium. This is usually under- 
estimated because, as pointed out by Morrison, Olbert, 
and Rossi,’ the numerous free electrons are affected at 
much longer range than are bound electrons. Let Ae be 
the change produced in e¢ by interactions with the 
magnetic field during an interval At which is long com- 
pared to the interval between interactions but short 
enough that Ae is small. Define A/D, (e) and AtD,.(e) to 
be, respectively, the averages of Ae and (Ae)*, terms in 
(At)* being neglected. To make these definitions less 
abstract, consider the simplified model in which 4; is 
the interval between interactions with the magnetic 
field and }(i+s) is the probability that in a single 
interaction the change in ¢ is +/. By de Moivre’s 
approximate representation of a binomial distribution 
in terms of a normal distribution, it follows that 
De= (1-—s*)P/h. (2) 
In Fermi I, D, is taken to be 8,?/t:,, where c8, is the 
velocity of the gas clouds, and both s and / are of order 
8,«1. Hence D, should be given the value £,?/t; 
instead of zero. 

The differential equation satisfied by » can now be 
derived by evaluating the rate at which particles enter 
and leave an interval de. The result is 


D.=sl/h, 


on 


1 0?(D.n) 
+-———+1(«/), 





a d(D.n) 
ot r  0€ de 2 Oe 


(3) 


where the second term on the right is the difference 
between n(e+de)p(e+de), the rate at which particles 
enter the interval at e+e because of the drift in « at 
the rate — p(e), and n(e)p(e), the rate at which particles 
leave at ¢ due to this drift. The third and fourth terms 
on the right are the net rate, as given by the theory of 
Brownian motion,® at which particles enter de due to 
the random accelerations and decelerations. Equa- 
tion (3) applies to both Fermi I and II. The essential 
problem now is the evaluation of the parameters, 
followed by solution of (3), and comparison of the 
theoretical energy spectrum with experiment. 

It seems appropriate to consider first the steady-state 
solution of (3) when the parameters are all constants 
and all injection takes place at a constant rate at 
energies equal to or less than the energy w;=woe*‘. For 
€>;, the solution is 


(4) 


n= noe **, 


5 Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954). 
6S. Chandrasekhar, Revs. Modern Phys. 15, 31-33 (1943). 
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The number of particles per unit volume having energy 
in dw is then 


Ny (w)dw= nowo*w- (et dw, (6) 


which is just the power-law dependence observed experi- 
mentally for w>>wo. The experimental value of a is® 
about 1.5 to 1.7. It was not correct to assume that is 
constant since above minimum ionization it is more 
nearly proportional to e~‘, but if the Fermi mechanism 
is to work at all p can be neglected completely except 
near the injection energy. Fermi’s procedure is equiva- 
lent to setting p=D,..=0, D.=6,/h, and gives 


a=1/D,.7=1;/8,?r. (7) 
If one uses D.= D..=8,"/t; to allow for fluctuations, 
a= —1+[1+2/Der}i=—14+[1+24/8,?7 ]!. (8) 


If one considers acceleration processes, such as betatron 
collisions, in which s appears to be zero, giving D.=0, 
De=B8,7/ti, where 8, and /; are to be defined, then 


a=[2/Der }'=[2t:/B,?r ]}. (9) 


It is evident that to get a=1.7 one must use approxi- 
mately the same values of the parameters whether one 
uses (7), (8), or (9). Thus this extension of Fermi’s 
analysis will be helpful only if it allows us to consider 
new acceleration mechanisms that give larger values of 
D, or D,. than does the mechanism considered in Fermi I 
which gives* a~ 200. The upper limit of 7 is set by the 
requirement that it be of the order of the mean time 
for a nuclear collision of the heaviest components of 
cosmic rays and is’ about 4X 10° yr. This may also be 
adopted as the lower limit since if a smaller value is 
used the grave difficulty of getting enough energy into 
cosmic rays seems to become an impossibility. Thus in 
any case either D, or D, must be of order 


D~2/3r~2X10-7 yr, (10) 


If m is regarded as known from experiment, (3) gives 
information about the parameters and the validity of 
the assumptions used in its derivation. The shape of 
the low-energy end of the spectrum appears to be due 
to influences not allowed for in (3), such as screening 
by local magnetic fields’:* or a nonuniform distribution 
of sources.? The high-energy end fits (6), deduced on 
the assumption that the parameters in (3) are con- 
stants; but this, of course, does not prove that they 
must be constants. For example, if f(e) is any function 
of ¢ and if f(e)(D.—p), f()De, and f(e)/r are in- 
dependent of ¢, then m=mof(e)e~** satisfies (3). Thus, 

7H. V. Neher and E. A. Stern, Phys. Rev. 98, 845 (1955). 

8 L. Davis, Bull. Am. Phys. Soc. 30, No. 5, 12 (A) (1955); Phys. 


Rev. 100, 1440 (1955). 
°C. Y. Fan, Phys. Rev. 82, 211 (1951). 
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if f(e)=e*= (w/wo)*, or if f(€) is such an exponential 
times a slowly varying polynomial in e, the theoretical 
energy spectrum will agree reasonably well with the 
observed energy spectrum. 

The transient solution of (3) must be considered 
because the time required to approach a steady state 
can be very long in a random walk process. The general 
character of the transient behavior in our case is shown 
by taking 7 and D,, to be constants and p=D,=0. 
If all injection is at the energy w,, starts at /=0, and 
continues at a constant rate J, then the Laplace trans- 
form technique gives 


n(e,t)= (Io/4A)[F_(| e—e;| /d, t/r) 
—F,(|e—«|/A, t/r) |, (11) 


where \?= 37D, F(x,y”)=e**[1—erf($xy'+y) ], and 
erf is the error function.” From this it is found that n 
will be at least 80 percent of the steady-state value pro- 
vided t>4r and |e—«,|/A< (2t/r)— (2t/r)*. Thus the 
range of e over which the steady-state distribution is 
approached increases linearly with ¢ rather than as #4. 
By (9) \~a~'~0.6. Thus, in 10° years= 257 the steady 
state will be approached for |e—e,| up to at least 25 
and hence for energies at least 10'! times the injection 
energy. In fact, the pure random walk acceleration 
approaches the steady state at any energy in about the 
time required for a particle to reach this energy by the 
steady acceleration treated by Fermi. 


IV. SOURCES OF ACCELERATION 


The most reasonable model of the galactic magnetic 
field is believed':? to be one in which the lines of force 
run the length of the spiral arms of the galaxy, the 
field strength being roughly independent of distance 
along the spiral arm and varying from a maximum of 
order 10° gauss on the axis to zero at the surface of 
the arm. Since the radius of the helix of a 10'7-ev 
proton in a 10~-°-gauss field is at most 35 light years 
while the radius of a spiral arm is of the order of 1000 
light years, the galactic structure can be disregarded in 
describing trajectories as helices in a uniform field, B. 
Let # denote the helix angle, the constant angle be- 
tween B and the velocity of the particle. Thus each 
trajectory is characterized by its values of ¢ and #. 

Superposed on the uniform field are hydromagnetic 
oscillations of a wide variety of wavelengths and 
amplitudes. In this somewhat nonuniform field a tra- 
jectory is still characterized by the parameters ¢ and #, 
but they are no longer constants of the motion. If the 
scale of a hydromagnetic oscillation is small compared 
to the helix radius, the trajectory will be deflected and 
8 changed by a small amount. This scattering tends to 
keep the cosmic ray flux isotropic. Reflection from a 
constriction in a tube of force will change # to its supple- 
ment and, if the constriction is due to a running wave, 
will change e. If a trajectory passes through a standing 


0 H. B. Dwight, Tables of Integrals (The Macmillan Company, 
New York, 1947), second edition, item 590. 
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wave whose scale is large compared to the helix radius, 
the betatron collision will change both ¢ and # by 
amounts that depend on the transit time. Since the 
interval between such collisions can be small if the 
field is occupied by small-scale standing waves, large 
values of D,, seem possible. 

As a convenient model of a standing wave for which 
D. can be evaluated, introduce coordinates with the 
z-axis parallel to the direction of the undisturbed field, 
Boe., and let the displacement of the gas in the region 
—a/2<xKa/2, 0<2z<b/2 be 


2v2¢B, 
s= ez 


2xx  2xz 
sin—— sin—— coswt, 
w a b 


(12) 


where e, is a unit vector in the x-direction and ¢@, is the 
rms transverse velocity of the gas. The induced electric 
field is found from the gas velocity, v,=0s/dt, and the 
condition that in such a very good conductor the electric 
field is zero in comoving coordinates and hence in 
stationary coordinates is 


E=—v,XB/c. (13) 
Terms of order §,? are neglected throughout; hence 
B= Boe, can be used in (13). Next find 


2e 2nxx 2x2 
— e,— cos— sin— 
a a 


2n 2xx 2nz 
+e,— sin— cos—| coswt (14) 
b a b 


B=B 


o@:+ 


— 


® 


and the current density, i, from Maxwell’s equations, 
neglecting the displacement current. If p is the gas 
density and compressibility is neglected, the equation 
of motion is p(d*s/d/?)=iX B/c. The angular frequency 
of the oscillation is now found to be 


w= (1 By?/p)'(a*-+b-*)4. 


For By>=10-5 gauss, a density of one proton per cm” 
and a=6=1 light year, the period of oscillation is 
T= 22/w=10' years. 

A rigorous treatment of the motion of a cosmic ray 
in such a field is somewhat complicated, but an adequate 
approximation is easily found in the case in which the 
radius of the helix is small compared to a and b and in 
which the helix is not so flat that the velocity in the 
z-direction is drastically affected by the magnetic field. 
The very nearly cylindrical tube of force on which the 
trajectory is wound moves with the fluid; and the 
change in energy is given by the line integral of E, 
which can be expressed in terms of the rate of change 
of B,, the cross-sectional area of the cylinder, and the 
number of turns of the helix made in going the distance 
b/2. Consider a particle of charge Ze, energy w, 
speed ¢8, and magnetic rigidity R=Sw/Ze moving on a 


(15) 
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helix with helix angle & and hence radius 
rr=R sind / Bo (16) 


and axial velocity c8 cos#. The time to pass through the 
disturbance is 


t:=b/(2cB cos), 


and the change in ¢ found as described above is 


(17) 


2rz 


V2 rbBB, sin?d 
= ay sina!) » (18) 
Ay 


21x09 
oon 


a cos? a 


be 


where 2 is the x-coordinate of the helix axis and the 
average is carried out over the motion through the 
disturbance. If 4>>7, the average will be negligibly 
small; while if <7, one may put fo, the time when 
z=b/4, for ¢ in (18). Next average over ¢) and xo, 
getting (6¢)4=0 and 


{ 4cb6°8,? sintd 


(5€?) ny | 


hh e 
0 


Assume the entire spiral arm to be filled with such 
oscillations so that the ¢; of (17) is also the ¢, of (2). 
Thus to get D,, average (19) over an isotropic distribu- 
tion and sum over oscillations of all wavelengths and 
amplitudes. An order of magnitude result obtained by 
using the first form of (19) if # is such that 4;<¢ 7 and 
otherwise the second form is 


if WT 
(19) 


a? cosd 


if 4>>T. 





16mpc?B’a?_ 3 ) 
n ’ 
By?(a?+b*) 2 


(20) 


~~ 
€€ 


2cB*B,b 
4 a? ( 


where the sum over all oscillations has not been carried 
out because the spectrum is not known. One can regard 
26, as a suitably weighted mean square transverse gas 
velocity and b/a? as the corresponding mean over cell 
sizes. 

If the factor in parentheses in (20) is evaluated using 
Bo=10~* gauss, 8=1, b=7a, and p=1.67X10™" g cm“, 
one obtains about 15. This will give a D,, that is 
about 7 times as large as would be obtained if one 
merely put cos#=1/v3 in (19). The large increase is 
due to the contribution of a few particles in very flat 
helices and may be questioned because the assumption 
of a constant axial velocity is certainly incorrect for 
these particles. But in the half-waves where B,> Bo 
there will be some particles that nearly stall at the 
crest of a wave. Since they spend a time of the order 
T/2 in the changing field, they suffer large energy 
changes and make the large contribution to D.. It 
seems appropriate, therefore, to use 15 for the value of 
the parentheses in (20) and to write 


Dee 3068%B,*6/a°. (21) 


If this mechanism is to explain the acceleration of 















cosmic rays, it is necessary according to (10) that the 
transverse oscillations of the gas have rms velocity ¢8, 
such that 


B,?~ 310-%a?/6, (22) 


where a and 0 are in light years. For oscillations whose 
scale is many light years, the best value of 8, is about 
3X10-°. If it is possible for oscillations with a~b~1/7 
light year to have as large a transverse velocity; i.e., for 
the waves to have the same slope and same energy 
density as the longer waves, then (22) would be satis- 
fied. It seems implausible, particularly in view of 
the rapid rate at which such oscillations are found 
below to be damped, that the required amount of 
energy would be in these small oscillations. A much 
more attractive possibility is that a~1 light year, 
b=7 light years. This satisfies (22) and has only 
moderate viscous losses. 

A factor that must be investigated in any mechanism 
proposed for the acceleration of cosmic rays is the 
effect of the many ions with thermal energies that make 
the gas such a good conductor. It often happens that 
because of their great number they absorb all the energy 
supplied by a suggested mechanism and essentially 
short it out. There is no such difficulty in the present 
case because the low-energy ions move with the gas 
and cannot be regarded as making betatron or Fermi 
collisions with different gas clouds. When the strength 
of the field increases, thermal ions gain twice as large a 
fraction of their initial kinetic energy as do highly 
relativistic cosmic-ray ions. The cosmic-ray ions carry 
this energy away; the thermal ions store it and return 
it when the field decreases. Since the thermal energy 
per atom is of order 10~™ erg at 100°K while the cosmic- 
ray energy density is of order 10~'” erg cm~, the energy 
given to cosmic rays when the field increases is usually 
much greater than that stored in thermal ions. Finally, 
although the expressions given above for D, do not 
apply to thermal ions, the presence of the factor 6° 
indicates how little slow ions will be accelerated. 

The damping of the oscillation is another factor that 
should be considered.!! The damping due to Joule 
heating has been shown by Elsasser!* to be negligible 
compared to that due to viscosity. The average energy 
loss per unit volume and time because of ordinary 
viscosity in the oscillation described by (12) is 


Py=4°c*B,°n[ (4/3a7)+ (1/6?) J 


~4X 10-'8,7[ (4/3a?)+ (1/6?) ] ergs cm sec~!, (23) 


where a and 6 are in cm in the first form and in light 
years in the second, and where the coefficient of 
viscosity, », which is independent of density, is taken 
as of order 10~ poise, the value for ordinary gases. 
The energy removed from the oscillation because of the 
acceleration of cosmic rays may be estimated by 
dividing the cosmic-ray energy density, 10-'? erg/cm’, 


1 E, N. Parker, Phys. Rev. 99, 241 (1955). 
2 W, M. Elsasser, Phys. Rev. 95, 1 (1954), 
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by their mean life, 410° years, the result being 


Pco=10-* erg cm™ sec}. 


(24) 


If 8,=3X10-5 and either a or b is less than one light 
year, P, becomes larger than P¢ and the difficulty in 
finding an adequate power source for driving the 
oscillations becomes even more acute. Some doubt may 
be cast on the applicability of (23), particularly to 
oscillations with a~b~1/7 light year or smaller, be- 
cause when the density is 1 atom/cm* the mean free 
path is of order 10-? light years and the mean time 
between collisions is of the order of half the period of 
oscillation for a=b=1 light year, B=10~*® gauss. In 
Hi regions, where the gas is ionized, the viscosity 
should be much less than 10~* poise Thus it may be 
concluded that while getting sufficient energy into the 
oscillations to accelerate cosmic rays is likely to be 
difficult,!! additional viscous losses need not be an 
insuperable barrier. 

In addition to these betatron collisions, where r;, the 
helix radius, is small compared to a, the scale of the 
oscillation, other accelerational processes should be 
considered. If @ is small compared to r,, then (13) 
implies that the cosmic ray experiences random electric 
fields normal to B of magnitude Bo8, and of length a. 
This implies random fluctuations of « of amount 
ZeB,8,a/w in times a/c8. The contribution to D,. is 
c8°B,°a/r,? if trigonometric factors of the order of unity 
are ignored. By taking a nearly equal to rp, one gets 
values of D,. that satisfy (10) for r,=3.5X10~ light 
year, i.e., w=10'* ev, and c8,=2 km/sec. It seems un- 
likely that such small-scale waves would have this 
much energy and even more unlikely that the distribu- 
tion of amplitudes over the spectrum would give Dy 
the proper dependence on energy. 

Finally, there are several variations of the trapping 
mechanism described in Fermi II. Pairs of running 
hydromagnetic waves make just the traps described 
there, and the standing waves of (12) form traps during 
the half-cycle when B< Bo. Each such trap starts its 
existence from a state that traps no particles. It then 
grows, trapping more and more particles each of which 
steadily loses energy. Finally it spends an equal amount 
of time contracting and increasing the energy of the 
trapped particles. It is not hard to arrange things so 
that a particle inserted into and removed from a trap 
at suitable times has a de~+0.1. If such changes occur 
every 5X10 years, one gets the required D,,. Since a 
trap starts empty, it may seem that fewer particles will 
be present during the expanding than during the con- 
tracting stage and hence that the number of negative 
de’s will be fewer than the number of positive de’s. 
This could give a substantial D,. Closer examination of 
this accelerating mechanism shows that a different 
approach is required. The essential point is that in 
the absence of the small-scale inhomogeneities, de- 
scribed in the next section, that scatter a particle from 
one helix to another without changing the energy, each 
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particle that enters the trap will run through a sequence 
of «tates in which the energy decreases while the trap 
is expanding and will then run through the same 
sequence in reverse order while the trap is contracting. 
Thus the particle leaves the trap with just the same 
energy and helix angle with which it entered. A particle 
which while in the trap is scattered by small-scale 
inhomogeneities into a flatter helix will stay trapped 
for more of the contraction cycle and will gain more 
energy than it lost. A particle scattered into a steeper 
helix will leave early and will experience a net energy 
loss. Thus all the trapping process really does is to 
combine with the scattering to make a random walk 
in the energy. The individual steps are quite large if a 
suitable value is assumed for the scattering rate, but a 
plausible mechanism has not yet been found for which 
the estimated D,, is within an order of magnitude of 
the value required by (10). Hence this acceleration 
mechanism will not be considered further here although 
it may perhaps be worth further investigation. 


V. ISOTROPY AND DIFFUSION 


Additional conditions on the parameters are imposed 
by the observation that the flux of cosmic rays is nearly 
isotropic and by the hypothesis that the rays escape 
from the storage mechanism by diffusion along the 
spiral arms of the galaxy. Both considerations involve 
the processes by which the helix angle of a trajectory 
is changed. The near-isotropy suggests that these 
processes work relatively rapidly while the requirement 
that cosmic rays diffuse to the end of the galaxy more 
rapidly than they suffer nuclear collisions suggests 
that the scattering processes work relatively slowly. 

The accelerating mechanism tends to make the distri- 
bution anisotropic; both the Fermi type A collisions 
and the betatron collisions leading to an ultimate 
steepening of the helix of an accelerated particle. To 
show this, define 


M=2yuH/Zec=sin*d (w?— my2c*)/ZeBc, (25) 


where M is the angular momentum about the axis of 
the helix, uw is the magnetic moment, H=w is the 
Hamiltonian, and mp is the rest mass. Then use the 
theorem™ that M is a constant for adiabatic variations 
of the magnetic field with time and position. Hence 
when the particle reaches a place where B has its normal 
value, sind is decreased if w is increased. None the less, 
the net effect of acceleration could be? to produce a 
distribution in which flat helices of a given energy are 
more plentiful than steep ones because particles in flat 
helices are more likely to be accelerated. This is the 
case both for betatron collisions, by (19), and for 
Fermi type A collisions. 

This tendency toward anisotropy must be countered 


48 The author is indebted to Mr. T. W. Layton for the rela- 
tivistic form of this theorem. Previously? a form which is correct 
only in the nonrelativistic limit was used although the conclusion 
drawn was correct, 
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by some scattering mechanism that changes the helix 
angle. Inhomogeneities in the magnetic field whose 
scale is small compared to the helix radius will do this. 
They may be thought of as hydromagnetic shock waves 
or as oscillations of very small wavelength. They 
produce a kind of diffusion in helix angle with a diffusion 
coefficient of order o?/2t;, where o is the rms deflection 
of the trajectory on passing through an inhomogeneity, 
i; is the mean time between these deflections, and the 
factor } appears because a deflection may be in a plane 
such that the helix angle does not change. If such a 
diffusion in helix angle does not carry a particle through 
an angle of the order of one radian considerably more 
rapidly than the diffusion in ¢€ associated with D.. 
changes « by unity, and hence w by the factor e, 
a markedly anisotropic distribution will be produced. 
Hence we must have 


DuKo?/24;, (26) 


the extent of the inequality depending on the anisotropy 
observed, making allowance for any local influences*® 
that make the cosmic radiation more isotropic near the 
earth than elsewhere. 

The use of a decay time r to describe diffusion along 
the spiral arm and out of the galaxy is an obvious over- 
simplification that should, however, give a reasonable 
estimate of the length of time that a particle is ac- 
celerated before it reaches an observer far from the 
ends of the spiral arm. A better approximation should 
be obtained by treating the cosmic-ray density n(e,z,/) 
as a function of z, the distance along the spiral arm, as 
well as ¢ and ¢. A diffusion term in z is added to (3), 
the resulting steady-state equation being 


10°(D,.m) 107(D.n) 9d(Dqn) 
wa as ales 
ie eae ee de 
O(pn) 
oa 





n 
——=-—I(e,2), 


de Ta 


(27) 


where D,,, the diffusion coefficient in z, is defined 
analogously to D.., and 7, is now the mean time required 
for a nuclear collision. If L is the length of the spiral 


arm, solve (27) subject to the boundary conditions 
n=0 at s=+L/2, 


e=to, 


28 
n=0 at (28) 


When ? is negligible, the other parameters are con- 
stants, and J (e,z)=I5(e—e;), this solution for e> ; is 


n=>. A,e~**—*) cos[ (2k+1)xz/L], (29) 


where the sum is over integral k, 


(2k+1)?9?D.. 2 Dev?) D. 
=| + +(=) met Ry 
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For high energies where only the leading term is 
significant, (29) and (30) reduce to (4) and (5) with 


rt '=7,!+74-!, the mean time for diffusion out of a 
spiral arm being 


ra=2L?/m Ds. 


Hence (10) still holds with r given by (32). 

An estimate of D,, is needed The average time 
required for the helix angle to change by v2 radians 
because of diffusion is ¢,= 4t,0~*, and this may be taken" 
as the mean time between reversals of the direction of 
motion along the spiral arm. The average distance 
traveled between reversals is Az=cSt,/V3, and hence 


D,.= Az?/t,=48%c*t,/ 30°. (33) 
Hence, by (32), 
ta= 3L07/2n*c*t;~4X 10° yr, 


(32) 


(34) 


for highly energetic cosmic rays. If D.=0 so that (10) 
applies to D,, and if r= 74, then 


De 4n'c*t,/9L’o?. (35) 


If (26), (34), and (35) are to hold simultaneously, it is 
necessary that 


o?/2t;= 9C?74/3L? (36) 
and 


L<ncra/V2~10' light years. (37) 


These conditions are satisfied if L= 10° light years and 
o?/2t;=10- yr or if L=3X10° light years and 
o*/2t;=10-* yr~. These values of Z are appropriate 
for the length of the spiral arm and the values of o?/ 2; 
correspond to from one to ten deflections of a milli- 
radian per year. Thus it seems possible to find values of 
the parameters that simultaneously maintain a reason- 
able degree of isotropy and allow cosmic rays to diffuse 
to the end of the spiral arm in times of the order of the 
mean time for a nuclear collision for the heaviest atom. 

A deflection of the trajectory through the angle o 
will shift the helix axis a distance of order o times the 
helix radius, r,. This produces a diffusion normal to 
the magnetic field with diffusion constant of order 
r,°o*/2t;. With the values of o?/2/; given above, the 
time required to escape from the spiral arm by diffusing 
a distance of at least a thousand light years is longer 
than r for all energies up to at least 10 ev. 


VI. DISCUSSION 


The effects of statistical fluctuations in the number 
of accelerating and decelerating interactions of a cosmic 
ray with varying magnetic fields have been investigated 
and a new type of interaction, the betatron collision, 
has been considered. Whether or not these processes 
can account for the acceleration of cosmic rays from 


4 The numerical factors of order unity are chosen arbitrarily 
to make (33) agree with the corresponding expression found by 
T. W. Layton in an unpublished study of the anisotropy of 
cosmic rays. 


108 to 10'” ev depends on the properties of the oscilla- 
tions in the galactic magnetic field. It seems necessary 
either to require more energy in small scale oscillation 
than seems permissible, or to have very slender cells 
with 67a. In any event, the discrepancy between 
what is required and what seems possible is small 
enough that this mechanism should be considered very 
seriously, at least until more is known of the oscillations 
in the galactic magnetic field or until a more satisfactory 
mechanism for the acceleration of cosmic rays is found. 
When investigating the oscillations of the galactic 
field it should not be overlooked that the hot ionized 
H 0 regions may have gas motions quite different from 
those of the cooler unionized H 1 regions; and that since 
H 11 regions occupy 10 percent of the volume, they could 
account for the entire acceleration process if for them 
D. were 10 times the value given by (10). 

In addition to a satisfactory outcome of the problems 
treated above, it is necessary for the success of the 
Fermi mechanism that sufficient power be supplied 
from some source to the hydromagnetic oscillations and 
that there be a suitable injection process to supply 
low-energy ions. Since the interactions between the 
cosmic rays and the hydromagnetic oscillations are 
conservative, one considers only the energy lost when 
particles leave the storage region and the relatively 
negligible radiation and ionization losses ; one disregards 
the fluctuations in the energies of the particles. Parker'! 
has showed that this energy supply problem is a very 
serious one. It will not be considered further here except 
to remark that, as shown by the results obtained in IV 
above, Parker’s discussion of the energy transfer from 
the hydromagnetic oscillations to the cosmic rays is 
inadequate. 

These statistical considerations and the possibility 
of betatron collisions add considerably to the attractive- 
ness of Ginzburg’s'!® and Teller’s'® suggestions that 
particles may be accelerated to cosmic-ray energies by 
a Fermi I type mechanism operating in fluctuating 
magnetic fields in stellar atmospheres. However it 
seems much more likely that this process would inject 
low-energy ions into the galactic acceleration process 
discussed above than that, as suggested by Ginzburg, 
it would account for the entire acceleration of cosmic 
rays to the highest energies observed with the con- 
sequent very large radii of curvature in any reasonable 
stellar field. Consider for a moment the advantages of 
such an injection mechanism. Because of the random 
walk in energy, only a few particles would be accelerated 
to high energies. This avoids the usual difficulty, still 
present in Ginzburg’s analysis, that if some particles 
are accelerated all should be, and all available energy 
will be used up long before any particles reach the Bev 
range. Inspection of (5) shows that it is possible for a 
few particles to gain energy even when p> D, where no 

1 V. L. Ginzburg, Doklady Akad. Nauk S.S.S.R. 92, 727 


(1953), (NSF-tr-207). 
16 E. Teller, Repts. Progr. in Phys., Vol. 17, 154 (1954). 
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acceleration is possible with the nonstatistical analysis. 
The ions that would be accelerated are those which, 
because they are on the high-energy tail of the Boltz- 
mann distribution or because of shock phenomena, 
succeed in getting enough initial energy and a long 
enough mean free path that their motion can be re- 
garded as to some extent independent of the gas 
motion. It is necessary that the motion be affected 
more by the magnetic field than by other ions. Analysis 
of such a model might show that partially ionized 
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heavy atoms are favored because of the large radii of 
their helices or their longer mean free paths, and this 
would explain the apparent excess of heavy ions in 
cosmic rays. 

It is a pleasure to acknowledge the helpful discussions 
on this subject with my colleagues over the past year. 
Mr. T. W. Layton has been very helpful and Professor 
R. F. Christy, Professor J. L. Greenstein, and Professor 
Guido Miinch have made valuable suggestions and 
supplied background information. 
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Experiments with Slow K Mesons in Deuterium and Hydrogen* 


K. M. Case,f Ropert Karpius,f anp C. N. Yanc§ 
Radiation Laboratory, University of California, Berkeley, California 
(Received September 1, 1955) 


It is pointed out that the following useful information can be obtained from experiments on K mesons in 
deuterium and hydrogen: (a) an indication of the K-particle spin; (b) a test of isotopic spin conservation in 
reactions involving strange particles; (c) a measurement of the 2° mass. 


UCH of our present knowledge of the intrinsic 
properties of x mesons has come from experiments 
involving the interaction of slow + mesons with deute- 
rium and hydrogen. As a natural extension we have 
considered the possibilities of similar experiments with 
K mesons.' In addition to the obviously interesting ex- 
periment of elastic scattering on hydrogen, useful in- 
formation can be obtained from various inelastic 
reactions. 
First, we shall see that information on the K-particle 
spin can be obtained from the charge-exchange 
scattering, 


K++4dK4 p+, (1) 


which is expected to take place if (K°®, K+) form an iso- 
topic spin doublet. At energies of 30 Mev or less, the 
momentum dependence of the cross section is certainly 
sensitive to the angular momentum of the states in- 
volved. If the dependence? is k*/n, where #k and in are 
respectively the maximum momentum of K° and the 
momentum of K+ in the center-of-mass system, the 
reaction must involve S states primarily. We can then 


* This work was performed under the auspicies of the U. S. 
Atomic Energy Commission. 

t Permanent address: Physics Department, University of Mich- 
igan, Ann Arbor, Michigan. 

t Permanent address: Physics Department, University of 
California, Berkeley, California. 

§ Permanent address: Institute for Advanced Study, Princeton, 
New Jersey. 

1 Similar considerations have been made by T. D. Lee, Phys. 
Rev. 99, 337 (1955) and by S. Gasiorowicz, University of Cali- 
fornia Radiation Laboratory Report No. UCRL-3074 (un- 
published). 

2 This momentum dependence is obtained on neglecting inter- 
actions among the three particles in the final states. The qualita- 
tive behavior is probably not very sensitive to such interactions. 


conclude that the K-particle spin is not zero. If, on the 
other hand, the variation is as k*y (which involves two 
P states and is the next simplest possibility), no con- 
clusion follows directly. In that case, however, one can 
conclude that the K-particle spin is zero if the elastic 
scattering, 

K++ poK*p, (2) 
is observed to take place primarily in S states at low 
energy. 

Let us now consider K~-capture experiments. We 
shall see that these can yield a test of the hypothesis of 
the conservation of isotopic spin. Three categories of 
consequences of this conservation law may be listed: 
(a) the existence of isotopic spin multiplets of particles 
with charges differing from each other by unity and 
with comparable masses; (b) the conservation of the 
z-component of isotopic spin in any fast reaction; (c) 
the conservation of the magnitude of the isotopic spin 
in any fast reaction. The first two of these have been 
widely discussed, and in particular have been used in 
conjunction with the conservation of charge to produce 


K+D +N+N 


= 


K+D + E4NeN+y4tN 
K+D = L+N+0° 
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Fic. 1. A° energy spectrum from K~+d reactions. 
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the strangeness selection rules of Gell-Mann.' So far the 
last one rests on no direct experimental proof. It is, 
however, fundamental to all such considerations in that 
it is the essence of the isotopic spin conservation law. 

Since the K~+d system is in a single isotopic spin 
state, the conservation of the magnitude of isotopic spin 
restricts the final states to which transitions can lead. In 
particular, the two reactions, 


K-+d—-2-+, (3) 
K-+d2°+nd+y+n, (4) 


must take place in the ratio 2:1 if isotopic spin is 
conserved. 

Reaction (3) is easy to identify. To identify reaction 
(4), we notice that it could be confused with the 
reactions: 

K-+d-A°+n, (5) 
K-+d—A°+n+7°, (6) 
K-+d-2°+- +2 A!+y+n+7", (7) 
K-+d—-A°+ 1+ 9°+ 79° (8) 
TABLE I. Energy spectrum of hyperons from the capture 


of K~ mesons in hydrogen and deuterium.* 











Kinetic Kinetic 


Reaction (Mev) (Mev) 





K-~+d—A-++n 145 
K~+d-29+n-y+A9°+N <134—0.16x 

>72—0.80x 
K-+d—A°+n+7° <88 
K-+d29+-n+9P MN +y7+N+7° <69 
K-+d—2"+) 


K-+p—A°+29 
K+ p24 0-420 
>4.9—0.19x 


K-+p-A9+7°+7° <9.0 
K-+p—2*+2" 15 


28.5 
<28—0.035x 








®x=rest energy of 2° in Mev minus 1188 Mev. 
bIn computing the energy of A, the following rest energies were 
used: (Eo) K-=493 Mev, (Eo)y+=1188 Mev, (Eo),o=1115 Mev, (Eo) 0 


=135 Mev. 


Reactions (4) and (5), however are easily distinguished 
from the others and from each other because they 
produce A° particles of different energies. 

In Fig. 1 we plot the spectrum of the A®. It is seen that 
the various reactions occupy quite different portions of 
the spectrum. The shape of the spectrum for reaction 
(4) is a rectangle as shown, provided the >° is unpolar- 
ized when produced. If the shape turns out to be 
different from a rectangle, one can conclude that the 
>° must be polarized, and the degree of complication 


3M. Gell-Mann (to be published). 
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of the spectrum (straight line, parabola, etc.) gives a 
lower limit to the spin of 2°. 

The spectrum is strongly reminiscent of the y spec- 
trum in the r~+ p capture experiment which gave the 
a~—7 mass difference. In a very similar way the mass 
of 2° can be calculated from the end points of the A° 
spectrum in reaction (4). This is apparent from Table I 
where the relation is given. 

The A° spectrum from the capture of K~ in hydrogen 
is plotted in Fig. 2. The end points of the spectrum in 
this case are unfortunately quite insensitive to the mass 
of 2° (see Table I). 

In addition to yielding the 2° mass and a test of the 
conservation of isotopic spin, these experiments of K- 
capture in deuterium and hydrogen could also provide 
information of the following kinds: 

(1) The lifetimes of A° and =+. 

(2) The relative transition probabilities a:b:c of the 
reactions 


K-+por-+r*, 
K-+ p2"+9", 
K-+p-2t+-r-. 
These should satisfy the inequalities 
VatV/c2 Wb |V/a-—v/cl, 


which follow from the invariance of the transition 
matrix under all isotopic spin rotations. 

(3) If the mass of K° is smaller than K~ by more than 
3.5 Mev/c’, a reaction similar to that of Eq. (1), 


K-+d—-n-+n-+ K°, 


(9a) 
(9b) 
(9c) 


(10) 


is energetically possible and yields similar information. 
The phase space available is rather small so that it is in 
unfavorable competition with reactions (3) to (8). 
However, if even one such event is found, it is a strong 
indication that the K meson has nonzero spin. Since the 
energy released is certainly small, it is highly improbable 
that any but S states are involved. The facts that the 
deuteron has spin one and the two neutrons must be in 
a singlet state then require that the K meson must have 
spin other than zero to conserve angular momentum. 


4 Panofsky, Aamodt, and Hadley, Phys. Rev. 8), 565 (1951). 
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The photodissociation of the deuteron has been investigated for laboratory photon energies of 150, 200, 
250, 300, 350, 400, and 450 Mev at laboratory angles of 39, 56, 74, 93, 115, and 138 degrees. The process was 
identified by detecting the recoil protons in a range-ionization telescope. The total cross section has a relative 
minimum at 150 Mev followed by a relative maximum at 250 Mev where its values are 53 10-” cm? and 
63X 10-* cm’, respectively. From 150 to 250 Mev the center-of-momentum angular distributions have a 
strong forward maximum which diminishes at higher energies until the distributions become approximately 
symmetrical. There is qualitative agreement with meson theories on some points. 





I. INTRODUCTION 


HE photodissociation of the deuteron is the 

simplest reaction involving the interaction of a 
photon with a complex nucleus. In its most general 
form, the theory of this process involves not only a 
knowledge of the electromagnetic interactions but also 
an understanding of the nature of nuclear forces. At 
low energies the details of the latter are relatively un- 
important and successful calculations have been made 
up to about 10 Mev using the concepts of effective 
range theory.’ At higher energies, as the de Broglie 
wavelength of the nucleons becomes comparable to the 
range of nuclear forces, the details of the force law 
become important and, in particular, effects due to 
meson exchange currents may begin to appear in an 
explicit fashion. The study of this reaction can, there- 
fore, give valuable information on the influence of 
meson fields on a process in which no free mesons ever 
appear. Since the reaction occurs below meson threshold 
as well as above, we can obtain this information in an 
energy region forbidden to photopion production or 
pion-nucleon scattering experiments. 

In addition to being an interesting problem in itself, 
the high-energy photodissociation of the deuteron may 
also be linked to other photoprocesses. For example, it 
is basic to Levinger’s pseudo-deuteron model? of the 
photoelectric effect in heavier nuclei and may be used in 
conjunction with detailed balance to predict the n-p 
capture process.* 

The first indication that the cross section for photo- 
dissociation of the deuteron might be considerably 
larger at high energies than that calculated for ordinary 
electric interactions came from experiments‘ in 1951 
on photostar and photoproton production in heavier 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at the Everett, Massachusetts, Laboratory of the Avco 
Manufacturing Corporation. 

1 For a summary of low-energy work see J. Blatt and V. F. 
Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, 
Inc., New York, 1952). 


2]. Levinger, Phys. Rev. 84, 43 (1951). 

8 J. DePangher (private communication). f 

«1D. Walker, Phys. Rev. 81, 634 (1951); S. Kikuchi, Phys. Rev. 
81, 1060 (1951); R. Miller, Phys. Rev. 82, 260 (1951); C. Levin- 
thal and A. Silverman, Phys. Rev. 82, 822 (1951); J. Keck, Phys. 
Rev. 85, 410 (1952). 


nuclei as interpreted in terms of Levinger’s pseudo- 
deuteron theory* by Wilson.’ Confirmation of a large 
cross section for photodissociation was almost im- 
mediately provided by direct measurements on deu- 
terium in the energy range from 80 to 300 Mev at 
Berkeley® and Cornell.’ Although all of the early work 
showed an anomalous cross section, the agreement be- 
tween the different experiments was very poor. With 
the recent publication of a series of experiments at 
Illinois* covering the energy range from 20 to 260 Mev, 
which check in part the work at Cornell? at 180 and 
260 Mev, the situation was very much improved. The 
present experiment covers the energy range from 100 
to 450 Mev and is in good agreement with the Cornell 
and Illinois results in the overlapping energy region. 
Thus our knowledge of the cross section for the photo- 
dissociation of the deuteron now extends from threshold 
to 450 Mev with fair precision. 

In Sec. II of this paper the experimental procedure 
used is outlined. We have relegated to Sec. III the dis- 
cussion of some important details thought to be of 
interest primarily to experimenters engaged in similar 
work. Section IV gives an account of the reduction and 
correction of the data and Sec. V contains a summary of 
the results. Sec. VI is devoted to a discussion of the 
results and a comparison with existing theories. 


II. EXPERIMENTAL PROCEDURE A 
In the present experiment the process 
y+d—p+n 


has been studied for photon energies from 150 to 450 
Mev by measuring the energy and angle of the recoil 
proton. In the absence of backgrounds or competing 
processes in deuterium, this serves as a unique identi- 
fication. Backgrounds were largely eliminated by em- 


5 R. R. Wilson, Phys. Rev. 86, 125 (1952). 

°S. Kikuchi, Phys. Rev. 85, 1062 (1952); W. S. Gilbert and 
J. W. Rosengren, Phys. Rev. 88, 901 (1952). 

™T. S. Benedict and W. M. Woodward, Phys. Rev. 85, 924 
(1952); R. Littauer and J. Keck, Phys. Rev. 86, 1051 (1952). 

® Yamagata, Barton, Hanson, and Smith, Phys. Rev. 95, 576 
(1954); E. A. Whalin, Phys. Rev. 95, 1362 (1954); Lew Allen, 
Jr., Phys. Rev. 98, 705 (1955). 

® Keck, Littauer, O’Neill, Perry, and Woodward, Phys. Rev. 
93, 827 (1954). 
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PHOTODISSOCIATION 


ploying a target containing pure deuterium gas. How- 
ever, above the threshold for pion production, there are 
proton recoils associated with the processes 


yt+d—ptnt+7 
ytd-pt+ ptr, 


and it is necessary to distinguish between these recoils 
and those produced in the photodissociation. This can 
be done on the basis of the dynamics of the reactions. 
For photodissociation the relation between photon 
energy and proton energy and angle is unique and is 
shown by the full curves in Fig. 1. The pion production 
process involves a three-body reaction and the relation 
between photon and proton energy is not unique. Two 
limiting cases are of interest, however. The first is that 
in which the pion is produced on one nucleon in the 
deuteron with no momentum transfer to the “spectator” 
nucleon. If we assume the struck necleon to have been 
initially at rest, then the dynamics of this process are 
just those for meson production on hydrogen and are 
shown by the broken curves in Fig. 1. The other case is 
that in which the recoil protons have the maximum 
energy possible, and this case corresponds to the meson 
and partner necleon recoiling as a unit. The curves for 
this process, which we shall call “apron-string” pion 
production, are shown as dashed lines in Fig. 1. As can 
now be seen, for a given end point of the bremsstrahlung 
spectrum, there is a range of energies lying above those 
for “apron-string” pion production for which photo- 
dissociation is the only possible process. At lower 
energies, recoil protons from pion production are 


DYNAMICS OF 
DEUTERON PHOTODISINTEGRATION 


— 6+0-prn 
——- 5+0~-pP+(n+T) 
—-—_ &8+p—- p+ 


PROTON KINETIC ENERGY (MEV) 


100 =: 120 
LAB. PROTON ANGLE 


Fic. 1. Dynamics of deuteron dissociation and competing reac- 
tions. The rectangles indicate typical values of the resolution 
employed. 
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Fic. 2. Schematic of experimental arrangement. The telescope was 
shielded at the sides by four inches of lead not shown. 


possible, but only in the region of the “spectator” 
process do we expect the competition from this source 
to be serious.'® By progressively lowering the end-point 
energy of the bremsstrahlung, we can investigate the 
entire range for photodissociation and check on the 
seriousness of competition in the doubtful region. 

The experimental arrangement used to study the 
recoil protons is shown in Fig. 2. The source of photons 
was the California Institute of Technology 500-Mev 
synchrotron. The beam was collimated to a diameter 
of 1} in. at the target by a primary lead collimator 
located 13 feet in front of the target. Two additional 
collimators having diameters slightly larger than the 
beam were employed to reduce the background of 
scattered radiation from the primary collimator. The 
intensity was monitored by an ionization chamber 
having 1-in. copper walls located behind the target. 
This monitor has been calibrated for 500-Mev brems- 
strahlung by both a pair spectrometer" and a shower 
curve.” Unfortunately, the two calibrations disagree 
by 15%, but the adopted mean of (4.44+0.32)x10'8 
Mev/coulomb at S.T.P. is within 7% of a reasonable 
extrapolation of Cornell and Illinois calibrations made 
at 300 Mev. 

The target was deuterium gas at 2000 psi and liquid 
nitrogen temperature. The vessel containing the gas 
was 17 in. long by 2 in. in diameter and had 30-mil 
steel walls. It was cooled at one end by liquid nitrogen 
with thermal insulation provided by 1} in. of styrofoam. 
The temperature and pressure of the target were 


0 J. Keck and R. Littauer, Phys. Rev. 88, 139 (1952). 

1D. Cooper, Ph.D. thesis, California Institute of Technology, 
1954 (unpublished). 

2 Method of Blocker, Kenny, and Panofsky, Phys. Rev. 79, 
419 (1950). 
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monitored and used to determine the specific volume 
from the equation of state. 

The proton counter was a range-ionization telescope 
consisting normally of four plastic scintillators sep- 
arated by copper absorbers. The event recorded was a 
coincidence between counters 1, 2, and 3 accompanied 
by an anticoincidence in counter 4, i.e. (1+2+3-—4). 
This fixed the range of the particles counted between 
R and R+AR where R©A:+C:+A24+C2+A; and 
AR=C;+ Ay. Protons were separated from mesons and 
electrons by observing their ionization in counter 1 with 
a differential pulse-height analyzer. The angle of ob- 
servation and the solid angle of acceptance were deter- 
mined by counter 3 and a tungsten slit tapered to re- 
duce slit edge penetration and arranged to exclude 
protons produced in the end walls of the target. A more 
complete description of the telescope is given in Sec. ITI. 

For the geometry just described which involves a 
cylindrical source viewed through an aperture at an 
angle, 6, the number of counts, N, is related to the 
laboratory cross section, do/dQz, by the expression: 


do 
N=—N,Nr f drdQ, (1) 
dQ, 2 


where , is the number of photons contributing to the 
observed reaction, V7 is the number of target nuclei 
per unit volume, dr is a differential element of target 
volume and dQ is a differential element of solid angle. 
The integral is most easily carried out in terms of co- 
ordinates describing the defining slit and counter and 
the result is conveniently expressed as a series expan- 
sion: 
do ahw 
N=—N,Nr——(1+e+:::), (2) 
dQy Ic sind 


where a and h are the width and height of counter 3, 
w is the width of the tungsten slit, ¢ is the distance from 
counter 3 to the point where the axis of the telescope 
intersects the axis of the beam, and 7 is the distance 
between counter 3 and the slits. The term a involves 
squares of the ratios of a, h, w, and beam diameter to c 
and / and never exceeded 0.005. 

The angular resolution function for the system is a 
symmetrical trapezoid of base (a+w)// and top 
|a—w|/l. During the course of the experiment two 
slit widths were employed to give differing angular 
resolution. However, a was nearly equal to w for both, 
so the resolution functions were approximately isosceles 
triangles. The resolution function for the range is also 
a trapezoid resulting from the folding of the range- 
interval, AR, with the target thickness. Since the latter 
was very much smaller than the former, this produced 
approximately a rectangle of base AR. Typical values 
of the resolution employed are indicated by the rec- 


13 Johnston, Bezman, Rubin, Swanson, Corak, and Rifkin, 
Atomic Energy Commission Report MDDC-850 (unpublished). 
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tangles plotted in Fig. 1; the height of a rectangle 
indicates the proton energy interval corresponding to 
AR while its width is the half-width of the approxi- 
mately triangular angular resolution. About 75% of 
the counting rate comes from within a rectangle. 

The photon energy, &, was determined from the meas- 
ured range by combining the relativistic dynamical 
equations relating photon and proton energy with the 
range-energy relation." 

Curves of k and 0k/AR versus R were prepared for the 
angles of observation employed, thus eliminating the 
need for any reference to proton energy in subsequent 
calculations. dk/8R was computed from the equation 
dk/AR= (dk/GE,)(GE,/OR) and used to relate the 
number of photons, V,, contributing to the observed 
reaction to the range-interval by means of the ex- 
pressions: 


N,=N(k)Ak=N (k)(dk/OR)AR, (3) 


where \V(k) is the number of photons per unit energy 
in the incident bremsstrahlung spectrum. 

The experiment was run almost daily for a period of 
three months and involved an integrated beam in- 
tensity of 10'7 Mev. Cross sections were obtained for 
laboratory photon energies of 150, 200, 250, 300, 350, 
400, and 450 Mev at laboratory angles of 39, 56, 74, 
93, 115, and 138 degrees. A few lower-energy points 
were also obtained for angles in the vicinity of 90°. 
The energy and angular ranges accessible were limited 
by target geometry in the backward hemisphere and by 
competition from recoils involving pion production in 
the forward hemisphere. At each angle a complete 
excitation curve was obtained before moving to the 
next angle. Periodic checks were made which indicated 
that points run previously could always be reproduced 
within the statistical accuracy of about 5% per point. 
In the interest of simplicity and continuity an attempt 
was made to avoid too many changes in experimental 
conditions. Where a change was made, however, runs 
were overlapped to a considerable degree and this 
provided a valuable experimental check of the equip- 
ment. Changes in AR and Aé@ produced the expected 
variation in counts. Changing the end-point energy of 
the bremsstrahlung produced discrepancies of 5 to 10% 
which were attributed to the production of secondary 
protons by mesons and higher energy nucleons in the tar- 
get walls and slit jaws. The only other routine change 
made was the removal of counter 1 to permit access to 
lower energies. This produced discrepancies attributed 
to the production of secondary protons in the lead shield- 
ing surrounding the telescope. The effect was completely 
corrected by subtracting the counting rate obtained 
with counter 1 reinserted in anticoincidence, i.e., 
(14+2+3—4)= (2+3—4)—(—1+2+3-—4). The pro- 
duction of secondaries was a principal source of trouble 


* Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 
mission Report AECU-663 (unpublished). 
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throughout the experiment and is discussed more fully 
in Sec. ITI. 


Ill, EXPERIMENTAL PROCEDURE B 
Performance of the Counter Telescope 


The principai secondaries produced by high-energy 
bremsstrahlung are photons, electrons, mesons, neu- 
trons, and protons. These particles incident on a single 
counter produce a monotonically decreasing pulse 
height spectrum having in general no distinguishing 
features whatsoever to provide orientation with respect 
to calibration. The problem of setting the various 
gains, biases, and absorbers associated with a complex 
telescope can, therefore, be rather slow to converge 
and can easily give spurious results unless a reliable 
systematic approach is adopted. The procedure used in 
the present experiment was simple and direct and led to 
optimum setting with a minimum of preliminary 
running. The first step was to observe the pulse-height 
spectra in the individual counters produced by a Co 
y source in a standard geometry. This provided an 
approximate calibration and was particularly useful in 
periodic checks of the over-all stability of the system. 
Counters 3 and 4 were then connected in coincidence, 
(3+4), and, with the deuterium target as source, the 
pulse-height spectrum was observed in counter 3 with 
the bias on counter 4 set sufficiently high to record only 
heavily ionizing events. Under these conditions almost 
all the counts were due to protons ending near the back 
of counter 4 and a well-defined peak, corresponding to 
the ionization loss of protons of residual range, R=C3 
+A,4+C,, was observed in counter 3. A typical peak of 
this type is shown in Fig. 3—A ; a small peak due to star- 
producing mesons ending in counter 4 can also be seen. 
The bias on counter 3 was now set just below the proton 
peak. We were thus certain of recording all protons of 
residual range, R=C3+A,, and at the same time ob- 
taining the best possible discrimination against elec- 
trons and mesons. Note that the bias setting on counter 
3 automatically includes a margin of safety due to the 
increase in the size of the ionization pulses when the 
required residual range is reduced by the thickness of 
counter 4. With the bias on counter 3 fixed, the bias on 
counter 4 was returned to a low value in the neighbor- 
hood of minimum ionization and the electronics set 
to record a coincidence between counters 2 and 3 
accompanied by an anticoincidence in counter 4, 
(2+3—4). Protons could now be identified by their 
ionization in counter 2. The pulse-height spectrum for 
this counter is shown in Fig. 3—B and is typical of those 
obtained with the three-counter telescope used at low 
energies. Peaks corresponding to mesons and protons 
may be seen; the electron peak was almost entirely 
suppressed by the high bias on counter 3 and was not 
displayed in the spectrum. The relative spacing of the 
peaks was adjusted to give the best separation by 
varying the thickness of absorber 3. For the three- 























20 


CHANNEL (ZERO SUPPRESSED TO -8) CHANNEL 


Fic. 3. Curve A shows a typical calibration peak for counter 3 
obtained as outlined in Sec. III. Curve B is typical of the ioniza- 
tion spectra for counter 2. Curve C is typical of the ionization 
spectra for counter 1 at 39°. Curve D is one of the poorer spectra 
for counter 1 at 39°. In principle no counts should appear below 
the arrow marked “bias.”” However, the 6BN6 discriminators were 
slightly rate sensitive so some counts did occur in lower channels. 
The amplifier gain has been adjusted in each case to center the 
peaks. Note the suppressed zero. 


counter telescope, the only remaining adjustment was 
to choose the thickness of absorber 2 to give the desired 
total range. While the system of three counters just 
described performs very well with respect to identifica- 
tion of protons, the addition of the fourth counter, Ci, 
was found necessary to eliminate secondary protons 
produced in absorber 2 and the lead shielding. A pulse 
height spectrum for counter 1 typical of those obtained 
at angles other than 39° is shown in Fig. 3-C while one 
of the poorest spectra at 39° is shown in Fig. 3-D. 
Almost no mesons are present in these spectra, because 
of the discrimination of a bias set between the proton 
and meson peaks in counter 2. The relatively poor 
resolution shown in Fig. 3-D was due primarily to 
electron pulses piling on top of proton pulses. This 
pile-up necessitated the use of a thin absorber, A;, to 
shield the front counter at forward angles. 


Electronics 


The electronics associated with the telescope is 
shown by the block diagram in Fig. 4. Pulses from the 
RCA 5819 and Dumont 6292 photomultipliers were 
fed via a IN5S7 diode discriminator and a passive pulse- 
forming network into 200-ohm cables leading to ampli- 
fiers outside the beam area. The diode was biased to 
suppress small pulses due to electrons and permitted 
the use of relatively slow linear amplifiers having a rise 
time of 0.07 usec without at all sacrificing the advantage 
of the intrinsic speed of the scintillator-photomulti- 





364 5. 


o 88s 


BIASED DIODES } 
T 


7 
[ Ty ie 
i 














l i 
t | if 
| DISCRIMINATORS ee 
| | 
| ak ah ° 


Y + 
SPECTRUM 
20-CHANNEL 


ANALYZER 
GATE 


ot ae 





Fic. 4. Block diagram 
of electronics. Monitor 
scalers on all counters 
have been omitted. 

















COINC, 




















| Acc, | 
SCALER 





plier combination with respect to pile-up. The outputs 
of the amplifiers were fed to 6BN6 discriminators which 
produced standard pulses of 0.2-usec duration. Coin- 
cidences and anticoincidences among these pulses were 
formed in a simple cathode-coupled circuit having 
switches which permitted the function of any channel to 
be selected as “coincidence” or “anticoincidence.” 
This feature was especially convenient in setting up the 
telescope. Provision was also made for recording various 
delayed coincidences used to monitor accidental and 
dead-time losses. The output of the coincidence unit 
gated a 20-channel differential pulse-height analyzer 
which could be used to record the spectrum of any 
selected counter. 


AR Determination 


Since the measured counting rates are proportional 
to the range-interval defined by the telescope, it is 
important that this parameter be as stable and well 
determined as possible. The exact expression for the 
range-interval is R=C3;+A,—R(E;)+R(E£,). This 
differs from the approximate expression previously 
given by the terms R(£;) and R(E,) which represent 
the ranges in counters 3 and 4 required for the energy 
loss of a proton to exceed the counter biases E; and Ey. 
Since R(E;) and R(E,) are difficult to determine pre- 
cisely and moreover fluctuate with the biases, it is 
desirable to keep them as small as possible. In practice 
R(E,)/C3' was about 0.03+0.01 while R(E3)/C3; was 
about 0.08+0.03. This implies an uncertainty in 
—R(E;)+R(E;) of +0.04C;. Compared to this the 
uncertainty in Cs+A, is negligible, which means an 
uncertainty in AR of approximately 4C3/(C3+A,) 
percent. 

An experimental check on the calculated value of the 
quantity C;—R(E;)+R(E,) was obtained by meas- 
uring the counting rate as a function of the thickness of 
absorber 4 and extrapolating to zero. The results are 
shown in Fig. 5. The straight line was fitted to the 
experimental points by the method of least squares. 
The value for C;—R(E;)+R(E,) obtained from the 
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intercept was 0.114+0.005 g/cm? Cu which agrees 
perfectly with the calculated value of 0.115+-0.004 
g/cm? Cu. 


Secondary Protons 


The most important source of background encoun- 
tered in the experiment was the production of secondary 
protons by pions and neutrons in absorber 2 and the 
lead shielding surrounding the counters. The magnitude 
of the effect at 74° may be judged from the (2+3—4) 
to (1+2+3—4) ratio which increased from 1.2 to 2.2 
as the photon energy increased from 150 to 450 Mev. 
Since the shielding was more than sufficient to stop the 
most energetic protons and the introduction of counter 
1 should in no way affect the number of valid counts, 
the difference in the counting rates was assumed to be 
due to the production of secondaries by long-range 
primaries, i.e., pions and neutrons. Considerable effort 
was spent in the investigation of these secondaries in 
an attempt to ascertain the most effective means of 
eliminating or correcting for them. The technique used 
was to veto the valid counts with counter 1 and then 
observe the effect of changing various parameters on 
the residue. Some of the 74° results are given in Fig. 6. 
The curve A shows that the number of secondaries 
does not change with the thickness of absorber 2. This 
supports the hypothesis of long range primaries and 
shows that equilibrium has been established in the 
interior of the lead shielding. The curve B, obtained by 
varying the thickness of absorber 3, shows that the 
range spectrum of the secondaries falls off about as 
R". Unfortunately, we were unable to ascertain at all 
accurately the ratio of production by mesons and 





a 


i 


COUNTS 














-10 0 10 -20 .30 40 
ABSORBER Ag-GM/CM CU 


Fic. 5. Counting rate as a function of thickness of absorber 4. The 
straight line is a least-squares fit to points. 
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neutrons, although there were indications that it was 
about unity. 

On the basis of this information, it was decided that 
(1) all runs possible should be made with (1+2+3—4); 
(2) absorber 3 should be kept as large as possible for 
the (2+3—4) runs used to obtain the lowest energies; 
(3) runs made with (2+3—4) could be corrected to 
yield an equivalent (1+2+3—4) result by subtracting 
off the counting rate (—1+2+3—4); and (4) back- 
grounds run with hydrogen in the target would be use- 
ful for correcting the residual effects due to pions 
absorbed in the target walls and slit jaws. 


IV. ANALYSIS AND CORRECTION OF 
MEASUREMENTS 


In order to ascertain the “true”? number of the recoil 
protons resulting from photodissociation of the deu- 
teron, the experimental observations were combined 
and corrected as outlined in this section. 


Preliminary Adjustments 


The number of proton counts in each run was deter- 
mined by summing the observed pulse-height spectrum 
over the peak corresponding to protons, between limits 
chosen to estimate as well as possible the effect of 
overlapping tails. Using information obtained in the 
delayed coincidence channel, corrections were made for 
accidental counts and deadtime losses. Only in isolated 
cases did these corrections exceed 5% and, in general, 
they were much less. Following this all runs were ad- 
justed for fluctuations in the beam monitor sensitivity 
and normalized to the same gas density. The former 
adjustment involved measurements of the room tem- 
perature and pressure and the bremsstrahlung end 
point, while the latter normalization involved measure- 
ments of the target temperature and pressure. A com- 
bined error of +2% was assigned to these adjustments. 
Finally, runs made with (2+3—4) were corrected to 
produce equivalent (1+2+3—4) results by subtracting 
runs made with (—1+2+3-—4). In cases of overlap, 
this produced agreement with actual (1+2+3—4) 
results. At other energies the fraction of secondaries 
never exceeded 20%. 


Backgrounds 


Backgrounds run with the target evacuated were 
zero to an accuracy of 1%. Backgrounds run with 
hydrogen as the target were, in general, less than 7%, 
but ranged up to 15% for 450 Mev at 38°. It was felt 
that subtracting these should correct for all spurious 
counts associated in any way with a primary process 
involving the proton in the deuteron. 


Correction for x~ Secondaries 


It is probable that the background of protons ob- 
served with hydrogen as the target was associated with 
the production of secondaries in the target wall and slit 
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Fic. 6. Curve A shows the number of 85-Mev secondary protons 
identified in counter 2 as a function of thickness of absorber 2. 
Curve B shows the number of protons identified in counter 2 as 
a function of their residual range. 


jaws by positive pions captured in flight. This implies 
an additional correction for a deuterium target due to 
the absorption of the negative pions produced by the 
neutron. From data on star production in photographic 
plates,’® it was estimated that the ratio of fast protons 
produced in the capture of negative and positive pions 
was about 0.3. This factor was combined with an 
average minus-to-plus ratio of 1.2'* and the measured 
hydrogen backgrounds to produce an estimated back- 
ground associated with the neutron in the deuteron. 
The correction ranged from 3 to 6% and an error equal 
to the correction was assigned. 


Correction for Scattering 


The counts lost due to Coulomb and shadow scatter- 
ing in the absorbers were calculated and subtracted. 
This correction was less than 1% except at 38° where 
it ranged up to 4% for the thickest value of absorber 
1 employed. An error equal to half the correction was 
assigned. Scattering in the lead shielding and bomb 
wall was negligible; scattering in the slit jaws is con- 
sidered below. 


Correction for Nuclear Absorption 


The largest single correction to the data was that due 
to the loss of protons in inelastic nuclear collisions in 
18 G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951); Blau, 


Oliver, and Smith, Phys. Rev. 91, 949 (1953). 
16 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 
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Fic. 7. Absorption correction: Ratio of counts suffering inelastic 
collisions in absorber 2 to counts recorded. 


absorber 2. In anticipation of this, the telescope was 
designed to approximate the “poor geometry” used in 
measurements of the absorption cross section for high- 
energy nucleons.'’ The correction factor, No/N, was 
calculated from the relation: 


R 
n/n =exp} f nodal, (4) 
0 


where Np is the original number of protons, N is the 
number surviving to the end of their range, and ), is 
the absorption mean free path given as a function of 
residual range. The theory of the transparent nucleus'® 
was used to interpolate between experimental values 
of Aq. The integral was computed using the empirical 
expression Az '=\,-'(0.84—0.04 InR) which is ap- 
proximately correct for 0.5<R<10cm Cu. A, was taken 
as 12.4 cm for Cu. Although the absorption correction 
is a function only of range, it is shown in Fig. 7 as a 
function of photon energy and proton angle to show its 
magnitude at various points. For an assumed error of 
5% in Xo, the uncertainty introduced here is approxi- 
mately 6% of the correction. 


Correction for Degraded Protons 


The most difficult corrections to calculate absolutely 
were those due to scattering and penetration of the 
slit jaws and the production of secondaries by neutrons 
and protons of higher energy than the protons being 
observed. Since an energy loss is associated with each 
of these effects, it was expected that they should give 
rise to corrections which were zero for observations 
made at the bremsstrahlung end point and increased as 
the energy of observation decreased. Estimates of the 
individual corrections showed them to be of equal mag- 

17J. DeJuren and N. Knable, Phys. Rev. 77, 606 (1950); 
Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 (1952); 
William Paul Ball, University of California Radiation Laboratory 


Report UCRL-1938, 1952 (unpublished). 
18 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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nitude and some place in the neighborhood of 2% for 
points run at 250-Mev photon energy with 500-Mev 
bremsstrahlung. This implied a total correction of 
perhaps 8% known only to within a factor of 2. There- 
fore, it was decided to use the calculated energy and 
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Fic. 8. Laboratory differential cross sections as a function of 
laboratory photon energy. Errors are standard deviations due to 
counting statistics and fluctuating errors only. The O, [], and A 
denote points run with 500, 400 and 300 Mev bremsstrahlung, 
respectively. The curves are a reconstruction of A+B cos@ 
+C cos*@ using coefficients from Table IT. 
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TaBLeE I. Center-of-momentum differential cross sections and corresponding center-of-momentum angles for photodissociation of 
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the deuteron as a function of laboratory angle and laboratory energy. Errors given are standard deviations due to counting statistics 
and fluctuating errors only (units: 6., degrees; do/dQ., 10” cm*/sterad). 
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93° 115° 
Oe da/dQe Oe da/dQ Oe 


138° 
da/dQe 

















105 64.0 5.70+0.26 83.0 5.50+0.31 
155) 46.5 5$.25+0.31 65.5 5.614037 85.0 4.64+0.21 
205 47.5 5.6640.29 67.0 5.42+0.25 87.0 5.10+0.21 
255 48.5 5.85+0.32 68.5 5.7640.25 88.5 5.27+0.21 
305 49.5 4.14+0.20 70.0 4.48+0.26 90.0 4.35+0.17 
355 50.5 2.09+0.14 71.0 2.784014 91.0 2.82+0.12 
405 51.5 1474010 72.0 1.7640.11 92.0 1.61+0.08 
455 52.0 0.93+0.11 73.0 0.994016 93.5 1.1540.12 











102.5 4.70+0.27 123.5 3.12+0.18 

104.5 4.1440.17 125.5 3.164016 145.5 2.15+0.10 
106.5 4.92+0.20 127.0 3.58+0.14 146.5 2.85+%0.12 
108.0 4.86+0.19 128.5 3.9040.15 147.5 2.93+0.14 
109.5 432+0.19 129.5 3.4140.13 148.5 2.38+0.15 
110.5 2.48+0.13 130.5 1.79+0.10 149.5 1.38+0.11 
111.5 148+0.10 131.5 1.39+0.08 150.0 0.91+0.11 
113.0 0.76+0.07 132.5 0.68+0.07 151.0 0.52+0.12 














angular dependence and fix the absolute value by re- 
quiring agreement between overlapping points ob- 
tained for 300- and 500-Mev bremsstrahlung. This 
involved making a least-squares adjustment of 2 
parameters using 7 observations and resulted in a very 
satisfactory meshing of the points. The correction was 
largest, 15%, for 300-Mev at 38° and tapered to a few 
percent with increasing angle or energy. Where there 
were points obtained with 300-Mev bremsstrahlung, 
these were considered correct. For all other points an 
error of approximately half the correction was assigned. 


Other Corrections 


The correction for recoils associated with pion pro- 
duction was estimated for the “spectator” process.’ 
In the absence of a specific effect which might favor the 
recoil of a meson and nucleon in the same direction, 
“apron-string” process, it was found to be negligible 
for all the points used in the final analysis. Some experi- 
mental evidence that the “apron-string” process was 
not too important for this experiment was provided by 
a failure to detect a component having an appropriate 
dependence on angle and energy in the discrepancy be- 
tween runs with 300 and 500-Mev bremsstrahlung. 

Finally, the number of dissociations induced by the 
absorption of positive pions in the deuterium’ was 
estimated and found to be <0.1%. This was fortunate 
since, for relativistic pions produced at small angles, 
the dynamics of this two-step process are virtually 
identical to those for true photodissociation. 


V. SUMMARY OF RESULTS 


The laboratory differential cross sections for photo- 
dissociation of the deuteron were calculated from Eq. 2 
of Sec. II using the “true” counting rates obtained by 
the method described in Sec. IV. The results are shown 
in Fig. 8 plotted as a function of laboratory photon 
energy for the various laboratory angles investigated. 
The errors indicated are standard deviations obtained 
by combining the counting statistics with fluctuating 
errors associated with monitor sensitivity and density 
determinations. In addition, there are two other types 
of error which are not shown. The first is an 8% error 


1% Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951); 
Henry L. Stadler, Phys. Rev. 96, 496 (1954). 






in the absolute value of the cross sections due primarily 


to the 7% uncertainty in beam calibration but also 
containing estimates of uncertainties in the range 
interval and solid angle. The second is the error as- 
sociated with the smooth corrections described in 
Sec. IV. This is estimated at 10% of the absorption 
correction and is appreciable only for the highest 
energies at forward angles. The curves drawn through 
the points are a reconstruction of an empirical expres- 
sion used to fit the angular distributions as discussed 
below. 

The differential cross sections in the center-of- 
momentum system are listed in Table I and plotted 
in Fig. 9 as a function of angle for various laboratory 
photon energies. They were obtained from the lab- 
oratory excitation curves by first making a linear inter- 
polation between the experimental points to obtain 
cross sections at a common photon energy, and then 
applying the solid angle transformation. The errors 
shown are the same as those on the excitation curves. 
In order to obtain total cross sections and facilitate 
comparison with other experiments, empirical curves 
of the form A+B cosé+C cos’@ were fitted to the data 
by the method of least squares. The form assumed has 
no theoretical justification and, indeed, does not even 
have the correct asymptotic behavior at low energies, 
ie., A+B sin’#(1+28 cosd). However, it has the 
practical advantage of fitting the data better than other 
simple forms having only three parameters. The values 


TABLE II. The coefficients A, B, and C are those obtained by a 
least-squares fit of the empirical expression A+B cos#+C cos*@ 
to the data in Table I and published Cornell data. The total cross- 
sections were computed from the expression or=4r(A+4C) 
obtained by integration of A+B cos#+C cos*@ with respect to 
solid angle. In addition to the errors shown there are quoted 
uncertainties of about 10% in the absolute value scales tabs, 
A, B, and C 10-” cm?/sterad ; a7, 10 cm?). 











Laboratory Kz. Mev A B ¢ or 

CalTech 105 §.30+0.23 2.084036 -—2.4 +1.2 57 +4 
155 4.68+0.13 1.9040.22 —1.3940.35 53.1+1.4 
205 5.16+0.13 1.5440.20 —1.5140.36 58.6+1.2 
255 5.40420.13 1.5540.22 —1.564+0.39 61.4+1.3 
305 4.5740.12 0.6140.17 —2.15+0.32 48.3+1.1 
355 2.79+0.08 0.194012 —1.8140.23 27.6+0.7 
405 1.68+0.06 0.144010 -—0.73+40.18 18.1+40.6 
455 0.98+0.07 0.2040.10 -—0.41+0.20 106+0.6 

Cornell 180 4.4240.15 1.6140.22 -0.51+40.42 53.54+1.4 
260 §.56+0.21 1.62+0.24 —1.2940.49 64,5+1.7 
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Fic. 9. Center-of-momentum differential cross sections as a 
function of center-of-momentum angles. Errors are the same as for 
Fig. 8 The curves are a reconstruction of A+B cosé+C cos¥ 
using coefficients from Table IT. 


for A, B, and C are tabulated in Table II. The curves in 
Figs. 8 and 9 are all reconstructions using these coef- 
ficients. Also given in Table II are values of A, B, and 
C obtained by fitting Cornell® data. 

Total cross sections as a function of laboratory 
photon energy are listed in Table II and plotted in 
Fig. 10. These were calculated from the equation 
or=4nr(A+3C) obtained by integrating A+B cosé 
+C cos*@ with respect to solid angle. The errors as- 
signed take into account the fact that errors in A and C 
are correlated. 


VII. DISCUSSION OF RESULTS AND 
COMPARISON WITH THEORY 


As may be seen in Fig. 10, the total cross sections 
measured in this experiment agree well with those 
reported by Cornell’ and Illinois.” There is also satis- 
factory agreement with regard to the angular distri- 


*” Experiments of reference 8 summarized by A. O. Hanson 
(private communication). 


butions. This is shown in Fig. 11 where the values of 
the coefficients B/A and C/A obtained by fitting the 
data with the emprical curve 1+ (B/A) cos@(C/A) cos’@ 
are compared. The CalTech and Cornell points come 
from Table II and carry errors given by the least 
squares analysis. It is probably reasonable to assume 
that the errors in the Illinois® points are comparable. 

The principal features of the process in the high- 
energy region established by these experiments are 
summarized here. Above 100 Mev, the total cross 
section is more than 5 times that calculated for electric 
interactions” and exhibits a relative minimum at 150 
Mev followed by a relative maximum at 250 Mev. This 
rather striking behavior may be compared with the 
existence of resonance maxima in the photopion cross 
sections” and indicates that meson phenomena play 
an important role in the interaction. The center-of- 
momentum angular distributions, which are essentially 
sin’? at low energies, show a large isotropic component 
above 100 Mev and a strong forward maximum which 
suggests a considerably larger cross section at 0° than 
at 180°. As will be seen later, this asymmetry is the 
feature most difficult to reconcile with theory. Above 
250 Mev the isotropic component persists, but the 
asymmetry diminishes until at the highest energies the 
angular distributions are again consistent with sym- 
metry about 90°. 

In the low-energy limit, it is expected that an ade- 
quate theoretical description of the photodissociation 
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Fic. 10. Total cross sections for photodissociation of the 
deuteron as a function of laboratory energy. The CalTech and 
Cornell cross sections were taken from Table II and are subject 
to a quoted uncertainty of 10% in absolute value. The Illinois 
data were kindly communicated to the authors by A. O. Hanson. 
The solid curve is drawn through the experimental points. 


"HL. L, Schiff, Phys. Rev. 78, 733 (1951); J. F. Marshall and E. 


Guth, Phys. Rev. 78, 738 (1950). ; é 
% California Institute of Technology experiments on pion 


production in H and D. 
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of the deuteron should be possible without explicit 
reference to the meson fields through which the nucleons 
interact™ and, indeed, good agreement with experiment 
is obtained up to about 10 Mev.' From 20 to 60 Mev 
the total cross sections are still in reasonable agreement 
with experiment,’ but departures are noted in the 
angular distributions. The experiments indicate a 
growing isotropic component while calculations” of 
the dominant electric dipole and quadrupole transitions 
from the *S state assuming a central potential give zero 
cross sections at 0° and 180°. A number of explanations 
of this isotropic component have been advanced. These 
involve consideration of ordinary magnetic transi- 
tions,”'*4 tensor forces,”* and transitions from the *D 
state.4 While the results show promise of being able 
to explain the experiments, all authors point out the 
probable importance, particularly for magnetic inter- 
actions, of specific meson effects which have been 
neglected. In view of the manifest importance of meson 
interaction at higher energies, it seems probable that 
this neglect is unjustified and that even below 60 Mev 
the influence of mesons must be considered.?* 

For energies in excess of 100 Mev, only the meson 
theories give even qualitative agreement with experi- 
ment. One of the first estimates of the total cross section 
based explicitly on the meson interactions was made by 
Wilson.’ Following a suggestion due to Fermi,” he 
argued that, if the deuteron absorbed a photon at a 
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Fic. 11. Coefficients obtained by fitting CalTech, Cornell, and 
Illinois angular distributions with the empirical expression 
(1+(B/A) cos#+ (C/A) cos?0). The CalTech and Cornell points 
are taken from Table II. The Illinois data were kindly communi- 
cated to the authors by A. O. Hanson. 


%A.F. J. Seigert, Phys. Rev. 52, 787 (1937); R. G. Sachs and 
N. Austern, Phys. Rev. 81, 705 (1951); J. G. Brennan and R. G. 
Sachs, Phys. Rev. 88, 824 (1952); L. L. Foldy, Phys. Rev. 92, 
178 (1953). 

% Yoshio Yamaguchi, Phys. Rev. 95, 1628 (1954); Y. Yama- 
guchi and Y. Yamaguchi, Phys. Rev. 95, 1635 (1954). 

26 W. Rarita and J. Schwinger, Phys. Rev. 59, 556 (1951); T. Hu 
and H. S. W. Massey, Proc. Roy. Soc. (London) A196, 135 (1936); 
N. Austern, Phys. Rev. 85, 283 (1952). 

26 J. M. Berger, Phys. Rev. 94, 1698 (1954). 

27. Fermi, Progr. Theoet. Phys. (Japan) 5, 570 (1950). 
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time when its constituent nucleons were within the 
range of nuclear forces, a statistical equilibrium might 
be established in which phase-space factors would es- 
sentially determine the relative probabilities for dis- 
sociation or pion production. With the further assump- 
tion that the cross section for the absorption of a photon 
by a nucleon is not appreciably altered by the proximity 
of another nucleon, he was able to estimate a contribu- 
tion to the total cross section for photodissociation by 
simply multiplying the sum of the photomeson cross 
sections for the free constituent nucleons by the 
probability of finding them within a distance h/me in 
the deuteron. This procedure led to results in approxi- 
mate agreement with experiment and gave promise of 
success to be achieved by the application of meson 
theory to the problem. 

More sophisticated ca]culations have now been made 
by a number of authors. Nagahara and Fujimura” have 
calculated the dipole transitions due to exchange 
currents using an operator taken from pseudo-scalar 
meson theory. Their results for the total cross section 
show rough agreement with the experiments up to 250 
Mev but have not been carried over the maximum in 
the cross section. An extension of the calculations by 
Fujimura” gives angular distributions which are 
roughly isotropic and, therefore, do not agree with 
present observations. 

Calculations using pseudoscalar meson theory in 
lowest order have also been made by Bruno and 
Depken.” They find reasonable agreement for the total 
cross section up to about 100 Mev, but their cross 
section decreases monotonically with energy and thus is 
seriously in error at higher energies. 

Austern*! has investigated a model in which he as- 
sumes as an intermediate step in the process the ex- 
citation of an isobaric state (3, 3) of a nucleon. This 
model gives angular distributions of the simple form 
(1+ sin’@), which could be consistent with the ob- 
servations at the highest energies but is in disagreement 
at lower energies. He is currently extending his calcu- 
lations to give total cross sections as a function of 
energy. 

A tentative phenomenological treatment has been 
given by Watson.” This work is an extension of the 
theory of photopions® in which dissociation of the 
deuteron results from the production of a (virtual) pion 
on one nucleon and its subsequent reabsorption in a 
Chew-type* interaction by the other. The theory should 
include on a phenomenological level all the effects 


28 'Y, Nagahara and J. Fujimura, Progr. Theoret. Phys. (Japan) 
8, 49 (1952). 

2” Jun Fujimura, Progr. Theoret. Phys. (Japan) 9, 132 (1953). 

% B. Bruno and S. Depken, Arkiv Fysik 6, 177 (1953). 

31N. Austern, Phys. Rev. 85, 283 (1952) and private com- 
munication. 

% K. M. Watson (private communication). 

33M. Gell-Mann and K. M. Watson Ann. Revs. Nuclear 
Sci. 4, 219 (1954) and private communication. 

4G. F. Chew, Phys. Rev. 94, 1748, 1755 (1954). 
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Fic. 12. Comparison of the experimental and theoretical total 
cross sections for photodissociation of the deuteron. The solid 
curve is that shown in Fig. 10 and represents the experimental 
results. The broken curve is that given by Watson’s phenomeno- 
logical calculation. The dashed curve is that given by Zach- 
ariasen’s calculation. 


considered by the authors previously mentioned. The 
theory contains one parameter which in principle could 
be calculated but which at present is regarded as ad- 
justable. The total cross section is in qualitative agree- 
ment with experiment, as can be seen in Fig. 12. The 
angular distributions fail to have sufficiently strong 
forward maxima between 100 and 250 Mev, although 
reasonable agreement is achieved at higher energies. 
The most logically complete calculation has been 
made recently by Zachariasen.** His approach to the 
problem was to set up, first, a formally correct expres- 
%$ Fredrik Zachariasen, Thesis California Institute of Tech- 


nology 1955 (unpublished); see also F. Zachariasen, following 
paper [Phys. Rev. 101, 371 (1956) ]. 
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sion for the matrix element involved. He then extracted 
the principal terms and evaluated them, using the Chew 
formalism. In addition to terms involving the photo- 
production of mesons on one nucleon and subsequent 
reabsorption by the other, as in the Watson theory, 
Zachariasen finds an important term corresponding to 
the S-wave production of a meson on one nucleon which 
scatters in the resonant (3, }) state on the other nucleon 
and is then reabsorbed by the original nucleon. This 
term, which interferes destructively with other terms, 
leads to a pronounced minimum in the total cross 
section at 125 Mev. As may be seen by Fig. 12, this 
feature is not too well borne out experimentally, but in 
other respects there is reasonable agreement. Un- 
fortunately, in common with other theories, the angular 
distributions fail to show the strong forward maxima. 
However, Zachariasen feels that his angular distribu- 
tions may be unreliable due to the neglect of terms 
which, though unimportant for the total cross section, 
might produce appreciable interference effects. 

Although the detailed comparison with theory is still 
far from satisfactory, considerable progress has been 
made and we may hope that with further study the 
situation will improve. In view of the special difficulty 
encountered in explaining the angular distributions, it 
would be most desirable to extend the experimental 
observations to 0° and 180°. 
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The Chew meson theory has been applied in an attempt to describe the photodisintegration of the deuteron 
in the region of 100 to 400 Mev, and in particular to explain the appearance of a sort of resonance at about 


250 Mev. The process is viewed as a meson photoproduction, followed by meson scattering in deuterium 
(treated in the impulse approximation) and absorption. The qualitative features of total cross section are 


roughly reproduced, but the angular distribution does not seem to be fully understood on this model. 





OR the past several years a considerable amount 
of experimental information has been accumulating 
concerning the photodisintegration of the deuteron at 
energies running up to about 500 Mev.! These results 
indicate a resonance of sorts in the total cross section 
at a photon energy of about 225 Mev. Theoretical 
calculations have been carried up to about 150 Mev 
ignoring any explicit meson effects,? and somewhat 
further by means of including a meson magnetic 
moment.’ These calculations do not seem to predict 
any resonant behavior. In view of the observed reso- 
nances in both the meson nucleon scattering and meson 
photoproduction from hydrogen in the J=$, T=} 
states, one is tempted to suggest that the resonance in 
the deuteron photodisintegration is due to the scat- 
tering in a virtual state of a meson which has been 
produced by the photon, the meson being finally ab- 
sorbed by one of the two outgoing nucleons. In order 
to attempt a quantitative description of the effects of 
such processes, it is necessary to fix on a particular 
meson theory to describe the meson-nucleon interaction. 
Since relativistic forms of meson theory have not been 
very successful, and since there is at present no reason- 
ably valid approximation method which can be applied 
to them, it seems advisable to use Chew’s form of 
meson theory.‘ This theory has several advantages. 
First, it is not a complete theory, and is rather more a 
phenomenological approach in the sense that no attempt 
is made to describe a large group of meson phenomena, 
such as S-wave interactions, relativistic effects, or 
heavy mesons. Of these the S-wave interactions are 
just ignored, and the rest are assumed to be describable 
by a cutoff on the momentum of any virtual meson, 
thus restricting one to low energies and providing an 
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extra parameter. The theory is constructed to agree 
with the important qualitative features observed in the 
meson-nucleon interaction; namely, strong P-wave 
couplings, pseudoscalar mesons and conservation of 
isotopic spin. Second, the coupling constant is small, 
so that there exist fairly reasonable approximation 
methods. Third, the theory is relatively easy to use, 
at least compared with the existing relativistic theories. 
Finally, the theory agrees fairly well with all low-energy 
P-wave meson effects. 

For the reasons indicated above, the Chew theory 
will be used in an attempt to describe the deuteron 
photodisintegration up to energies of several hundred 
Mev. Since even a relatively simple theory such as this 
becomes quite complicated when applied to two-nucleon 
problems, some rather drastic approximations will of 
course be necessary. It is therefore not to be expected 
that more than merely qualitative features of the cross 
section will be reproduced. 

The contribution to the photodisintegration process 
by explicit meson effects may essentially be viewed as 
the photoproduction of a meson from one or the other 
of the nucleons, with the subsequent scattering and 
absorption of the meson. In the spirit of the impulse 
approximation,® it may be expected that processes 
which differ from others only in that they involve a 
large number of meson exchanges between the nucleons 
will be weaker and can be neglected. That is, it will be 
assumed that the amplitude for the exchange of mesons 
is small. 

The photoproduction process may, in the Chew 
theory, take place in essentially three ways. First, an 
S-wave meson may be produced by the three-field 
coupling a: é. Second, mesons of any angular momentum 
may be produced through the meson current interac- 
tion. Finally, P-wave mesons may be produced by 
allowing the photon to be absorbed by the nucleon 
through its anomalous magnetic moment. Once a P- 
wave meson is produced, it may rescatter. No other 
meson may interact further with the nucleon. At low 
energies, therefore, there should appear S-wave mesons, 
and P-wave mesons, whose amplitude is enhanced by 


5G. F. Chew, Phys. Rev. 80, 196 (1950); G. F. Chew and 


G. C. Wick, Phys. Rev. 85, 636 (1952); G. F. Chew and M. L. 
Goldberger, Phys. Rev. 87, 778 (1952). 
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Fic. 1. Diagrams included in the R-matrix as given in Eq. (10). 
Heavy lines represent nucleons, dashed lines mesons, and wavy 
lines photons. @ represents the scattering of a meson by a nucleon 


rescattering from the nucleon in the resonant J=3, 
T= state. 

Part of the photodisintegration cross section should 
therefore be simply the photoproduction of the type 
described above, from one nucleon, with the photo- 
produced meson being absorbed by the other nucleon 
[in order that it may scatter in the (3,3) state from 
the first nucleon }. As stated above, processes in which 
the meson rescatters from the second nucleon and then 
returns to the first to be absorbed involve two meson 
exchanges and will be assumed small compared to the 
one-meson exchange. However, the presence of the 
second nucleon allows a further process, which there is 
no reason for neglecting. The S-wave meson produced 
from the first nucleon may scatter in the (3,3) state 
from the second and be absorbed by the first. This 
process admittedly involves a two-meson exchange, 
but here there is no corresponding one-meson exchange 
process. The only way in which the S-wave meson can 
resonate is by means of a two-meson exchange. In 
other words, it is not valid to assume that a two-meson 
exchange with one type of photon coupling is necessarily 
smaller than a one-meson exchange with another photon 
coupling; all that is assumed is that a two-meson 
exchange with one photon coupling is smaller than a 
one-meson exchange with the same coupling. 

With the above as an introduction, we may now 
proceed to set up the process formally. The interaction 


Hamiltonian is V;+ V2, where V; describes the meson- 
nucleon interactions, and is given by 


Vi=H am(a)+HA nm(d) 


for nucleons a and b, and Vz describes the electro- 
magnetic interactions, so that Va=H,+H»+H;3, de- 
noting the nucleon and meson currents and the three- 
field interaction, respectively. The R matrix,® to lowest 
order in V2, is then 


1 1 t..% 
R=Veot+RitV2RitRirV2t+RiV2-Ri, (1) 
a 


a aa 


where 


1 
a= Ey— Ho+ ie, R,:=Vit- Vir Ri. (2) 


a 


The desired matrix element of R is one connecting 
states of 0 mesons and 1 photon to 0 mesons. Since V; 
can connect states of m mesons only with states of 
n+0, 1, or 2 mesons, the desired matrix element 
between two states of 0 mesons is 


1 
(0| R|0)=(0| V2!0)+ ¥ (0| R:}0,1,2)-(0,1,2| V2|0) 
0,1,2 a 


1 
+ > (0| V2/0,1,2)—(0,1,2| Ri!0) 


0,1,2 a 


1 
+ 5° (0| Ri|n)-(n| V2|n+0, 1, 2) 
" a 


1 
X-(n+0, 1,2/R:}0). (3) 
a 


The matrix element (| R,|0) includes all Feynman 
diagrams leading from a state of 0 mesons to one of n 
mesons under the meson-nucleon interaction. It may 
be written 


1 
(n| Ra 0)= (m1 RO) 1+ (01Rs0) | (4) 
a 


where (n|R,|0)’ contains all terms which at no inter- 
mediate stage have a state of 0 mesons, and (0|R,|0) 
contains, as indicated, all terms going from 0 mesons 
to 0 mesons. Now, if V denotes the two-nucleon 
potential derived from this meson theory, 


is 
(0|Ri|0)=V+V-V+V-V+--:. (5) 
a a 


6M. L. Goldberger and M. Gell-Mann, Phys. Rev. 91, 398 
(1953). 
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Therefore 


1 
|v) = |0)+—(0| R;|0)|0) 
a 
1 1 
= ln+-(v+V V+. ‘Yio 
a a 


1 
=|0)+-V|y), (6) 
a 


where |) represents the wave function for two nucleons 
under the interaction of the potential V.’ It is then 
possible to write the desired matrix element as 


1 
(0|R|0)= (v: V2t+Ri'-V2 
a 


1 : 
+V2 RI+Ri-VeRi\Ws), (8) 
a aa 

where R,’ represents all the meson-nucleon interaction 
diagrams with no intermediate state of 0 mesons, and 
y; and yw, are the exact (under the meson-nucleon 
interaction) initial and final states of the two-nucleon 
system. Thus y; represents the deuteron wave function, 
and yy, the outgoing neutron and proton. From now 
on it will merely be assumed that meson theory could 
predict accurate wave functions y; and y;, and we 
shall use phenomenological descriptions of them. 

As yet no approximations have been made. At this 
point we shall assume Chew’s form of meson theory,‘ 
and use the approximations associated with it. Con- 
sider, for example, the term (W;|V2(1/a)Ri'|¥.) in 
Eq. (8). This will have the form of a number of meson- 
nucleon interactions, separated by energy denominators 
of the form (Eo— Ejntermediatet+te)~, and followed by a 
photon interaction. Now Ep is the photon energy, and 
Ejntermediate iS, since the photon has not yet been 
absorbed, EZ» plus the energy of whatever mesons are 
present. The energy denominators can therefore never 
vanish. On the other hand, in a term like 


1 
(vl Ri-Vsi¥«), 
a 


the meson interactions all occur after the photon 
absorption, so the energy denominators have the form 
(Eo—Emesonst+ie), and this term may have a pole. 
Since the coupling constant in the Chew theory is 
small, one may expect that higher-order processes will 
be unimportant unless there is some offsetting effect 
produced by their introduction, such as vanishing 
energy denominators. Therefore, all terms describing 
interactions taking place before the photon interaction 
will be included to the lowest order only. 


B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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The matrix element then takes the following form: 


1 1 

(0 | R | 0) = (v/ Vot+ tua Vot+ Ve-Ham* 
a a 

ee ee 

+Han -Vs-Ham* +H an —R- 


aa aa 


1 
(a+ H-Han* 
a 


1 1 
+ Han--Hat Ha-Hon* iv). (9) 
a a 


The first four terms here represent the lowest order 
contribution; the first of order e, the other three of 
order ef?. The last part may be interpreted as the photo- 
production of a meson [through H3;+H,(1/a)Ham* 
+H am (1/a)Hm+Hm(1/a)H am*] from either nucleon, 
which is then scattered (R, representing the scattering 
of a meson by a deuteron) and then reabsorbed (through 
H am) on either nucleon. Now in the calculation of the 
direct photoproduction of mesons from protons, it is 
found that the terms in H,, are much smaller than 
those in H,.* The former will therefore be neglected. 
To describe the scattering of a meson by a deuteron, 
that is, to calculate R,, we shall use the impulse ap- 
proximation. There has been a considerable amount of 
argument in favor of the validity of this approximation 
as applied to deuterons’; nevertheless, there is no clear 
justification for its use, and it may tend to overestimate 
the amplitude significantly."° We thus take R,=R, 
+R,®, where R,“™ represents the scattering amplitude 
in the (3,3) state for mesons on nucleon a alone. 
The resulting matrix element, in its final form, is 


(0| R|0)= (W| M| ys) 


1 1 
= (v, | a+ Hm -H3tHs-—H amt 
a a 


1 1 Le 3 
+ Ham Ham Hat Han HH an” 
a 


a a a 


1 1 | 
+m -A am*-H amt + A am A 2 “A am* 
a a a a 


4 
+ Han -R.-Hs* 
a 


Se i 
+H am--Ri-H pH nm vs). (10) 


aa a 


The first bracket here contains the lower-order terms 
(of order e or ef); the second contains the “resonant” 
terms. R, represents the sum of the scattering amplitude 
of a meson from the two nucleons. Thus the notation 
is R,=R,(a)+R,(b), H3=H;3(a)+H;3(5), etc. The dia- 
grams included here are shown in Fig. 1, dropping 

8 G. F. Chew and F. E. Low (private communication). 

9G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951); 
Isaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952); 


Fernbach, Green, and Watson, Phys. Rev. 82, 980 (1951). 
1 K. A. Brueckner, Phys. Rev. 89, 834 (1953). 
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vertex renormalizations and diagrams contributing to 
the nucleon anomalous moment. The matrix elements 
of operators such as Hy» are most easily calculated 
between plane wave states. It will therefore be most 
convenient to evaluate them for plane wave states, 
and then integrate over the momentum distribution in 
y; and yy. Explicitly, 


OP, pa@P, 
(2r)8J (27)3 
X (vs|P,)(P;| MPs) (Pily). (11) 


A crude approximation suggests itself here. Since the 
momentum distribution in the deuteron has a half- 
width of only about 50 Mev, one might expect the 
important part of the integral over d*P; to come from 
the region 0<P;<50 Mev. This momentum is fairly 
small compared with the others occurring: (e.g., the 
momentum of the outgoing particles ranges from 300 
Mev for a 100-Mev photon to 650 Mev for a 400-Mev 
photon). Therefore P; could be neglected in (P;|M|P,), 
giving the result 


(v,|M\y)= 


@P, 
w,|Mly,)= f ““* (y,|P,)(P;| M|0)yi(r=0). 
(2m)? 


This expression is really good, of course, only for very 
high photon energies, and shows the sensitivity of the 
process to the deuteron wave function near the origin 
at such energies. For the energy range of interest here, 
it is unlikely that P; is negligible, so it will be necessary 
to investigate more carefully the dependence of the 
matrix element on the choice of the deuteron wave 
function. 

For the final state wave function a plane wave will 
be chosen. This is exact for states of odd orbital angular 
momentum for a 50% exchange force. Since no multi- 
pole expansion will be made here, however, this is not 
necessarily an ideal choice. The initial state must be 
represented by a phenomenological deuteron wave 
function. Unfortunately, there are a variety of wave 
functions, all of which fit the low-energy experimental 
data fairly well, and all of which predict somewhat 
different results at high energies. At low energies, only 
the outer part of the wave function is very important, 
so that the behavior near the origin is undetermined, 
but at very high energies this is the important region. 

What has been done here is to consider certain 
of the terms in Eq. (10) [namely, Ham(1/a)H3 
+H;(1/a)Ham*| for which the integral over the mo- 
mentum distribution in the deuteron may be explicitly 
carried out, and evaluate these for various choices of ¥;. 
The results indicate a variation in the matrix element 
of magnitudes up to 30% between square well, Hulthén, 
and repulsive-core wave functions, the Hulthén giving 
the largest and the repulsive core the smallest results. 
It is also found that the approximation of Eq. (12) is 
excellent for a square-well wave function, but gives too 


large an answer for a Hulthén well, and too small an 
answer (naturally) for a repulsive core. This result can 
easily be understood, since the square-well function is 
almost flat over most of the volume of importance here. 

The procedure will therefore be to assume a square- 
well wave function and use the approximation of Eq. 
(12) to insert it into the plane wave matrix elements. 
The final results may then be expected to be somewhat 
smaller for a repulsive-core wave function; how much 
smaller, depends on the size of the core. 

Consider first the lowest order effects, as described 
by the first bracket in Eq. (10). These contain no 
meson-nucleon scattering processes, so they should not 
be expected to produce any resonant effects. Through 
the term in H,, the direct photodisintegration (that is, 
without meson effects) is included, so that the low- 
energy behavior will be the same as in previous calcu- 
lations. 

The explicit form of the couplings is" 


te 1+7,3 


H,=-L 
062M, 2 


—43L (up tun) + (up—bn) 70° Joa: (VY XA), 


A-V. 


Hum =1(4m) J 


L(oa- K) (ta: A)e™'* 
bu (2)! 


+ (op: K)(*,-A)e®*], (13) 
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ELECTRIC DIPOLE LOWEST ORDER 


TERM ONLY-2~ 











1 i 


250 300 





1 i 
200 350 400 


k (MEV) 


st 1 
100 150 


Fic. 2. Total cross section vs photon energy in the center-of-mass 
system, including only lowest-order effects. 
1 The notation here is as in Chew’s article (reference 4). Higher 
multipoles in H, could be included, but have been found to be 
small by Marshall and Guth. 
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Hawt = (Han )*, 
se a ‘ dies ale 
H;+=i(4r)!}-eT ——T[_(0q:é@)(*q:atye iK-rapik-ta 
mw (2w)* (2k)4 
+ (on: @) (ty: ate -toeik ro), 
H,,= —ieA- (¢vo*—¢* V9). 


The nuclear current coupling can be written in a more 
convenient form by using Siegert’s theorem": 


H,=- ie(k/2) 8 V—ie: rV exchange 


( ot n + p Bn Te 
—2 oeren = BO any 


a,b Z 





(14) 


where r is the relative coordinate in the deuteron, and 
Vexchange iS the exchange part of the nuclear force, 
produced by the exchange of charged mesons. The 
extra term appearing here may be interpreted as being 
the contribution resulting from absorption of the photon 
by a virtual meson at very low energies. One would 
therefore expect this term to cancel, at low photon 
energies, the effects of the terms 


1 1 1 1 
Baw -Hs +A s-Haw +b an —-Ean En 
a a a a 


lined 1 1 
+Han —Hm-Hantt+ Ha-Ha ? a - 
a a 


a a 


and this in fact turns out to be the case. The part of 
H,, remaining (that is, except for the Vexchange term), 
is the ordinary electric and magnetic dipole photo- 
disintegration, as computed by Marshall and Guth and 





1 
(K’a’| R(a)| Ka) =— 
4K 


1 


(K"| V34/K) 
a ian ncaa 


where 

Saf? K’K 1 
(K'| Vy 4|K)=40r-—— - ——_____——, 

3u? (w'w)' kR—w’—wtie 
We have chosen f?=0.1, and a cutoff at the nucleon 
mass. These values, according to Gammel’s tables, 
seem to fit the meson-nucleon scattering data reason- 
ably well. It should be observed that the above form 
assumes a nonrecoiling nucleon. This means that in the 
photodisintegration, recoil is neglected except during 


2 A. J. F. Siegert, Phys. Rev. 52, 787 (1937). 
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Schiff. At all but extremely low energies, the magnetic 
dipole term can be ignored, so that effectively 


H,=—ie(k/2)%-r, (15) 


and it must be remembered that the low-energy limit 
of the contribution coming from meson absorption of 
the photons must be subtracted from the remaining 
low-order terms. 

The reasons for this choice of H,, instead of the 
original one, are two. First, the present form allows a 
direct comparison with the earlier work which ignores 
explicit meson effects. Second, the form é@-r emphasizes 
the deuteron wave function at large distances, where 
it is fairly well known, while the é@-V form emphasizes 
it at small distances, where it is not known. 

The calculation of the lowest order terms is straight- 
forward, using the approximations outlined above. The 
resulting cross section [to order k/(p,?+?)!] is plotted 
in Fig. 2. The coupling constant is taken as f?=0.1. 
The cross section ignoring meson effects (that is, taking 
the coupling to be H, only) is plotted on the same 
curve, for the same choice of deuteron wave function. 

The angular distribution appearing here is symmetri- 
cal about 90°, being of the form A+B sin*é+ sin‘#. 

As expected, no resonant effects appear, and the 
low-order terms serve merely as a fairly constant and 
quite small background at high energies. Comparison 
of the cross section coming from H, alone shows the 
explicit meson effects to be quite small. 

An explicit caiculation of the resonant terms in Eq. 
(10) requires a knowledge of the meson-nucleon scat- 
tering amplitude in the (3,3) state off the energy shells. 
This has been taken as Gammel’s approximate form," 
which he found to agree very well with numerical solu- 
tions of the integral equation describing the meson- 
nucleon scattering. We thus take 


_ K— (o,: K’) (oa: K) }3[3a’t-a— (*a-a’t) (ea-a) ](K’| Vy y|K) 


f~ Kd" (K'| Vy q|K")(K"| Vy | K) 
' (2m)8 (k—w"’ + ie) 





:, f~ K'"dK” (K’”’| V; »|K’’) 
0 


(27) k—w"+ie 





the exchange of a meson between the two nucleons. 
Using this form for R(a) and R(d), the calculation of 
the cross section is again straightforward. The integral 
over the energy of the virtual meson which appears in 
the Hz; term has been evaluated numerically. The 
resulting total cross section, including the lowest-order 
terms, is indicated in Fig. 3. It is seen to be considerably 
too high for large photon energies, ranging from 20% 
to 50% above the experimental points. In view of the 
numerous approximations, it is questionable whether 


13 J. L. Gammell, Phys. Rev. 95, 209 (1954). 
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Fic. 3. Total cross section vs photon energy in the center-of-mass 
system, including resonant effects. 


any better agreement than this could be anything but 
accidental. The theoretical results do, at least, predict 
the qualitative features of the resonance, such as its 
position and general shape. 


It may be useful, however, to mention several points 
in the approximations which tend to overestimate the 
cross section. First, as was observed earlier, the choice 
of a different wave function for the deuteron could 
alter the cross section by up to 40% or so. A repulsive- 
core wave function would tend to reduce the results, 
by perhaps this amount. Second, the fact that multiple 
scattering in the deuteron has been neglected also tends 
to overestimate the result.” Finally, the coupling 
constant is not known completely accurately, and the 
resonant features of the cross section depend quite 
strongly on it. The choice of f?=0.1 made here is, in 
fact, somewhat higher than the value generally accepted 
now. In order to indicate the sensitivity to the coupling 
constant, the cross section has also been computed 
using f?=0.08, and making the reasonable assumption 
that R(a) is not appreciably affected by this change. 
The resulting cross section is also shown in Fig. 3, and 
clearly agrees quite well with the experiments, except 
for the dip before the peak. The size of this dip is 
primarily due to a destructive interference between the 
perturbation and the three field terms. If the three-field 
term is omitted, and the larger coupling constant is 
used, the agreement is definitely improved. Unfortu- 
nately, there seems to be no valid reason for dropping 
the three-field term, as it is just about the same size as 
the anomalous moment term. 

Regarding the angular distribution: an asymmetry 
is obtained from the interference of the two resonant 
terms of the form sin*@ cos#. This asymmetry becomes 
very small at low and high energies, and also gives the 
same cross section at 0° and 180°, which is apparently 
inconsistent with the experiments. It may be that a 
cos? dependence can only be found by investigating the 
D state in the deuteron. 

I would like to thank R. F. Christy for continued 
interest and assistance, and R. P. Feynman, G. F. 
Chew, F. E. Low, and D. A. Liberman for several 
useful discussions. 
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Photodisintegration of Deuterium by 60- to 250-Mev X-Rays* 
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A liquid deuterium target was irradiated with x-rays from the University of Illinois 300-Mev betatron. 
Exposures were made at maximum bremsstrahlung energies of 165 Mev, 280 Mev, and 300 Mev. The 
photoprotons produced were detected with Ilford G-5 nuclear emulsions. The distributions of protons as 
functions of energy were determined for laboratory angles of 30°, 45°, 75°, 120°, and 150°. In the energy 
region from 60 Mev to 250 Mev the angular distributions are relatively flat but have considerable fore and 
aft asymmetries. The total cross section, which was found not to vary greatly over this entire energy region, 


has a broad minimum of about 55 microbarns in the region of 150 Mev. 





I. INTRODUCTION 


XPERIMENTAL information on_ high-energy 
photoprotons from deuterium is accumulating 
from nearly all laboratories which have high-energy 
x-ray sources. The earliest published results of Benedict 
and Woodward! and Gilbert and Rosengren? established 
the general features of the process and showed that 
there was an appreciable mesonic effect which increased 
the cross section for energies above 50 Mev. 

Since that time other work has been done in an 
attempt to establish the cross section more quanti- 
tatively. Allen* has investigated the differential cross 
section in the energy region from 22 Mev to 65 Mev 
using nuclear plates. Keck, Littauer, O’Neill Perry, 
and Woodward‘ measured differential cross sections at 
a number of angles for 180 Mev and 260 Mev photons. 
Yamagata, Barton, Hanson, and Smith® investigated 
the differential cross section at laboratory angles of 45°, 
75°, and 120° for photon energies between 140 Mev and 
265 Mev. Extensive measurements at 5 angles using 
340-Mev bremsstrahlung have been reported by Dixon.*® 
Keck, Tollestrup, and Smythe’ have data at 6 angles 
for photons between 100 Mev and 450 Mev. All these 
experiments and the work reported herein agree fairly 
well on the absolute magnitude of the cross section and 
the general features of the angular distribution in the 
region in which these overlap. 

The results referred to have been obtained using 
scintillation counter range telescopes and give results 
which are statistically more accurate than the plate 
work described here. The plate data, however, give the 
only results in the energy region between 65 and 135 


* Work supported in part by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

¢ Present address, University of North Dakota, Grand Forks, 
North Dakota. 
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Mev. Results of the plate work leading to cross sections 
at higher energies will also be reported for completeness 
but the technique used had the disadvantage of giving 
poor energy resolution for high-energy protons. 

Brief preliminary reports of the experiments described 
in this paper appeared earlier.®.* 


Il. EXPERIMENTAL PROCEDURES 


A schematic diagram of the experimental setup is 
shown in Fig. 1. The x-rays from the 300-Mev betatron 
were collimated by a tapered hole in a lead block 33 cm 
thick, so that the beam diameter at the liquid deuterium 
target was 1.37 cm. A one-inch thick lead secondary 
collimator with a }-inch hole tapered 3 degrees was put 
in the end of the entrance arm of the target. A four-inch 
lead wall 6 inches high and 3 feet wide was built just 
behind the secondary collimator at a distance of 2.1 
meters from the betatron x-ray source. 

Protons from the reaction were incident on nuclear 
emulsions placed around the outside of the target. The 
nuclear plates were tipped at small angles to the equa- 
torial plane to allow the observation of an appreciable 
length of track in the emulsions. Two separate exposures 
were made, one with a maximum energy of 165 Mev, 
the other with a maximum energy of 280 Mev. A later 
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Fic. 1. Schematic diagram of apparatus. 
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Fic. 2. Typical calibration curves. (A), Grain density as a 
function of proton energy determined from measurements on 
tracks of stopped mesons and protons. (B), Fractional space as a 
function of proton energy determined from measurements on 
stopped mesons and protons. (C), Correlation between fractional 
space and grain density for all tracks for which both quantities 
were measured. 


check run was made at 300 Mev but the plates from this 
run were not completely analyzed. 

The betatron electron target used was one of 0.020- 
inch platinum. The bremsstrahlung spectra used were 
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the zero-angle thin-target spectra according to Schiff! 
as calculated by Leiss" with C= 191 instead of 111. The 
integrated x-ray yields were measured using an 8-inch 
diameter flat copper ion chamber which has been cali- 
brated calorimetrically by Kerst and Edwards.” 

As shown in Fig. 1 the collimated x-ray beam passed 
through the middle of the liquid deuterium target, 
which was located at a distance of 2.6 meters from the 
x-ray source. This target had a diameter of 1.25 inches 
and a wall of 0.0005-inch brass foil. A detailed descrip- 
tion of the liquid deuterium target has been published 
by Reitz and one of us (E.A.W.)." 

The photoprotons which were produced in the liquid 
deuterium target passed through 0.005-inch copper foil 
windows in a radiation shield and through 0.017-inch 
aluminum windows in a vacuum jacket on their way to 
the detectors. The detectors were Ilford G-5 emulsions 
600 microns thick on 1-inch by 3-inch glass plates. The 
plates were held in styrofoam cassettes with the long 
edges of the plates making angles of 30°, 45°, 75°, 120°, 
and 150° with the x-ray beam as shown in Fig. 1. The 
distance from the center of the liquid deuterium target 
to the front edge of the nuclear plates was 9 inches and 
the nominal included angle between the top and bottom 
plate in each cassette was 20 degrees. 

For the 165-Mev exposures there were placed in front 
of the plates aluminum absorbers of such thickness that 
at every angle the protons produced by 60-Mev photons 
had an energy of about 8 Mev in the nuclear plates. 

Runs at higher betatron energy were made with 
absorbers allowing the observation of protons origi- 
nating from photons above 100 and above 160 Mev. The 
exposure conditions are given in Table I. The plates at 
30° in the 165-Mev run were removed about midway 
in the exposure to prevent them from getting too dark. 
Comparable exposures were made with the target 
empty. The plates were developed using a dry develop- 
ment technique." 


III. ACCUMULATION OF DATA 


The plates were scanned using Leitz Ortholux bin- 
ocular microscopes. The area scanned at different angles 
was varied so that observations were made on about 
500 protons on each data plate. Less area was read on 
the background plates and the number of protons 
recorded were multiplied by the correct ratio to obtain 
the background at each angle. 

The coordinates of all tracks starting in the surface 
of the emulsion in the areas scanned were recorded. 
Next the azimuth angles of the tacks as they entered 
the plates were measured. The azimuth angle was 
measured in the plane of the emulsion relative to the 


© L. I. Schiff, Phys. Rev. 83, 252 (1951). 
1 J. E. Leiss (privately circulated tables). 
TD. W. Kerst and P. D. Edwards, Rev. Sci. Instr. 24, 490 
(1953). 

3 E. A. Whalin, Jr., and R. A. Reitz, Rev. Sci. Instr. 26, 59 
(1955). 
4 A, Beiser, Revs. Modern Phys. 24, 273 (1952). 
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long 3-inch dimension of the plate i.e., an azimuth 
angle ~0° indicated the track came from the direction 
of the liquid deuterium target. No further measurements 
were made on tracks whose azimuth angle exceeded 
+20°. 

If a track had an azimuth angle less than +20° the 
following measurements were also made: 


(1) The final coordinates of the track in the plate. 

(2) The final azimuth angle of the track. 

(3) The depth in the emulsion at which the track 
stopped. If the track left the bottom of the emulsion 
this was noted but the thickness of the emulsion was not 
measured. 

(4) The range projected into the plane of the plate 
if the track stopped in the emulsion. This measurement 
was made with a calibrated reticule in one of the oculars. 

(5) A space’measurement and/or grain count if the 
track passed through the emulsion without stopping. 

(6) Multiple scattering measurements on high-energy 
tracks in the 280-Mev exposure to distinguish between 
mesons and protons of similar ionization. 


These measurements were made on a segment of the 
track 450 microns long and started at a point on the 
track about 20 microns under the emulsion surface. In 
the final treatment of the data only tracks with initial 
azimuth angles of less than +15 degrees were retained. 
This limit was selected because between 15 and 20 
degrees there were about as many tracks on the back- 
ground plates as on the data plates. No tracks were 
retained for further analysis whose projected length 
from the surface to the bottom of the emulsion was less 
than 1.4 mm, i.e., whose dip angle was greater than 25 
degrees. The dip angle of a line from the center of the 
liquid deuterium target to an emulsion surface was 13 
degrees. No tracks were retained whose ranges were less 
than 300 microns. This range corresponds to a proton 
energy of 7 Mev. This lower energy limit was selected 
to avoid large scattering losses. 

The energies of the protons which stopped in the 
plates were determined from their ranges in the emul- 
sion by using the range-energy relations of Wilkins.'® 
The ranges projected into the planes of the plates were 
corrected for the dip of the tracks. The ranges were also 
adjusted for the effect of humidity on the emulsion 
density by using Wilkin’s data. 

The energies of the protons which passed through 
the emulsion were determined by the use of one of two 
methods, by counting the number of silver grains in a 
length of track or by measuring the amount of open 
space between silver grains in a length of track. The 
former method was used for high-energy protons leaving 
sparse tracks and the latter method for low-energy 
protons leaving dense tracks. In the 280-Mev exposure 
both space and grain density were measured for protons 
of 90 to 130 Mev. The grain counts and space measure- 


18 J, J. Wilkins, Atomic Energy Research Establishment, 
Harwell Report, G/R 664, 1951 (unpublished). 


TABLE I. Exposure conditions. 








Thickness of absorbers in front 
of plates at the given angle in 
inches of aluminum 


30° 45° 75° 120° 


X-ray 
flux thru 
target 
Ergs 


Length 
of run 


150° Minutes 





Equivalent 
absorption 

in De target 
and walls 0.084 0.079 0.084 
165 Mev 

60-Mev 

absorbers 3.33 K108 
280 Mev 
100-Mev 
absorbers 0.490 0.114 3.47 K108 
300 Mev 
160-Mev 
absorbers 


0.866 5.82 X108 





ments were converted into energies by comparing them 
with grain counts and space measurements made on 
m-meson tracks which ended in the emulsion. A 
meson and a proton producing the same initial ioni- 
zation along their paths in the emulsion have ranges 
proportional to their respective masses. It proved 
possible therefore to find +-meson tracks ending in the 
emulsion whose initial ionizations corresponded to the 
entire range of proton energies produced in the experi- 
ment. 

Figure 2 show typical calibration curves for the grain 
counting and space measuring methods of determining 
energy as well as the correlation between the two 
methods. Assuming the deviations from the curves 
drawn were fitted by an error function, the standard 
deviations in proton energy by grain counting and by 
space measurement was about 15%. 

There were, of course, some mesons produced in the 
deuterium target which had to be distinguished from 
the protons which were the concern of these experi- 
ments. In the 165-Mev plates, the few mesons present 
were of fairly low energy and readily identified by 
inspection. To distinguish between high-energy proton 
and meson tracks on the plates exposed at 280 and 300 
Mev, multiple-scattering measurements were made 
using the Fowler'® method. 


IV. TREATMENT OF DATA 


The proton energies as determined by space and grain 
density measurements were transformed into their 
initial values in the deuterium target by using Aaron’s'? 
range-energy curves for the energy loss in the target 
and in the different absorbers. The corresponding 
photon energies were obtained from the kinematical 
relations tabulated by Malmberg and Koester.'* 

The proton spectra were divided into wide bins for 
the purpose of computing cross sections. This was 


16 P. H. Fowler, Phil. Mag. 41, 169 (1950). 

17 W. A. Aaron, University of California Radiation Laboratory 
Report UCRL-1325, 1951 (unpublished). 

18 J. H. Malmberg and L. J. Koester, Jr., Tables of Nuclear 
Reaction Kinematics at Relativistic Energies (Physics Department, 
University of Illinois, 1953). 
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TasBLe II. Experimental cross sections for the photodisin- 
tegration of deuterium. The starred symbols refer to the center- 
of-mass system. A correction for nuclear attenuation based on 
oai=1.1 barns has been applied to all cross sections. The value 
for 6=30°, hy=114 is large because of the contribution of 7° 
protons produced by photons above 270 Mev. 








Minimum 
energy 
Mev 


Betatron 
energy 
Mev 


da/ dQiab 
ub/sterad 


do*/dQ 
ub/sterad 


7.6+0.5 
7.00.5 
5.9+0.4 
5.10.4 


(11.6-+0.6) 
5.0+0.4 
6.4+0.5 
6.0+0.5 


Gish Aviad 
g Mev 


65 9.5+0.6 
80 8.8+0.6 
105 7.7+0.5 
140 =7.0+0.5 


114 (15.5-+0.8) 
149  6.940.5 
194 9.240.7 
248 9,040.7 


65 13.340.9 
80 10.0+0.8 
105 8.20.6 
140 7.00.6 


114 10.340.6 
149 7.4+0.5 
194. 10.5+0.7 
248 6.0+0.6 


220 7.60.8 


65 11.4+0.7 
80 7.4+0.5 
7.90.5 

140 = 5.1+0.4 


7.00.5 
149 §=$.3+0.4 
194 7.8+0.6 
248 = §.4+0.5 


6.30.6 
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DQ Oo & OO 


DW wWww w 


11.2+0.8 
8.2+0.7 
6.6+0.5 
5.4+0.5 


8.2+0.5 
5.7+0.4 
7.9+0.5 
4340.4 


6.00.6 


10.7+0.7 
7.0+0.5 
7.3+0.5 
4.740.4 


6.5+0.4 
4.9+0.4 
7.2+0.5 
4.9+0.5 


5.8+0.5 


65 6.5+0.4 
80 § 3.4+0.3 4.0+0.3 
105 2.90.2 3.4+0.2 
140 4.2+0.3 


, ; 4.30.3 

149 ‘ k 3.2+0.3 
194 ; . 5.4+0.4 
4.7404 


65 \ , 4.2+0.3 
80 ‘ , 4.1+0.3 
J , 3.60.2 

140 , ‘ 1.80.2 


7.50.4 


é . 3.7+0.4 
149 : ; 2.30.4 
194 ‘ ; 3.4+0.5 
248 3.60.6 


3.50.4 








possible because the cross sections vary rather slowly 
in the energy region covered by the experiment and it 
was desirable because of the small number of protons 
measured and the uncertainty in their energies. An 
exception to this was the first bin of the 165-Mev run. 
This bin was selected to consist only of stopped protons 
because the larger cross sections at this lower energy 
permitted taking a narrow energy bin that had good 
statistics. It also permitted getting a point for direct 
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comparison with the work of Allen.’ The other energy 
bins varied in width from 20 to 60 Mev. The width was 
varied so that approximately equal numbers of protons 
were included in each bin. The highest energy bins in 
each exposure were also made the widest for the purpose 
of minimizing the effect of the uncertainty in the maxi- 
mum photon energy. 

The average differential cross section for an energy 
bin is defined by the formula: 


doz/d2=N,/N,NpAdQ, 


where dog/dQ is the average differential cross section 
for a photon energy bin of average energy £, in cm?/ 
steradian, V, is the number of protons counted at a 
given angle produced by photons in the energy bin, 
N, is the number of photons in the energy bin, Np is 
the number of deuterium atoms per cm? presented by 
the liquid deuterium target, and AQ is the solid angle 
presented to the source by the plate surface scanned. 

Of the four factors which enter into the calculation 
of a cross section, Vp is known with an uncertainty of 
less than 1% and AQ with an uncertainty of about 
3%. These are small compared to other errors. The 
number of photons in all bins have a possible error 
of about 5% due to the uncertainty in the meas- 
urement of the total energy in the photon beam and 
to the lack of precision in our knowledge of the photon 
spectrum. There are additional errors in the values of 
N,, for the highest energy bins since 1, is very sensitive 
to the precise values used for the effective maximum 
energy of the bremsstrahlung spectra. This error 
depends on the size of the top bin and is estimated to 
be about 15% for both the 165 Mev and the 280- 
Mev runs. 

The number of protons, V,, has a statistical error 
of 10% or less in almost all cases. The error due 
to scanning efficiency is negligible since extensive 
checking disclosed virtually no missed tracks. The 
uncertainties in the proton energies however, introduce 
errors in the number of protons assigned to a photon 
energy bin which are usually larger than the statistical 
uncertainty based on the number of protons in the bin. 

Although there were a large number of tracks left 
by mesons passing through the plate, only a few had 
grain densities high enough to be confusable with 
protons and most of these were clearly separated by 
multiple scattering measurements. There may be a few 
confusable mesons in the highest energy bin for forward 
angles in the high-energy exposures. Mesons should 
cause negligible errors for all other bins. 

Losses due to multiple scattering of the protons were 
assumed to be negligible because of the small calculated 
rms scattering angle (4 degrees or less for the proton 
energies used in the experiment) and because of the 
fact that most of the scattering material was in poor 
geometry with respect to the plates. 

The proton spectra were corrected for nuclear ab- 
sorption and scattering loss, however, by converting 











PHOTODISINTEGRATION OF DEUTERIUM 


the material the protons passed through in reaching 
the plates from the target to equivalent amounts of 
aluminum and assuming the total nuclear cross section 
to be twice the geometrical, i.e., 1.1 barns. The losses 
calculated in this way varied from 1.2% to 18%. 

The background protons were obtained from a plate 
exposed under the same conditions as the data plate 
except that the brass deuterium container was empty. 
The background measured in this way varied from 5% 
to 13% on the different plates. 

The absolute uncertainties in the cross sections range 
from about 10% in the most favorable cases to about 
25% in the least favorable. 

The results of the cross-section calculations are given 
in Table II. These are arranged according to the angle 
of the plate in the laboratory system. In addition to 
the average photon energy in each bin the table also 
presents the center-of-mass angle and the cross section 
in the center-of-mass system. The errors listed are only 
the rms statistical errors based on the number of protons 
observed. The magnitude and angular distribution of 
the cross section for the 194- and 248-Mev bins show 
greater differences than that obtained in the counter 
experiments. This discrepancy has been of some concern 
since it could arise from a systematic error in deter- 
mining the proton energies in the plates. Checks on 
stopped mesons and protons however, disclosed no 
obvious systematic errors. The average of these two 
bins, however, give results in good agreement with the 
wide bin in the 300-Mev run as well as with counter 
work. 


V. EMPIRICAL SYNTHESIS OF THE DATA 


The experimental data from Table IT are shown as 
a function of energy and angle in Fig. 3. The solid lines 
in this figure are of the form do*/dQ= (A+B sin’6*) 
(1+ 28 cos6*). This form was suggested by the retar- 
dation effect and was useful in discussing the lower 
energy results. The values of A, B, and 8 were obtained 
empirically from the cross sections given with the 
additional requirements that the cross section at any 
angle is a smooth function of energy. These are given 
in Table III. A least squares determination of A and 


TABLE III. Values of A, B, and 6 from the relation (A +B sin%*) 
X (1+28 cosé*) representing the cross section. The isotropic part, 
the sin’#* part, and the total cross sections are given in the last 
three columns. 
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Fic. 3. Differential cross sections in the center-of-mass system 
as a function of the center-of-mass angle for various laboratory 
photon energies. The data of Allen at lower energies are also 
shown. The curves are of the form (A+B sin%*) (1+28 cosé*) 
using the coefficients given in Table III. 


B from the unsmoothed data for each energy bin gave 
values in general agreement with the smoothed values 
in the table and indicated variations in A and B of 
about 1 wb/sterad. The total cross section is relatively 
more accurate than either A or B since it is not very 
sensitive to the detailed fit of the differential cross- 
section curves, and has a statistical error of about 10%. 
It is also subject to systematic errors of about 5% 
as mentioned earlier. The table also gives the isotropic 
and the sin’@* parts of the cross section as well as the 
total cross section expressible as 4rA+82B/3. The total 
cross section and the two components are shown as a 
function of energy in Fig. 4. Here one can see that the 
isotropic component of the cross section varies only 
slightly from 22 to 250 Mev while the sin’#* component 
decreases markedly in this interval. 

The retardation parameter (8) increases up to a 
maximum near the meson photothreshold and then 
varies more slowly. It is doubtful whether the asym- 
metry expressed in terms of this parameter can be 
interpreted as a retardation effect at the higher energies 
where meson effects are important. Tollestrup, Keck, 
and Smythe as well as Dixon use the expression 
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Fic. 4. The total cross section as given by 44rA+8xB/3. The 
isotropic component 4A and the sin%®* component 87B/3 are 
shown as a function of energy. The solid line is the total cross 
section as calculated by Marshall and Guth. 


A’'+B’ cosé*+C’ cos*é* to represent their results. This 
expression is identical to the one used here if one 
neglects the sin*#* cos#* term except that A’= A+B, 
B’=2AB and C’=—B. 


VI. DISCUSSION 


Up to 150 Mev the sin*#* part of the total cross 
section may be adequately explained by the phenome- 
nological theories of Schiff’ and Marshall and Guth” 
which omit any explicitly mesonic effects. The agree- 
ment of the sin’#* part of the total cross section, 84B/3, 
with the total cross section calculated by Marshall and 
Guth can be seen from the curves of Fig. 4. Marshall 
and Guth, and Schiff restricted their calculations to 
interactions involving only central potentials. An 
appreciable isotropic component in the angular distri- 
bution can arise from noncentral forces as was shown 
by Rarita and Schwinger™ and by Hu and Massey.” 
Austern® has extended these considerations up to 
energies of about 100 Mev and showed that an ap- 
preciable isotropic component can arise from any 
strongly singular noncentral force. In particular he 
found an isotropic component of the correct order of 
magnitude from the singular L-S force used by Case 
and Pais™* in the treatment of nuclear scattering. 
Qualitatively this interaction can be seen to favor 
transitions to the *P» state over those to the *P; and 
3P, states and would therefore contribute to an iso- 
tropic distribution. Austern stated, however, that the 
magnitude as well as the energy dependence of this 
isotropic component is largely due to the strongly 
singular nature of the interaction. 

Yamaguchi and Yamaguchi have considered the 


%L. I. Schiff, Phys. Rev. 78, 733 (1950). 

” J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 

1 W. Rarita and J. S. Schwinger, Phys. Rev. 59, 556 (1941). 

*% T. Hu and H. S. W. Massey, Proc. Roy. Soc. (London) A196, 
135 (1949). 

*N. Austern, Phys. Rev. 85, 283 (1952); also private com- 
munication. 

*%K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 

25 Y. Yamaguchi and Y. Yamaguchi, Phys. Rev. 95, 1635 
(1954); Phys. Rev. 98, 69 (1955). 


two-nucleon problem using a nonlocal but separable 
interaction. They felt the separable potentials they 
used could be used in the calculation of the photo- 
disintegration of deuterium cross sections for an energy 
up to about 50 Mev. They performed these calculations 
for the electric dipole and also for the magnetic dipole 
interaction, neglecting in the latter case the interaction 
magnetic moment. The magnetic dipole cross section 
is very small, but there is an increasing isotropic com- 
ponent above 10 Mev arising from an electric dipole 
transition from the *D part of the ground-state wave 
function to the final *P states. It turns out, however, 
that the resulting isotropic part is too small to explain 
the observed results even if the D state is as large as 
8%. 

Another possible explanation of the isotropic part 
of the total cross section is of interest. Perhaps instead 
of arising from an interference effect, the isotropic part 
of the total cross section is actually due to a process 
which produces a nonintefering isotropic term. It is 
strongly suspected that this isotropic component arises 
from mesonic processes, since mesonic effects should 
become important in this energy range. The fact that 
low-energy photomesons are also emitted isotropically 
suggests a connection between photodisintegration and 
photomeson processes. 

In order to isolate a possible mesonic contribution 
from the experimental observations, it was assumed that 
the Marshall and Guth” theory accounts for the cross 
section derivable from a simple nuclear force. The 
Marshall and Guth total cross section was then sub- 
tracted from the observed total cross section. This 
difference which may be tentatively attributed to spe- 
cific mesonic interactions, is shown in Fig. 5. Since me- 
sonic effects are involved in some approximation in 
order to get agreement with the experiments at low 
energies, the fact that the difference appears to vanish at 
40 Mev is perhaps not significant. This effect can be 
interpreted as a slowing rising contribution to the cross 
section which varies approximately with the momentum 
of the outgoing protons. This contribution could be 
described then as due to a constant matrix element 
which shows no change as the energy increases above 
the threshold for real meson production. This result 
implies that the photoproton production does not com- 
pete with the photopion production above the threshold. 

This can be understood in terms of an argument of 
Wilson®® that when a virtual or real absorption of a 
photon by the meson field takes place in a small volume, 
having a radius less than the pion Compton wavelength 
also occupied by more than one nucleon the coupling 
to the nucleon field is so strong that nucleons and pions 
are emitted with probabilities governed only by their 
statistical weights and momenta. Since for a given 
excitation energy the momentum available to the 
nucleons is much larger than that available to the pions, 


% R. R. Wilson, Phys. Rev. 86, 125 (1952). 
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the result in most cases will be nucleon emission. The 
fraction of the time the neutron and proton in the 
deuteron can be considered as less than #/yc apart can 
be obtained from the ground state wave function. 
Using the wave function as given by Schiff'® for a 
Hulthén potential, one obtains 3.6 for the ratio of 
photomeson cross section to photoproton cross section. 
This is in qualitative agreement with the observed ratio 
of about 7 at 250 Mev.?’:?8 This model also assumes that 
the interaction of the photons with the meson field is 
independent of the surrounding nucleons. This agrees 
with the fact that the sum of the cross sections for the 
production of pions and of protons from deuterium is 
very nearly twice the cross section for the production 
of pions from hydrogen. In complex nuclei the cross 
section for pion production goes up only as A!, which 
indicates that pions are produced from surface nucleons. 
The star production which is predominant also above 
the meson threshold is then an indication of the close 
coupling between pions and nucleons. 

The data from the present experiment indicate 
roughly that the pion contribution to the photodis- 
integration cross section is not much affected by the 
threshold for real pion production. Further results on 
the yield of protons from other nuclei below and above 
the meson threshold may be helpful in clarifying this 
point. A study of photon scattering from deuterium 
above and below the meson threshold may also be 
helpful in determining if the photoproton cross section 
arises mainly from an intermediate meson state. 

A specific meson reabsorption model which con- 
tributes to an isotropic angular distribution is suggested 
by the electric dipole absorption which is responsible 
for low energy photomeson production. This transition 
ends up with the nucleon spin flipped and the meson, 
which has odd parity in an S state.” In the case of the 
deuteron an elementary attempt can be made to use 
the same interaction with one of the nucleons to reach 
an intermediate state which contains a pion in an S 
state and the nucleons in antiparallel spin states. The 
total angular momentum of this state would be zero. 
After reaching this state reabsorption of the meson 
would put the nucleons in an odd parity state with 
J=0, or a *P» state. This state would be one of the *P 
states considered in the theories using noncentral forces 
as interfering with each other to give rise to the growing 
isotropic component in the lower energy region. If, 
however, this transition arises from a separable spin 
interaction as distinguished from an orderinary po- 
tential interaction, the additional component arising 
from this virtual meson effect may be added to the 
cross section due to charge transitions without inter- 
ference. Although such an interaction could explain the 
observed results, it seems to require a stronger coupling 


27 Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 
(1954). 


28 G. Cocconi and A. Silverman, Phys. Rev. 88, 1230 (1952). 
2G. F. Chew, Phys. Rev. 95, 1669 (1954). 
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Fic. 5. Difference between the experimental total cross section 
and the total cross section calculated by Marshall and Guth. The 
solid line represents a function ~?/v which is proportional to the 
energy density of final states, where p is the momentum and ? is 
the velocity of the outgoing protons in the center-of-mass system. 


between nucleons and pions in S states than is indicated 
by scattering experiments. 

The observed features of the mesonic part of the 
photoproton cross section can also be explained in 
terms of a magnetic dipole transition which would give 
rise to an isotropic noninterfering contribution. Naga- 
hara and Fujimura®* and Bruno and Depken® have 
made calculations of the exchange magnetic moment 
contribution using a phenomenological operator and a 
singular radial dependence. They obtained in this way 
a contribution to the cross section of about the right 
magnitude. There is, however, no detailed confirmation 
of a large exchange magnetic moment from other 
experiments. 

At energies around 300 Mev corresponding to the 
I=%, J=} resonance in the pion nucleon system one 
expects an increase in photoprotons as a consequence 
of the increased photon absorption. A model in which 
the reaction proceeds through this resonance has been 
discussed by Austern.* He finds that this model leads 
to an angular distribution of 2+3 sin*#* and a magni- 
tude given approximately by 9/4 of the cross section 
for x° photoproduction times the ratio of x* absorption 
in deuterium to the scattering of r+ mesons in hydrogen. 
This relation between photoproton and photopion cross 
sections is apparent in the experimental results at 
higher energies where both cross sections fall off toward 
450 Mev ina similar way. It accounts for approximately 
one-half the maximum in the experimental cross section. 

It is of some interest to compare the observed inte- 
grated cross section with that obtained from various 
sum rules. The present results give an integrated cross 
section up to meson threshold of 0.38-Mev barns. This 
corresponds to a 30% increase over the Thomas- 


% Y. Nagahara and J. Fujimura, Progr. Theoret. Phys. (Japan) 
8, 49 (1952). 

3 J. Fujimura, i) Theoret. Phys. (Japan) 9, 132 os 

% B. Bruno and S. Depken, Arkiv. Fysik. 6, 177 (19 53). 


%3N. Austern, Phys. Rev. 87, 208 (1952), and private com- 
munication. 
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Reich-Kuhn value for electric dipole transitions for 
ordinary forces, and can be attributed to meson effects. 
A detailed discussion of the integrated cross section in 
terms of various sum rules is given by Levinger.* 
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Total Cross Sections for Scattering and Absorption of Pions by Nuclei* 


R. M. STERNHEIMER 
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The causality conditions of Goldberger for the pion-nucleon scattering have been used to calculate the 
parameter k; of the optical model for scattering of pions from nuclei. These values of k; together with values 
of the absorption coefficient K in nuclear matter were used to obtain the total absorption and diffraction 
cross sections of pions for carbon, copper, and lead in the range 0-2.5 Bev. 


T has recently been shown by Karplus and Ruder- 
man! and by Goldberger* that the real part of the 
forward scattering amplitude for the pion-nucleon 
scattering can be obtained from a knowledge of the 
—p and x-—> total cross sections at all energies. 
This relation has been called the causality condition, 
and has been used by Anderson, Davidon, and Kruse’ to 
calculate the real part of the forward scattering ampli- 
tude for the x+— p and x-— p scattering for energies up 
to 240 Mev, using the measured total cross sections in 
the range 0-1.9 Bev. A knowledge of the real part of the 
forward scattering amplitude would enable one to cal- 
culate the total cross section for diffraction scattering 
of pions by nuclei, if one makes use of the optical 
model* of the nucleus.* In the present work, the parame- 
ters k; and K of the optical model are determined as a 
function of energy in the range 0-2.5 Bev, and the 
total pion cross sections are calculated for C, Cu, and 
Pb. It is assumed that k, and K have constant values 
in the interior of the nucleus and drop sharply to 
zero at the nuclear radius R which was taken as 
1.4X10-* At cm. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. Karplus and M. A. Ruderman, Phys. Rev. 98, 771 (1955). 

2M. L. Goldberger, Phys. Rev. 99, 979 (1955); Goldberger, 
Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

3 Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 
I would like to thank Professor Anderson for sending me a copy of 
this paper in advance of publication. 

‘Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949); 
H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 

5 T would like to thank Dr. Piccioni for calling my attention to 
this point. 


The parameter k; which measures the change of wave 
number as the pion enters the nucleus is given by 


ki=2mp[ZDs(k)+(A—Z)Dz(k) (RA), (1) 


where the upper and lower signs pertain to m+ and 
mw scattering, respectively; p=density of nucleons; 
k=wave number; D,(k) and D_(k) are the real parts 
of the forward amplitude for *+— p and -— p scatter- 
ing, respectively. Goldberger, Miyazawa, and Oehme’ 
have obtained the following equations for D,(k) and 
D_(k) ® 
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® The units are such that A=c=1. 
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Fic. 1. Values of the forward scattering amplitudes D, and D_ 
for +— p and x-— > scattering, calculated using the low-energy 
phase shifts of Orear.? The values for pion energies 7,240 Mev 
were obtained from the work of Anderson, Davidon, and Kruse. 


where o,(w’) and o_(w’) are the total cross sections for 

—p and m-—p scattering at the laboratory total 
energy w’; w is the total energy corresponding to the 
value of k; 1 and M are the rest energies of the pion and 
nucleon, respectively. The principal part of the inte- 
grals over (w’—w)~! is to be taken. D,(0) and D_(0) 
are the forward scattering amplitudes at zero energy. 
In most of the calculations, we used the values of 
D,.(0) and D_(0) obtained from the low-energy phase 
shifts of Orear,’ namely D, (0)=—0.180X 10-" cm and 
D_(0)=+0.11410-" cm. The last term of (2) and 
(3) gives the contribution of the bound state; f is the 
coupling constant; for 2/* the value 0.161 obtained by 
Chew® was used. 

D,.(k) and D_(k) were evaluated for kinetic energies 
T, between 240 Mev and 2.5 Bev. Below 240 Mev, the 
results of Anderson ef al.’ were used. In order to evaluate 
the integrals of (2) and (3), the region from 0 to 2 Bev 
was divided into eight intervals, in each of which 
o,/k’ and o_/k’ were approximated by quadratic func- 
tions of T,. The references for the experimental work on 
the measured cross sections are given by Anderson et al.’ 
The values of o, between 1.2 and 1.9 Bev were obtained 
from the difference of the r-—d and x-— p cross sections 
as measured by Clark et al. by adding 5 mb® to take 
into account the deuteron shadowing effect.!° For 
T,>1.9 Bev, it was assumed that o, and o_ remain 
constant and equal to their values at 1.9 Bev which 
were taken as 28 mb and 30 mb, respectively. As dis- 
cussed below, a slow variation of the cross sections for 
T,>1.9 Bev would have a relatively small effect on the 
values of D, and D_ for 7,2 Bev. It may be noted 
that the integrals of (2) and (3) make the most impor- 
tant contributions to k;. Thus, for carbon, &; is given by 
mp|_D,.(k)+D_(k) ]/k. In the sum D,+D_, the con- 

ot Orear, Phys. Rev. 96, 1417 (1954). 

G. F. Chew, Proceedings of the Fifth Annual Rochester 
Conference, 1955 (Interscience Publishers, Inc., New York, 1955). 
® Clark, Cook, and Piccioni, Proceedings of the Fifth Annual 
Rochester Conference, 1955 (Interscience Publishers, Inc., New 


York, 1955) and private communication. 
10 R. J. Glauber, Phys. Rev. 99, 630 (1955). 
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Fic. 2. Calculated values of k; and K/2 for r* or x~ mesons 
scattered from carbon. The curve of k; marked OR was obtained 
using the low-energy phase shifts of Orear’; the curve marked NW 
was obtained by means of the phase shifts of Noyes and 
Woodruff.” 


tributions of the bound state approximately cancel each 
other. Moreover, the term D,(0)+D_(0) is quite small 
for the phase shifts of Orear? (—0.066X 10-" cm). 
Figure 1 shows D, and D_ as calculated from Eqs. (2) 
and (3) using Orear’s low-energy phase shifts. The 
values of D, and D_ for 7,240 Mev were obtained 
from the work of Anderson et al.’ In support of the extra- 
polation of o, for T,>1.9 Bev, we note that Bandtel 
et al." have obtained a value of 30 mb for o_ at 4.4 Bev. 
In order to determine the sensitivity of the results to 
this assumption, we have calculated the corrections 
AD, and AD_ to the forward amplitudes which would 
be introduced if o, had, in fact, a maximum at 3 Bev. 
The extra term Ao, was assumed to have a maximum 
value of 15 mb at 3 Bev and to go to zero at T,= 2.5 and 
3.5 Bev. Thus the resulting 0, at 3 Bev would be 43 
mb. Specifically, the extra term of o,/k’ was taken as 
Ao,./k’ = —19.17+114.6T7,—167.1 for 2.5<7T,<3.5 
Bev, with Ac, in millibarns, k’ and 7, in Bev. It was 
found that Ac, would lead to the following corrections 
AD, and AD_ (in units 10-" cm): AD,=0.006 at 
T,=0.5 Bev, 0.026 at 1 Bev, 0.075 at 1.5 Bev, 0.20 at 
2 Bev, and 0.85 at 2.5 Bev. The corresponding values 
of AD_ are: 0.004 at 0.5 Bev, 0.012 at 1 Bev, 0.023 at 
1.5 Bev, 0.036 at 2 Bev, and 0.049 at 2.5 Bev. Referring 
to Fig. 1, it is seen that AD, becomes important only 
for T,>1.5 Bev, while AD_ is negligible throughout the 
range 0-2.5 Bev. The diffraction cross section for copper 
was calculated using D,+AD, and D_+AD_ and was 
found to differ from that obtained with D, and D_ by 
less than 0.017R? for the five energies listed above. 
Figure 2 shows the resulting values of k; for carbon 
as a function of the energy 7-. The curve marked OR 
is based on the values of D, which are obtained from the 
phase shifts of Orear,’ whereas the curve marked NW 
pertains to the phase shifts of Noyes and Woodruff” 
which give D,(0)=0.244X 10-" cm and D_(0)=0.440 
" Bandtel, Bostick, Moyer, Wallace, and Wikner, Phys. Rev. 


99, 673 (1985). 
iH. P . Noyes and A. E. Woodruff, Phys. Rev. 94, 1401 (1954). 
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Fic. 3. Total cross sections for absorption 4 and for diffraction 
scattering og for x* or x~ mesons scattered from carbon. The curve 
of og marked OR was obtained using the low-energy phase shifts of 
Orear;’ the curve marked NW was obtained by means of the 
phase shifts of Noyes and Woodruff.” 


X10-* cm. It may be noted that the values of D, and 
D_ for T,240 Mev, as calculated by Anderson et al., 
are in better agreement with experiment when the cal- 
culation is done by means of Orear’s’ values of D, (0) 
and D_(0) than with the values of Noyes and Wood- 
ruff.” Figure 2 also shows the values of the reciprocal 
mean free path K, which is given by 


K=p|Zo,+(A—Z)oz/A, (4) 


where the upper and lower signs pertain to r+ and 2 
mesons, respectively. For carbon, K=p(o,+o_)/2. 
The nuclear radius R was taken as 1.4X10-" A? cm so 
that p=0.87X10** cm~*. The large peak of K at 180 
Mev and the weak maximum at 900 Mev reflect the 
maxima of the cross sections at these energies. The 
change of sign of k; at 180 Mev is caused by the change 
of sign of D, and D_ which has been pointed out by 
Karplus and Ruderman! and by Anderson et al.* In the 
neighborhood of the maximum of o. and o_ the integral 
over (w’—w) predominates and gives a large positive 
term for T7,<180 Mev and a large negative term for 
T,> 180 Mev. The weak maximum of o_ at 900 Mev 
has a similar effect. It gives rise to positive values of 
D_ from 430 to 810 Mev (see Fig. 1) which nearly 
cancel the negative contribution to k; from D,, so that 
|D,+D_| has a minimum in this region. The fact that 
k; is negative for T,>180 Mev implies that the nucleus 
acts effectively as a repulsive potential for pions at 
these energies. From the values of k,(OR) one finds 
that the effective real potential V reaches a minimum of 
—49 Mev at T,=120 Mev. V becomes positive near 
T,= 180 Mev and attains a maximum of +42 Mev at 
T,= 240 Mev. Beyond 600 Mev, V is less than 10 Mev." 

Figure 3 shows the total cross sections for absorption 
o, and for diffraction scattering og for carbon, as a 


3 Tt should be noted that the wave number & to be used in Eq. 
(1) should properly be the wave number of a pion inside the 
nucleus, i.e., of a pion having kinetic energy 7,— V. Since V is very 
small compared to 7, except in the resonance region, this substitu- 
tion would have a negligible effect at high energies (7; 2500 Mev). 
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function of T,. The values of o, and og were obtained 
from K and k; by means of the expressions given by the 
optical model. The two curves of og marked OR and 
NW pertain to the low-energy phase shifts of Orear’ 
and of Noyes and Woodruff,” respectively. Because of 
the large value of D, (0)+D_(0) for the Noyes-Woodruff 
phase shifts, eg(NW) is large at low energies, but as is 
shown by Fig. 3, the values of og for the two choices of 
phase shifts are practically the same for T,>0.8 Bev. 
Figures 4 and 5 show a, and aq for x*+ and x mesons 
scattered from copper and lead. All values are given in 
terms of #R? which is 324 mb for carbon, 985 mb for 
copper, and 2159 mb for lead. For copper and lead, hk; 
and K are slightly different for x+ and ~, and corre- 
spondingly o, and og show a small difference. In addi- 
tion, an attempt was made to include the Coulomb 
effect in obtaining ¢, for copper and lead. According to 
a well-known formula, the Coulomb effect multiplies 
the cross sections by a factor F.=1+Ze*/RT, at low 
energies, where the upper and lower signs refer to r+ and 
m~, respectively. F, is obtained from a consideration of 
the impact parameter 6 of the trajectory which just 
grazes the edge of the nucleus; 5 is given by 
R(1¥#Ze?/2RT,). Courant has given the appropriate 
expression for relativistic energies: F,=12Ze’/RE, 
where E is the total energy of the pion. In the inter- 
mediate region, F, is given by 


F,=12ZeE/ (Rep), (5) 


where p is the pion momentum. For this correction to 
be valid, it is necessary that the pion wavelength X be 
small compared to R, so that classical considerations 
can be applied. The same condition, XR, determines 
the validity of the WKB method‘ used in calculating 
o, and og. For 100-Mev pions, X is 1.01X10-" cm, 
which is appreciably smaller than the radius R for 
carbon. However, below 100 Mev, the results of Figs. 
3-5 are expected to be only qualitatively correct. In 
addition, it should be noted that the present values of 
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PION ENERGY (BEV) 
Fic. 4. Total cross sections for absorption o4 and for diffraction 


scattering og for r+ and a~ mesons scattered from copper. The 
values of og were obtained by means of the phase shifts of Orear.’ 


4 E. D. Courant, Phys. Rev. 94, 1081 (1954). 














gq do not include the absorption of the pion by a pair 
of nucleons in the nucleus (with star formation) which 
becomes important below 100 Mev.'® This process 
predominates for very low pion energies (<40 Mev) 
but is expected to become relatively small above 150 
Mev. In connection with the difference between o(*) 
and o,(m~) in Figs. 4 and 5, Courant" has shown that 
if the neutron distribution is more extended than the 
proton distribution, as has been suggested by Johnson 
and Teller,'® there will be an additional correction to the 
cross sections which is of the same order as the Coulomb 
effect. 

Figures 3-5 show that o, has maxima near 180 Mev 
and 900 Mev, which are due to the maxima of the 
elementary cross sections o, and o_. At 180 Mev the 
values of o, uncorrected for the Coulomb effect are 
close to +R? for all three elements. However, the maxi- 
mum at 900 Mev is higher for lead than for carbon 
(0.917R? as compared to 0.697R?) because of the larger 
radius for lead which is responsible for more effective 
absorption. In a similar manner, oq at high energies 
(T,>2 Bev) increases with increasing A from 0.637R? 
for carbon to 0.897R? for lead. It would be of interest 
to observe the maximum of ¢, in the 180-Mev region, 
as well as the minimum at 500 Mev, which is quite 
pronounced for carbon. Concerning o4, we note that for 
copper and lead there are two maxima in the low-energy 
region (7,<500 Mev) which are separated by a mini- 
mum at 180 Mev. The peak near 70 Mev is very 
noticeable both for copper and lead, while the second 
maximum at 300-400 Mev is conspicuous only for a 
mesons on lead. It is also seen that the average values 
of oa in the low-energy region are appreciably larger 
than for 7,>500 Mev. The double maximum of oq 
can be attributed to the behavior of k1, which becomes 
zero at 180 Mev. Since oz depends only on the absolute 
value of k; and increases with increasing | k;|, the cross 
section increases on each side of the zero of k;. Moreover, 
oa increases with increasing K, which explains why the 
values are higher in the resonance region than at larger 
energies. The weak maximum of o, at 900 Mev is also 
due to this effect. It would be of interest to observe the 
double peak of og for the heavy elements.'’ Moreover, 

18 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 

16M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 

17 The fact that the double peak of 4 is present for copper and 


lead, but not for carbon, can be explained as follows. oq depends 
essentially ont o,/7rR? and on |k,|R. For copper and lead, oa 
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Fic. 5. Total cross sections for absorption o, and for diffraction 
scattering oq for r+ and x~ mesons scattered from lead. The values 
of og were obtained by means of the phase shifts of Orear.? 


the decrease of oz above the resonance region is quite 
pronounced and should be easily observable. Experi- 
mentally, one would probably obtain values of og by 
a separate measurement of the total cross section o; in 
“good” geometry and of the absorption cross section 
7, in “bad” geometry, i.e., such that diffraction scatter- 
ing is not detected. Thus ¢g=01:—¢a. 

Kessler and Lederman'* have measured the absorp- 
tion cross section for 125-Mev negative pions on carbon 
and lead. With R=1.4X10-" A? cm, their data give 
o,/7R?=0.95+0.13 for carbon and 1.15+0.18 for lead. 
Within the experimental errors, the calculated values 
agree with these results. In comparing the calculations 
with experiment, it should be noted that the present 
values are slightly affected by the uncertainty about the 
nuclear radius and by the fact that one should use a 
rounded edge for the nucleus in an exact calculation. 
However, these effects would probably introduce only 
minor corrections. 

I would like to thank Dr. O. Piccioni for suggesting 
this calculation and for helpful discussions. I am also 
indebted to Dr. R. Jastrow, Dr. L. M. Lederman, and 
Dr. R. Serber for valuable comments. 


remains approximately constant and very high (>0.957R?) over 
a considerable range of energies, and the minimum at 500 Mev is 
not very deep, while for carbon the region of large aq is limited, and 
oa drops to a rather small value at 500 Mev. Thus for carbon the 
decrease of a4 on each side of the maximum at 180 Mev counter- 
acts the increase of |&;|R, whereas for the medium and heavy 
elements, the variation of | | ki | R predominates and gives rise to the 
double peak. 

18 J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 (1954) 
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Recoil Studies of High-Energy Proton Reactions in Bismuth* 
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The ranges in bismuth of Sr, Ba”, and Ba™%™ recoil fragments from bombardment of bismuth with 
protons of 50 Mev to 2.2 Bev have been measured. The kinetic energies of the fragments have been calcu- 
lated from the measured ranges and other reported range-energy data for fission fragments. The kinetic 
energy of the strontium recoils for all energies, and that of the barium recoils up to 450 Mev, can be ex- 
plained as resulting from high-energy fission where most of the mass of the target is divided between two 
heavy fragments. At 2.2 Bev, the kinetic energy of the bariums recoils is substantially smaller, consistent 
with a complimentary fragment of about 20 mass units. 

The energy deposition in the target nucleus for processes leading to strontium and barium nuclides was 
obtained from the ratio of recoils projected forward to those projected backward, and subsidiary calcula- 
tions involving momentum and energy conservation. The calculated values of the energy deposited are 
substantially lower than the bombarding proton energies, and even somewhat lower than energy values 
calculated for production of the “fissioning nucleus” from radiochemical data. 

Recoil experiments on spallation products, bismuth, lead, and thallium, of masses 198 to 203, from 
high-energy proton bombardment of bismuth, indicate that thallium nuclides formed directly are produced 


in processes involving alpha-particle emission. 





I. INTRODUCTION 


HIS investigation, the radiochemical study of 

recoil phenomena in the high-energy proton 
bombardment of bismuth, was initiated in order to 
interpret some observations on the yields of products 
from the bombardment at the Brookhaven Cosmotron 
of bismuth and lead with 2.2-Bev protons.' The yield 
values of selected nuclides were measured and, when 
plotted as a function of mass, showed no indication of a 
“hump” in the curve corresponding to the fission 
process. The cross-section curve appeared to decrease 
monotonically through the mass region usually ascribed 
to “fission” in the hundred Mev range. The cross 
sections of neutron deficient nuclides of masses in the 
range 149 to 128 were found to be about 100-fold 
larger at 2 Bev than at ~400 Mev,?* whereas those of 
neutron excessive nuclides of masses 90 to 80 were 
about 3- to 10-fold smaller. 

Because of the shape of the yield-mass curve at 2.2 
Bev, it was suspected that the mechanism of the reac- 
tion leading to the products in high yield of mass 
number about 130 might be different from that leading 
to products of mass about 90. Experiments were 
designed to test this postulate by studying the ranges 
of the recoil fragments, the difference between the 


* This work was supported in part by a grant from the U. S. 
Atomic Energy Commission. 

The experiments at 2.2 Bev were performed at the Brookhaven 
Cosmotron while the author was a visitor at the Brookhaven 
National Laboratory in 1953 and 1954. 

t Now at Instituto de Tecnologia Industrial, Belo Horizonte, 
Minas Gerais, Brazil. 

1 Sugarman, Duffield, Friedlander, and Miller, Phys. Rev. 95, 
1704 (1954). 

?W. F. Biller, University of California Radiation Laboratory 
Report, UCRL 2067, December, 1952 (unpublished). 

‘P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955). 


forward and backward ranges as a measure of the 
velocity imparted to the target nucleus, and the quan- 
tities derived from these measurements, such as, the 
kinetic energies of the fragments, the kinetic energy of 
the target nucleus, the energy imparted to the target 
nucleus as excitation energy, etc. Previous use of the 
recoil technique for the study of the mechanism of high- 
energy reactions was made by Fung and Perlman‘ in 
the case of the production of Na*‘ from Al*’, and by 
Fung and Turkevich' in the case of the production of 
Ni® from Cu® by the (p,pr+) reaction. Earlier recoil 
work** on fission fragments from the slow-neutron 
fission of U**> and Pu®® showed a decided range-mass 
number dependence useful for mass-number deter- 
mination,®* consistent® with the theoretically derived 
range-energy dependence.” 

The information available on the kinetic energies of 
the fragments, or their ranges, from fission of heavy 
elements with high-energy projectiles is indeed sparse. 
An ionization chamber experiment was performed" on 
bismuth, thorium, and uranium with 45-Mev and 
90-Mev neutrons, and it was shown that the mean 
kinetic energy of the U** fragments was only slightly 
higher than in the case of slow neutron fission. The 
excitation energy deposited by the projectile is dissi- 


4S.-C. Fung and I. Perlman, Phys. Rev. 87, 623 (1952). 

5 S.-C. Fung and A. Turkevich, Phys. Rev. 95, 176 (1954). 

6 Katcoff, Miskel, and Stanley, Phys. Rev. 74, 631 (1948). 

7F. Suzor, Compt. rend. 224, 1155 (1947); 226, 1081 (1948); 
Ann. Physik 4, 269 (1949). ' 

8 Finkle, Hoagland, Katcoff, and Sugarman, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, Inc., 
New York, 1951), Paper No. 46, National Nuclear Energy Series 
Plutonium Project Record, Vol. 9, Div. IV, p. 471. 

®N. Sugarman, J. Chem. Phys. 15, 544 (1947). 

1 N. Bohr, Phys. Rev. 59, 270 (1941). 

1 J. Jungerman and S. C. Wright, Phys. Rev. 76, 1112 (1949). 
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pated by evaporation of particles, mostly neutrons, 
from the target nucleus, as suggested from the results 
of early radiochemical studies.!* Range studies of 
18-Mev deuteron and 335-Mev proton fission fragments 
of uranium were made by Douthett and Templeton" 
who found smaller ranges from 335-Mev proton fission 
than from 18-Mev deuteron fission. Douthett and 
Templeton interpreted the differences in ranges of the 
nuclides studied at the two energies as evidence for the 
formation of the different fission products with 335-Mev 
protons from different fissioning nuclei. 

The recoil experiments reported here on bismuth 
were done with protons of energy 50 Mev to 450 Mev 
at the University of Chicago synchrocyclotron,§ and 
with 2.2-Bev protons at the Brookhaven Cosmotron.! 
A comparison of the ranges and associated data from 
recoil investigation in the hundred-Mev region with 
those found at 2.2 Bev for the product studied should 
elucidate the formation mechanism at the higher energy. 
In the hundred-Mev range, extensive radiochemical 
yield determinations on products from heavy elements 
have been reported*:*:'*~! in which the masses in the 
region 60 to 140 have been assigned to products of 
fission. Some recoil work was also done with 450-Mev 
protons on products of mass close to that of the target, 
spallation products, from which some information on 
the mechanism of the nuclear reactions leading to these 
products was obtained. 


Il. EXPERIMENTAL PROCEDURE 
A. Target and Recoil Assembly 


The bismuth foil used for the target was made by 
electroplating bismuth on both sides of a 1-mil elec- 
trolytic copper foil. For the synchrocyclotron experi- 
ments, the surface coated was about 12 cm? in area, 
from which an inside piece of 4 cm? was cut out. The 
bismuth was deposited to a thickness of about 15 to 20 
mg/cm? on each side of the copper foil, so that the 
effective total bismuth thickness was 30 to 40 mg/cm’. 
The weight of bismuth deposited was determined by 
weighing the 4-cm? piece of the target and subtracting 
the weight of the copper. The thickness of bismuth 
varied by about 10% over the 4-cm? area. For the 
Cosmotron experiments, the targets were considerably 


2 R. H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 
(1949). 

13 E. M. Douthett and D. H. Templeton, Phys. Rev. 94, 128 
(1954). 

§ Note added in proof —Since this paper was sent to the Editor, 
a report of Russian work at the Moscow Conference of Academy 
of Sciences U.S.S.R. (July 1-5, 1955) on high-energy proton 
fission of uranium, bismuth, and tungsten has come to our atten- 
tion. Perfilov, Ivanova, Lozhkin, Ostroumov, and Shamov, using 
photographic plate techniques, present results on the ranges of 
fission fragments, the asymmetry in mass of the fission process, 
the energy of excitation for the fission process, etc. The results of 
this work compare favorably with those given in this paper. 

4 L. Jodra and N. Sugarman, Phys. Rev. 99, 1470 (1955). 

16 W. E. Nervick and G. T. Seaborg, Phys. Rev. 97, 1092 (1955). 

16 Folger, Stevenson, and Seaborg, Phys. Rev. 98, 107 (1955). 
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thickness in the absorber beyond which the recoils are measured 
[see Eq. (1)]. 


larger, 1} in. X23 in., with about 23 mg/cm? of bismuth 
on each side of the copper foil. 

The recoil catchers used were aluminum foils of 
thicknesses 0.2 to 4.5 mg/cm?. In experiments in which 
the recoil ranges in aluminum were determined, i.e., 
“differential” experiments, foils of varying thickness 
were used and the activity in each was determined. 
When the total recoil activity leaving the target was 
determined, i.e., “integral” experiments, only one 
catcher foil of thickness greater than the range was 
used. The recoil catchers were mounted adjacent to the 
target foil, and protruding beyond the target, so that 
all recoils leaving the target should have been caught 
in the recoil catchers (Fig. 1). Extra aluminum foils 
beyond the range of the recoils were included for deter- 
mination of the activity level from impurity activation. 

The target and catcher assembly was mounted in an 
appropriate target holder for proton bombardment with 
the internal circulating beam. Energy variation at the 
synchrocyclotron was effected by variation of the 
target distance from the center of the machine. Recoils 
projected along with, opposed to, or perpendicular to 
the proton beam were collected. After the bombard- 
ment, the target and catcher foils were separately 
prepared for chemical analysis by dissolving in the 
appropriate acid. 


B. Chemical Separations and Radioactivity 
Measurement 


Aliquots of the target and recoil catcher solutions 
were taken and subjected to radiochemical analysis for 
the desired elements. In most of the experiments, the 
solutions were analyzed for strontium and barium; in 
a few experiments analyses for lead and thallium were 
also made. The chemical procedures used were essen- 
tially the same as those given elsewhere.'’:'* Analyses 


17 Selected papers of Part VI, Radiochemical Studies: The Fission 
Products (McGraw-Hill Book Co., Inc., New York, 1951), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, Div. 
IV. 

18 W. W. Meinke, University of California Radiation Laboratory 
Report, UCRL 432, 1949 (unpublished). 
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of duplicate samples of the same solution, when made, 
gave agreement to within 2%. 

The samples were prepared in the form of precipi- 
tates, filtered onto paper disks, mounted on ;;-in. 
aluminum cards, and covered with cellophane. The 
activity measurements were made with end-window 
methane-flow proportional counters" operating at about 
4000 v, or P-10 (90% argon—10% methane) flow 
counters operating at about 2000 v, with an over-all 
counting efficiency for beta radiation of about 45%. 
Throughout the course of these experiments, which 
lasted for about 1.5 yr, minor electronic adjustments 
maintained the “standard” counting rate of a U;0s 
standard to within 0.5%. 

The identification of the radioactive species present 
in the isolated samples was made by analysis of the 
decay curves and comparison of the half-lives of the 
analyzed components with reported values.”® In all 
cases, the decay curves were consistent with known 
species. 


Ill. RESULTS. “FISSION” PRODUCTS 
A. General Results 


The two elements separated in the “fission” region 
were strontium and barium. The nuclide present in 
highest intensity in the strontium decay curves at 9 hr 
after the end of a 0.5-hr bombardment was 9.7-hr Sr*, 
with some contribution from the 2.7-hr Sr®—3.5-hr Y” 
decay chain. The contribution of 53-day Sr® was small. 
At all proton energies, although the shape of the stron- 
tium decay curves changed somewhat with energy, the 
decay curves from the recoil catcher samples were 
parallel to those from the bismuth target samples to 
within 1% for 2 days following the bombardment. The 
correction for strontium activity from impurity activa- 
tion in the catcher foils was always less than 1% of the 
recoil activity. 

The barium decay curves consisted mostly of 2-hr 
Ba™ and 39-hr Ba™, with about equal intensities of 
each at 7 hr after the end of a 0.5-hr bombardment 
with 450-Mev protons. For lower energy protons, the 
contribution of Ba! decreased, such that at 50 Mev 
it was barely discernible. At 2.2 Bev, the Ba! con- 
tribution was decidedly enhanced. Under all circum- 
stances, the decay curves of the barium samples from 
the recoil fractions were parallel to those from the 
bismuth target to within 3% for the first few days fol- 
lowing the bombardment. The contribution from acti- 
vation of impurities in the aluminum to the recoil 
barium activity in the catcher foils was as high as 3% 
in some cases, and was subtracted from the recoil 
activity. 


19 N. Sugarman and A. Haber, Phys. Rev. 92, 730 (1953). 

*” Way, Fano, Scott, and Thew, National Bureau of Standards 
Circular No. 499 (U. S. Government Printing Office, Washington, 
D. C., 1950) and Supplements; Hollander, Perlman, and Seaborg, 
Revs. Modern Phys. 25, 469 (1953). 
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B. Differential Recoil Experiments. 
Range Determination in Aluminum 


The ranges in aluminum of the strontium and 
barium fragments were determined by analysis of the 
recoil activity in aluminum recoil catchers. Three recoil 
catchers of total thickness greater than the range of the 
fragments were used as catchers for forward and 
backward recoils in each experiment. Five experiments 
were performed with 450-Mev protons and two with 
2.2-Bev protons. The range of a fragment in a recoil 
catcher assembly from a thick target is obtained from 
an analysis in which the following assumptions are 
made. (1) The fission process occurs by the collision 
of the proton with the target nucleus, imparting to it 
a velocity v in the laboratory system along the direction 
of the proton. (A perpendicular component of velocity 
does not affect this analysis.) (2) The breakup of the 
nucleus into fragments is isotropic in the system of the 
moving target nucleus, with a velocity V for the large 
fragments, such as strontium or barium. And, (3) the 
range of a fragment is proportional to its initial velocity. 
The absorption behavior for recoils is then given by”! 


R oD t F 
v(y=——| 1-49-— (1) 
4 Ri 


where, NV (¢) is the number of recoils penetrating beyond 
thickness ¢ in the recoil absorber, D is the number of 
reactions occurring in the target per mg/cm?, Ro is the 
range the recoils would have in the /arget material from 
a stationary target nucleus, Ro’ is the corresponding 
range of the recoils in the absorber material, and 7 is 
the ratio of the velocity of the target nucleus to that of 
the fragment in the system of the moving target nucleus 
(v/V). The plus and minus signs before y are for the 
cases of forward and backward recoils, respectively. 

The absorption expression for V(t) may be put into 
a reduced form by normalizing V(t) to unity at ¢ equal 
to zero. The reduced absorption relation is 


ro-[1-—_]. @) 
Ro’ (1+n) 


The absorption behavior for fragments from a moving 
target nucleus is, then, the same as that for a stationary 


TABLE I. Range determinations in aluminum from 
absorption measurements. 








“Forward range,”” ‘Backward range,’’ f 


0, 
mg/cm? Al mg/cm? Al mg/cm? Al 

2.2 2.2 
Nuclide 450 Mev Bev 450 Mev Bev 


Sr 3.5+0.1 3.3 3140.1 3.1 
Ba.139m—-2.4+0.1 ~1.5 1840.05 <1.5 


450 Mev 


3.340.1 ~3.2 
2.140.1 <1.5 











21 The derivation of this equation is essentially the same as that 
for the case of n»=0 except that the thickness ¢ in the absorber is 
effectively smaller for forward recoils of the amount Ro’, and 
correspondingly larger for backward recoils by the same amount. 
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one, except that the range in the absorber is replaced 
by two quantities, a “forward range” equal to Ro’ (1+7), 
and a “backward range” equal to Ro’(1—n). The range, 
Ro’, is the average of the “forward and backward 
ranges.” The results of the analysis of the differential] 
experiments with 450-Mev protons and 2.2-Bev protons 
are given in Table I. 

The results for 450-Mev protons are averages of at 
least three of the five total experiments, and those for 
2.2-Bev protons represent results of two experiments, 
one of which was only exploratory. Isolation of Br*™ 
from the first 2.2-Bev proton experiment gave results 
almost identical to those of Sr”. We note that the 
range, Ro’, of strontium recoils is about the same for 
450-Mev and 2.2-Bev proton bombardment, whereas 
that of barium recoils, is substantially smaller at 2.2 
Bev. 

A plot of the reduced absorption curve for strontium 
recoils from 450-Mev proton bombardment, plotting 
both forward and backward absorption data on the 
same graph, with the ranges 3.5 mg/cm? Al for the 
“forward range” and 3.1 mg/cm? Al for the “backward 
range,” is given in Fig. 2. The smooth curve through 
the points is the quadratic relation given in Eq. (2). 
For comparison, there is also included in Fig. 2 a plot 
of absorption data for Sr® recoils from slow neutron 
fission of a thin target of uranium from other work,*® 
where the expected linear absorption behavior is 
observed. The agreement of the points for the thick 
target to a quadratic curve for values of t/Ro’(1-+-n) to 
0.7 is indeed gratifying, and indicates that within the 
limits of this analysis the assumptions stated earlier are 
satisfied.” 

The absorption data may be used to solve for » by 
the equation 


“forward range” —“‘backward range” 


(3) 





n= -, 
“forward range”’+ “backward range” 


Since small errors in the “forward or backward ranges” 
will appear as sizeable errors in 7, only the 450-Mev 
data may be subjected to this treatment. The values of 
n are 0.061+0.02 for strontium and 0.14+0.03 for 
barium, the large errors in 7 arising from the relatively 
small (less than 5%) errors in the range data. A 
discussion of the importance of 7 in the study of the 
mechanism of the nuclear reaction will be deferred 
until after better values are presented from the integral 
experiments (Sec. III, C). 


2 Recent work by R. L. Wolke [Phys. Rev. 98, 1199 (1955) 
and University of Chicago (unpublished) ] shows that the Sr® 
recoils formed from bismuth with 450 Mev protons are distributed 
anisotropically in the system of the struck target nucleus. The 
distribution in angle is given by a+ cos*@, where @ is the angle 
between the direction of the proton beam and the fragment in 
the system of the struck target nucleus. The ratio b/a is approxi- 
mately 0.15. The values of n, Ro, », etc. given later are not changed 
appreciably by corrections for anisotropy. 


REACTIONS IN Bi 


Log 








eer 
- Ro (itn) 











04 06 
Y/RO(I+ ») 


Fic. 2. Reduced recoil absorption curves for thin and thick 
targets. @ Sr® from slow neutron fission of U™ (thin target; 
Ro’ =3.74 mg/cm? Al); , Sr” forward recoils, and a, Sr” 
backward recoils, from 450-Mev proton bombardment of Bi”? 
(thick target, “forward range’=3.5 mg/cm? Al; “backward 
range” =3.1 mg/cm? Al). 


C. Integral Recoil Experiments. Range 
Determinations in Bismuth 


Since it was shown in the differential recoil experi- 
ments that the recoiling fragments satisfied the pre- 
dicted quadratic behavior, it was clear that range data 
(in bismuth), and associated quantities, such as , 2, 
V, etc. could be determined more accurately from inte- 
gral experiments than from differential ones because of 
the inherently higher precision possible. In these experi- 
ments, the target foil was surrounded by a heavy recoil 
catcher, ~4.5 mg/cm®, sufficiently thick to stop all the 
recoils. The total recoils projected forward, backward, 
or perpendicular to the direction of the protons were 
thus absorbed. By analysis of the forward and backward 
recoil activity and of the residual activity in the target, 
calculations of n, Ro, etc. could be made. From Eq. (1) 
it is seen that the ratio of total forward recoils (ReF) 
to total backward recoils (ReB) is given by 


ReF fi+n? (ReF/ReB)!—1 
= |— ] , and g=———————_. 
ReB Li—n (ReF/ReB)!+1 
Also, since ReF is related to the range in bismuth, Ro, 
by the following expression : 
ReF={RoD(1+1)?, (5) 


and ReB is similarly related except for the sign before 
n, then the fraction of the total activity found in the 
forward or backward recoils from a target of thickness 
W, in mg/cm?, is given by 


forward ReF or ReB Ro 
or =————_ = —(i+7)’, (6) 
backward WD 4W 


fraction| 


from which Rp can be shown to be 


forward 
Ro= (41x<traction or ) (1+:n)?. (7) 
backward 
The determination to high precision of ReF, ReB, 
and their ratio is, then, necessary for accurate deter- 
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TABLE II. Results of typical recoil experiment (450-Mev protons; target thickness, 32 mg/cm? Bi). 








Activity 
corr. for 
aliquot and 
yield 
counts/min 


Nuclide 
isolated 


Sample 


Total 
activity 
counts/min out 


Fraction 
of total 
recoiling 
ReF/ReB 





7850 
6560 


Forward recoils, ReF 
Backward recoils, ReB 


Sr Target 83 so} 


Ba! . 133m 


Forward recoils, ReF 189 


Target 2860 
Backward recoils, ReB 121 


97 410 


0.0806 


0.0674 1.20 


0.0450 


0.0596 
0.0382 








mination of 7, Ro, and the derived quantities such as 
kinetic energies of the fragments, etc. The results of a 
typical integral recoil experiment at 450 Mev, showing 
the nature of the results and calculations, are given in 
Table II. A summary of the results on ReF/ReB of 
strontium and barium recoils for all the experiments 
performed with protons of 50-Mev to 2.2-Bev energy is 
given in Table III. The results are the averages of 
three to five experiments at each energy, except for the 
450-Mev proton data which are averages of seven ex- 
periments, and the 2.2-Bev proton data which represent 
only one experiment and for which no errors are quoted. 
The errors, where given, are the average deviations 
from the mean. The value of » for each energy is calcu- 
lated from the average ReF/ReB at that energy as 
given by Eq. (4). The range value, Ro, at each energy 
is calculated by use of Eq. (7) from the average value 
of the product of W and the fraction of activity forward 
or backward for each experiment. The last two columns 
of Table III give a quantity proportional to » from the 
product of 7 and Ro. The significance of this quantity 
in the interpretation of the mechanism of the nuclear 
reaction will be discussed later. No data at 50 Mev on 
barium are given in Table III since the activity of 
barium was hardly discernible at this energy. The cross 
section for formation of barium decreases rapidly as the 
proton energy is decreased because of the low neutron 
to proton ratio’ of the barium nuclides. 

Despite the relatively small error in ReF/ReB of 
about 2%, the error in 7 is about 10%. Still, the 7 
values determined from these integral recoil experi- 
ments are considerably more precise than those obtained 
from the differential recoil experiments. The » values 
for 450 Mev protons from the integral recoil experi- 


ments agree within the limits of error with the 7 results 
given earlier in Sec. III, B. The error in Ro arises partly 
from the error in determining the fraction of recoils and 
partly from the nonuniformity of the target foil. Since 
the proton beam is not uniform over the target foil, 
varying by a factor of two in intensity every 2 or 3 mm 
in the radial dimension of the machine, the section of 
highest intensity may be relatively thinner or thicker 
than the average thickness, W, and hence give a rela- 
tively larger or smaller range, respectively. It may be 
noted that the relative errors in Rp are larger than those 
in ReF/ReB for this reason. Derived quantities, such 
as v, etc., have even larger relative errors. 

A cursory examination of the results of Table III 
shows that no serious change in any of the quantities 
occurs in the energy range 100 Mev to 2.2 Bev for Sr™ 
recoils. This result would indicate that the nature of 
the process producing this nuclide, namely fission, is 
probably the same throughout this energy range. In the 
case of Ba!??-!%™, however, large changes are noted in 
the various quantities of Table III in going from 450 
Mev to 2.2 Bev, as though a change in the nature of the 
process producing this nuclide were occurring. 

The range data for strontium and barium recoils 
given in Table III may be used to calculate the kinetic 
energies of the fragments for the various proton energies 
by use of the range data in aluminum of Douthett and 
Templeton.” On the assumption that for a given mass 
the range is proportional to the initial velocity of the 
fragment, the proportionality constant in the range- 
velocity or range-energy relations may be calculated. 
The ranges of Sr®™ and Ba™ recoils from 18-Mev 
deuteron bombardment of uranium are 4.20 mg/cm? Al 
and 3.10 mg/cm? Al, respectively. We can solve for the 


TABLE IIT. Summary of recoil results. 








Proton 
energy 
Mev Sr 


ReF/ReB 
Ba!29, 133m Sr 


Ba!29, 133m Sr! 


nXRe 
Ba 29,139 


Ro, mg/cm? Bi 
Ba!29, 183 Sr! 





0.023+0.005 
0.039+0.005 
0.045+0.005 
0.0450.007 
0.045+0.005 


50 1.10+0.02 
100 1.17+0.02 
180 1.20+0.02 
300 1.20+0.03 
450 1.20+0.02 
450 . 

2200 1.24 3.8 


1.31+0.04 
1.45+0.02 
1.42+0.02 
1.55+0.02 


0.053 


0.066+0.01 

0.092+0.005 
0.087 0.005 
0.109+0.005 


0.32 


9.1+0.4 
10.8+0.4 
10.10.2 
9.6+0.3 
9.5+0.2 5.9+0.2 
9.54+0.2* 5.8+0.1* 
10.0 3.0 


0.21+0.04 
0.42+0.06 
0.45+0.05 
0.43+0.07 
0.43+0.05 


0.53 


0.45+0.07 
0.59+0.04 
0.5340.03 
0.64+0.04 


0.96 


6.8+0.3 
6.4+0.2 
6.1+0.1 








* Perpendicular recoils collected; only Ro measured. Average of two experiments. 
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proportionality constant, k, in the range-energy ex- 
pression 
E=kR°, (8) 


where £ is the initial kinetic energy of the fragment in 
Mev and 2» is the range in bismuth in mg/cm’, using 
168 Mev as the average total kinetic energy of fission, 
and 2.9 as the ratio for ranges in bismuth compared to 
aluminum.” This ratio is obtained by comparing the 
450-Mev range values of Table III with the range 
values given in Table I. The values of k so obtained are 
0.70 for Sr and 0.80 for Bal. 

The kinetic energies of the Sr*' and Ba!”:!™ fragments 
may be calculated from the range data using the same 
value of k for Ba!”*-'5™ as for Bal. The results are given 
in Table IV. The kinetic energy of the strontium recoils 
rises from 58 Mev to 82 Mev as the proton energy 
increases from 50 Mev to 100 Mev, then decreases 
slowly from 82 Mev to 63 Mev for increasing proton 
energy to 450 Mev. For protons of 2.2 Bev, approxi- 
mately the same fragment kinetic energy is observed 


TABLE IV. Energy calculations for Sr” and Ba!™.#” 
recoils from range data. 








Proton E(Sr) 4 
energy, 


Mev 


Ro(Sr) ¢ e 
E(Sr),* 
Mev 


$8+5 
82+6 
7143 
6544 
6342 
70 


E(Ba),> 
y Ro(Ba) 


Ro(Ba) E(Ba) 





8+0.13 


Wpoye none 


24 
Jl 
1 
2 
5 








® E(Sr) =0.70 Ro(Sr)?. 

b E(Ba) =0.80 Ro(Ba)?. 

© Ro(Sr)/Ro(Ba) is obtained from the average of the ratio of the fraction 
of strontium activity recoiling out of the target to the fraction of barium 
recoils for each experiment, thus avoiding the use of the somewhat uncertain 
target thickness, W. 

4 E(Sr)/E(Ba) is obtained from Ro(Sr)/Ro(Ba) by the equation: 
E(Sr)/E(Ba) = (0.70/0.80) [Ro(Sr)/Ro(Ba) }?. 


(Fig. 3). The kinetic energy of the barium recoils shows 
the same trend as that of Sr® in the 100 Mev to 450-Mev 
proton energy range, decreasing from a value of 37 Mev 
to 28 Mev, such that the ratio of the kinetic energy of 
the strontium recoils to that of the barium recoils, 
E(Sr)/E(Ba), is roughly constant at about 2.22. For 
2.2-Bev protons, however, the kinetic energy of the 
barium recoils is substantially lower, 7 Mev, and the 
ratio E(Sr)/E(Ba) is 9.5. Any deviation from the linear 
range vs velocity dependence at these low energies will 
make the energy values higher than those calculated. 
The only experimental value for comparison of the 
kinetic energies of Table IV with published work is the 
comparison of the (82+6) Mev value for Sr® recoils 
from 100 Mev proton bombardment, with the most 
probable kinetic energy value of 75 Mev found from 
90 Mev neutron bombardment of bismuth, as measured 
in ionization chamber experiments." Since Sr® would 
be expected to be lighter than the most probable fission 

% E. Segré and C. Wiegand [Phys. Rev. 70, 808 (1946) ] give 


a value of 3 for the ratio of the mass stopping power of aluminum 
to that of gold for gross fission recoils. 
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Fic. 3. Kinetic energies of Sr®™ and Ba'!™-!%™ recoil fragments as 
determined from range measurements. 


fragment for 100-Mev proton fission,'* the most prob- 
able kinetic energy should be some 10% lower than 
82 Mev, making the agreement with the ionization 
chamber value even better. 


IV. DISCUSSION OF “FISSION” RESULTS 


A. Comparison with Kinetic Energies Calculated 
from Coulombic Repulsion 


The kinetic energies of the recoil fragments may be 
calculated on the basis of the following model. The 
bombarding proton despoits some of its energy in 
passing through the nucleus. If the excitation energy is 
dissipated by evaporation of particles before fission, 
then the resultant de-excited nucleus of lower neutron 
to proton ratio is the “fissioning” nucleus to be used in 
the calculation. On the other hand, if the fission process 
precedes particle evaporation, then the “fissioning” 
nucleus to be used for the calculation is the target 
nucleus, or one near it in mass and charge, because of 
“knock-on” particles.* Particle evaporation occurs 
from the fragments thereby lowering their masses and 
kinetic energies. The first assumption on the “fissioning” 
nucleus was used in the calculation, namely evaporation 
of particles prior to fission. The kinetic energies of the 
strontium and barium fragments were calculated on 
the basis of two contiguous spherical balls, of radius 
1.45X10-"4! cm, using for the “fissioning” nuclei at 
the various energies the results of previous radio- 
chemical observations.*:"* The calculated values for Sr” 
decrease slowly from 104 Mev for 50-Mev protons, 
using g4Po" as the fissioning nucleus,”> to 91 Mev for 
450-Mev protons, using soHg'** as the fissioning nucleus. 
For Ba!-!%™, the calculated values decrease from 58 
Mev for 100-Mev protons, using s;Bi™ as the fissioning 
nucleus, to 46 Mev for 450-Mev protons, using goHg'** 

*R. Serber, Phys. Rev. 72, 1114 (1947); M. L. Goldberger, 
Phys. Rev. 74, 1269 (1948); Bernardini, Booth, and Lindenbaum, 
Phys. Rev. 85, 826 (1952). 

*5 At the 50-Mev and 100-Mev proton energies, the fissioning 
nuclei used in the calculations are somewhat higher in mass and 
charge than those given in reference 14. The calculated results 


are not sensitive to small changes in mass and charge of the 
fissioning nucleus. 





394 


SUGARMAN, CAMPOS, 


AND WIELGOZ 


TABLE V. Results of calculations on kinetic energy and energy deposition in struck nucleus. (Separate calculations made from strontium 
and barium data.) 








Proton , : 
energy, Velocity of struck nucleus, » * 


Sr® Ba!29, 133m 


Kinetic energy of struck nucleus, Mev 


Energy deposited, Mev 


Ba!29, 133m Sr Ba!29, 133m 


Sr® 





0.026+0.005 
0.052+-0.008 
0.056+0.006 
0.053-0.009 
0.0530.006 
0.066 


0.052+0.008 
0.068+0.004 
0.061+0.003 
0.0730.004 


2200 0.11 


0.0710.028 
0.28+0.09 
0.3320.07 
0.30+0.10 
0.30-+0.07 
0.46 


40+ 10 
94+6 
147+10 
190+ 20 
226+20 

400 


95+6 
164+10 
212+10 
290:-+15 
660 


0.28+0.09 
0.49+0.06 
0.390.04 
0.560.06 
1.27 








*® Units of » are (Mev/nucleon mass). 


as the fissioning nucleus. Calculation of the kinetic 
energies on the assumption of evaporation of particles 
following fission, with the excitation energy proportional 
to the mass of the fragment, leads to values about 5% 
lower. 

Three general observations on the comparison of the 
calculated kinetic energies with the observed ones 
should be made. First, the calculated values are con- 
siderably higher than those observed, the ratio between 
them varying from 1.3 to 1.8. This result is not sur- 
prising in view of the fact that even for slow neutron 
fission of U*** the values calculated on the basis of the 
spherical ball model are about 20% higher than the 
observed fragment energies. The fact that the ratio 
of the calculated to the observed kinetic energy is on 
the average about 40% higher for proton fission of 
bismuth than for slow neutron fission of U**® must 
mean that the distortion from the spherical ball model 
for high energy fission of bismuth is even more pro- 
nounced than in the low-energy uranium case.” 
Secondly, the calculated kinetic energy for Sr® is 104 
Mev for 50-Mev protons and 103 Mev for 100-Mev 
protons, whereas the observed values are (58+5) Mev 
and (82+6) Mev, respectively. Apparently, there is 
some marked change in the fission process occurring in 
this energy interval not accounted for in the calculation. 
It is unlikely that the energy uncertainty in the proton 
beam at 50 Mev could produce this effect, since the 
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Fic. 4. Comparison of ratios of kinetic energies of strontium 
fragments to those of barium, E(Sr)/E(Ba), from recoil measure- 
ments with those calculated from Coulombic repulsion. 


26S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 


presence of low energy protons in large intensity, if 
they exist, would be expected to give larger rather than 
smaller ranges, or kinetic energies. Thirdly, the ratio 
of the kinetic energies of the strontium fragments to 
those of barium fragments is constant at a value of 
2.22+0.04 in the 100 Mev to 450-Mev energy interval. 
The calculated ratio, on the other hand, increases almost 
linearly from 1.78 at 100 Mev to 1.98 at 450 Mev 
(Fig. 4). The difference in behavior between the 
observed and calculated ratios of kinetic energy, 
although apparently outside the experimental error, is 
perhaps not too secure. 


B. Calculation of Energy Transferred to Target 
Nucleus 


The energy transferred to the target nucleus may be 
calculated from the measured values of » and the 
constants relating range and energy used earlier. 
Although the linear relationship of range to velocity 
implied in these calculations is not expected to obtain 
at values of the velocity of the order of that of the 
struck target nucleus, the treatment used here avoids 
this difficulty since the calculations are made for values 
of the velocity in the range of the fragment velocity. 
Table III gives values proportional to v in the last two 
columns from the products of 7 and Ro. From the pro- 
portionality constants relating range and energy 
derived earlier, it can be shown that Ro(Sr)=8.07V g,, 
and Ro(Ba)=8.70V »,, where Ro is given in mg/cm? Bi, 
and V5, or V g, are the fragment velocities in the system 
of the moving target nucleus. The units of V are 
(Mev/nucleon mass)’. For Sr® recoils, then, 7X Ro 
=8.07v and for Ba!-!%™ recoils, 7X Ro=8.70v. The 
units of v are the same as those of V. The results on » 
calculated separately from the strontium and barium 
data are given in Table V in columns 2 and 3. It should 
be mentioned that the value of v calculated at any energy 
is the component of the true velocity vector along 
the direction of the proton beam; the transverse 
component is not observed in these experiments. The 
kinetic energy of the struck nucleus is given by }Mv*, 
where M is its mass. Neglecting any “knock-on” 
particles from the cascade process in the nucleus,” 
which at most will affect the results of the kinetic energy 
calculation by a few percent, one can calculate the 
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kinetic energies from the v values, equating the energy 
to 105v*. The values of the kinetic energy are given in 
columns 4 and 5 of Table V. Since v represents only one 
component of the velocity, the kinetic energies as 
calculated are smaller than the true kinetic energies by 
the square of the cosine of the angle between the direc- 
tion of the proton beam and the direction of motion of 
the struck nucleus. 

A calculation of the kinetic energy left behind in the 
struck nucleus by the bombarding proton. can be made 
from conservation of momentum of the system. The two 
assumptions made are: (1) that » is aligned along 
the direction of the bombarding proton, and (2) that 
only one high energy particle leaves during the cascade 
process, the other “knock-on” particles being of much 
lower energy. The calculated values of the energy de- 
position for the production of Sr* and Ba! -'™ for the 
various proton energies are given in columns 6 and 7 
of Table V. 

A comparison of the calculated results given in 
Table V from the strontium data with those from the 
barium data shows that there is good agreement 
between them for the various quantities for 100-Mev, 
180-Mev, and 300-Mev protons. The values of the 
velocity, v, the kinetic energy of the struck nucleus, and 
the deposition energy agree to within the experimental 
errors. This agreement would imply that the production 
process for the two nuclides can be considered to be the 
same, namely fission, and that both nuclides are coming 
from the same fissioning nucleus. For 450-Mev protons, 
and even more markedly, for 2.2-Bev protons, the 
strontium values are lower than those of barium, 
implying a larger transfer of energy to the target 
nucleus for the production of barium than for strontium. 
At 450 Mev, the small excess energy transfer needed 
for production of barium produced no marked change 
in the trend of the kinetic energy values of the barium 
recoil fragments, as seen in Table IV and Fig. 3. At 
2.2 Bev, there is little question from the results of both 
Table IV and Table V that the production of Ba!*.1%™ 
cannot be ascribed to the same fission process producing 
Sr, The 7-Mev kinetic energy calculated for the barium 
recoils at 2.2 Bev, on the assumption of an isotropic 
distribution in the system of the struck target nucleus, 
still demands the simultaneous emission of another 
fragment of mass number about 20 to achieve even this 
low energy. 

The values for the energy deposition given in Table V 
are uniformly lower than those calculated for production 
of the “fissioning” nucleus, as determined from radio- 
chemical yield data, on the assumption that all of the 
particles are emitted by evaporation prior to fission. 
For example, for 450 Mev protons on bismuth,’ it was 
calculated that a minimum energy of 320 Mev is 
required for formation of the most probable “fissioning” 
nucleus, soHg'**, which is in excess of the average of the 
values calculated from the strontium and barium data 
of Table V, namely 260 Mev. Similar calculations on 
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the minimum energies required to produce the “fis- 
sioning” nuclei at the lower proton energies" again lead 
to values higher than those of Table V. This discrepancy 
in the values of the energy deposition may result either 
from the mode of analysis of the radiochemical data® 
leading to a choice of the “fissioning nucleus” too small 
in mass and charge, or the assumption that all of the 
particles lost in producing the “fissioning” nucleus are 
lost singly and prior to the fission act. Post-fission 
evaporation of the particles yields a somewhat lower 
energy value for the energy deposited. 

Perhaps noteworthy of general comment is the ob- 
servation from Table V that the energy deposition for 
the process under investigation at each energy is smaller 
than the available energy, a consequence of the trans- 
parency of nuclei for high-energy projectiles. Even for 
50-Mev protons, where the deposition energy of 
(40+ 10) Mev appears to be the same as that available 
within the limits of error, the collision does not involve 
transfer of all of the proton energy, as seen from the 
value of the kinetic energy of the struck nucleus 
(Table V) which is some threefold lower than that 
expected for a totally inelastic collision of the proton 
with the target nucleus. 


V. RESULTS AND DISCUSSION OF SPALLATION 
REACTIONS 


Recoil experiments were performed on spallation 
products from the bombardment of bismuth with 450- 
Mev protons. Bismuth, lead, and thallium spallation 
products in the mass number range 198 to 203 were 
investigated. In the differential recoil experiments it 
was soon seen that the spallation recoil fragments did 
not penetrate beyond the thinnest aluminum catcher 
used, about 0.2 mg/cm’. The activity found in catchers 
beyond this thickness could be accounted for by 
impurity activation. Hence, only information on the 
total recoil activity found in the forward and backward 
directions to the proton beam could be obtained. 

The bismuth target foil and aluminum recoil catchers 
were dissolved, and aliquots were taken for lead and 
thallium analysis. The separations of thallium and lead 
were appropriately timed in order to give the maximum 
information possible on individual species in these 
complex decay chains.?’.8 Although the fraction of 
activity observed to recoil out of the target was con- 
sideraly smaller than for Sr and Ba!” -%™, the intensity 
of activity in the forward recoil catcher was only slightly 
smaller than that of Sr because of the high cross 
sections of the spallation products. The summary of 
the results of the recoil data from the lead and thallium 
analyses are given in Table VI. The recoiling nucleus 
responsible for the radioactivity in the lead samples of 
the catcher foils was assigned in each case from the 
known decay chains and formation cross sections?’»” 

27 W. E. Bennett, Phys. Rev. 94, 997 (1954). 


8 Bergstrém, Hill, and de Pasquali, Phys. Rev. 92, 918 (1953). 
* M. Campos, University of Chicago (unpublished). 
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TABLE VI. Recoil results on spallation products from 450-Mev 
proton bombardment of bismuth. 








“Effective range,’’* 
mg/cm? Bi 
Forward Backward 


0.10 0.07 
0.08 0.007 
0.07 0.007 


0.14 0.09 
0.05 ~0.007 
0.10 


Recoil ratio, 
forward/ 
backward 


Mass 
number 


198 Tl 

199 Bi 

200 Bi and Pb 
Ti 

201 Bi and Pb 
Tl 


202 0.11 
203 Bi 0.045 ~0.006 
~0.008 


Pb 0.045 


Recoiling 
nucleus 











* The “effective range’’ is the product of the fraction of activity found 
in the recoil catchers and the thickness of target in mg/cm?*. 


for the individual members of the decay chains. For 
mass 199, the cross section for production of bismuth is 
much higher than that of lead and, hence, the recoiling 
nucleus is Bi’. For masses 200 and 201, where the 
formation cross sections of Bi? and Pb™, and Bi” and 
Pb”, are similar, and where the half-lives of the bismuth 
parents are short, the recoiling nucleus is mixed Bi— Pb. 
For mass 203, where the bismuth parent is of 12-hr 
half-life, and the first separation of lead was made 
before much of the Bi had decayed, results were 
obtained for Bi® and Pb* recoiling nuclei separately. 
For thallium, the first separation was done within 1 hr 
after the end of bombardment, when little thallium 
had grown in from lead and bismuth, and so the recoiling 
activity, and that in the target, represent the thallium 
formed directly. 

The quantity used for describing the recoil behavior 
of a given spallation nuclide is the “effective range,” 
forward or backward. The “effective range” is the 
product of the fraction of activity recoiling out of the 
target multiplied by the target thickness, and, so, is 
the effective thickness of bismuth responsible for the 
recoil activity. For the case of isotropic emission of 
recoils, and a velocity of the struck nucleus small 
relative to the fragment velocity, the forward and 
backward “effective ranges” are almost equal, such as 
was observed for strontium and barium fragments. The 
range of the fragments in the target material, in this 
case, is equal to about four times the “effective range.” 
For the case where the fragment velocity, in the system, 
of the struck nucleus, is of the same order as that of the 
struck nucleus, the forward “effective range” is many 
times the backward “effective range,” and the range 
of the fragments in the target material is only slightly 
larger than the forward “effective range.” 

The major results of Table VI are the relatively small 
“effective ranges” for the spallation products, and the 
large difference in the ratio of forward to backward 
recoils for bismuth and lead recoils compared to thal- 
lium recoils. The bismuth and lead recoil data, of large 
forward to backward ratio, may then be interpreted as 
the result of the motion of the struck nucleus, in which 
the order of 100 Mev of energy is deposited, and in 
which the loss of particles is almost isotropic in the 
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system of the moving target nucleus. The fragment 
velocity in this system would, consequently, be small. 
The backward recoils could be the result of scattering, 
or of some anisotropy in the momentum balance from 
the evaporated or “knock-on” particles. This inter- 
pretation of the large forward to backward ratio for 
the bismuth and lead recoil fragments is essentially 
the same as that used for the explanation of the similar 
recoil behavior of heavy fragments from other target 
nuclei bombarded with 340-Mev to 450-Mev protons, 
e.g., Na* from aluminum,‘ Ni*’ and Ni® from copper,® 
and Cr® from copper.” Although these target nuclei 
are considerably lighter than bismuth, the essential 
features of the reactions are the same, namely, the order 
of 100-Mev energy deposition is required for the reac- 
tion, and the velocity of the fragments in the system 
of the struck nucleus is of the same order as that of the 
struck nucleus. 

It is noted from Table VI that the forward “effective 
range” of bismuth and lead recoils increases as the 
number of particles lost increases. This is the expected 
trend for increasing energy deposition. A value of 0.08 
mg/cm? Bi is observed for Bi'® compared to 0.045 
mg/cm? Bi for Pb™* or Bi?*. Since the backward 
“effective range” of these nuclides is roughly constant 
over this mass range, at a value of about 0.007 mg/cm? 
Bi, the change in the ratio of the forward to backward 
recoils from 12 for Bi to ~6 for Pb? is due mostly 
to the change in the forward “effective range.” 

The spallation reactions leading to the bismuth and 
lead recoils studied should involve energy transfers of 
the order of 100 Mev to 150 Mev, at least for the lower- 
mass number species. In these cases, calculations may 
be made on the expected minimum kinetic energy of 
the struck nucleus, again on the assumption that the 
velocity of the struck nucleus is along the direction of 
the bombarding proton. The kinetic energies of the 
struck nucleus are in the range 50 kev to 100 kev for 
energy deposition of 100 Mev to 150 Mev. Kinetic 
energies of this amount for heavy nuclei are encountered 
in recoils from alpha-particle emission. The range re- 
ported by Hevesy and co-workers* for Pb? (ThB) 
recoils, of about 130-kev kinetic energy, in lead is about 
0.06 mg/cm*, which, when compared to the forward 
“effective ranges” for (Bi+Pb)'?” of 0.07-0.08 
mg/cm? Bi, is in excellent agreement. We conclude, 
therefore, that the bismuth and lead spallation products 
studied are produced from inelastic collisions of the 
proton with the bismuth nucleus in which relatively 
small amounts of energy are deposited. The excitation 
energy of the target nucleus is dissipated by the 
evaporation of particles. 


* R. E. Batzel and G. T. Seaborg [Phys. Rev. 82, 607 (1951) ] 
analyzed their recoil data on Cr® using a velocity of the struck 
Cu® nucleus about one-half that of the Cr® fragments. Conser- 
vation of momentum leads to a minimum energy deposition in the 
Cu® nucleus amounting to about 200 Mev, which seems high for 
the simple reaction written for the production of Cr®. 

31 Hevesy, Seith, and Keil, Z. Physik 79, 197 (1932). 
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The recoiling thallium nuclides formed directly have 
forward to backward ratios almost equal to unity. 
Inasmuch as a forward velocity component would be 
expected from the transfer of momentum to the target 
nucleus, similar in magnitude to that observed for lead 
and bismuth recoils, the apparent cancellation of this 
in the production of thallium nuclides must be the 
result of another process, isotropic in nature, and 
capable of transferring appreciable momentum. It is 
proposed that the thallium nuclides studied are formed 
by the evaporation of neutrons and an alpha particle 
following the passage of the bombarding proton through 
the nucleus. The recoil momentum of the thallium 
nucleus resulting from an alpha particle emitted with 
an energy of the order of 30 Mev would be about 2.5 
times the momentum of the struck nucleus and would 
lead to a more isotropic distribution of resultant recoils. 
The range of the thallium recoils can then be taken to 
be about four times the “effective range,”’ which would 
be about 0.4 mg/cm? Bi, or about 5 to 6 times the range 
of the lead and bismuth recoils. The range-velocity 
dependence for heavy fragments at these low kinetic 
energies, where the range is varying with the second to 
third power of the velocity,” yields an expected value 
of about 8 for the ratio of the range of the thallium 
recoils relative to those of the bismuth and lead recoils, 


% J. Knipp and E. Teller, Phys. Rev. 59, 659 (1941). 
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from their velocity ratio of about 2.5. The agreement 
between the expected and observed values for the ratio 
of the ranges lends support to the model advanced for 
the production of the thallium nuclides of mass number 
~200, in which an alpha particle and neutrons are 
emitted. In earlier work on the photoactivation of 
bismuth with 86 Mev bremsstrahlung,® the yield of 
directly formed Tl?" was higher than that of directly 
formed Pb*', The formation of Pb*” by photons in- 
volves the emission of one proton and neutrons, and 
that of TP! two protons, or an alpha particle, and 
neutrons. The fact that the yield of Tl is higher than 
the yield of Pb*"' probably means that in this case, too, the 
TI nuclide formation involves alpha-particle emission. 

The authors gratefully acknowledge the stimulating 
criticism of Professor Anthony Turkevich throughout 
the course of this work, the many helpful discussions 
with Professor R. B. Duffield on the Cosmotron results, 
the theoretical assistance of Dr. Peter Fong on some of 
the basic equations, the help and cooperation of Dr. 
Gerhart Friedlander and members of the Brookhaven 
nuclear chemistry group in the performance of the 
Cosmotron experiments, and the cooperation of the 
directors and operating crews of the University of 
Chicago synchrocyclotron and the Brookhaven Cosmo- 
tron. 


3 N. Sugarman and R. Peters, Phys. Rev. 81, 951 (1951). 
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Meson Production in Nucleon-Nucleon Collisions at High Energies* 


Jutius S. Kovacs 
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Calculations based on a statistical model have yielded results 
concerning the relative probabilities for the different multiplicities 
and charge distribution of mesons produced in nucleon-nucleon 
collisions. In deviating from a pure statistical model the important 
effects of final state interactions and various selection rules have 
been included, using results of meson-nucleon scattering experi- 
ments. Notably in the results the suppression of some one-meson 
final states by consideration of the Pauli principle and conser- 
vation of angular momentum and parity, along with the enhance- 
ment of two-meson states due to resonance effects, have brought 
about results which are in closer agreement with experiment 
than predictions of a pure statistical nature. Account was taken 
of the final state interactions by considering separately the 
nucleon-nucleon and meson-nucleon interactions, a separation 
made plausible by consideration of the small amount of kinetic 
energy taken away by the more massive particles. Meson-meson 


I. INTRODUCTION 


N Fermi’s!? statistical theory of multiple meson 
production, the relative probabilities for alternative 


* Supported in part by the Office of Naval Research and a 
grant from the National Science Foundation. 

1. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 

2 E. Fermi, Phys. Rev. 92, 452 (1953); 93, 1434 (1954). 


interactions were neglected. The nucleon-nucleon interaction was 
taken care of by introducing in the statistical weight a factor 
which is the square of the wave function for the scattering of two 
nucleons evaluated at the origin of their interaction. The meson- 
nucleon final state scattering was treated by the method discussed 
by Chew, modified for the case of a meson scattering off two 
stationary and superposed nucleons. Multiplicities up to two 
mesons were considered. On comparing with experimental results, 
at 1.7-Bev bombarding energy of neutrons on protons the ratio 
of the probability of occurrence of the final states (mp+-—): 
(pp—0):(pp—) is calculated to be 3.0:1.0:0.9, while experiment 
gives 3.3:1:0.8. The ratio of the total probability for double 
meson production to that for single meson production at this 
energy is 1.2, while a modified result of observations gives 1.4. 
Results on proton-proton collisions do not yield good agreement 
with present observations. 


processes initiated by a nucleon-nucleon collision de- 
pend primarily upon the volume in phase space avail- 
able to each final state when the energy of the colliding 
nucleons is high. The dependence upon the dynamics 
involved is argued to be diminishingly small under the 
assumption that all possible final states are equally 
excited due to the strong interactions involved. Thus, 
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with the inclusion of necessary restrictions and refine- 
ments (conservation of energy, momentum and charge; 
charge independence’; physical indistinguishability of 
particles*; etc.), the relative probabilities of the com- 
peting final states are obtained by calculating the 
fraction of phase space accessible to them in the collision 
region when equilibrium is established. However, even 
if such an equilibrium is achieved, it alone cannot be 
expected to determine the weighting of the final states. 
One considers that in the collision region very strong 
interactions rapidly bring about equilibrium, but as the 
particles leave this volume the less strong but longer 
range interactions become predominant. The final state 
particles emerge not into plane wave states of free 
particles, but into the perturbed states of their mutual 
interaction. Familiar in low-energy phenomena, (beta 
decay, near-threshold meson production, etc.), these 
final-state interaction effects are known to be appreci- 
able. For example,** the final-state nucleon-nucleon 
interaction increases single-meson production by 2 or 3 
orders of magnitude over what is predicted neglecting 
this effect. 

Recent experimental investigations with the Brook- 
haven’? Cosmotron have made it possible to compare 
the statistical theory with experiment. At Cosmotron 
energies single and double meson production were ob- 
served in collisions between Cosmotron-produced neu- 
trons and protons in a hydrogen-filled diffusion cloud 
chamber. The observed ratio of the probability for 
double meson production to that for single meson 
production is more than 20 times greater than that 
predicted by the statistical model. In view of this 
seemingly poor agreement of the statistical theory with 
what is observed, it has been thought worth while to 
investigate the above-mentioned refinement due to the 
effects of final-state interactions. Of the final state 
interactions in this type of process which can be ex- 
pected to be appreciable, namely, the nucleon-nucleon, 
meson-nucleon, and meson-meson interactions, the first 
two, at least, can easily be seen to bring about cor- 
rections to the statistical theory in the desired direction 
for agreement with experiment. That is, the nucleon- 
nucleon interaction favors the higher multiplicities of 
mesons produced, since for higher multiplicities the 
nucleons are left with less kinetic energy. Moreover, 
the meson-nucleon interaction with its resonance can 
presumably enhance double meson production at the ex- 
pense of triple as well as single production in the proper 
energy region (around an energy such that the two 
mesons can both rescatter at resonance off the nu- 
cleons, while if one or three mesons are produced the 
most probable energy each will take off is beyond or 


?C. N. Yang and R. Christian, Brookhaven National Labora- 
tory Report (unpublished). See also footnote 22, reference 7. 

4K. Brueckner, Phys. Rev. 82, 598 (1951). 

5K, M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 

* Kenneth M. Watson, Phys. Rev. 88, 1163 (1952). 

7 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 
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below the resonance region). This latter effect should 
occur roughly around 1.5 Bev of laboratory energy, 
near the mean energy of the Brookhaven experiments.’ 

In what follows, the production of mesons at Cosmo- 
tron energies will be treated by a statistical theory 
with the added refinement of the final-state effects of 
nucleon-nucleon and meson-nucleon interactions. The 
further refinement due to the requirements of the Pauli 
principle and of angular momentum and parity con- 
siderations will be included in obtaining the relative 
probabilities of occurrence of the various possible 
charge states of nucleons and mesons in nucleon-nucleon 
encounters. 


II. NUCLEON-NUCLEON FINAL STATE 
INTERACTION 


As the first step, the more familiar interaction of the 
nucleons in the final state will be considered, neglecting 
the effect of the mesons. This separation and inde- 
pendent treatment of the involved interactions of the 
final-state particles into specific interactions between 
the different types of particles is only approximate. 
However, it finds some support in the relative duration 
of, say, the nucleon-nucleon and meson-nucleon inter- 
actions in the final state. Even after the mesons have 
left the region of their production, and their interactions 
have ceased to be effective, the more slowly moving 
nucleons will still be moving well within the range of 
their mutual interaction. This then may be considered 
as the case at hand. 

From the assumption of statistical equilibrium in 
the region of primary interaction, the matrix element 
connecting the initial and final states (according to 
the statistical theory) when N particles appear in the 
final state is just!® 


(f|3¢|i) =const.(Q/V)**=H,, (1) 


where the constant is independent of the final state, 
V is the normalization volume for the final state free 
particle wave functions, and Q is the voiume of collision 
which initially contains the N-particle virtual states. 
From the transition rate 


w~| (f|5C| 2) |*or, (2) 


the relative probability that ” pions will emerge from 
a nucleon-nucleon high-energy interaction is 


S,= (=) J ‘ » [ aeak, 4 


cae 
oe an | 
M 


where the nucleons are treated nonrelativistically and 
P is their relative momentum, w; is the energy of the 
ith meson,’ £ is the total available energy, and where 


§ Richard H. Milburn, Revs. Modern Phys. 27, 1 (1955). 
® We use A=c=y (the pion mass)=1. 
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the number of dynamically independent particles is 
(m+1) instead of (m+2) due to the conservation of 
linear momentum. 

If instead of a Born approximation we use the actual 
wave function of the final nucleons, (r|y), where r is 
the relative nucleon coordinate, then the transition 
matrix element (using a momentum representation) is’ 


(p|se|P) = f (v|P)(P|se|P)dP/(2n)’, (4) 


where only the relative nucleon momentum labels the 
states, the meson coordinates being omitted. From the 
Fermi assumption, Eq. (1), (P|3C|P’) is independent 
of the final state variables and can be removed from 
the integral. The remaining integration yields just the 
nucleon wave function evaluated at the origin of the 
relative coordinate, (r=0|y)=y,o) so that 


(¥|5C| P) =I rY0). (S) 


Hence, the weighting of a final state containing n 
pions becomes 


s-(5) f- fi Yo |%dPdk;: 


P 
x had B= — es . us). (6) 
M 


It will suffice for our calculations to use square-well 
wave functions derived from a potential of depth Vo 
and range ro (neglecting spin dependence). In the low 
energy approximation" (with only S-waves contribut- 
ing) this can easily be seen to give 





, r<ro (7) 


4Vo ] sinKr 


cry)=[1+ 
(ao+ boEw) (Ey+ €) Kr 

where ao=[2+(Me)'ro P, bo>=Mr?, and the normal- 
ization is to unit amplitude in the asymptotic region. 
Here ¢ is the deuteron binding energy, M is the nucleon 
mass, and K=[M(V»+ Ew) ]}!. Admitting the bound 
state solution as well, for the case of a neutron-proton 
final state, the deuteron wave function must also be 
considered.” For a square well this is" 


} singr 
2x(1+aro)J Br 


where 8B=[M(Vo—«) ]! and a= (Me)}. 
Since such a nonsingular potential may underestimate 


, Shy, (8) 


(r|¥0)= | 


1 See appendix of reference 4. 

11H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 82 
(1936); see page 119. 

12 Since the formation of the bound state places another re- 
striction on the momenta, the weighting factor in this case is 


S,(D)= On e5)"Wvooief’ i » fas: ee 


Xdk,b (E-o— 


ss0<mqgq). 
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Fic. 1. Probability near threshold of multiple meson production 
with nucleon-nucleon interaction in the final state, relative to 
the statistical result. The curves are labeled by the multiplicity 
of the mesons produced. 


the magnitude of the wave functions at small sepa- 
rations, the depth of the well was somewhat arbitrarily 
adjusted. Instead of using those square well parameters 
which give a best fit to experiment, a depth Vo was 
used (for ro= 1.09) which matched the square-well wave 
function for the deuteron, Eq. (8), with the Hulthén 
wave function” at r=0. Such a depth is Vo=0.78. 

The computation of the weights, Eq. (6), was carried 
out with appropriate approximations for the low- and 
high-energy regions, while retaining the relativistic 
inclusion of the meson rest mass in all cases. That is, 
in the near-threshold region in terms of the meson 
kinetic energies, T;=w;—1, the condition that the 
total energy w; will be slowly varying was used in 
removing some average value for it from the inte- 
grations. Thus, 


Senay) “Leto f-- five! 


X (To— Ti— +++ —Tn)€(T1-++Tn)'dT1---dTn, (9) 


where 7» is the total available kinetic energy, and the 
assumption has been made that momentum conser- 
vation need be applied strictly only to the nucleons. 
At higher energies, where k/w is slowly varying, the 
integrals were again simplified to 


sta(“)" == ¢ -) f- + flv! 


* (E-wi— neh ates —wn)tw2dw- ° “Wn? ns (10) 
18 See, for example, G. F. Chew, Phys. Rev. 84, 710 (1951). 
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Fic. 2. Probability at energies well above threshold of multiple 
meson production with nucleon-nucleon interaction in the final 
state, relative to the statistical result. The curves are labeled by 
the multiplicity of mesons produced. 


The weights for deuteron formation were similarly 
handled. 

As an indication of the effect of the use of the actual 
nucleon wave functions, these weights were calculated 
relative to the statistical result (i.e., where |y,o)|?=1) 
and are shown in Figs. 1 and 2 for the two energy 
regions, Eqs. (10) and (11), as a function of the kinetic 
energy available to the mesons and their multiplicity. 
The corresponding ratios for the case of deuteron 
formation are shown in Figs. 3 and 4. In more restrictive 
energy regions these effects can be seen from general 
formulas for the production of m pions. For instance, 
near threshold but at energies high enough that e, the 
deuteron binding energy, can be neglected compared 
to the available kinetic energy, we have 


n+l M! [o(@+1)¥] ert) 27 nt) 2 
ht =x) 3 3n+1 
2n(an+-1yr( ) 
2 


(3n+1)yVo 
x[14+—— | (11) 
To 


where y~4/ao=0.73 at low nucleon energies [see Eq. 
(7) ]. The last factor compared to unity indicates the 
enhancement of the cross section near threshold due to 
the nucleon-nucleon interaction as a function of the 
meson multiplicity and available kinetic energy. From 
this it is seen that at, say, 80 Mev above threshold for 
two-meson production in the center-of-mass system 
(which is 260 Mev above threshold for the production 
of a single meson), the cross section is eight times that 
obtained from the pure phase-space result, while single 
production is enhanced by a factor of 2.2. However, 
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as indicated by Fig. 2 for the high-energy region and by 

nt+1 M! w2 oe 
S,te! = (" 
a0 \ (27)8 a oa 


2 
(6n+1)yVo 
x|1 — (12) 


for the extreme relativistic region, the weights for the 
lower multiplicities and high meson energies are en- 
hanced by about the same amount by the nucleon- 
nucleon final state interaction, and the enhancement 
becomes negligible in the limit where the meson mass 
can be neglected. Hence, in the region of Cosmotron 
energies, although the enhancement is still considerable, 
the relative probability of single to double meson 
production is not much changed from the pure phase 
space result by the effect of the unbound final state 
interaction of the nucleons. Therefore, this effect alone 
cannot be expected to bring the statistical result into 
better agreement with the experimental observations. 
The effect of the formation of deuterons is even more 
inappreciable at Cosmotron energies. As shown in Figs. 
3 and 4, although it is quite important near threshold," 
this effect falls off even more rapidly than the effect of 
the unbound final state interaction. Hence, in what 
follows deuteron formation will not be considered. 


III. MESON-NUCLEON FINAL STATE INTERACTION 
A. Single Meson Production 


In order to take account of the meson-nucleon final 
state interaction in the spirit of this calculation, a 
solution to the problem will be found in terms of the 





~ 











Fic. 3. Probability near threshold of multiple meson pro- 
duction with deuteron formation, relative to the statistical result 
neglecting neutron-proton interaction. The curves are labeled 
by multiplicity of mesons produced. 


4K. A. Brueckner and J. S. Kovacs, Phys. Rev. 94, 726 (1954). 
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Mgller'® wave matrix into which are built the features 
of the Fermi statistical model for the actual production 
of the mesons. For example, that part of the wave 
matrix which corresponds to the production of a single 


meson in a nucleon-nucleon collision is!® 


Q=2,- ‘Wr’ 
a 


(13) 


where H’ is the interaction which produces the meson, 
a=E—Ho+in, » being an infinitesimal parameter 
specifying the contour of integration for outgoing 
waves, Ho is the Hamiltonian for the noninteracting 
fields, and 2, is the wave matrix which describes the 
scattering of the final state particles and satisfies the 
Lippmann-Schwinger"’ seg 


Q, a -U0,. 
a 


(14) 


Identifying H’ with the phenomenological Fermi matrix 
element corrected by using the actual wave functions 
for the final state nucleons, and with a factor which 
ensures meson production in P-states, we have 


1’=V p(A-k/cx), (15) 


where V ¢ is the matrix element given by Eq. (5). Here 
A-k/«, will be of order unity at high energies if we 
make A an unspecified unit vector which may depend 
on spins, etc., but which we shall leave arbitrary and 
average over classically when necessary, in keeping 
with the statistical method. From Eqs. (13), (14), and 
(15) we get in momentum representation 


1 
(q,P|2| P)-——_| Vs 
E~wg+in 


dk 1 . 
ss ae ge Vr—}, 
(21) E-—wrtin wr 


where P’ and P are the initial and final relative nucleon 
momenta, ¢ is defined by 


t=V0,, 


(16) 


(17) 


and satisfies the integral equation'® 


1 
t=U+U-1. 
a 
Thus, when / is determined, the transition matrix T 
for the whole process (which can be seen to be the 
quantity enclosed in the { } in Eq. (16)) is also deter- 
mined. 

To the lowest order for linear coupling, the potential 
constructed for the scattering!® includes terms which 
16 C. Meller, Kgl. Danske. Videnskab. Selskab, Mat.-fys. 
Medd. 23, No. 1 (1945). 

16K, A. Brueckner and K. M. Watson, Phys. Rev. 90, 699 
(1953). 


17 B, Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
18 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 


IN NUCLEON-NUCLEON COLLISIONS 


a 
9 














Fic. 4. Probability well above threshold of multiple meson 
production with deuteron formation, relative to the statistical 
result neglecting neutron-proton interaction. The curves are 
labeled by multiplicity of mesons produced. 


express the nuclear force interaction between the 
nucleons, the absorption of the created meson by one 
nucleon and emission by the other, as well as the 
scattering of the meson by the individual nucleons. 
We shall deal with just the last of these!’ and use as 
the potential for the scattering of the produced meson 
by the two fixed and superposed nucleons 


1 
(k| V Tae ae C1" ke: U,* Pl k’ “1° Up 


2 (wpe 


1 
Tete woe 


1 
+o,-k’s,- U,,———o kz: U;* 


yea — Wr,’ 


1 
ork’ 


E—w,— wy 


02: ke2- U, ’ (19) 


where the interaction used is the pseudovector coupling 
term for the charge-independent pseudoscalar theory. 
Here the nucleons are both assumed to be at the origin 
of our coordinate system, / is the pseudovector coupling 
constant, @; and +; are the spin and isotopic spin 
operators corresponding to the ith nucleon, and U;, 
and U;,* are vectors in charge space which serve as 
annihilation and creation operators for the meson.® 

In order to simplify the calculations, we shall express 
the problem in terms of eigenstates of angular momen- 
tum and isotopic spin. If we assume that the nucleons 
come off in S-states while the meson is produced in a 
P-state relative to either of these, then the possible 
states of angular momentum are labeled by J=0, 1, 
and 2 when the nucleons are in the triplet state, and 


‘Compare, for example, with Aitken ef al., Phys. Rev. 93, 


1349 (1954). 
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J=1 for the singlet state. Similarly, the total isotopic 
spin can be J=0, 1, and 2 for the nucleons in the 
isotopic spin triplet state, and 7=1 for the singlet. 
In this representation the potential can be written in 
the form 


U=2(B—A){E;—2E,— E,—2F;—F2+F3} 
+2(A+B){ (E;—E2.—2E,) (F3—F2—2F;) 
+2EsFs5t+1} (20) 
where 
4a frkk’ 1 
fio, 
6 (won)? E 


4a frkk! 1 


(21a) 





e ? (21b) 
6 (wx)? E— we — we 


E,, Ex, E;, and E, are projection operators onto the 
four states of angular momentum, and 


Es= (6,—@2) -1/2v2, (22) 
with the F; the analogs of these for the isotopic spin 
states. The projection operators,” 

(J=0, S=1): Ei=x¥s{—3-—e1-e2 
+[(oi+e2)-1P}, 
(J=1, S=1): E,.=}{6+20;-02.—2(0;+02)-1 
—[(oite:)-1P}, (23b) 
(J=2, S=1): Es=(1/24){6+20:-02+6(0:+¢:):1 
+[(@it+e2)-IP}, (23c) 
(J=1, S=0): Ey=}{1—o1-03}, (23d) 
can be easily seen to have the usual properties, while 
E; operating on the states yy, 5“ has the properties 
Eshe ™!= Eno, °=0, 
Ew, f= —Vi, e's 


Ew, “= —Yi, . 


(23a) 


Here 


sian Sik he «sii 3k 
ae ee Oe | Oe Se om one 
A roe l= 


0 us 0 


ko 


Thus V is not diagonal in this representation, although 
the off-diagonal elements arise merely from the mixing 
of the two J=1 states as well as from the mixing of 
the corresponding isotopic spin states. Diagonalization 
of these submatrices diagonalizes the whole potential 
and reduces the problem to one of nonmixing channels 
for which the integral equations, Eq. (18), depend 
only upon the magnitude of the momentum. In this 
form the equations readily lend themselves to an 
approximate solution by one of Schwinger’s variational 
principles” according to which 


® With corresponding relations for the isotopic spin states. 

21J. Schwinger, “Lectures on Nuclear Physics,” Harvard 
University, 1947 (unpublished). See also, for example, G. F. 
Chew, Phys. Rev. 93, 341 (1954). 
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TaBLE I. Elements of diagonalized potential U. States are 
labeled by the total angular momentum J, total spin of the 
nucleons S$ (for cases where J=1, @ and 6 indicate symmetric 
and antisymmetric combinations, respectively, of states of S=1 
and 0), and similarly defined labels for isotopic spin quantities. 
A and B are defined in Eq. (21). 








é 
(¢| U4) 





2B 
(17/2)A+(9/2)B 
(1/2)4—(7/2)B 
94—B 
2B 
(1/2)4—(7/2)B 
(17/2)A + (9/2)B 
9A—B 


—4B 
9A—B 
9A—B 

18A+2B 


COCO BR Re BP Ree RH HND!] S 
RR RR SOSS SF RRR HR Re | 
Corr NR ORF ND OFF OF, Ret! ™ 
et alk El el cet alt ~ OE eel oe ol ~ ee el a el ee | 








(R| ta ko) 
(k| Va] Ro) 


(k| Ua|k’)(k’| Val Ro)k2dk” 


Ls 1 
1— (el Dalko— f 
(24) 


where the Uq are listed in Table I. With the same 
arguments by which the scattering in only the 3, $ state 
is seen to be enhanced in meson-nucleon scattering,2! 8 
it can be seen upon examination of the entries in Table 
I that only for those potentials which are equal to 8B 
or 2B can there be enhancement in the scattering of a 
meson off two nucleons, Of these, all but two are ruled 
out by conservation of isotopic spin (J can be only 1 
or 0 for an initial state consisting of two nucleons). 
For the remaining two channels, with the labels 
a’ = (J,S; I,“T”) = (2,1; 1,5) and a’ = (2,1; 1,a), we have 


4x Pheko 
3cx0(Ecoxo) [1 —I (Eco) ] 








E—w,: 





(ke| tar | ko) = — (25 


where r (oxt1)! 
een wro(we?— 1) ide 
T(E,wxo) -—f > 
1 


Wy’ (E—wy,’) (E— wy —wxo) 





(26) 


using a cutoff, and where the final nucleon energies 
have been neglected. This differs from the meson-single 
nucleon scattering operator mainly in that off-the- 
energy-shell scatterings are included. The meson can 
be produced at any energy wxo and scatter back on the 
energy shell. 


® The complete set of projection operators for the new states 
after diagonalization can easily seen to be Ei, E;, Ea 
=}$(E.+£,—E;), and Ey=4}(E.+E,+E£;) where the new states 
brought about by the transformation are ¥a=1/V2(¥2+y.), 
¥o=1/V2 (Y4—y2) and where y2 and y4 correspond to (J,S)= (1,1) 
and (1,0) respectively. 

*3 Goeffrey F. Chew, Phys. Rev. 89, 591 (1953). 
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Re Q(E) 











Fic. 5. The real part of the function Q(Z) defined in Eq. (31). 


A careful examination of f,, shows that there can 
indeed be enhancement in the scattering in these states 
in the energy range under consideration. That is, when 
the coupling constant and cut-off energy are chosen to 
agree with meson-single nucleon scattering results,” the 
principal value of the integral, 7 (E,w,o), is close to unity 
near E~ 2 for the off-the-energy-shell scatterings as well 
as for those on. This makes the scattering in this energy 
range important for only these two states, justifying 
the neglect of the contributions of the other states in 
which the scattering is suppressed. The results obtained 
in this manner are not expected to be too bad consider- 
ing the approximations used. Particularly in the region 
near resonance, where the fit was made to meson- 
nucleon scattering data, this semiphenomenological 
treatment should reproduce the main features of the 
final state scattering. 

The transition matrix which for the complete process 
is 


T|P’) 
dk (q| t |k) 


- (27) 
Wg (2m)* (E ares Wk 


can now be calculated if ¢ is written in the form 
(q|¢/k)=A-k, 
where A is determined by 
(q|¢|k)=S0a(q| ta|k) (EF)q. 


Then carrying out the angular part of the integral, T is 


_{A ktdkA-A 


, Vr. (28) 
os Wa wn(E mares: 

* A rough estimate of the parameters was obtained by requiring 
the phase shift for the scattering in (},}) state to pass through 
90° at E=2 (see also reference 23). For a chosen cutoff wmax=6, 
f?/4x=0.16 was found. 
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With only the resonant terms considered so that ¢ is” 
Arf ‘gk (F atF JE 3 


(q|¢|k)= 
Sei (oyo,)'f 1 — T(wi,E ) J 


Eq. (28) becomes 


A-q 2f¢Q(E)'Ea(Frt Fs) 


(29) 


(a,P|7|P’)= : 


9rw, ' 
where 


(31 
E—w,) ( 41-1) 


and ’E; is E; with k/k replaced by A. The real and 
imaginary parts of the function Q(£) are plotted in 
Figs. 5 and 6 with wmax=6. From these it is seen that 
in the region up E~3 the second term gives its greatest 
contribution to T. 

In order to evaluate the weights for the different 
charge distributions of the final state particles, some 
assumption will have to be made about the way the 
creation operators appear in the phenomenological 
matrix element Vr. Let us simply assume that there is 
some operator © appended to Vy which creates the 
meson while keeping constant the total isotopic spin J 
and its z-component J;. For example, to create mesons 
into the isotopic L=1 state © should be of the form 
B-U,*, where B is some vector in charge space which, 
except for the above requirements, would be left 
unspecified in accordance with the Fermi statistical 
method. We can then write the transition matrix as 


(q,P| T| P’)=[X—YF Jo, (32) 
where for brevity we have set 
X=VrA-q/w, F=F2+F,, 
2F QW), , 


(33a) 
and 


(33b) 





Im Q(E) 











. The imaginary part of the function Q(£) 
defined in Eq. (31). 
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TasLe II. Matrix elements of T for one-meson production 
allowed by hypothesis of charge independence including final 
state meson-nucleon scattering contribution. Initial and final 
states are labeled according to isotopic spin notation where /*1° 
corresponds to a state containing 2 nucleons in the isotopic 
triplet state and a neutral meson, ¢*+ being the state consisting 
of two protons, etc. O10, O11, Oo: are the three different matrix 
elements of the production operator allowed by charge inde- 
pendence.* The first subscript refers to the isotopic spin of the 
initia] state while the second refers to the or spin of the 
final nucleons. X and ‘Y are defined in Eq. ( 








f (f|T |8) 
i*1° (X— Y)O1/v2 
pit ~(X-Y)Ou/v2 
s* (X— Y)Oro 
se ae XOo/v3 
a te XOo1/v3 
sf® 0 
1° = XOo/v3 
rH (X= Y)Ou/v2 
rit —(X=Y)O1/v2 
s1° z— Y)O10 
1° 0 











The matrix elements of T between the various initial 
and final charge states are then given by 


(f|T|i)=X(f| 0]1)-Y Dun (f|F| MAI 0]4). (34) 


The elements (f| F'| II) are most naturally evaluated by 
making use of the projection operator properties of F 
and expressing | f) and |II) in terms of angular mo- 
mentum eigenfunctions in charge space for a meson 
and two nucleons, |/,/;,7). The evaluation of these 
matrix elements of 7 is then straightforward and the 
results are shown in Table II. These are in agreement 
with the general relations obtained by Brueckner and 
Watson in their analysis of pion production using the 
hypothesis of charge independence. [See Eq. (17) of 
reference 5. ] 

With no meson-nucleon interaction in the final state, 
‘YY =0, these matrix elements should correspond to those 
of Fermi.? That is (including the factor giving the 
nucleon-nucleon final state interaction), |7|? should 
equal |9%|* times the weights listed in his Tables II 
and III of reference 2. This will be so if the square of 
all of the matrix elements of © between eigenstates of 
isotopic spin are assumed to be equal. Then, since it is 
relative weights we are after, we can disregard these 
matrix elements of ©. Thus fitting the matrix elements 
of our unspecified operator © to give the Fermi result 
in the limit of no meson-nucleon final state interaction, 
we see that the matrix elements of our transition 
operator are given by the Fermi matrix element plus 
the correction term for those final states in which we 
get resonance scattering—all multiplied by the factor 
obtained from the assumption of charge independence. 

On the basis of the Pauli principle and from angular 
momentum and parity considerations,’ all of these 
transitions are not allowed if we assume the final 
nucleons to be in S-states and the meson in P-states. 


JULIUS S. KOVACS 


For instance, for the transition ¢*->/°1+ conservation 
of parity allows only those transitions in which the 
initial state is symmetric in space, and, since the initial 
state consists of two protons, antisymmetric in spin. 
Since the final state is symmetric in isotopic spin, it 
must be antisymmetric in spin. This cannot give even 
J-values, hence this transition is forbidden. Table IIT 
lists for those transitions allowed by charge indepen- 
dence the transitions allowed by these latter consider- 
ations. Column 3 lists the matrix elements which result 
from all of these requirements combined. 


B. Production of Two Mesons 


Considering two-meson production, we shall again 
treat the primary interaction by means of the statistical 
model, and assume that the final state interaction with 
the nucleons can be considered independently for each 
meson. That is, we shall neglect the meson-meson 
interaction. Then we shall again take as the wave 
matrix 


(35) 


1 
Q=0,-H’, 
a 


where H/’ creates the two mesons 


Aiki Ao-ke 
u'-| + |r 


Wri We 


(36) 


and Q, accounts for the final state scattering of the 
mesons by the nucleons 


a. 
Q,=1+-t+-te, (37) 
a a 


where 


(q1,2| f1| ki,k2) = (2)°5(q2—Ke) (qi! ¢| ki), 
(q1,Q2| f2| ki,Ke) = (2m)*6(qi—kx) (qz| ¢| ke), 


(q:,42! 1 | kk») - (2m) *5(qi—k1)5(qo—k.). (38c) 


Then in a manner similar to the treatment of one-meson 


(38a) 


(38b) 
and 


TABLE III. Matrix elements of T for single meson production 
allowed by charge independence, Pauli principle, conservation of 
parity, and conservation of angular momentum assuming final 
nucleons in S-states and meson in P-states. 








Transitions of nucleon states 
allowed by Pauli principle, 
conservation of spin and 
angular momentum 


Forbidden 
Forbidden 
1D. $; 
1S 3S, 
3S, 3D,—'So 
331, 3D,—'So 
3$1, 3D So 
Forbidden 
Forbidden 
1D. 4S, 
1So 3S) 


Transitions allowed 
by charge 
independence 
hypothesis 


Matrix 
elements 





tt—t*10 
tt+1+ 


$t—»s1* 


s—t*1- 
sor it 
s— 10 
P—itt1- 
P—t-1* 
f-s1° 
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TABLE IV. Elements of transition matrix T for the production of two mesons when initial state is ¢+. For the various final states 
the coefficients of the matrix elements of the unspecified production operator, (7,J’| ©’ |t*), are listed. T and J’ are the isotopic spins 
of the final state nucleons and of the combination of the two nucleons and the first meson, respectively. J and /; for the final state 


are suppressed in denoting the states since they are determined by the initial state. 








f (f| T\1,2) 


(f| TI1,1) 


(f| T|1,0) (f| T|0,1) 
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£94 (5/2) Ys") 
4/60 
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Vv 
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1 
—(X'— Ys’ — Y.’) 
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x’ —}(X'— Y,’) 


4(M— Yr —-4.Y’) 


4(’— Yr —3Y,’) 


—4(X'- Vi’) 
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——(X"-4Y2) 
v3 











production we get 


(41,42,P) T| P’) { x" Yi'Fy’— Yo’ Fe’) 0’, 


Q\! Ai-qi 
_’= (-) vol —-+ 
V Wal 


Q\!  27g0(E—w,) 


ry Orw * } 


(39) 


where 


(40a) 


Wq2 
(40b) 


and where ,’ refers to the final state scattering of the 
first meson only. 0’ is the operator which creates two 
mesons and satisfies the requirements of charge inde- 
pendence. 

The matrix elements of T between the appropriate 
initial and final charge states for the production of two 
mesons are obtained in a manner similar to Eq. (34) 
for single production, 


(f| T| )=U(| T|1,0s,T,1') (11,71 | 0'|i), (41) 


where 


(f| T|1,Is,TI')= x’ (f| 1|I,13,7,1') 
— Yi’ (f| Fi’ |T,0s,T,1')— Y2' (f| F;| 1,I3,T,1'), 


and where, in our approximation, the matrix elements 


(42) 


of F;’ and F;,’ are the same as those of F. The states 
|I,J3,7,I') are the isotopic spin eigenfunctions corre- 
sponding to the four states?> 7=1 and the two states 
I=0, where J and J; are the isotopic spin and its third 
component for the final state and 7 and J’ are the 
isotopic spins of the final state nucleons, and of the 
combination of the final nucleons and the meson 
labeled 1 respectively. For the different initial states, 
t+, , and s, the matrix elements of 7 which enter in 
are tabulated in Tables IV, V, and VI respectively. 
Expressing the transition matrix elements in this 
manner allows us again to take care of the unspecified 
creation operator by means of the Fermi assumption of 
statistical equilibrium in the volume of collision. This 
means that we can set the squares of all of the matrix 
elements of ©’ between the different eigenstates of 
isotopic spin equal to unity. Thus, entering into the 
determination of the cross sections will be?* 


KATIDP= TNA ETT). 43) 


Again in the limit of no final state interaction and 
zero mass for the meson, this leads to the Fermi result.” 


28 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953), p. 76. 

26 All transitions listed in Tables IV, V, and VI are allowed by 
angular momentum and parity considerations. 
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TaBLe V. Elements of transition matrix T for the production of two mesons when initial state is ®. For the various final states the 
coefficients of the matrix elements of the unspecified production operator, (7,J’|©’|!®), are listed. T and J’ are the isotopic spins of 
the final state nucleons and of the combination of the two nucleons and the first meson, respectively. J and J; for the final state are 
suppressed in denoting the states since they are determined by the initial state. 
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IV. THE RELATIVE PROBABILITIES FOR THE 
POSSIBLE EVENTS 


To obtain the relative probabilities for the various 
processes we need to evaluate 


1 spur(TtE,TE,), 


where E; and Ey are the nucleon spin projection 
operators onto the initial and final states. In order to 
evaluate these spurs by the usual techniques we will 
need to make some assumption about the dependence 
of the arbitrary unit vector A upon the spins. However, 
let us neglect the dependence of the cross sections upon 
the relative spin orientations of the nucleons in the 
initial and final states and leave A arbitrary. Then we 
have 

dS,=4(spur| 7 |*)wpr, 
where the spur is evaluated independently for each 
nucleon and the indicated average is over the values of 
A in the manner 

(A-BA- C),,=3B- C. 
Using the allowed matrix elements listed in Table III 
for single production and in Tables IV, V, and VI for 


(44) 


double production, the relative probabilities for the 
processes of interest are easily obtained with the appli- 
cation of Eq. (44) and with the appropriate average 
and sum over the initial and final states which con- 
tribute. For example, the relative probability for the 
process n+p—n+p+7° is obtained by using for |7'|? 
the sum of the squares of the matrix elements for which 
the final states are /°1° and s1° for a given initial state, 
and then averaging over the contributions from the 
initial states / and s. For processes resulting in the 
production of two mesons an additional factor of } is 
included in the relative weights to account for the 
symmetrization of the two meson final states. The 
relations obtained for the relative weights for the 
possible one- and two-meson processes are listed for 
convenience in Table VII with the notation defined in 
the Appendix. 

As a function of the laboratory bombarding energy 
the relative probabilities”’ for the different events are 


27For the parameter Q, the volume in which the primary 
interaction takes place, we use Fermi’s choice of a Lorentz 
contracted sphere with the meson Compton wavelength as its 
radius, Q= (44/3)2M/(E+2M). 
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plotted in Figs. 7, 8, and 9 normalized to 


2 Sali f= 100. 


(45) 


Multiplicities higher than two are neglected for the 
energy range under consideration, while for the case 
where no mesons are produced we use for the relative 
weight 


39° Vo E\} E 
Si=—(1+ )a(++—) (2+ ), (46) 

20 E M M 
where adjustment has been made for the common 
factors omitted in S; and S2. The ratio of the total 
probability for all double meson production to that for 
all single meson production is also of interest and is 
shown in Fig. 10 as a function of the bombarding 
energy for n-p and p-p initiated events. Finally, as an 
indication of the effect of the final state interactions 
upon the meson energies, the energy distribution for 


TABLE VI. Elements of transition matrix T for the production 
of two mesons when initial state is s. For the various final states 
the coefficients of the matrix elements of the unspecified production 
operator, (7,/'|©’|s), are listed. T and J’ are the isotopic spins 
of the final state nucleons and of the combination of the two 
nucleons and the first meson, respectively. 7 and J; for the final 
state are suppressed in denoting the states. 





(f|T|1,1) (f|T| 1,0) 
f x (X= Y= Ys’): 


1//6 0 
—1/\/6 0 
Ply 1,* 1/y 6 0 
£1,71,.7 —i/y 6 0 
11,91, 0 0 
51,91, 0 —1/3 
s1y*1,7 0 1/v3 
s1,71,* 0 1/v3 
¢*1,°1.7 1, V6 0 
1,1 —1//6 0 








"1,71, 
t-1,°l,* 








one of the mesons is shown in Fig. 11 for the process 
n+p—n+p+nt+n- at a total available center-of- 
mass energy of E=6. Comparing this with the distri- 
bution obtained from just phase space considerations 
(which is shown normalized to the same total proba- 
bility), it is seen that the final state interactions spread 
out the distribution because of the tendency for the 
two mesons to come off near the resonance energy. 
Moreover, at high total energies the distribution is 
thereby shifted toward lower energies with respect to 
the phase space result. 


V. CONCLUSIONS 


A comparison with experiment of the calculated 
probabilities for the various events shows better agree- 
ment, in general, than given by the pure statistical 
model. In particular, as indicated in Fig. 9, the distri- 
bution of the three-pronged events initiated by n-p 
collisions is calculated to be (np+—): (pp—0): (pp—) 
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BOMBARDING ENERGY (BEV) 
Fic. 7. The relative probability for the occurrence of p-p 
initiated two- and four-pronged events as a function of the 


bombarding energy. Curves are labeled by the charges of the 
final particles. 


=3.0:1.0:0.9 at a bombarding energy of 1.7 Bev. The 
analysis of events of this type by Fowler et al.’ at 
Brookhaven gives for these ratios 3.3: 1:0.8 for processes 
initiated by bombarding neutrons in the energy range 
of 1-2 Bev with a median energy ~1.7 Bev. The 
improved agreement over the statistical result® (~3.3: 
1: 20.5) can be attributed to the resonance enhancement 
of the two-meson states discussed above, and to the 
suppression of one of the states (pp—) by considerations 
of conservation of angular momentum and parity (see 
Table IV). Although experimentally indications are 


TABLE VII. Formulas giving the relative probabilities as a 
function of available energy for single and double meson pro- 
duction in nucleon-nucleon collisions. The notation is defined in 
Eqs. (49) and (52). 
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Fic. 8. The relative probability for the occurrence of n-p 
initiated one-pronged events as a function of the bombarding 
energy. The curves are labeled by the charges of the final particles 
resulting from the collision. 


that these ratios remain fairly constant in the 1-2-Bev 
range, the calculated ratios run from 2.4:1.0:3.9 to 
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BOMBARDING ENERGY (BEV) 
Fic. 9. The relative probability for the occurrence of n-p 


initiated three-pronged events as a function of the bombarding 
energy. The curves are labeled by the charges of the final particles. 
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2.9:1.0:0.7—still good agreement in the upper part of 
the range. 

The ratio of the total cross section for double meson 
production to that for single meson production is 
somewhat smaller than the experimentally determined 
value, although it is ten times greater than that calcu- 
lated by means of the statistical model. For 1.7-Bev 
bombarding neutrons, for example, S,(total)/S, (total) 
is calculated to be 1.2, while the experimentally deduced 
value from 149 analyzed events gives for this ratio the 
value 2.2. However, this ratio is obtained from obser- 
vations of three-pronged events only, and from the re- 
lation S2(total)/S,(total) =[S2(np+—)+S2(pp—0) ]/ 
2.3S;(pp—) which follows from Fermi’s? weights for the 
different neutron-proton reactions within each state of 
meson multiplicity. With the inclusion of the final state 
interactions such a simple relation involving the three- 
prong probabilities cannot be obtained, as the relations 
for these probabilities indicate (Table VII). At ~1.7 
Bev an approximate relation of this form is S2(total)/ 
S;(total) = [So(np+ —)+S2(pp—0) 1/3.6Si(pp—). With 
the data from the observations of Fowler et al., this 
gives S2(total)/S, (total) = 1.4. 

Preliminary results from pp-induced events analyzed 
at Brookhaven indicate that about one percent of the 
total interactions result in four-pronged events, 
(pp+—), at 1.5-Bev bombarding energy. The calcu- 
lated value for this is 8.5% at 1.5 Bev. 

Although detailed agreement is not to be expected in 
view of the approximations that were made, indications 
are that results of calculations based on the statistical 
model can be made to agree with experimental results 
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Fic. 10. The ratio of the total probability for the production 


of two mesons to that for the production of one meson as a 
function of the bombarding energy for p-p and n-p collisions. 
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Fic. 11. Momentum distribution in the center-of-mass system 
of the x~ from the reaction (pn—pn+-—) at a total available 
energy E=6. Curve A represents the prediction obtained from 
the statistical theory, while curve B includes the effect of the 
final state interactions. Both curves are normalized to the same 
total probability. 


when resonance effects are accounted for and conser- 
vation laws are applied. 

The author wishes to express his grateful appreciation 
to Professor Keith A. Brueckner for his guidance and 
suggestions throughout the course of this work. 


VI. APPENDIX 


Following Eq. (44) and Table III, the probability 
that the r°® in the process n+p—n+p+7° emerges 
with energy w in the interval dw is 


dS;[np—np0]={3— Law! ReQ(E) —Bw|Q(E)|*]} 


X |v (0) |2(E E—w)\ de 
w 


(7/2702) (f2/4e)?. 


(47) 


where a= (5/9) (f?/4r) and B= The 


total weight for the process is 


Si[np—np0]=Ai{3Go(E)+341(E)} (48) 


where 
(49a) 
(49b) 


= (q/w) me's 
Ai= — (aG:(E) ReQ(E) —82(E) | Q(E)|?), 


and 


E 
¢,(E)= f 1y(0)|2(E—w)kw™dy, — (49¢) 


3A, represents the effect of the final state meson-nucleon 
interaction. Factors common to all S; and S_ are 
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omitted in Eq. (48). Similarly, for a two-meson process, 
n+p—n+p+nt+a-, the probability that the nega- 
tively charged meson emerges with energy w_ in the 
interval dw_ is 


dS[np—np+— ] 


-—{u () oo [Er Jae 


+ 5/4)8(=) 9-|0(w-) |®So(E—w_) 
Wl hy 
q 3 
sp 9-w-|O(E—w_)|*G,(E—w_) 
w Av 
5/4) = ") = E ReQla.)Gu(E-w.) 
AV w_} 


~(5/A)a¢= ). g-w— ReQ(E—w_)S1(E—w_) }dw 
(50) 


where approximations similar to those made in Sec. II 
were made in carrying out the integrals when the 
meson energies can be high. The total weight then is 


Snp—np+— =A (42/15)9M0(E)+30A2(E)], (51) 


where 
wnt vn. 


3 sAetdays —BMN2(E)), 


(52a) 


(52b) 


(52c) 


E-1 
ama(E)= f Go( E—w)w*dw, ‘ 
1 


E-1 
ma(E)= f Gi(E—w) ReQ(E—w)w*dw, (52d) 
1 


E-1 
ma(E)= f G2(E—w)|Q(E—w) |*w*dw. (52e) 
1 


Again the term with the A: represents the effect of the 
meson-nucleon interactions in the final state. In the 
energy range of interest (1-2 Bev), the ratio of this to 
the first term ranges from about 2.0 to 0.5. 
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The differential cross section for the reaction y+d—+r+d has been measured for a broad spread (35 Mev) 
of y-ray energies centered at about 280 Mev. The values as measured for three angles of the 7° meson in 


da /dQ (ub/sterad) 
9.0+2.4 
4.741.2 
2.8+0.8 


In addition to the above uncertainties based on counting statistics, there is an absolute uncertainty of 
about 20% because of uncertainties in detection efficiency and bremsstrahlung spectrum. The results are in 


good agreement with similar, earlier measurements at Cornell University and with the theory of Chappelear. 





INTRODUCTION 
‘ | ‘HE photoproduction of x° mesons by the reaction 
y+d—7+d, 


where the deuteron recoils intact, is known as the 
“elastic” process, as opposed to the alternative “‘in- 
elastic” reaction 


yt+d—9+ p+n. 


The theory of the elastic process has been investi- 
gated by Francis and others' and more recently by 
Chappelear.? Since the deuteron remains intact, the 
elastic 7° production is a coherent superposition of the 
production from the proton and the neutron. The 
nature of the interference, whether it is constructive 
or destructive, and its magnitude depend on the rela- 
tive phase and magnitudes of the coupling of the meson 
to the proton and to the neutron. These coupling 
parameters are of basic interest in meson theory. 

Recently, two groups of workers* at Cornell Uni- 
versity have measured the differential cross section 
averaged over a rather wide spread in incident y-ray 
energies and for a limited range of x° angles. Their 
resuits, when compared with theory, are convincing 
evidence that the interference is constructive. Their 
data also support the more refined calculations of 
Chappelear where the impulse approximation calcula- 
tion is corrected for the effect of the final-state inter- 
action of the meson and the deuteron. (This so-called 
“multiple scattering” effect reduces the earlier calcu- 
lated cross section by about 40% at all angles.) 

* This work was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy Com- 
mission. Reproduction of this article in whole or in part is per- 
mitted for any purpose of the United States Government. 

t Now at Lockheed Aircraft Corporation, Missile Systems 
Division, Van Nuys, California. 

t Now at Westinghouse Corporation, Pittsburgh, Pennsylvania. 

1'N. C. Francis and R. F. Marshak, Phys. Rev. 85, 496 (1952); 
Heckrotte, Henrick, and Lepore, Phys. Rev. 85, 490 (1952); 
N. C. Francis, Phys. Rev. 89, 766 (1953). 

2 John Chappelear, Phys. Rev. 99, 254 (1955). 


8 Wolfe, Silverman, and DeWire, Phys. Rev. 99, 268 (1955); 
H. L. Davis and D. R. Corson, Phys. Rev. 99, 273 (1955). 
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This is a report of work carried out at the Massa- 
chusetts Institute of Technology 350-Mev synchrotron 
similar to one of the two experiments at Cornell. 


EXPERIMENTAL PROCEDURE 


The experiment was carried out using 330-Mev 
bremsstrahlung from the M.I.T. synchrotron. A CD» 
(deuterated paraffin) target 85 mg/cm? thick was 
employed with CH: subtraction. The experimental 
arrangement is shown in Fig. 1. The deuteron recoil was 
detected with a counter telescope in coincidence with 
the detection of one of the y’s from the decay of the x°. 
While the measurement of the angle and energy of the 
deuteron alone would have completely determined the 
kinematics of the reaction, the coincidence was re- 
quired to reduce the background contribution of deu- 
terons from carbon, which strongly affected the sub- 
traction statistics. 

Even if only the deuteron were detected, the only 
reaction that could be confused with the elastic photo- 
meson reaction is the process of Compton scattering 
y+d—y+d. Demanding the y coincidence does not 
prevent the Compton process from contributing, but 
the cross section for the process is believed small com- 
pared to that for the elastic photomeson reaction. 

The deuteron telescope consisted of a thin (0.020-in.) 
1-in. diameter, NaI(T]) scintillator backed by a thick 
(3-in.) 22-in. diameter NaI (TI) crystal. The first crystal 
was viewed by a DuMont 6292 photomultiplier tube, 
the second by a DuMont 6363. The deuterons were 
distinguished from the protons by the well-known 
method using dE/dx and energy. The deuterons of 
interest stopped in the second crystal giving a scintilla- 
tion pulse proportional to the incident energy. The 
associated pulse in the thin first crystal was roughly 
proportional to dE/dx at that energy. The heights of 
pulses from the two counters were analyzed by means 
of an oscilloscope. Simultaneously, one pulse was pre- 
sented on the X-plates, the other pulse on the Y-plates. 
The resulting traces were photographed by a camera 










ELASTIC PHOTOPRODUCTION OF -® 


with™continuously moving film. When the film was 
analyzed, the end points of the traces gave the values 
of both dE/dx and energy. For particles of the same 
charge and the same energy, the dE/dx depends on the 
particles’ mass M, being proportional to M°* in the 
energy range of interest here. This allowed a reasonable 
separation of deuterons from protons, as shown in 
Fig. 2. The energy scale on the oscilloscope was cali- 
brated by placing the deuteron telescope in the 90-Mev 
external proton beam of the Harvard cyclotron and 
varying the beam energy by means of absorbers. 

The y counter consisted of a plastic scintillator 
(S in. in diameter, } in. thick) preceded by a ?-in. thick 
lead plate to convert y’s to electron-positron pairs. In 
front of the lead converter were two inches of graphite 
to reduce the incident charged particle flux reaching 
the scintillator. The scintillator was viewed by a RCA 
6199 photomultiplier tube. 

While the use of y coincidences reduces background 
subtraction, it leads to difficulties in estimating the 
efficiency with which the reaction is detected. The 
counter efficiency can be divided into two parts, geo- 
metric and intrinsic. The geometric efficiency is a 
measure of the probability that the counter intercepts 
one of the two m°-decay gammas. This efficiency is at 
maximum when the counter is placed along the direction 
of the 7° recoil, and its value as a function of angle and 
energy can be calculated in a straightforward manner.‘ 
The intrinsic efficiency is a measure of the probability 
that the intercepted y leads to one or more electrons 
reaching the scintillator and that the electronic bias be 
such that an electron is detected. 

To measure this intrinsic efficiency, the entire + 
counter was placed in monochromatic electron beam 
made available to us by G. Pugh. This electron beam 
of known energy was produced by using the Massa- 
chusetts Institute of Technology synchrotron x-ray 
beam, a converter, and an analyzing magnet. The 
collimated electron beam passed through two monitor- 
ing scintillation counters before entering the y counter, 
complete with lead and graphite. The y-counter bias 
was set to detect particles giving a pulse more than one- 
half the size of that given by minimum ionizing par- 
ticles passing completely through the scintillator. The 
efficiency for detecting electrons was measured for a 
series of electron energies. The efficiency for detection 
of gammas was then estimated by using the measured 
electron detection efficiency and the statistics of the 
shower production process for y’s and electrons as 
given by Wilson’s Monte Carlo calculations.® 

The product of detection efficiency and effective 
incident bremsstrahlung flux contributing to the photo- 
meson reaction was a fairly rapidly varying function 


4 These and our other kinematic calculations were based on 
Tables of Nuclear Reaction Kinematics at Relativistic Energies, 
by J. H. Malmberg and L. J. Koester (Physics, Department, 
University of Illinois, Urbana, Illinois). 

5 R. R. Wilson, Phys. Rev. 86, 261 (1952). 
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Fic. 1. Experimental arrangement for detection of recoil deuterons 
in coincidence with r°-decay gamma rays. 


of the position of reaction in the CD: target and the 
angle of deuteron recoil. A numerical integration was 
made of this efficiency-spectrum product over the area 
and thickness of the target, the area of the deuteron 
detector and the deuteron energy interval analyzed 
with the deuteron telescope. The average 7° differential 
cross section is then given by 


(do/dQ) s* a» = yield/nI, 


where m= number of deuterium atoms per cm? and 


1 
ian V fff (dQ,0 tab/ Qa tap GE, /dEg 


X (aN ,/dE,)EdVdEdQa; 


E, and E, are the energies of the incident y and the 
recoil deuteron, V is the volume of the target, NV, is 
the number of gammas in the bremsstrahlung spectrum, 
and ¢ is the efficiency for detecting the ° by means of 
one of its decay y rays. 

The results of the cross-section measurements are 
given in Table I and the values for x-ray energies 
centered about 280 Mev are plotted in Fig. 3. The 
spread in x-ray energies over which the cross sections 
are averaged is large, the distributions being about 
35 Mev wide at half-maximum. 


a 





Fic. 2. Resolution 
of particles of different 
mass as produced in 
a Pb target. (Relative 
mass scale calculated 
from range-energy rela- 
tionships. ) 
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Fic. 3. Comparison of experimental results with theory. Theo- 
retical curves, hy Chappelear,? are for the case of constructive 
interference: A—impulse approximation ; B—impulse approxima- 
tion with correction for “multiple scattering.” 





The uncertainties indicated in Fig. 3 are standard 
deviations based on counting statistics. There is an 
additional absolute uncertainty of about twenty per- 
cent because of uncertainties in detection efficiency and 
bremsstrahlung spectrum. Silverman ef al. quote a 
similar absolute uncertainty of 25%. 

The theoretical curves shown in Fig. 3 are based on 
a 2+3sin*@ center-of-mass angular distribution of 2° 
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TaBLE I. Differential cross section for elastic photoproduction 
of x° mesons from deuterium. 











0x0 lab Ey at center of (da/dQ) x0 tab 
(degrees) spread (Mev) (ub/sterad) 
58 280 9.0+2.4 

76 246 2.8+1.0 
80 279 4.741.2 
102 229 2.4+0.9 
104 253 2.74+1.0 
105 280 2.8+0.8 








mesons from free protons and constructive interference 
between the production from the proton and the 
neutron. 

The agreement of our results with the Cornell experi- 
mental data is seen to be good. 
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The angular distributions of 78-Mev +* mesons scattered elastically from lithium have been measured. 
The distributions have been analyzed by combining coherently the scattering amplitudes for the individual 


pion-nucleon interactions, and weighting each amplitude by a form factor determining the ability of the 
struck nucleon to absorb the momentum recoil and remain in its same state in a nuclear harmonic oscillator 
well. Corrections are applied for solid angle transformations between the pion-nucleus and pion-nucleon 
center-of-mass systems, the effect of the required nuclear elastic scattering upon the available phase space in 
the pion-nucleon system, and an initial momentum distribution for the nucleons. The simple Born approxi- 
mation treatment provides agreement with the pronounced dip at 75° and the backward rise of the experi- 


mental curves. 


A. INTRODUCTION 


N examination of the “elastic’’ scattering of 
(78+4.7)-Mev positive and negative pions from 
lithium has been made. This represents an extension of 
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1 The sum of true elastic plus nearly elastic scattering is actually 
measured. The term “elastic” for the experimental results will 
usually imply this sum. 





previous measurements of the scattering on aluminum 
as part of our program of investigating the behavior of 
the angular distribution of the elastic scattering of 
pions on complex nuclei. The variable parameters, in 
addition to the angle, are the pion charge and energy, 
and the atomic number of the target nucleus. 

The familiar optical model method,’ generalized here 
to treat the scattering from a nucleus as a solution to a 
Schrédinger equation involving a central potential, has 
been applied to the scattering of fast nucleons by 


2 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) ; 
K. M. Watson, Phys. Rev. 89, 575 (1953). 
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nuclei with relatively good agreement with experiment.’ 
Optical model solutions have also been obtained for 
positive and negative pions incident upon an aluminum 
nucleus, whose potential is represented by the Coulomb 
potential beyond the nuclear radius and a complex 
square well (with various choices of complex potential) 
within the nuclear radius. 

The usual optical model does not make use of the 
angular distribution of the elementary pion-nucleon 
scattering process, but uses only the forward scattering 
amplitude f(0). Thus the predicted angular distribution 
of the scattering is determined by the nuclear density 
distribution and the forward scattering amplitude /(0) 
for neutrons and protons. An opposite extreme approach 
can be based on the Born approximation or “impulse 
approximation” (linear superposition) which uses the 
complete angular dependence of the elementary pion- 
nucleon scattering amplitudes /(@), modified by a form 
factor due to nuclear size. Since the elementary /(@) are 
quite asymmetric, with strong minima near 90°, the 
two methods lead to rather different predictions for the 
expected angular distribution. [Recently a modified 
optical analysis has been developed which should take 
better account of f(@).°] The experimental results for 
pion scattering by lithium showed an angular 
dependence of the type that one would expect from 
the Born approximation analysis, and we have used 
this analysis for comparison with experiment. 


B. EXPERIMENTAL ARRANGEMENT 


The experimental conditions are substantially the 
same as those reported for measuring the angular 
distribution from aluminum.’ In brief summary, 
mesons with a continuous spread of momenta are 
produced when circulating protons strike a beryllium 
target near the exit window of the Nevis 385-Mev 
cyclotron. Mesons of approximately 170-Mev/c mo- 
mentum are able to escape through one of the narrow 
channels in the cyclotron shielding wall to produce a 
roughly monoenergetic 80-Mev meson beam in the 
experimental area. Figure 1 shows the floor plan of the 
experiment. A focusing magnet at the exit of the wall 
channel acts as a more refined momentum selector, and 
through its focusing action intensifies the meson beam 
in the direction of the incident telescope (crystals 1 and 
2, Fig. 1). 

A plastic scintillator 4 in.X2 in.X} in. was used in 
the first counter, C1. The second counter, C2, contained 


3R. D. Woods and D. S. Saxson, Phys. Rev. 95, 577 (1954); 
F. Rohrlich and D. M. Chase, Phys. Rev. 94, 81 (1954); B. I. 
Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954); P. C. 
Gugelot, Phys. Rev. 87, 525 (1952); R. E. Le Levier and D. S. 
Saxon, Phys. Rev. 87, 40 (1952); J. W. Burkig and B. T. Wright, 
Phys. Rev. 82, 451 (1951). 

4A. Pevsner and J. Rainwater, Phys. Rev. 100, 1431 (1955). 

5 L. S. Kisslinger, Phys. Rev. 98, 761 (1955). 

6 Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1955). 
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Fic. 1. Arrangement of experimental equipment. 


a 3 in.X} in.X,%5 in. stilbene crystal and was placed 
approximately 40 in. behind the first, where it served to 
define the direction and lateral extent of the beam 
incident upon the lithium target. The target itself was 
a 14 in.X7 in.X2 in. piece of pure lithium wrapped in 
very thin nylon for air and moisture protection. The 
lithium could be rotated in a vertical plane about the 
two mounting pivot points directly behind crystal 2. 
Although the lithium was large in lateral extent, its 
effective lateral dimensions were determined by those 
of crystal 2 placed directly in front of it. Those mesons 
which were scattered by the lithium could be counted 
by counters 3 and 4, spaced 4 in. apart and as far from 
the lithium target as the compromise between good 
angular resolution and reasonable counting rates would 
allow. Angular resolution actually varied from +1.9° 
near the forward direction to +4.8° near the minimum 
of the curve. Counters C3 and C4 contained stilbene 
crystals 4 in.X2 in.X$} in. and 4 in.X2 in.X} in. 
respectively. }-in. copper was placed between counters 
3 and 4 to prevent all but the elastically! scattered 
mesons from registering in counter 4. To obtain an 
angular distribution, counters 3 and 4 were rigidly 
mounted upon two aluminum rods which could be 
rotated through 360° in a vertical plane about the two 
pivot points holding the lithium target. The “long” 
dimension of all counters was made horizontal to 
permit the use of relatively large beam area and detector 
telescope solid angle, while maintaining good angular 
resolution. 

The outputs from the photomultipliers were ampli- 
fied, using broad-band amplifiers, and then sent to 
bridge and 6BN6 type fast (10-* sec) coincidence 
circuits in the following pairs: C1 and C2, C1 and C3, 
C2 and C4. From the coincidence circuits pulses were 
sent through cathode followers and 300 ft of cable to 
discriminators and pulse shapers in the laboratory 
building. The pulses were then applied to a relatively 
slow (10-7 sec) Rossi-type triple coincidence circuit 
which provided an output pulse whenever the C1-C2, 
C1-C3, and C2-C4 counts appeared simultaneously. 
Such a pulse, resulting from a particle passing through 
all four counters, was sent to a scale of 64 circuit 
(5-usec resolution). 
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C. EXPERIMENTAL MEASUREMENTS 


The focusing magnet, acting as a momentum 
selector, produced a beam of (80.8+-4.0)-Mev mesons 
in the C1-C2 telescope. The thickness of the lithium 
target caused an energy loss and further spread, such 
that the effective pion energy at scattering was 78.0+4.7 
Mev. To insure that only “elastically” scattered pions 
were measured, ? in. of copper was placed between 
C3 and C4 whenever the lithium target was in position 
immediately behind C2. (A pion must have roughly 
65-Mev kinetic energy to escape from the target and 
traverse 3-in. Cu.) When the target was removed for 
background runs, an additional } in. of copper was 
added to compensate for the lithium thickness. Before 
each set of runs, the incident beam was analyzed by 
aligning all four counters in the median plane, and 
recording the number of quadruple counts obtained for 
a given number of C1-C2 counts, while varying the 
thickness of copper between C3 and C4 from zero to 
2} in. A typical range curve so obtained is shown in 
Fig. 2. In addition to the pronounced break in the 
curve at 1}-in. (corresponding to 80.8-Mev pions), 
a small » meson peak is evident at 1? in. The presence 
of a small electron contamination is shown by the final 
tail of the curve. The initial slope is due to nuclear 
interactions in flight by the pions. 

In the measurement of the angular distribution, we 
make use of the difference in over-all coincidence rate 
between #? in. and (13—/1;) in. of copper between C3 
and C4, where ‘1; is the average equivalent copper 
thickness, for a particular scattering angle, of that part 
of the lithium target yet to be traversed at the time of 
scattering. Thus a scattered meson must penetrate an 
equivalent copper thickness 4;=(}+/é1i) in., but 
fail to penetrate /2=1} in. of copper to be considered in 
the overall count. The background rate can be sub- 
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Fic. 2. Range curve for 80-Mev x~ mesons. 


tracted out by repeating the difference method de- 
scribed above, this time with the target absent. The 
true counting rate is then (in terms of target location 
and equivalent copper thickness). 


[(In,t1)— (In,te) ]—[ (Out, t:) — (Out, ta) J. 


In practice it was found that the counting rates (In,/2) 
and (Out,f2) were essentially the same, and therefore 
at most angles these two measurements were not made. 
The expression above then reduces to the target in 
minus target out rate at thickness /;= (2 and /z;) in. 
of absorber, and this is the manner in which the majority 
of the runs were actually made. 

A number of necessary corrections to the C1-C2 
monitoring counting rate can be made simultaneously 
by noting that the change in the forward beam range 
curve rate between thicknesses /; and f2 of copper, 
divided by the rate for no absorber, gives the fraction 
of the incident beam which is effective for elastic 
scattering measurements (provided further correction 
is made for the 90 percent counting efficiency described 
below). Since the change in the range curve in going 
from /; to fg is almost entirely due to pions of the proper 
energy for “elastic” scattering, this procedure auto- 
matically corrects for incident beam contamination, 
pions scattered in the sample with appreciable energy 
loss (inelastic), and for pion interactions in flight in the 
copper absorber. Hence multiplying the recorded 
C1-C2 rate by the fraction described above provides a 
corrected value of the incident flux for use in the cross- 
section computations. (At this point it should be noted 
that the scattering of muons and electrons is very 
small compared to that of the pions at angles larger 
than those for which multiple Coulomb scattering 
predominates. Thus the C4-C3 scattered beam essen- 
tially contains only elastic or nearly elastic scattered 
pions, and no longer range particles.) 

To measure the angular spread of the beam leaving 
the target the lithium target was positioned behind C2 
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. 3. Angular spread about the forward direction for 
78-Mev =~ mesons leaving lithium target. 
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TABLE I. Experimental cross sections and angular resolutions for 
scattering 78-Mev x* mesons from Li. 











78-Mev «~ 78-Mev x* 
(%) Angular (%) Angular 
iad dQ} mb resolution Oiab d2) mb resolution 

15 233419 +2.0° 15} 124+13 +2.0° 
20 84+8 +2.0° 17} 53.0+7.9 +1.9° 
25 6147 +2.0° 2035 30.6+4.6 +2.0° 
273 4949 +2.1° 254 32.4+4.5 +2.2° 
30 4444 +2.1° 30355 28.1+4.4 +2.7° 
35 3+3 4:2.2° 45} 12.0+1.5 +3.0° 
40 2242 +2.5° 534 5.1+1.1 +4.3° 
45 18+2 +2.6° 75} 1.15+0.58 +4.0° 
50 10+2 +3.1° 1204 4.6+0.7 +5.0° 
583% 45+0.9 +3.8° 160; 6.8+1.1 +4.2° 
75 2.3405 +3.8° 
88} 3.7406 +4.8° 
9075 4040.5  +4.7° 

108 7.2409 +4.0° 

1393; 11+1 +4.1° 

159 14+1 +4.1° 

170} 12+6 +3.1° 











and the angular distribution of quadruple counts shown 
in Fig. 3 was obtained by swinging C3 and C4 through 
small angles about the forward direction. Called “beam 
spread,” the angular distribution of Fig. 3 actually 
included inherent spread in the incident beam, multiple 
Coulomb scattering in the lithium, spread due to the 
angle subtended by the widths of C3 and C4, and 
m—p decay between C2 and C4. From Fig. 3 the full 
angular width at half-maximum is approximately 4.0°. 
Since all of the causes of beam spread just cited are 
statistically independent of the large angle nuclear 
scattering, the beam spread curve can be looked upon as 
a resolution function operating on the nuclear single 
scattering to give the observed scattering. The fact 
that the beam spread curve was not greatly different 
with the lithium target in position and removed from 
the beam indicates that multiple Coulomb scattering 
was not the dominant cause of beam spread. Calcu- 
lations of the expected multiple Coulomb scattering 
agree with this result. Moving C3 and C4 closer to the 
target during actual runs to increase counting rates 
produced the angular resolutions listed in Table I for 
various angles. 

The C1-C2 rate was also corrected for efficiency of 
the counters and the electronics. A steady efficiency 
rate of approximately 90 percent was measured by 
placing C3 and C4 immediately behind C2, so that all 
particles registering in the C1—C2 telescope should also 
traverse C3 and C4. 

To minimize and standardize energy loss of pions in 
the lithium target, the target was always set at one-half 
the angle of scattering. Scattering at angles less than 
15° was not measured because of the large relative 
importance of multiple Coulomb scattering, r—y decay 
of main beam pions, and undeflected main beam 
particles in this region. 

Cross sections were calculated by subtracting the 
target-out from target-in quadruple counts for a given 
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Fic. 4. Angular distribution for the scattering of 78-Mev 2 
mesons by Li. The curve is the predicted angular distribution 
neglecting Coulomb interaction, for the case described in the 
text as ‘‘nucleon originally at rest.” Points a, b,c,d, and eare also 
theoretical values, mainly at 180°, using modified assumptions. 
Point a omits the phase space correction. Points b are for a 10 
percent larger nuclear size. Points c, d, and e correspond to cases 
where the initial nucleon momenium is directed towards the 
oncoming meson with values of (cp, cp/a, T of the nucleon, and 
T,, in the nucleon rest frame) equal to (207 Mev, 1.49, 22.5 Mev, 
120 Mev) for point c, (124 Mev, 0.90, 8.19 Mev, 102 Mev) for 
point d, (74.8 Mev, 0.54, 2.97 Mev, 92 Mev) for point e. 


number of C1-C2 monitor counts, and then dividing 
by the C1-C2 counts, the number of effective nuclei 
per cm? in the target, and the solid angle subtended by 
C4 at the target. The C1-C2 rate was adjusted for 
beam contamination and counting efficiency as de- 
scribed above, and the effective thickness of the lithium 
target computed for each angle of scattering. Results are 
shown in Table I for 78-Mev w~ and w* mesons. The 
+ values listed are the statistical standard deviations. 


D. INTERPRETATION OF RESULTS 


Several features of the angular distributions listed in 
Table I and shown in Figs. 4 and 5 suggest the im- 
portance of single-nucleon scattering in the cross section 
for lithium: 


(a) The pronounced dip in the lithium cross section 
at 75° corresponds, after a transformation between 
the two center-of-mass systems, to the minimum in 
the single nucleon scattering near 90°. 

(b) The cross section has the pronounced backward 
rise characteristic of the (x+,p) or (#~,m) interaction 
(assuming charge independence). 

(c) At backward angles the x~ curve lies well above 
the x* curve. In this region and at 78 Mev, the (x~,n) 
or (x*+,p) interaction (pure isotopic spin }$ states) 


far outweighs that due to (x~,p) or (x*,n). Neglecting 
the latter, the four neutrons and three protons of the 
lithium nucleus would favor a higher mw than 2a* 
backward scattering by 4:3 for incoherent addition and 
16:9 for coherent, apart from other corrections. 

(d) The first four points for x— and r+ demonstrate 
the interference between nuclear and Coulomb scatter- 
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Fic. 5. Angular distribution for the scattering of 78-Mev «+ 
mesons by Li. (The caption for Fig. 4 applies here except for the 
meson charge.) 


ing below ~30°. This interference, which was also 
observed for aluminum, is constructive for m- and 
destructive for x+. The theoretical curves in Figs. 4 
and 5 do not include Coulomb effects and help serve as 
reference curves to demonstrate the effect. 

For a nucleus of spin 0, elastic scattering corresponds 
to coherent scattering leaving the state of the nucleus 
unchanged. Li’ has spin 3, and thus there is a degeneracy 
effect corresponding to spin flip processes, even for 
strictly elastic scattering. In the subsequent discussions 
we neglect this effect and assume that only coherent 
scattering leaving the internal state of the nucleus 
undisturbed is of importance. For simplicity, and to 
give the effect of a diffuse nuclear surface, we use 
nucleon wave functions in a harmonic oscillator 
potential, with two protons and two neutrons in the 
ground state and one proton and two neutrons in the 
first excited state. The unnormalized nucleon wave 
functions can be written as 


WVo=exp[—}(x°+4’+2*) ] for the ground state, (1) 
» 
Vi=|y} exp[—}(a2+’+2*) ] for the first 
z excited state, (2) 


where the unit length is taken as the simple harmonic 
oscillator length factor= (4/mw)!. 

The interaction matrix element involves an inte- 
gration over all nucleon coordinates as well as those of 
the meson. The latter integration leads to the pion- 
single nucleon scattering amplitude, whereas the former 
becomes a weighting factor whose magnitude is deter- 
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mined by the probability that all nucleons remain in 
their unperturbed states following the collision. Experi- 
mental conditions require that the meson scatter 
“elastically” from the nucleus as a whole in order to 
register a quadruple count. If it is assumed that the 
entire momentum transfer, as determined by the 
pion-nucleus elastic scattering, is given to a single 
nucleon, the weighting factor is given by a sudden 
perturbation or a Born approximation treatment as 


fvereetatr 


eae 
fivoltar 


for the struck nucleon in the ground state and the 


b 


=exp(—a') 


G ) exp(— }r*) excited states of the harmonic well, and 


fvstenndr 


ee 
fisrer 


for the struck nucleon in the x exp(— }1’) excited state. 

In Eqs. (3) and (4), x is chosen as the direction of 
momentum transfer. Since Vo and VY, of Eqs. (1), (2), 
(3), and (4) are in “natural” length units, the mo- 
mentum transfer 2a must be evaluated in corresponding 
units. To this end the size of the harmonic well must 
first be established, and then the expectation value of 
the nucleon kinetic energy found. A reasonable criterion 
for well size can be had by requiring that (r?) for the 
nucleons be the same as for the more commonly used 
model which assumes constant density with a sharp 
edge at R=r,A}. The resulting radius coefficient ro is 
chosen in accordance with other evidence: 


h 7 (3/2)X4+(5/2)X3\ fh 
(A= (n+3/2—=( ) 
mw 7 


= 1.93 (A/mw) = (3/5)r?Al. (5) 


b = (1—2a”) exp(—a’) (4) 





We have chosen r9= 1.28 10-8 cm, A=7 for lithium. 
The quantity in parentheses is a weighted average of 
(n+3) over the seven nucleons. 

The expression (5) defines w, and hence the harmonic 
well size. The expectation value of kinetic energy in 
the x direction is: 


3(KE)o=4(n+3)htw=hw/4 for the ground state, (6) 
and 

3(KE)o= (22 p?/2mc*)o (7) 
giving 

(p*)o= (102.3 Mev)’. 
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TasLe II. A partial listing of the factors involved in calculating “corrected” pion-nuclear 
cross sections from pion-nucleon scattering amplitudes.* 
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sindc.m.d6e.m. (cPw)e.m.2(B10)e.m. 








Piad 66.m. sin# abd@ ab (cpro)e.m.2(Br)o.m. 2a exp(—a?) (1 —2a*) exp( —a?) \f@ 5 | f(@) » 
20 24° 16’ 1.445 1.019 0.332 0.988 0.933 74.1 mb 64.6 mb 
40 47° 48’ 1.334 1.076 0.655 0.898 0.706 27.1 25.7 
60 70° 6’ 1.187 1.162 0.957 0.795 0.431 2.98 3.77 
80 91° 0’ 1.039 1.268 1.230 0.685 0.167 1.98 0.231 
100 110° 33’ 0.9105 1.381 1.467 0.584 —().0439 7.42 4.53 
120 128° 57’ 0.8107 1.488 1.658 0.503 —0.188 10.9 7.60 
140 146° 27’ 0.7409 1.575 1.799 0.445 —0.275 11.7 8.64 
160 163° 23’ 0.7001 1.632 1.885 0.411 —0.320 11.4 8.71 
180 180° 0.6869 1,652 1.914 0.400 —0.333 11.2 8.65 




















In the same units, 


J exp(—x*/2) (0?/dx?) exp(—2*/2)dx 
(B= = — 


f exp(—x")dx 


=} for the ground state. (8) 





Hence (k”)=1 corresponds to 
(cp*)= (144.7 Mev)’. (9) 


The unit of “‘natural” momentum is then 144.7 Mev. 

The coordinates involved in Eqs. (3) and (4) have 
origin at the center of mass of the nucleus as a whole, 
and the collision is treated as elastic with respect to 
the nucleus as a whole to establish over-all conservation 
of energy and momentum. The entire momentum 
transfer is considered to be concentrated initially on 
the struck nucleon, so it receives a (nonrelativistic) 
velocity change 7 times that of the nucleus center of 
mass. Thus the relative momentum change for the 
struck nucleon is reduced by the factor (A—1)/A 
to give 


(6/7) Achy 
2a=—__—_, 
144.7 Mev 


defining a of Eqs. (3) and (4). 

The value of X used for the cross-section calculations 
is that of the meson in the pion-nucleon center-of-mass 
(c.m.) system before collision. The fact that over-all 
conservation of energy and momentum is relative to an 
elastic collision on the nucleus as a whole decreases the 
kinetic energy transfer to the struck Li nucleus com- 
pared to the amount that would be transferred to a 
free nucleon. (For 180° scattering a pion of 78-Mev 
initial kinetic energy has 69.9 Mev after being scattered 
elastically by Li and would have only 38.0 Mev after 
being scattered by a nucleon at rest.) Thus the (scalar) 
momentum of the pion in the pion-nucleon c.m. system 
is greater after scattering than before (scattering off the 
energy shell). This last effect complicates the calcu- 
lation of the single-nucleon scattering contributions. 
All four nucleons in the ground state of the harmonic 


(10) 





*c.m, refers to the pion-nucleon center-of-mass system, assuming the nucleon is initially at rest in the lab system. 





well are governed by the bo probability amplitude, as 
well as two-thirds of those in the first excited state 
(those for which w~(?) exp[ —}(x°-+y’+2*) ]). One- 
third of the nucleons in the state YW, (those for which 
Wy~x exp[ —4}(x*+ +2) ]) are governed by };. Thus 
effectively 8/3 protons and 10/3 neutrons of the lithium 
nucleus are characterized by bo, while 3 protons and 
% neutrons have the probability amplitude 6,. Hence 
the scattering amplitude for the nucleus as a whole 
becomes 


f() Re: 8 hl 
(—) = (8/3)bs——-+- (10/3) bo -— 
@ , Li 


/ é 


f-() f+) 
ee Cee for wT, (11) 
and 
f) f.(0) -() 
( = +) = (8/3)bs——-+ (10/3) = 
x x*, Li x xX 
0) £-@) 
+ (1/3)bs\——+ (2/3)b:;——. for _ at, (12) 
X x 
where 


te (0) _ F3o+ (Fait 2F 33) cos, 
f-(0)=4[ (Fso+2F 10) +(2Fiut4Fist+Fs1+2F 33) cosd], 


are interpolated from the available pion-nucleon 
analyses.’ Table II lists the values of some of the 
quantities involved in the cross-section calculation for 
nine scattering angles. 

Certain obvious corrections should be made in 
applying the above scattering amplitudes to obtain 
values for do/dQ in the laboratory system. One of these 
is a correction for the difference in solid angles in the 
pion-free nucleon center-of-mass system and the lab 
system. Also a phase space correction (p*/v)’/(p?/v) 
due to the increase of the pion momentum and velocity 
in the pion-nucleon center-of-mass system after 

7™De Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 


1586 (1954); Fermi, Metropolis, and Alei, Phys. Rev. 95, 1581 
(1954). 
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collision (from the unprimed to the primed values) is 
indicated by the general theory of reaction processes. 

For scattering from the energy shell, meson theory 
indicates that the f,(@) and f_(6) should be taken as 
intermediate between the values for the initial and 
final c.m. energies. We have not altered these amplitudes 
in the calculations, however. 

If a Fourier analysis is made of Wo and YW in Eqs. 
(3) and (4), the Fourier components giving largest 
contribution to the integrals will be those for which 
chk of the nucleon in the nucleus center-of-mass 
system corresponds to —a before collision and +a 
after collision. For each Fourier component of initial 
nucleon momentum one should, in principle, determine 
the incident meson kinetic energy in a Lorentz frame 
where the nucleon is at rest and use experimental phase 
shifts appropriate to that energy. There would also be 
solid angle and phase space corrections to the scattering 
amplitude that would be functions of the initial nucleon 
momentum. We have not attempted to carry out the 
above extremely complicated calculations, but it is of 
interest to note certain qualitative features implicit 
in them. For 180° scattering, a corresponds to 138.7- 
Mev/c momentum, and the meson kinetic energy in 
the rest frame of a proton with initial momentum —a 
is 105 Mev. If a Fourier momentum component 
—1.5a is chosen for the nucleon before collision, the 
corresponding meson energy in the nucleon rest frame 
is 120 Mev. Since f,(@) and f_(@) at 180° increase 
rapidly with meson kinetic energy in the nucleon at 
rest frame, we might expect the 180° scattering to be 
better represented by applying the nuclear form factor 
to the scattering amplitudes associated with 100- to 
120-Mev meson kinetic energies. We have accordingly 
carried through calculations at all angles, using scatter- 
ing amplitudes as well as solid angle and phase space 
corrections appropriate to the case of the nucleons 
initially at rest. Then, at 180°, we have also carried out 
the calculations using scattering amplitudes and solid 
angle and phase space corrections appropriate to initial 
nucleon momentum towards the incident meson of 75, 
124, and 207 Mev/c, corresponding to T, in the nucleon 
rest frame of 92, 102, and 120 Mev. These calculated 
points are indicated on Figs. 4 and 5 along with the 
experimental points and the calculated angular distri- 
bution assuming the nucleons initially at rest. We also 
show, for comparison, the effect on the 180° point of a 
10 percent increase in the nuclear linear scale factor and 
of omitting the phase space correction—both for the 
case of the nucleons initially at rest. 

An additional effect which we have not taken into 
account is the increase in kinetic energy of the meson on 
entering the nucleus. The would also tend to require 
that the scattering amplitudes f,(6) and f_(6) be 
chosen corresponding to higher meson kinetic energies. 
The experimental points in Figs. 1 and 2 are relatively 
well matched by the theoretical curves for the nucleon 
at rest and T,=78 Mev. Use of T,~100 Mev for the 
meson in the nucleus would give much poorer average 
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agreement. In the 110° to 180° region the experimental 
points increase more rapidly than the nucleon at 
rest curve, and an extrapolated experimental point 
at 180° matches the calculated points corresponding 
to initial nucleon momentum ~100 Mev/c directed 
towards the incoming meson. 

It is seen that the position of the calculated curve at 
180° is fairly sensitive to the choice of nuclear size, and 
the difference between the experimental and calculated 
points near 180° for various possible initial nucleon 
momentum choices can be altered considerably by 
simultaneously choosing a value of the nuclear radius 
for best fit. Thus, one probably should not place too 
much emphasis on differences of the order of a factor 
of 2 at large angles between the calculated and experi- 
mental curves, in view of the over-all crudeness of the 
theory. Rather, we emphasize order of magnitude 
fitting of the over-all features of the experimental curve. 

The dip in the region of 70° is sharper in the theo- 
retical predictions than in the experimental cross 
sections. Several incoherent processes, not included in 
the coherent addition of Eqs. (11) and (12), may have 
contributed : 


(a) In this region of low cross sections, multiple 
scatterings within the nucleus may become relatively 
more important, thus raising the angular distribution 
curve. 


(b) Elastic (incoherent) spin flip scattering is 


possible for the proton in the P state, assuming a shell 


model of the nucleus. Spin flip scattering, with a sin# 
dependence, can occur at 90°, but will not be important 
in the backward direction. 

(c) A low-lying 480-kev level with spin } exists in 
lithium. Since the ground-state spin is 3, spin flip 
scattering could give rise to an excitation of the nucleus 
slight enough to be included in the elastic scattering 
measurement. 

(d) The motion of nucleons within the nucleus will 
produce some smearing in angle for scattering measured 
in the lab system, and hence may degrade the sharpness 
of angular features. 

(e) The resolution of the experiment at 70° is +4°. 

Although all of the above are possible contributing 
factors, (e) alone is sufficient to account for a large part 
of the difference between the experimental and theo- 
retical curves in the region of the dip. 


As mentioned earlier, one obvious feature of the 
experimental curves not contained in the theoretical 
curves is the interference between Coulomb and 
nuclear scattering at the smallest angles. This was also 
seen for aluminum.® It is constructive for 7 mesons 
and destructive for #+ mesons. 

The relatively good match of experimental and 
predicted cross sections, as well as the considerations 
above, show that a fairly simple single-scattering model, 
based upon the elementary interactions of pions and 
nucleons, can account for the general form of the 
angular distribution from a light nucleus. 
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The use of Coulomb interference in the phase-shift analysis of p— scattering is considered. To this 
end the Coulomb amplitude is calculated relativistically in the Born approximation, using a static anomalous 


magnetic moment. This amplitude is used to obtain formulas for the Coulomb interference contribution 
to the cross section and polarization. An application to the phase-shift analysis of the 200-Mev data is 


discussed. 





I. INTRODUCTION 


T has been recognized that interference between 

the electromagnetic and nuclear scattered ampli- 
tudes in proton-proton scattering at high energies 
provides additional information useful for the deter- 
mination of nuclear phase shifts. In particular Breit 
and co-workers have given expressions for the cross 
section and polarization in terms of phase shifts for the 
case of a central Coulomb force.! This writer has 
reported an analysis of 200 Mev data in terms of s 
and p waves including Coulomb interference effects.’ 
For this calculation an approximate relativistic formula 
was derived for the Coulomb scattering amplitude that 
takes account of the anomalous magnetic moment of 
the protons. While at 200 Mev the unpolarized cross 
section derived from this expression does not differ 
appreciably from that obtained using the Mott formula, 
the polarization differs considerably. 


II. THE ELECTROMAGNETIC SCATTERING 
AMPLITUDE 


We shall first calculate the Born approximation 
matrix for two Dirac particles with static anomalous 
magnetic moments. The protons interact with the 
electromagnetic field through an interaction Hamil- 
tonian 

H=— eiBy,Ayt+ {Holt pt Bor! yr, (1) 


where A, is the four-vector potential, F,,=0,4,—0,A,, 
Cuv=Yu¥r—Vr¥un, Ho=eh/2Mc, and yw, is the proton’s 
anomalous magnetic moment, i.e., uo(1+u,)e is the 
total moment. The first term in Eq. (1) is the usual 
interaction between the charge and the electromagnetic 
field, and the second is the Pauli term describing the 
interaction of a static anomalous moment with the 
field. We obtain the Born approximation transition 
matrix by calculating the four diagrams of the type 
shown in Fig. 1, where one or the other of the two 


* This article is based on a doctoral dissertation at Carnegie 
Institute of Technology (Atomic Energy Commission Report 
NYO-7102). This research was supported in part by the U. S. 
Atomic Energy Commission. 

+ Present address: Radiation Laboratory, University of Cali- 
fornia, Berkeley, California. 

1J. Bengston and R. M. Thaler, Phys. Rev. 94, 679 (1954); 
G. Breit and J. B. Ehrman, Phys. Rev. 96, 805 (1954); and 
M. H. Hull, Jr., and A. M. Saperstein, Phys. Rev. 96, 806 (1954). 

2 A, Garren, Phys. Rev. 96, 1709 (1954). 
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terms in H are used at the two vertices to emit or 
absorb the photon. 

The resultant scattering amplitude may be written 
as a matrix as follows: 


9 


e € 
Rord = oe 7 : { (01 Yates) (v2" Yate) + 4m pL (01 Eat) (D2 Yate) 
— (0;"Yat1) (v2' Eaté2) | 
—Peup?(v1'Ent1) (v2+Eate)}. (2) 


m4 is the amplitude for a final state in which particle 
j(=1,2) has momentum p,’, spin m,’, and corresponding 
spinor 2;, when in the initial state particle j had 
momentum p;, spin m;, and spinor “;; the transition 
being accomplished by the exchange of one photon. 
«Mc? is the energy of each particle in the center-of-mass 
system, Mc?O,=(p1)u—(p1’)y, and fa=iQyoue. The 
superscript “ord” indicates that the formula is not 
antisymmetrized. The first term in Eq. (2) is simply the 
Mller formula.’ 

In order to calculate interference effects, R must be 
expressed in terms of the combined spin space of the 
two particles. To do this we take as basis states the 
positive energy spinors ym;, mj=+4 (this in effect 
defines the “spin”), where the large components of 


1 0 
y;, and y_, are (;) and (‘) respectively. The four 


components of the ® matrix are thus designated 


Pi Pa 


P iy 


Fic. 1. Born approximation diagram. 


3C. M@ller, Ann. Physik 14, 531 (1932). 
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Rmy"mo’,mym2"™" (9H) for c.m. scattering angles 0, ¢; 
where the z-axis is along the direction of incidence. 
® is then expressed in terms of singlet and triplet states 
m5 which are the usual linear combinations of ym; 
and Ym, where S=0 refers to the antisymmetric and 
S=1 to the symmetric combination, and m’=m,'+ my’, 
m=m,+ms. Writing these matrix elements Rm’, »5 4 
we have, for example, ®1,-1.=@®y,-;-;. Finally the 
antisymmetrized matrix Rn’, m’ is given by 
Rm’, ne? (6,0) =Rwm’, a” me (0,0) 

+(—1)5R.’, a ord (a7 — §, +9). (3) 
When Eq. (2) is evaluated explicitly in this way, we 
obtain the following matrix elements for the p-p 
system. Let n=e’/hV, V=incident velocity in lab 
system, hk=c.m. momentum of each proton, mc*e=c.m. 
energy of each proton. Also let 


Met) « € Bem 
ao 2k Ame e(@—1)’ 
e=H(7t+)}, v=01-V/e}, 
s=sin(@/2), c=cos(@/2), x=cot(6/2). (4) 


Then ® may be written as follows: 


n 
Gord =—_[S+4+A+X]. (5) 
2ks? 


2, A, and X are given in Eq. (5’’) below, where we have 
written 
A=p,a(1+e)sL, X= (5’) 

Zoo°’= e 

21= 1 —af(2e+ 1) - es? |s?, 

Loo! = 1— 2a(e+s?)s?, 

Z_10' = (a/V2)e‘*s?x[ (2e+1)+ 257], 
Loi! = (a/V2)e*s*x[ (2e+1)—2es?], 


D_11' = aee***s?(1—5?), 


bu pa(1+e)s*Y. 


Lo = 
Ly1'= — 2+ (2e—1)s?, 
Loo! = — (4e—3) — 2(3—2¢e)s?, 
L_10'! = V2xe'*[e— (2e—3)s*], 
Lox! =V2xe"*[e— (2e—1)s*], 
L_4'= (2e—1)(1—s*)e**, 
Y 90° = 26 — (e?— 1)s?, 
Vis!=—14 (22—2e+-1)s?— (e—1)3s4, 
V og! = —2(e—1)— (34+ 4e—5e2)s?—2(e—1)?s4, 
Y_40'=V2e**s*x[_ (2+ e—2€)+ (e—1)?s?] 
Vor'= —v2e"*s*x[e(2e— 1) — (e—1)?s?], 
Y_4'=(1—s*)[ (2@—1)—(e— 1)?s?]. 
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Besides the matrix elements listed in Eq. (5), the 
following nonzero matrix elements exist : 


Rrl=Ru', Ri'=—Rro", Ro- = — Ror", 
Ry! =R.11". (5) 


A similar calculation may be carried out for the 
neutron-proton case. The result is as follows, where 
Hon@, is the neutron’s magnetic moment: 


n 
Rnp=——{A’+X’] 
2ks? 


A’=}y,a(1+e¢)s[L+K], 


X’= duns pa(it+e)sY, 
K_39°= _ Ko"! => — Ky)!" = Ky_:" = vV2exe'*, 


In Eq. (6) the notation Rm mS’S is used for elements 
that mix singlet and triplet states. 

Since at high energies the Coulomb effects are only 
significant at small angles, it is often sufficiently 
accurate to consider in M, only the terms proportional 
to @ and 6". When this is done one obtains the formula 


of reference 3: 
n oi +02 
1—vi n snd}, (7) 
2 


a= —-——_—_—_ 
2k sin?(6/2) 


where 


= ~ qe tet +2 1)ue] 


Ras 
n= (piXpr’)/| piX pi’. 


The matrix }i(¢:+e.)-n has four nonzero elements; 
namely, those connecting the triplet m=0 with the 
m=-+1 states. Their value is (1/V2)(m’—m)e(™—™¢, 
@; and @; are Pauli spinors acting on the large compo- 
nents only. 

This Born approximation formula, (5) or (7), may 
be multiplied by the nonrelativistic phase factor 
exp[i(—2n Ins+2no)], no=argI'(1+in), for this will 
cause the product to reduce to the exact nonrelativistic 
Coulomb amplitude at low energies. Of course this 
would also happen if the phase factor only multiplied 
the diagonal terms of ®, but comparison with the case 
of electrons scattered by a fixed Coulomb field suggests 
that it should multiply the spin-dependent terms as 
well. This treatment of the phase factor is rather 
arbitrary, but around 200 Mev this nonrelativistic 
phase factor is close to unity in the Coulomb interference 
angular region, and hence this approximation might 
be reasonable. However, this point remains to be 
investigated further.® 

4In the case of a particle with anomalous moment scattered 
by a fixed Coulomb field, it may be shown that 
R= — (n/2k) exp[2i(—n Ins+no)]s*[1— r1i0- m—2»s*+0(n?)], 
C(e—1)/2¢e [1+ (e+1)up], e=[1—V?/2 4, andy=22’ 

® Note added in proof.—Concerning these matters compare G. 
Breit, Phys. Rev. 99, 1581 (1955); M. E. Ebel and M. H. Hull, 


Jr., Phys. Rev. 99, 1596 (1955); S. Ohnuma and D. Feldman, 
Bull. Am. Phys. Soc. 30, 65 (1955). 


where »1= 
hV. 
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Fic. 2. Curves of differential cross section for the 
phase shift sets of Table I. 


Ill. COULOMB-NUCLEAR INTERFERENCE 
The contribution of the Coulomb interaction to the 
p-p cross section and polarization is obtained by taking 
M=@84+M%. (8) 


In these calculations the expression of Xt in terms of 
phase shifts has been taken to be the same as for the 
M matrix® in the absence of Coulomb forces, except 


6 L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
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Fic. 3. Curves of polarization for the phase shifts of Table I that 
best fit the measured small-angle cross sections. 


that each term containing Vz, is multiplied by e?'"4, 
ni=arg!'(1+LZ+in). This is no more than the non- 
relativistic procedure. ® is given by (5) or (7) multiplied 
by exp 2i(—7 Ins+). Substituting M in the formulas 
of Wolfenstein and Ashkin® for the upolarized cross 
section o and polarization P: 


o(6)=1 TYMMt=1 5 |Mwrm'|?, 


S,m’m 


1 1 
o(6)P(0)n=} TrMMto,=n— > Im 
2v2 m=—1 


x [ Mom! (Min e~*— M_ me’) |, (9) 
we write 
a (0)=on(0)+0.(0)+o int (8), (10) 
o(6)P(0)=onPyt+o-Pe+ (oP) int, ‘ 


where cy arises entirely from MN, o, entirely from &, 
and cint from the cross terms, and likewise with the 
terms in oP. If we evaluate these terms explicitly and 
use the small-angle approximation (7) instead of (5), 
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TasLe I. Representative phase shifts (A branch) and corresponding parameters defined by Eq. 13 fitting the large-angle 200-Mev 
data: o(6)=3.56 mb/sterad independent of @ with no Coulomb interference, P(45°)=0.22. Other possible sets (B branch) are obtained 
from those in this table by changing the signs of 50, Bo, and leaving other signs unchanged. 











62 Ao Bo A B Cc D E PF 


44 0 0 0.9249 0.2929 — 1.7423 0.8013 1.8129 0.1166 
5.0 0.0909 0.8219 0.3181 — 1.4959 0.9832 1.5871 0.0588 
10.0 0.5110 0.6811 — 0.5410 1.4994 0.9019 0.5527 
0.3906 0.5228 0.9892 — 0.0356 1.8972 0.8395 1.1028 

20.0 0.6750 1.2213 0.4083 2.2737 0.9954 1.5830 
23.0 0.8930 1.1882 0.6337 2.4085 1.1984 1.9076 
15.0 0.6876 0.5665 — 0.0683 1.7143 0.8722 1.2857 
10.0 0.7779 —0.1078 —0.5270 1.5987 0.8888 0.4534 
7.5 0.9277 —0.7012 —0.7573 1.9952 0.9617 — 0.4423 











we obtain 
Tine= —n(4ks?) Ree = Trou— vv2 sind 
X (Mrole*— Nose *) ]} 
(oP) inc=(4ks*) Im{e?* "(V2 (Nile 
— Norte) + v sinO (Mir! + Noo! — Ni_r'e?**) ]} (11) 
oc= (n/2ks?)?, o P-=0." (12) 


When cine and (oP) int are expanded in terms of phase 
shifts and only s and p phase shifts are included, one 
obtains (again ignoring 6? terms compared to 1): 


4Roint= nf (A 0S0— BoCo)+ (A $;—- Be;) cos6é |, 
4k? (oP) ine=n sin6l (C+ vE cos6)@, 
+ (D+F cos6)8:]. 11’) 


Here @, and 8, are respectively the real and imaginary 
parts of 


s~ exp(2in Ins+inz—ino), 


and the other parameters in (11’) are defined by Eq. 
(13) below: 


Ao=sin*bo, 
Bo=} sin(26o), 
A=sin*6,°+3 sin’6;'++5 sin’6,’, 
B=}{sin26,°+3 sin25,'+5 sin26,"], 
C=—2 sin*6,°—3 sin’6,'+5 sin’6,?, 
D=}3[—2 sin26,°—3 sin26'+5 sin26,*], 
E=2 sin*6,°+3 sin6,'+7 sin’6,2, 
F=3{2 sin26,°+3 sin262+7 sin26,"], 
5o=5('So), 6:7=5(Pz). 


(13) 


TABLE II. Phase shifts for s and p waves at 200 Mev that fit 
the large-angle cross section and polarization, and the small-angle 
cross section. 








Set 50 51° 6% 


A' = B’(= Apo) 0 —69 7 4 
A" (=A?) 37 —37 10 
B" — 38 —31 12 
a —30 10 17 


P(15°) 


0.065 
0.103 
0.112 
0.132 











7 It is interesting to note that o-P. does not vanish if we include 
higher order terms in @, but because of the exchange terms in 
M, one gets o-P.=8v(n/2k)* cscO sin[2y In tan (6/2) ]. 


IV. APPLICATION TO THE ANALYSIS OF THE 
200-Mev DATA 


An example of the effect of Coulomb interference in 
a particular case is provided by the analysis in terms of 
s-and p-wave phase shifts of the 200-Mev data.?:* The 
large-angle cross section and polarization measurements 
limit the possible phase shifts to a one-parameter 
family with two branches.?:* Table I shows representa- 
tive phase shifts on one of these branches, called A, 
arranged so as to permit interpolation between the 
entries, as well as corresponding values of the parameters 
defined by Eq. (13). 

Using (10), (11’), (12) and the formulas of reference 
7 for oy, o(0)/on(@) has been calculated for the phase 
shifts of the two branches, A and B. These are shown 
in Fig. 2. The curves show that Coulomb interference 
discriminates rather well between the phase-shift sets 
of Table I. To obtain the best fit to the data, we have 
interpolated between the curves. Thus for the A branch 
sets Ao and A; are quite good, for the B branch three 
sets are obtained: Bo, one obtained by interpolating 
between B, and B;, the third by interpolating between 
Bs and Bs. However Ao and Bp are identical (since 
59=0 for them), so there are four distinct phase shift 
sets that fit both the large-angle data and the cross 
section in the region of Coulomb interference. These 
are shown in Table II, which was also given in reference 2. 

Referring to (11’), $9 and §; are about 1/15 as large 
as Co and @;, while C>~@;. Hence a measurement of 
Coulomb interference at this energy is mainly a meas- 
urement of By+B, i.e., of Re[Tr2t(0) ]. Spin-dependent 
terms in ® do not appreciably affect o(6). 

On the other hand, the spin-dependent terms (propor- 
tional to v) give a large contribution to the interference 
term in the polarization. This can be seen by comparing 
C to vE in Table I, since these are respectively propor- 
tional to the leading spin-independent and spin- 


8 A. Garren, Phys. Rev. 92, 213, 1587 (1953). 

® An experiment of L. Marshall and J. Marshall at Chicago 
[Phys. Rev. 98, 1398 (1955)], indicates that the sign of the 
polarization is positive. Hence two of the four branches explained 
in reference 2 are eliminated, and the remaining two, which we 
call A and B, differ only in the sign of do. 
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dependent contributions to (oP) int [see Eq. (11’) noting 
that at this energy v~0.5]. Figure 3 shows curves 
of P/Py for phase shifts of Table I that best fit the 
small-angle cross sections, and show that good small- 
angle measurements of the polarization would also 
help in determining the phase shifts. 

It should be remarked that it now seems unlikely 
that s and p waves suffice to describe the scattering at 
this energy, but this example shows the value of 
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Coulomb interference for distinguishing between phase 
shifts that fit the large-angle data equally well.” 

The writer takes pleasure in thanking Professor L. 
Wolfenstein who suggested these investigations for 
his very helpful advice and guidance, and Professor 
G. C. Wick and Professor J. Ashkin for their interest 
and suggestions. 


0 C, A. Klein [Nuovo cimento 1, 581 (1955) ] has carried out a 
somewhat similar phase-shift analysis. 


NUMBER 1 JANUARY 1, 


Effect of the Finite Size of the Nucleus on y-Pair Production by Gamma Rays* 


Georce H. RAwitscHert 
Department of Physics, Stanford University, Stanford, California 
(Received August 15, 1955) 


The cross section for u-pair production by gamma rays is calculated by using the Bethe-Heitler formula, 
taking into account the finite nuclear size. The cross section is shown to be considerably smaller than that 


for a point-charge nucleus. 


INTRODUCTION 


N recent years, experiments on the pair production 
of » mesons by gamma rays have been performed! 
with the hope of further establishing the nature of the 
u meson. The pair cross section is so small, however, 
that to date it has been possible to determine only the 
upper limits for its value. These seem to indicate that 
nuclear forces do not play a signficant role in the inter- 
action of u mesons with nuclei. Estimates given by 
Hough’ and based on purely electromagnetic interaction 
give a value for the cross section that is about 20 times 
smaller than the most recently determined upper limit. 
Experiments now in progress at Stanford? are bringing 
the upper limit of the pair cross section close to Hough’s 
estimate.‘ These experiments attempt to measure the 
cross section 


@o/dQdE, (1) 


for obtaining one of the » mesons of the pair in a given 
solid angle d2 and with an energy between E and 
E+dE. 


* Partly supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ C.B.P.F., Rio de Janeiro, Brazil, at Stanford under a Fellow- 
ship of the Brazilian National Research Council. 

‘ Feld, Julian, Odian, Osborne, and Wattenberg, Phys. Rev. 96, 
1386 (1984) ; further references are given in this paper. 

OP Vs Ge Hough, Phys. Rev. 74, 80 (1948) ; the approximations 
used in this paper are not applicable for the energy region near 
threshold for which the present calculations are performed. 

3 Masek, Lazarus, and Panofsky, Phys. Rev. 98, 650(A) (1955); 
G. E. Masek and W. K. H. Panofsky, Phys. Rev. (to be pub- 
lished). 

‘As suggested in reference 2, an estimate of the effect of the 
nuclear form factor can be obtained by multiplying the integrated 
point—charge result by /* taken at the most probable value. For 
the ranges of the variable considered in this paper, this procedure 
gives a result too large by a factor of ~2. 


It is the purpose of this paper to present the results 
of a calculation (in Born approximation) of the cross 
section (1) on the basis of a purely electromagnetic 
interaction of the » meson with the nucleus. This calcu- 
lation consists in treating the » meson as a heavy, 
spin-}, Dirac particle, and the nucleus as a static 
distribution of protons. The incoherent effects of the 
individual protons, the excitation of higher nuclear 
energy states, and nuclear recoil energies are neglected.® 

Under these assumptions, the differential cross section 
for pair production is given, in Born approximation, by 
the Bethe-Heitler formula.* Because of the larger rest 
mass pz Of the u meson, the u-pair cross section differs 
from the electron result by a mass scaling factor 
~ (1/207), and by a nuclear form factor. The nuclear 
form factor arises because, for u-pair production, the 
recoil momentum gq transferred to the nucleus can be so 
large that the associated wavelength, 


h 1.865X10-8 cm 


@ 


q (q/uc) 





becomes smaller than the nuclear radius. In this case 
the matrix element describing the interaction of the 
pair with the electric field of the extended nucleus 
becomes smaller than the point-charge matrix element 
because the regions of space that most contribute to it 
have dimensions smaller than X,. 


5 For example, the recoil energies occurring for a 500-Mev 
photon vary between 0.1 and 16 Mev for beryllium, and between 
0.05 and 5 Mev for aluminum; the most probable values are 
approximately 0.6 and 0.2 Mev, respectively. In the case of a single 
proton, the minimum a energy is 1.2 Mev; the most probable 
values occur near 6 M 
® See Eq. (8) in the fapuille. 
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This reduction of the point-charge matrix element, 
which can also be interpreted as resulting from the 
interference of the different coherent regions of the 
nucleus, is described by a nuclear form factor f given by” 


flaA)= f penny; f pd*r=1, (2) 
0 0 


where p is proportional to the charge density of the 
nucleus of mass number A. The cross section is obtained 
by multiplying the point-charge cross section by f?. 

In electron-pair formation, the deviation of the 
nuclear form factor from unity is never appreciable, 
because most of the contributions to the integrated 
cross section come from small recoil momenta, which 
are much smaller for electrons than for y» pairs; for 
example, the smallest possible values for g near thresh- 
old are ~ (0.96X10~)yc for electron pairs, and 2.0yuc 
for meson pairs. This corresponds to A, equal to 1.93 
X10-" cm and 0.93 10—* cm, respectively, and to f? 
(for A=27) equal to ~1 and 0.014, respectively.’ As 
the photon energy increases, the minimum possible 
recoil momentum decreases, and the influence of the 
form factor becomes less pronounced. 

The actual steps of the calculation of the cross section 
(1) are indicated in the Appendix. The procedure con- 
sists in integrating the Bethe-Heitler formula over the 
variables of one of the mesons of the pair. This is most 
conveniently accomplished by choosing q as one of the 
two variables of integration, since the form factor 
depends on only g and A. The form factor used is that 





3.0 
§=10° 


2.5}-— +--+ 


POINT CHARGE 








k IN MEV 


Fic. 1. Plot of T vs k. The factor T is proportional to the dif- 
ferential cross section d*c/dQdE, as defined by Eq. (5), and & is 
the incident photon energy measured in Mev. The two families of 
curves starting at £=312.6 and 463.4 Mev correspond to kinetic 
energies of the observed meson of 101.0 and 251.9 Mev, respec- 
tively. The different curves in each family correspond to nuclei 
of different mass numbers, as indicated. The angle between the 
observed » meson and the photon beam is 10° in each case. 


a precisely, f?=1—(6.9X10-*) for electron pairs and 
A=27. 
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corresponding to a uniform charge distribution of radius 
Ro=1.20X 10-4? cm. (3) 


The integration over g was performed numerically with 
the aid of an IBM Card-Programmed Computer to an 
accuracy of 5%. To this 5% inaccuracy must be added 
the error caused by the use of the Born approximation, 
which is ~ (Z/137)*(c/v)?.8.9 

The error due to neglecting the excitation of the 
nucleus can be estimated from a sum rule over all the 
excited states of the nucleus, which gives 


2Part+Zor(1—f?) (4) 


for an upper limit of the cross section. The first term 
is the elastic coherent contribution calculated in this 
paper, and the second represents an upper limit on the 
inelastic contribution. The relative importance of the 
second increases as f decreases, and the cross section 
approaches that of Z incoherent protons, Zap. 


RESULTS 


In order to bring out clearly the effect of the form 
factor, a factor T is defined by the relation 


@o sm\?s1\ 7/1 
mG) 9 
ddE \pl) Noe] \ ue? 


where m is the electron rest mass; u is taken equal to 
207m, and wc?= 105.77 Mev; and 


$= (22/137) r= Z?X5.793X 10-28 cm2, 


where 7» is the classical electron radius. Figure 1 shows 
T plotted as a function of the incoming photon energy 
k for a fixed angle 6 of 10° between the meson and the 
photon. The families of curves starting at the thresholds 
k=312.6 Mev and k=463.4 Mev correspond to fixed 
meson kinetic energies of 101.0 and 251.9 Mev, re- 
spectively. Each curve of a family corresponds to a 
value of the mass number 4A, as indicated in the figure. 
For comparison, the curve corresponding to a point- 
charge nucleus is also drawn.” The ordinate, when 
multiplied by 


(1/207)*(1/2) (1/105.77) 
= Z?X 2.0346 10-** cm?/Mev_ (6) 


8G. K. Horton and E. Phibbs, Phys. Rev. 96, 1066 (1954); 
H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 

® For the case of electron-pair production, the actual correction 
to the Born approximation is found to be close to 0.29X (Z/137)?, 
according to J. L. Lawson, Phys. Rev. 75, 433 (1949); DeWire, 
Ashkin, and Beach, Phys. Rev. 83, 505 (1951); and A. I. Berman, 
Phys. Rev. 90, 215 (1953). 

0 Note added in proof.—For the sake of comparison, a calcula- 
tion similar to the one presented in this paper was made assuming 
spin zero for the pair-created particles. The expression for the 
differential cross section was taken from W. Pauli and V. Weiss- 
kopf [Helv. Phys. Acta 7, 709 (1934) ], and the calculations were 
done only for the sample case 7,= 201.7 Mev, 0=10°, A=27, 
and for various values of the photon energy &. The values of T 
[see Eq. (5)] obtained are smaller than the corresponding values 
for the spin-} case by a factor varying from 1.93 near threshold 
to 1.82 at k=580 Mev. 








u-PAIR PRODUCTION BY y RAYS 


from Eq. (5), represents the cross section (1) in cm? 
sterad— Mev. 

Figure 2 shows the cross section (1) in cm? sterad~ 
Mev Q-', where Q is the effective photon; this cross 
section per photon is obtained as follows: Eq. (5) is 
integrated over the bremsstrahlung spectrum N(k) 
=N(R,Rinax,Z) from 0 to Rmax=500 Mev," and divided 


by 
1 «© 
hi J RN (k)dk. 
k 


ymax” 0 


The quantity V (k,Rmax,Z) is the thin-target spectrum!?: 
taken for Z=13. The angle @ is again taken to be 10°. 
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Fic. 2. The differential cross section d’c/dQdE folded into the 
bremsstrahlung spectrum of maximum photon energy 500 Mev, 
as described in the text, plotted vs the charge number Z. The 
ordinate is in units cm? sterad~! Mev Q™. In each curve, Ty 
represents the kinetic energy in Mev of the fixed outcoming meson 
whose direction with respect to the incoming photon beam is 10° 
in each case. 


The ordinate shows the resulting cross section vs the 
atomic charge Z at the abscissa. The three curves 
indicated are calculated for meson kinetic energies 7, 
of 101.0, 201.7, and 251.9 Mev, respectively. 


The author is indebted to the staff of the High-Energy 
Physics Laboratory, Stanford University, for furnishing graphs of 
N(k,kmax,Z), and to Mrs. I. E. Machein for performing the 
graphical integrations. 

2H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1, Eqs. (56)—(58), p. 260. 

18 Taking dk/k as the bremsstrahlung spectrum, the results are 
20 to 30% too high. 


10 
i" 201.7 MEV 


Fic. 3. Dependence of T’ on the angle @ of the observed meson 
relative to the incoming photon; 7” is the factor T folded into the 
bremsstrahlung spectrum of maximum energy 500 Mev, as de- 
scribed in the text, where T is defined by Eq. (5). The three curves 
shown refer to the same kinetic energy T,=201.7 Mev of the 
observed u meson; the sizes of the recoiling nuclei correspond to 
zero radius, and to the sizes obtained from Eq. (3) by taking the 
mass number A equal to 27 and 63, respectively. 


Figure 3 shows the dependence of the factor 


T’= i} "T N(k)dk / (— f “ev (bat) (7) 


max™ 0 


on @ for different elements, where T is defined in Eq. 
(5), and where N(k,kmax,Z) has the same meaning as 
for the calculation of Fig. 2. When multiplied by Eq. 
(6), the ordinate is a cross section in cm? sterad— 
Mev Q-. This graph shows the marked increase of 
the form-factor effect with angle. The point-charge 
case is again indicated for comparison. 

For a check of the method, the point-charge curve 
for T as a function of @ was integrated over the solid 
angle dQ of the » meson. The result was in satisfactory 
agreement with the known values of ¢(£)dE.™ 

The author wishes to express his great appreciation 
for the orientation and encouragement received from 
Dr. D. R. Yennie throughout this work. He is also 
indebted to Professor W. K. H. Panofsky and Professor 
L. I. Schiff for many valuable discussions. 


APPENDIX 


The Born approximation for the pair-production 
differential cross section is given by the Bethe-Heitler 


“H. A. Bethe and J. Ashkin, (reference 12), Fig. 38, p. 328. 
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formula,’ and can be written in the form 


dQ, 1 i \? 
do=— = dd —6(— ) 
207 


a A), (8) 


where k, E,, and E_ are the energies of the incident 
photon and the emerging positive and negative mesons, 
respectively, measured in units of the meson rest energy 
uc*; p,, p_, and q are the positive and negative meson 
momenta and the nuclear recoil momentum, respec- 
tively, measured in units of wc; dQ, refers to the solid 
angle into which the u*+ meson is emitted; {H} repre- 
sents the expression appearing in brackets in the formula 
given by Heitler'*—it is a complicated function of the 
now-dimensionless meson and photon variables; f(g,A) 
is the form factor given by Eq. (2) describing the effect 
of the finite size of the nucleus on the pair-production 
cross section. Taking for p a uniform charge density for 
r<Ro and zero for r > Ro, where the value of Ro is given 
by Eq. (3), the expression for the form factor as given 
by (2) becomes 


f(9,A) = (3/q'*)(sing’—q’ cosq’), 


where g’=q(uc/h)Ro=qX0.6433A'. For a point-charge 
nucleus, or for zero recoil momentum, f(g,A) is equal 
to unity; otherwise, it is less than unity. 

The cross section (1) is now obtained by integrating 
Eq. (8) over the variables of one of the mesons, say the 
negative one, constrained by energy momentum con- 
servation relations that can be written in the form 


k=E,+E_, 
(9) 
q=a—p-, 
where a is the fixed vector given by a= k—p,. Equation 
(9) shows that for a given value of EZ, the magnitude 
of p_ is fixed, and for each of its directions the corres- 
ponding value of q is determined. 

The recoil momentum can vary between gmin=a— p_ 
and qmax=a+p-, where q connects a point O to any 
point on a sphere of radius p_ centered at O+a. A new 
coordinate system is now chosen with the z axis in the 
direction of a, and p, and k in the x,z plane. In this 
system q and p_ have the same azimuthal angle ¢_’, 
and the polar angle 6_’ of p_ can be expressed entirely 
in terms of the magnitude of q, by making use of the 
relation 


a?—ap_cosd_’=k(E,— py cost) +(q/2); (10) 


6, and ¢, represent the polar and azimuthal coordinates 
of the direction of emergence of the u.+-meson, measured 
in a frame in which the photon beam is in the z direction. 

Changing the variables of integration from @_ and ¢_ 


18 W. Heitler, Quanium Theory of wry an Press, 
Oxford, 1954), second edition, p. 257, Eq. (6) 


GEORGE H. RAWITSCHER 


to g and g_’, we can then write 
dQ_=d(cosb_')dy_'= (q/ap_)dqd gy’. 


The quantity {H} is now expressed as a function of 
the new variables with the help of relations of the type 
(10), and the integration over g_’ is performed analyti- 
cally : 


ae 
o= dE, 8( 
2r 


1 ) a4 a ( 
—_ tt 
207) akong qf?(q) ) 
where 


Raf unde’ 
-tvgat— ls 4(2 “) infin 





oH P/E?) + 91+ 8 | 


2 x 
and where 


= (9/2) (¢/2)+r]+s, 
r=2(E,p, cosb,— p+), 
s=a’p,?, 
=|k—p,|, 
a= E,— p, cos6,, 
B=k— p, cos6,, 
p= —2E,1+ kal. — (0*/k8)], 
g= —2E,*kal_1 — (a?/k8) J, 
m= (k’a?/2)+2E,E_p?, 
n=——p2+E,E_+kp, cos0;, 
M = (2E-*p,2 sin°®, /a?)—2E,2+ [1+ (48/0?) 
— (4E,E_8/a), 


N=1— (p4? sin’®,/a*)+ (k*8/a’a) — (28/a). 


For the case of a point nucleus, R/g*® expresses the 
probability of occurrence of each of the different possible 
recoil momenta that contribute to the integral cross 
section. For an extended nucleus R/g* is multiplied by 
the form factor, which therefore depresses the contri- 
butions of the higher momenta. For example, take 
k=4.9, p,=2.2, and 0,=10°. Then g varies between 
0.48 and 5.02, which, for the case of A = 27, corresponds 
to a (form factor)? of 0.84 and 0.03, respectively. The 
quantity (2p,/ak*)(R/q*) goes from 0.27 as g=0.48, to 
a sharp maximum of 2.9 at g~0.75 at which f?(0.75) 
=0.65, and then falls off passing through the values 
1.46, 0.4, 0.1 and ~0 for g equal to 1, 2, 3, and 5, 
respectively. For these values of g, f? is equal to 0.47, 
0.01, 0.008, and ~0, respectively. 

The final integration over g was performed numeri- 
cally for various values of p, and 6, suitable for the 
Stanford experiment, and for various values of k and 
A. The results are shown in Figs. 1-3. 
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Charge independence is applied to experimental data on n—p and p-? scattering around 300 Mev. Results 
are deduced for the cross section and polarization for the nucleon-nucleon scattering with total isotopic spin 








EVERAL authors! have pointed out the relation- 

ships between n-p and - differential cross 
sections following from the assumptions of charge in- 
dependence. It is interesting to use this approach to 
analyze polarization experiments. 

For given values of incident c.m. momentum p and 
outgoing c.m. momentum p’, we may describe nucleon- 
nucleon scattering by a 4X4 matrix in spin space,’ 
M. If we consider M as also a matrix in isotopic-spin 
space, then charge independence requires that 


M=M,P,+M oP», (1) 


where P, is the projection operator for states with 
total isotopic spin r. If the particle with momentum p is 
a proton, we may describe three types of scattering: 
(1) pp: the target is also a proton, (2) pu—pn: the 
target is a neutron and we observe the proton with 
momentum p’ and (3) pn—np: the target is a neutron 
and we observe the neutron with momentum p’. The 
scatterings with incident neutrons are equivalent to 
these by charge symmetry. For each type of scattering, 
we have a matrix!” 


M pp=Man=Mi, (1a) 
M pnopn=M nponp=3(MitM), (1b) 
M pn-+np=M np+pn=3(Mi— Mp). (1c) 


Observations of the scattering, including polarization 
experiments, may be expressed as partial cross sections, 
which are quadratic functions in M. For r=1 states 
these cross sections are given directly by p-p scattering ; 
for r=0 states (indicated by the subscript 00) we see 
from Eqs. (1) that these cross sections may be obtained 
from 


o00(8, ¢) ” 26 pnpn (6, ¢) +26 pn+np(), ¢) ite o pp (8, ¢) ’ (2) 


where @ and ¢ are the usual c.m. scattering angles 
determined by p’. 

The collision pn—np is, of course, just another way 
of looking at the collision pn—pn. We therefore proceed 
to interpret @pn+snp(9,¢) in terms of experimental 
quantities defined for pn—pn scattering. (1) If a is the 
unpolarized differential cross section, then gpn+np at 

1B. A. Jacobsohn, Phys. Rev. 89, 881 (1953). 

2D. Feldman, Phys. Rev. 89, 1159 (1953). 

+L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). The 
term “spin” will always refer to ordinary spin in contradistinction 
to “isotopic spin.” 
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angle 6 equals gyn+pn at angle (r—6). (2) If o is the 
contribution to the differential cross section due to an 
initial polarization and p’ corresponds to /eft scattering 
at angle 0, then opn+n,p is the contribution to the cross 
section for incident polarized protons with the proton 
coming out to the right at angle (r—8@). (3) Next we 
consider the triple-scattering experiment‘ in one plane 
which measures the “depolarization” D starting with 
protons polarized along the normal to the plane; here 
o equals JD. In the pn—pn case, D(@) is determined 
from the polarization of the outgoing protons at angle 
6. The pn—np case is now a completely independent 
experiment in which one measures the polarization of 
the recoil neutrons when the protons are scattered at 
angle (r—6). This determines a new parameter 
D.(x—0), where we define D,(@) by replacing D by D; 
and (@)2 by (e;)2 in Eq. (1.4a) of reference 4; thus D, 
represents the extent to which the recoiling neutron 
leaves with the polarization brought in by the proton.® 
Applying Eq. (2) to these three experiments, we get 
for the scattering from r=0 states alone: 


T0(8)= 2LT pn-pn(0) +] pn+pn(—8) ]— Tpp(8), (3a) 
T00(0)Poo() ” 2[ (LP) pn+pn(8)— (IP) pn+pn(7—9) ] 
— (IP) pp(0), (3b) 
T0(@)Doo(8) _ 2[ (ID) pn+pn(0)+ (ID:) pn+pn(7—9) ] 
a (ID) pp(9), (3c) 


where J stands for the unpolarized cross section and P 
20} 

16} 

I(mb) 

12r 

Sr 


4+ 














r@) i. i i i 4 4 i i j 

i@) 10 20 30 ayes 50 60 70 80 930 
Fic. 1. Unpolarized cross sections Joo for r=0 states and /1; 

for r=1 states, in millibarns, as a function of c.m. scattering 


angle @ at 260 Mev. Typical experimental errors are indicated. 


‘L. Wolfenstein, Phys. Rev. 96, 1654 (1954). We follow the 
notation of this reference except that J is used instead of Jo. 

5 For p-p scattering, D,(0)=D(x—6); see R. Oehme, Phys. 
Rev. 98, 216 (1955). 
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Fic. 2. Polarizations Poo for r=0 scattering and P,, for r=1 
scattering as a function of c.m. scattering angle 6 around 300 Mev. 
A typical experimental error is indicated. 


is the usual polarization coefficient. The minus sign in 
(3b) arises from the familiar cosy factor in the po- 
larization effect. 

Equations (3a) and (3b) have been applied to the 
experimental data®’ around 300 Mev and the results 
are shown in Figs. 1 and 2. It may be noted that the 
7=0 cross section rises by a factor of almost 10 between 
90° and 0° in contrast to the r=1(pp) case and thus 
might be more easily fit by a conventional potential 
model. On the other hand, the polarization Poo of the 
7=0 scattering does not appear too dissimilar to the 
polarization P;, of r=1 scattering. Because experi- 
mental errors are compounded in the evaluation of Poo 
from Eq. (3), Poo is determined only very roughly; it 
definitely has the same sign as P;, and appears to be 
somewhat smaller in magnitude. This is the first direct 
evidence from scattering experiments of noncentral 
forces in r=0 states. (Of course, we believe a tensor 
force to be present in r=0 states because of the quad- 
rupole moment of deuteron.) Measurements of Dy,» ® 


6 Chamberlain, Donaldson, Segré, Tripp, Wiegand, and Ypsil- 
antis, Phys. Rev. 95, 850 (1954). 

7 Kelly, Leith, Segré, and Wiegand, Phys. Rev. 79, 96 (1950). 
This mp cross-section data at 260 Mev was approximated by a 
smooth curve in these calculations just as was done in preparing 
the results shown in reference 6. It may be noted that a very 
similar result for Joo is obtained at 400 Mev using the data of 
Hartzler, Siegel, and Opitz, Phys. Rev. 95, 591 (1954). 

8 Ypsilantis, Wiegand, Tripp, Segré, and Chamberlain, Phys. 
Rev. 98, 840 (1955). 


and Dpn+pn® for 0<90° have been made at Berkeley, 
but D; has not been measured. D, might be most easily 
measured by starting with polarized neutrons and 
measuring the polarization of the recoil protons. 

Invariance conditions previously discussed’ may be 
applied separately to M, and Mo, giving 


M,=B,S+C,(e+o,)-n+4G,(e-Ke,-K+e-Po,-P)T 
+3H,(e-Keo,-K—o-Po,-P)+N,(e-no,-n)T, (4) 


where K and P are unit vectors in the directions (p’—p) 
and (p’+p), respectively, m is a unit vector in the di- 
rection pXp’, S and T are spin singlet and triplet 
projection operators, respectively, ¢ is the spin operator 
for particle with initial momentum + and final 
momentum + ’, and o; represents the other (target) 
particle. The coefficients in (4) are arbitrary functions 
of cos# between 0 and 1, but from parity considerations 


f(cos#) =f(— cos) for By, Hi, Ci, Go, No; 
f(cos6) = —f(—cos6) for Bo, A, Co, Gi, Mi. (5) 


It may be noted that the term D(e—a;)-n, which is 
allowed*® by space-time invariance principles for the 
case of n-p scattering, is ruled out here by the assump- 
tion of charge symmetry. Omission of the D term has 
the consequence that the asymmetry for polarized 
neutrons scattered from protons must be equal to that 
for polarized protons scattered from neutrons at the 
same angle as required by charge symmetry. This 
equality has recently been demonstrated experi- 
mentally.” 

Expressions for J, P, D, and R in terms of the co- 
efficients of Eq. (4) may be obtained from Eqs. (3.5) 
of reference 4 by replacing B, C, --- by By, Ci, --- for 
the p-p case and by 3(B+ Bo), $(C+Co), --- for the 
n-p case. Equations (3) may be directly verified then 
by application of Eqs. (5). An interesting result is that 
(IP) pn+pn at 90° equals 4Re(Ci*No); there is no a 
priori reason for this to be small, particularly since it 
may be shown‘ from p-p triple scattering experiments*® 
that about half of the r=1 cross section at 90° is due to 
the C; term. The small observed 90° p-n polarization® 
thus indicates that at 90° nearly all of the r=0 cross 
section is due to Go rather than N>» or else that No is 
almost 90° out of phase with C}. 


4 9 J. Baldwin and D. Fischer (private communication). 
1 Siegel, Hartzler, and Love, Phys. Rev. (to be published). 
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The “reduction of the wave packet” is an essential feature of the quantum description of measurement. 
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Since it means an abrupt change in the wave function, it therefore also implies an abrupt change in the 
statistical description of the system. If the differential-space theory of quantum systems rests on a descrip- 
tion of reality more detailed than quantum mechanics, it must contain an account of this change which is 
consistent with the strictly probabilistic point of view of the theory. It is here shown that the theory does 
satisfy this necessary condition. The need of a special postulate for the measurement process is eliminated in 


this formulation, and a new explicitness is introduced into the description. 





I. 


N quantum mechanics, the phrase “theory of meas- 
urement”!-* has become a handy designation for 
those considerations having to do with the process 
called “reduction of the wave packet.” In general, one 
speaks of reduction of the wave packet under the 
following circumstances: Two systems have been placed 
in interaction, as a result of which their states as super- 
imposed in their wave function are correlated. An ob- 
servation is made on one of them,‘ and the pure-state 
wave function assigned to the combined system is 
thereby changed to one consistent with the result of the 
observation. When the observations on one system are 
made for the purpose of yielding information about the 
state of the other, we have a further consequence, and 
this is the really interesting thing about this process: 
The new pure-state wave function of the combined 
system yields a new (in general, mixed) quantum- 
mechanical state for the second of the two systems con- 
cerned, with respect to observables of the second 
system, when those of the first are disregarded. And in 
the special case where each distinct state of one system 
is coupled to only one state, or comparatively few states, 
of the other, the new state of the second system is, 
respectively, almost pure or pure: In this case we call the 
process a measurement on the second system. 
In the differential-space theory of quantum sys- 
tems,°:* the statistics ordinarily obtained by the Born 


* Research of this author supported in part by Office of Naval 
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postulate from the wave function are embedded in a 
statistical ensemble of “representative”? systems iden- 
tical in properties with the system of interest but 
suitably distributed over values of observables. When 
the system of interest is compounded of two or more 
subsystems, the representatives are too. We may give 
the statistical description of the measurement process in 
three stages, as follows (our discussion will deal only 
with exact measurements). First stage: There are two 
independent systems and one has a differential-space 
ensemble for each, obtained by the polychotomic al- 
gorithm®-* from the two wave functions. Second stage: 
The two systems are interacting, and are thus to be con- 
sidered as a single composite system. The appropriate 
ensemble has as its representative systems duplicates of 
this composite system, with distributions obtained from 
the wave function of the combined system. Third 
stage: An exact measurement has been made of the 
instrument system; assuming it to be nondegenerate, 
one may then treat the composite system in terms of a 
wave function for each part (the composite wave func- 
tion is then a simple product). Thus we return to a 
differential-space description in terms of two ensembles, 
exactly as in the first stage. (If the instrument states are 
degenerate, one has a mixed state for the other system.) 

If the foregoing were the only way to carry the differ- 
ential-space description through the three stages of the 
process, one would have to look upon this method as 
incapable of giving a fundamental account of physical 
processes. As stated, the replacement of one statistical 
description by another as one goes from stage to stage 
requires an appeal to quantum mechanics, and seems to 
lie outside the domain of the differential-space method. 
Even on the formal level, one would want the differen- 
tial-space description to be autonomous in this respect. 
Physically, one sees the meaning of this requirement 
even more clearly: If the method is a fundamental 
description of reality, then the ensembles represent 
statistically representative populations in a real sense; 
i.e., one should be able to use in place of any ensemble a 
set of real systems duplicating the distribution of ob- 
servables in the ensemble, with the individual systems 
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all obeying a common dynamics [given by Eq. (2’) of 
reference 5]. This implies, in particular, that in the 
measurement process described above, it should be 
possible to trace through the transitions in the en- 
sembles from stage to stage in terms of individual 
systems that maintain a continuous existence and 
always obey the appropriate dynamics. The purpose of 
this paper is to show that this requirement is satisfied : 
The transition from the first stage to the second corres- 
ponds to no change in membership of the ensembles 
involved, from the differential-space point of view, being 
merely a change in description—individual systems of 
the two separate ensembles are combined into pairs of 
composite systems. The transition from the second to 
the third corresponds to a selection of a subensemble 
from the ensemble of composite systems, followed by a 
change in description exactly the reverse of the one 
mentioned in the previous sentence; each system of the 
subensemble selected maintains a continouous existence 
(in fact, all systems do), subject to the known dynamics, 
throughout the process of selection. 

The remainder of this paper consists of the formal 
demonstration of these remarks, with detailed inter- 
pretations. We give only the transition from the second 
to the third stage. As stated above, the changes in mode 
of description in the two transitions are the reverses of 
one another. 

Il. 

We need first a mathematical description of composite 
systems suitable for the differential-space description. 
This is readily obtained in the product Hilbert space of 
the Hilbert spaces of the individual systems. For 
simplicity we use discrete representations, as always; 
the generalization to the continuous case is described in 
our previous papers. 

Let us introduce a verbal distinction between the two 
systems described: The “first” system of Sec. I will be 
called the instrument; the “second” system, the particle. 
The work “particle” is used only in a manner of speak- 
ing; the “second” system might in reality be a gas of 
6X 10" molecules, and we would still call it a particle; 
we know of no accurate, brief equivalent for the clumsy 
phrase “system under observation”. The use of the 
words “instrument” and “particle” does not, moreover, 
restrict the argument to the case of the measurement 
process narrowly conceived. It applies equally well to 
any physical process described by the formal procedure 
of “reducing the wave packet.” 

The instrument and particle are both considered as 
having one degree of freedom. (Any system may be 
reduced to such a one by the formal procedure given in 
reference 6, Sec. 3.) 

Let R be an |.h.c. operator’ for the particle, with 
eigenvalues R;, eigenkets |R,); S an l.h.c. operator 
for the instrument, with eigenvalues S; and eigenkets 

7We use the term “l.h.c. operator” to denote “linear Hermi- 


tian operator having a complete set of eigenstates,” i.e., an 
“observable” in Dirac’s nomenclature. (See reference 6.) 
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|.S,). R and S commute. They are taken to be non- 
degenerate and to have discrete spectra only. RS=T is 
an l|.h.c. operator for the system, particle+instru- 
ment. The eigenvalues 


T,=RS;, (1) 


where u=y(i,j) are either nondegenerate or may be 
made so by a replacement of either R or S by a suitable 
nondegenerate function of the operator replaced. The 
numbers y (i,j) are to be distinct for distinct pairs (i,7) ; 
hence the inverses i(u) and j(u) are uniquely defined. 

The differential space of the composite system has the 
eigenbasis 

{ | T,)}, 


and a point P in it has components 
$= (P|T,) (2) 


whose real and imaginary parts are Gaussianly dis- 
tributed, with measure 


TI (2x) exp(— |f4|?/2)dS ardour (3) 


s 


assigned to the interval 


T]¢s.rdf x (4) 


(R and J in this formula stand for real and imaginary, 
respectively). 

Imagine that the instrument and particle have been 
brought together so that they interact, after which they 
separate so that we may consider the interaction to have 
ceased. As a result the ket for the composite system 
must in general be expanded as a series of eigenkets 
|T,,), with coefficients c,: 


W=x Cu T,). (S) 


The observable [S] (we distinguish between the opera- 
tor, S, and the observable, [S])* is then measured on the 
instrument, and found to have the value S;-. In ordinary 
quantum theory one then proceeds as follows: The 
sum (5) is changed instantaneously to the restricted sum 
over values of « compatible with j=)’: 


WW) =Xiewe 5y|T,).- (6) 


This contraction of |) into |y’) is just an immediate 
consequence of the Born statistical postulate applied to 
the observable [S$]. Since 


IT,» =|Rd|S)), (7) 


a state vector |.S;-) may be factored out of each term of 
(6). The state of the particle (in the quantum-mechan- 
ical sense) is then independent of that of the instrument 
and its statistical properties are given by the state 


vector 
| o)= Do ecucs, | Ri). (8) 











DIFFERENTIAL-SPACE QUANTUM THEORY 


Now, the detailed description of the differential- 
space theory would go as follows: Before the measure- 
ment of [S] we must think in terms of an ensemble of 
composite systems working out their destinies in the 
product differential space of the operator T. Afterwards, 
as far as the particle is concerned, it is no longer neces- 
sary to be so general; all its statistical properties are 
given by an ensemble of particles in the factor differential 
space of R. But the determination of [S$] as equal to Sj, 
is in the differential-space description a selection of a 
subensemble of composite systems all of which have 
[S]=S,y for their instrument components. Each of 
these is coupled to a particle. Hence we have selected a 
subensemble of particles, with known statistical dis- 
tributions over all values of all particle observables. 
These distributions are the same for the subensemble 
chosen as they were before the measurement of [S$], 
since the particle is not disturbed by this measurement 
(the interaction has ceased). We now come to the point 
of this paper, as indicated in Sec. I: It must be possible 
to identify each system of this subensemble in a one-to- 
one manner with a system of the subensemble obtained, 
independently, from |¢). In more precise language: 
It must be possible to identify all subsets of the differ- 
ential-space set associated with the selected suben- 
semble, weight for weight, with subsets of the differ- 
ential-space ensemble independently constructed from 
| ¢). 

Ill. 

Our task is in effect to show that the differential 
space of R pre-exists as a factor differential space in that 
of T, with regard to both measure and distribution of 
values of [R], for R any operator on the particle. In 
order to do this we must assign eigenvalues of S to 
points in the T differential space by applying the poly- 
chotomic algorithm not with respect to individual axes 
in T space, but with respect to manifolds each consisting 
of all eigenaxes uf T | aving the same eigenvalue of S. 
[ This is necessary for vur present proof, but it should also 
be noted that, as shown in the appendix of reference 6, 
the former method would give nonunique results for 
S(P), since § is a degenerate operator in the factor 
space of T; it is nondegenerate only in its own Hilbert 
space.] The mathematical method for doing this is 
contained in reference 5, in the paragraph containing 
Eq. (39); the following is simply an adaptation of this 
method to the present situation. 


Let 
b= (Lil cue |)4, (9) 
and 


(10) 


1 
Wid Cus, 5y| Ty). 


Then 
ly)=X4b;|¥,). (11) 


|y,) is an eigenfunction of S, with eigenvalue S;. The 
|~;) are normalized and orthogonal. Thus the com- 
ponents (P|y,) of a differential-space point P have, as 
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a consequence of the distribution of the ¢,, Eq. (3), 
Gaussianly distributed real and imaginary parts, each 
with mean square 1, and these quantities are all dis- 
tributed independently of one another. Thus the poly- 
chotomic construction of the function S(P,w) can be 
carried out according to Sec. 5 of reference 6, with the 
(P| ,;) as the Gaussianly distributed quantities and the 
b; as the fixed coefficients. 

Consider the subspace defined by a particular value 
j’ of j, {P| S(P,y)=S;}. The quantities [see Eq. (2) ] 


fue =(P| Tue, n) (12) 


will have (for each 7) a certain distribution in this sub- 
space. They are, of course, distributed over the entire 
space according to Eq. (3). But they are, in fact, dis- 
tributed in exactly the same way over the subspace 
(apart from normalization, naturally). This may seem 
strange, since the polychotomic choice of the subscript 
j’ means that we have imposed a bias that makes 
(P|;) small relative to the other coordinates of P. This 
might seem to distort the distribution of the fy¢<, jy, in 
view of the relation 


1 
(Pl¥=— 2% Cuts, u- (13) 


fi ’ 


However, the (P|y,;) with j+7’ do not contain the 
Cu, i); any condition of relative smallness of (P|y;-) 
is equivalent to a condition of largeness of the (P|y;) 
for 7+)’, relative to (P|y,-), and in the latter form it is 
apparent that such a condition may be regarded solely 
as one on those (P|y,;) for which j7+7’; these are inde- 
pendent of the {y,:, ;), hence the latter are unaffected in 
their distributions. 

Now the vectors | 7'4¢;, ;)) with fixed 7’ and all values 
of i are a complete set for the Hilbert space of the 
particle. The quantities {,¢;, ;;) can therefore be put into 
one-to-one correspondence, according to the subscript 
i, with the quantities 


§=(P’|R,), (14) 
which are the Gaussianly-distributed coordinates of a 
point P’ in the differential-space of the particle; more- 
over we have just seen that they are also distributed in 
the same way. We now recall that (reference 5, Sec. 5) 
the assignment of eigenvalues of R to points in the sub- 
space j=’ will take place according to the polychotomic 
theorem with the use of the distributed quantities 
uci, 37) and the coefficients ¢y¢i, j7) of Eq. (6). 

We now have everything we need to complete the 
correspondence between the subspace j’ of the differen- 
tial space of the combined systems and its associated 
distribution of values of [R], and the whole differential 
space of the particle and its associated distribution of 
values of [R] obtained from the “reduced” state vector 
| ~) [Eq. (8)]. The quantities ¢,,:, ;) and &; of the two 
spaces respectively are identically distributed, and the 
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coefficients C,¢i, 7) used in the polychotomic algorithm 
are the same in both cases. [R] may moreover be any 
observable of the particle. We associate points having 
equal values of the {y,:, 7) and the ; in the two spaces 
pairwise with one another. (This association is invari- 
ant to the eigenbasis used, hence the two points that are 
associated are the same for any [R].) A pair of asso- 
ciated points will thus have the same value for any 
observable. A mapping of the spaces on one another 
according to values of observables preserves measure; 
the spaces correspond to identical distributions in all 
respects. 

From the last sentence follows the basic conclusion of 
this article: If a reading of the instrument after the 
interaction has ceased corresponds, as it should, to 
nothing more than the selection of the appropriate sub- 
ensemble of particles from the over-all ensemble, the 
subensemble obtained is statistically identical with that 
obtained from the “reduced” wave function. 

It should be noted that the measurement process as a 
whole is not unaccompanied by a disturbance of the 
particle, but this occurs during the interaction, not at 
the moment of the reading of the instrument. At this 
point, without going into details, we make one remark : 
In our theory, if the form of the interaction is properly 
chosen for the purposes of measurement, the disturb- 
ance affects only variables other than that being meas- 
ured. Thus the measurement is only a measurement and 
nothing more so far as this observable is concerned, and 
does not force a value on the particle that it did not 
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previously possess; it is a forcing process only so far as 
other variables, particularly that conjugate to the one 
being measured, are concerned. In this respect our 
theory differs concretely from that of Bohm,® since in 
the latter the position (or functions thereof) is the only 
variable that can ever be measured on an individual 
system without in general simultaneously altering its 
value. 

In a certain sense, the picture given here furnishes a 
definition of the “reduction of the wave packet” in 
terms of everyday concepts. The only proviso is that one 
must admit the “real existence’” of the individual sys- 
tems represented by points in differential space. (If 
one is not willing to do so, a mental picture still re- 
mains, however unverified.) In our first paper we 
claimed to have a postulate equivalent to the Born 
postulate. We might now change this assertion as follows: 
One introduces a certain dynamical description, a 
mathematical measure (probability) defined in terms 
of it, and a method of constructing statistical ensembles, 
such that mo new postulate is needed to account for the 
change in statistical description that results from 
“taking the pointer reading”: One has merely selected 
a subensemble by separating out systems having a 
common value of some variable, and the postulate in- 
voked in doing so is at least as old as the theory of 
statistics—it is so familiar, in fact, that so far as we 
know no one has ever even bothered to give it a name. 

®D. Bohm, Phys. Rev. 85, 180 (1952). 


® This phrase is of course fraught with epistemological impli- 
cations. We mean to use it in a quite commonplace sense. 
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The compound hypothesis for hyperons and heavy mesons is restated, modifying an earlier assumption 
on the isotopic spin of @. 9 mesons and § mesons (antiparticles) are assumed to have isotopic spin T =}, as 
proposed by Gell-Mann. The total number of heavy mesons (@ mesons minus § mesons) is conserved in strong 
interactions (fast reactions). The fundamental reaction is thus pair creation of 0+, with @ mesons free and 
6 mesons either free or bound to nucleons (IU). Hence I1+6 can form T7=0 and T=1 multiplets which are 
identified with the A’ singlet and the = triplet, respectively. The facts known about hyperons, associated 
production, and interaction of heavy mesons with nucleons are consistent with our assumptions. A discussion 
of T-multiplets among hypernuclei is given. Some experiments which may throw new light on the compound 


hypothesis are discussed. 





I. INTRODUCTION 


HE rapid progress of our knowledge of the heavy 
unstable particles makes it desirable to restate 

the “compound hypothesis” for hyperons and heavy 
mesons! with some necessary modifications. Because of 
its great simplicity, this hypothesis appears to us worth 
pursuing as long as it holds out hope of a deeper theo- 
retical approach; in the meantime, it is at least a help 
in classifying hyperons and processes involving hyperons 
and heavy mesons (production and absorption). Most 
of the difficulties with which the hypothesis has met in 
its previous form can be traced back to the assumption 
of an isotopic spin T=0 for the & particle. This as- 
sumption could not account for the fact that, while some 
kinds of associated production were observed (e.g., 
A°+@, 2-+ Kt), others were not (e.g., A°+A°, 2++K-, 
K++Kt). Also, it did not explain the preferential 
production of slow K*-mesons as compared with slow 
K~--mesons by cosmic rays as well as at Cosmotron or 
Bevatron energies.” If, however, we adopt the suggestion 
of Gell-Mann,’ of Nakano and Nishijima,‘ and of Pais,*® 
elaborated further by Gell-Mann and Pais,® that the 


* Under the auspices of the U. S. Atomic Energy Commission. 

1M. Goldhaber, Phys. Rev. 92, 1279 (1953). 

2 For recent general references to the experimental material and 
theoretical ideas on heavy mesons and hyperons see, e.g., Pro- 
ceedings of the Fourth and Fifth Rochester Conference.on High 
Energy Physics, 1954 and 1955 (Interscience Publishers, Inc., 
New York City, 1954, 1955); Proceedings of the Padua Congress, 
Nuovo cimento 12, Suppl. No. 2, 1954; papers by C. C. Butler 
and L. LePrince-Ringuet in the Proceedings of the 1954 Glasgow 
Conference on Nuclear and Meson Physics (Pergamon Press, 
London, 1955); B. Rossi, Notes of lectures given at International 
Summer School, Varenna, 1954 [Nuovo cimento 2, Suppl. No. 1, 
163 (1955) ]; R. W. Thompson, Progress in Cosmic Ray Physics, 
Vol. 3 (to be published); Dilworth, Occhialini, and Scarsi, Ann. 
Rev. Nuc. Sci. 4, 271 (1955); H. A. Bethe and F. de Hoffmann, 
Mesons and Fields (Row, Peterson, and Company, Evanston, 
1955), Vol. 2, Sec. 51; R. E. Marshak, Report on Pisa Conference, 
1955, NYO-7138 (unpublished). 

3M. Gell-Mann, Phys. Rev. 92, 833 (1953). 

4T. Nakano and K. Nishijima, Progr. Theoret. Phys. (Japan) 
10, 581 (1953); K. Nishijima, Progr. Theoret. Phys. (Japan) 12, 
107 (1954). 

5 A. Pais, Proc. Natl. Acad. Sci., U. S. 40, 484, 835 (1954). 

6M. Gell-Mann and A. Pais, Proceedings of 1954 Glasgow 
Conference on Nuclear and Meson Physics (Pergamon Press, 
London, 1955), p. 342; A. Pais, Proceedings of Fifth Annual 
Rochester Conference (Interscience Publishers, Inc., New York, 
1955), p. 131. 


@ mesons have isotopic spin 7=} and that their anti- 
particles, @ mesons, exist, we can modify the compound 
hypothesis in a very natural manner which apparently 
removes disagreement with the well-established facts. 
In its present form the hypothesis is closely related to 
various other classification schemes.*~* 


Il. DEFINITIONS AND ASSUMPTIONS 


(1) It is useful to have a word describing a particle 
which, in strong interactions, is produced only in as- 
sociation with at least one other particle. We propose 
the word dion for such a particle. It is probable that 
all known hyperons and heavy mesons are dions. 
Though this is not well established in all cases, there are 
no known contradictions to this assumption. 

(2) The @ family is assumed to be a new fundamental 
family of particles, to be added to those previously 
established (nucleons, pions, etc.) without any attempt, 
at the present time, to explain the new family in terms 
of other particles. From their decay schemes (@’—t 
+, 0@+-rt+7r°), and from spin conservation, it 
follows that @ mesons are bosons. 

(3) Following Gell-Mann’ we shall assume for the 
6 family, even though we are dealing with bosons 
properties which are similar to those assumed for the 
nucleon family (the nucleons and antinucleons). Thus 
we have 6 mesons (6+, T,=+}; @, T,=—}4) and 
6 mesons (#, T,=+4; 6, T,=—4), with © and & 
assumed to be distinct at creation.” 

(4) We shall assume that the @ family is charac- 
terized by a new quantum number, which we shall call 
here d (dionic quantum number), and which we shall 
define as d=+1 for 6 mesons, and d= —1 for 6 mesons. 
It may be that d represents some new “dionic charge,” 
which is conserved in strong interactions, i.e., Ad=0 
for fast reactions. We shall use d in the following con- 

7D. C. Peaslee, Phys. Rev. 86, 127 (1952), 91, 446 (1953), and 
Nuovo cimento 12, 943 (1954). 

8 R. G. Sachs, Phys. Rev. 99, 1576 (1955). 

9M. Levy and R. E. Marshak, Nuovo cimento 12, Suppl. No. 2, 
253 (1955). 

_ 1 Their later fate, in the free state, may be complicated if # and 
® are not simple particles, but each a particle mixture, as discussed 


by M. Gell-Mann and A. Pais [Phys. Rev. 97, 1387 (1955) ] and 
A. Pais and O. Piccioni [Phys. Rev. 100, 1487 (1955) ]. 
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siderations only to enumerate the number of @ mesons 
(d>0) or 6 mesons (d<0) present." For weak inter- 
actions, i.e., the slow decay processes of 6 mesons, 
which are ~10" times slower than the fast reactions, 
it follows that Ad=+1. 

(5) We further introduce the specific assumption 
that there is an attractive interaction between nucleons 
and 6 mesons, sufficiently strong to lead to compound 
formation (hyperons), whereas the interaction between 
nucleons and @ mesons might be repulsive or less 
strongly attractive. Such an asymmetry in interaction 
is not inconsistent with the assumed particle and anti- 
particle nature of the heavy mesons, and, as is shown 
below, leads to a consistent picture of associated 
production. 

While it is true that many of the over-all conclusions 
which we deduce are the same as those which follow 
from less specific classification schemes®* we should 
like to give our deductions here in concise form, not 
only for the sake of completeness, but also because of 
the simple way in which they are visualized on the 
compound hypothesis. More detailed experiments and 
theoretical considerations may, however, decide be- 
tween the different ideas. In the concluding remarks 
we shall discuss some possible distinctions between the 
point of view of compounds and the less specific 
schemes. 


Ill. EXISTING HYPERONS AND ASSOCIATED 
PRODUCTION 


From our assumptions it follows that members of the 
6 family of particles are made in pairs, 0+@ (Ad=0), 
with @ mesons free and @ mesons either free or bound to 
nucleons. When nucleons of isotopic spin T=} bind 
§ mesons, also of isotopic spin T= 2, four states will be 
formed (n+@-, p+0-, n+, p+) of isotopic spins 
T=0and T=1 and d= —1; these may be very naturally 
identified with the known hyperons: A°(7=0) and the 
~ family (T=1), respectively. 2+ and =~ are then 
states of p+ and n+6, respectively, whereas, A° and 
>° are mixed n+ and p+6@" states. It may be worth 
remarking that the members of the 2 triplet need not 
have exactly the same mass. A mass difference may not 
only exist between 2° and 2+, but also between 2+ and 
=~ because of their different structure: The difference 
in mass which exists between m and #, and possibly 
between @ and @, combined with a difference in electro- 
magnetic effects, may influence the = masses.” 

The experimentally found “energy content” of dions 
(i.e., the energy available in decay) is shown together 

"Our “dionic quantum number” d may be identified with 
Gell-Mann’s “strangeness” s or with the negative value of Sachs’ 
“attribute” a, which were suggested while the ideas here presented 
were still being developed. 

Recently, experimental evidence has been obtained which 
may be tentatively interpreted as indicating a mass difference 
M (=~) —M (2+) = 14m, Chupp, Goldhaber, Goldhaber, and 
Webb, University of California Radiation Laboratory Report 


UCRL-3044; also Proceedings of the Pisa Conference 1955 (to 
be published) ]. 


M. GOLDHABER 





d>| (3) -2 =I ° +1 




















Fic. 1. The energy content (in Mev) of the heavy unstable 
particles, d+0, as well as of the nucleons and pions (d=0) is 
shown. The well-established decay modes of the hyperons and 
heavy mesons (see reference 2) are not explicitly indicated (e.g., 
‘%-94-+97, Z-—n-+27, etc.). There is only indirect evidence for 
the y-ray transition 2°—A° [see Fowler, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 98, 121 (1953) and W. D. Walker, Phys. 
Rev. 98, 1407 (1955)]. On the ideas here presented, the decay 
=*—A°+e*+-y should be governed by ordinary nucleon 8-decay 
rates, leading to a fraction of ~10~ of their x modes of decay.— 
The 7 and 4 mesons have approximately equal masses, but are 
probably different particles; the other K-particles which have been 
established (Ky2, Kys, Kes) may represent alternate decay modes 
of r or 6 or both (see below, Sec. VI). 


with that of pions and nucleons (d=0) in Fig. 1. Since 
hyperons cannot decay below the nucleon barrier, their 
energy content is considered equivalent to their dif- 
ference in mass from that of the proton, which is be- 
lieved to be absolutely stable," and which has therefore 
zero energy content. On the compound hypothesis, the 
decay 2*—A°+e++y should be governed by ordinary 
nucleor 6-decay rates. The fraction of 2+ and =~ 
expected to decay in this manner is ~10~ (assuming 
allowed @ transitions and a lifetime? of ~0.5X10-" sec 
for both 2+ and =~). 

Our assumptions lead automatically to associated 
production as well as to a charge asymmetry in pro- 
duction thresholds of 6 mesons. Some of the cases of 
associated production which have been abserved in 
nucleon-nucleon or z-nucleon collisions? are shown in 
column (a) of Table I. They ali correspond to Ad=0. 
Those given in column (4), on the other hand, have not 
been reported. They would correspond to Ad==+2. 

As @& can only be produced together with a free # or 
@*, its production is energetically unfavored compared 
with that of & or 6*, which can also be produced together 
with a “bound” 6, thus reducing the threshold value 


18 Reines, Cowan, and Goldhaber, Phys. Rev. 96, 1157 (1954). 
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by the large binding energy (~315 Mev for A°®, ~235 
Mev for the 2’s). 

If multiple production of associated pairs of dions 
were common, events such as p+p—2++2+t+2" 
might have the appearance of an associated production 
with Ad=—2, whenever only the charged particles are 
observed (e.g., in photographic emulsions). The fact 
that such events have not been reported thus far can 
be tentatively interpreted as indicating that multiple 
production of associated pairs is a comparatively rare 
phenomenon. 

It is easily verified that 7 and 7, are conserved in 
fast reactions in which Ad=0, whereas 7, would not be 
conserved in a reaction with Ad+0. It is this fact which 
leads to complete agreement between permitted and 
nonpermitted reactions on the compound scheme here 
presented and the Gell-Mann-Pais scheme (scheme II, 
reference 6). The explicit assumption of T and 7, as 
good quantum numbers permits in some cases pre- 
dictions of relative intensities. 

If more than one 6 is bound to a nucleon, we find for 
an even number of 6’s isotopic spin doublets, quartets, 
etc. and for an odd number of 6’s singlets, triplets, etc. 
The cascade particle, 2~, which decays into A°+-2~, may 
thus be assumed to consist of a nucleon and two 6’s and 
to be a member of a T=4 doublet, or which the other 
member (2°) is hitherto undiscovered. A positive 
cascade particle, if it existed, would belong to a pre- 
sumably energetically higher 7=$ quartet and might 
be unstable against prompt a* emission. It is interesting 
to note that the binding energy of two 6’s, (~600 Mev) 
deduced from the observed Q-value of Z-, is approxi- 
mately twice that of one 6(~315 Mev). To a crude 
first approximation, this would seem reasonable for 
bosons. 

The cascade particle, =~, could be made in two ways, 
either (a) in a single step together with two 6’s, or (b) 
in two steps, by formation first of a fast A° or 2, which 
then picks up a second 6, making Z-, together with two 
free @’s, one in each step. This could happen in a single 
nucleus, or in two separate nuclei. In each of these 
reactions we have Ad=0. 

It is natural to assume, whenever we have two or 
more bound 6’s, that they decay successively, so that 
their combined energy content is not available in a 


TABLE I. Associated production. 








(a) Observed (Ad =0) 


Ao+° 
Dt+rt 
K-+rt 
Dt+K+ 
=-+Kt+ 
=t+6t 
A°+Ky 
= +29 
Z-+K 
hyp. frag. +K 
hyp. frag.+7* 


(b) Not observed (Ad = +2) 


A°+-A0 
K~+K- 
p++ 5+ 
2-+K- 
2t+K- 
K++Kt+ 
hyp. frag. +2* 
hyp. frag.+hyp 
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single transition (i.e., Ad>1 is more highly forbidden 
than Ad=1). 

There is a single example, reported by Eisenberg," 
of an event which may possibly be interpreted as a new 
hyperon, here designated as Z (zeta), emitting a K- 
particle. If its existence should be confirmed, it could 
not have a value d=—2, as its transition to Z~ by 
emission would then be expected to be prompt; it 
might however have d= —3 and decay in the following 
way: 

Z-—A°+ K- (Ad=1). 


As we have pointed out earlier,’ the lifetimes of 
hyperons will be governed by the lifetime of the 6 
mesons, the fundamental decay being that of a @ meson 
into two # mesons with absorption of one of the x 
mesons by the nucleon. It is therefore interesting to 
note that the lifetimes of all known 7-emitting hyperons 
are of the same order (~10-" sec) as that corresponding 
to the fastest decay channel known for the @ family,? 
that of #->2++-1-. T selection rules may be responsible 
for the longer lifetime of a free @* for which the T=0 
decay channel is absent. 


IV. INTERACTION OF DIONS IN FLIGHT OR AT REST 
A. Interactions in Flight 


The interation with nucleons (St) of positive and 
negative 6 mesons in flight should show some essential 
differences. Thus, 


Ia +20 
b 


Ila @+92 — |e +2 
b F +X 
c A° +r 
d Dt0+-¢ 


scattering 
charge exchange 


- . +H 
eo +2 


scattering 
charge exchange 
capture 

capture. 


The Kt-interactions in flight must be either elastic or 
inelastic with the K+-meson surviving or changing into 
a K°, thus creating stars of total energy less than the 
initial kinetic energy of the K*-meson. On the other 
hand, K~-mesons may remain free or be captured into 
a bound state with considerable release of energy. The 
“capture reactions” IIc, d may therefore be preferred. 
The recent experimental data on Kt-interactions’® and 
K--interactions'*'7 in flight agree with these con- 
clusions. The experiments show a small cross section 
for K+t-mesons of 30-120 Mev with emulsion nuclei, 
~1 of the geometric cross section, leading to inelastic 

3 OF Ine g 8 
scattering and probably also to charge exchange; 

4 Y. Eisenberg, Phys. Rev. 96, 541 (1954). 

46 Chupp, Goldhaber, Goldhaber, Iloff, Lannutti, Pevsner, and 
Ritson, University of California Radiation Laboratory Report 
UCRL-3021; also Proceedings of the Pisa Conference 1955 (to 
be published). 

16 G. Hornbostel and E. O. Salant, Phys. Rev. 98, 218 (1953). 

17 Goldhaber, Goldhaber, Iloff, Lannutti, Webb, Widgoff, 
Pevsner, and Ritson, University of California Radiation Labora- 


tory Report UCRL-3039; also Proceedings of the Pisa Conference 
1955 (to be published). 
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capture of K~-mesons of ~80 Mev takes place with an 
approximately geometric cross section. Studies of the 
scattering of K*+- and K~-mesons by free protons might 
prove of importance for the ideas presented here, as 
they might reveal the different nature of the two inter- 
actions, and throw light on the question of the existence 
of bound states of K-+ 9. 


B. Reactions of Negative Dions at Rest 


Negatively charged dions can cascade at rest into 
atomic orbits and then interact with nuclei. The 
fundamental reactions (Ad=0) should be the “capture 
reactions” where @~ is captured from the free state into 
a bound hyperon state, and the “transfer reactions” 
where a 6 is transferred from one bound state (e.g., 
>~) to a more strongly bound state (A° or hyperfrag- 
ment).!!8 These reactions are as follows. 


I. The capture reactions 

1 (T=O0or1):6-+p— A° +2° +~180 Mev (T=1) 
—Tt++a-+~ 95 Mev (T=0or 1) 
—>-+at+~ 95 Mev (T=0or1) 

— 9 +n°+~100 Mev (T=0) 

6-+n— A° +a-+~175 Mev (T=1) 

— >-+7°+~100 Mev (T=1) 

—>°+a-+~ 95 Mev (T=1). 


In complex nuclei, the x emission can be replaced by 
nucleon emission. Also, the @- may be bound to a recoil 
nucleus or a light fragment instead of to a single nucleon 
(see Sec. V: Hypernuclei). Further we have the follow- 


ing. 
IT. The Transf{.* Reactions 


+p A°+n+~85 Mev 
= +p-2A°+~23 Mev. 


As the energy released when a 2~ is captured by a 
complex nucleus is not high, one or both A”s may 
remain bound to the nucleus or parts of it. 

The K~-mesons will interact with free protons with 
equal a priori probabilities in T=0 states and T=1 
states. The 7=0 states cannot lead to A° emission, only 
to = emission. For complex nuclei it is not clear 
whether the 7 selection rules can be applied in the same 
manner. If they can be, we would expect K~ capture to 
lead to more =~ than 2* production, as 2+ can be pro- 
duced only from protons, but =~ from protons as well 
as neutrons. Charged 2’s are only found in ~10-20% 
of the K~ captures.'*7-8 This may be due to the fact 
that in passing out of the nucleus a 2* can be “dionically 
neutralized,” with considerable release of energy, by 

18 After completion of this paper a discussion of some of the 
points considered in this section came to our attention: Fried- 


laner, Fujimoto, Keefe, and Menon, Nuovo cimento 2, 90 (1955). 
1 Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 1448 (1955). 
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capturing a virtual @ from a nucleon, or transferring a 
6 to a nucleon, thus leaving a bound or free A°. The 
change from = to A° can also be accomplished through 
interaction with the virtual w-meson field. The proba- 
bility for these processes will be the larger the heavier 
the nucleus. A 2* can be lost only in the neighborhood 
of a neutron, a =~ only in the neighborhood of a proton. 
A greater percentage of =~ than =* should therefore 
escape from heavy nuclei, where neutrons are more 
numerous than protons, and perhaps more concentrated 
on the surface,” which all particles must cross. For 
these various reasons, one may expect to find more =~ 
than 2+ emission when K--mesons are captured in 
heavy nuclei.* Present experimental data are too 
meager to test this expectation. 


V. HYPERNUCLEI 


One way in which hypernuclei can be formed is by 
an interaction of a pion or nucleon with a complex 
nucleus, in which a @ meson is emitted and the 6 meson 
stays behind, bound to the recoil nucleus or to a light 
fragment (excited fragments, discovered by Danysz 
and Pniewski”; see also Powell,” Fry ef al.,* European 
G-Stack results,”* and Blau**). 

If we assume JT conservation to hold, we find that 
binding a @ in a nucleus of odd A leads to isotopic spia 
singlets, triplets, etc. (T=0, 1, 2 etc.), whereas in a 
nucleus of even A it leads to isotopic spin doublets, 
quartets, etc. (T=}, §, etc.). Within one multiplet we 
should expect the mass to be nearly constant (except 
for Coulomb corrections). Similar conclusions were 
obtained by Dalitz?” from equivalent considerations 
involving the binding of a A° (7J=0) to a nucleus of 
mass number A—1. Because of the close relation be- 
tween A° and the 2-family and their interaction with the 
pion-field, such an approach, if pursued further, should 
include for consistency mixed A° and = “hypernuclear”’ 
states. 

For A=2 no hypernuclei are known. They are 
possibly not stable against break-up into a hyperon 
and a nucleon. 

For A=3 we have the possibility of 7=0, 1, or 2 
multiplets. The individual hypernuclei are designated 
by their electric charge in Table II. The relative energy 
of the different JT multiplets is not known at present. 
aH® (T,=0) is well established. It may be a J7=0 state 


2” M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954) ; 98, 
783 (1955). 

*1 Some factors influencing the 2*+/2~ ratio are similar to those 
which have an effect on the r+/z~ ratio (e.g., the Coulomb inter- 
action). See R. E. Marshak, Meson Physics (McGraw-Hill Book 
Company, Inc., New York, 1952), Chapt. 3, Secs. 4 and 6; H. A. 
Bethe and F. de Hoffmann, Mesons and Fields (Row, Peterson, 
and Company, Evanston, 1955), Vol. 2, Sec. 48e. 

#M. Danysz and J. Pniewski, Phil. Mag. 44, 348 (1953). 

% F. Powell, Nature 173, 469 (1954). 

*% Fry, Schneps, and Swami, Phys. Rev. 99, 1564 (1955). 

* European G-Stack collaboration experiments; results pri- 
vately circulated by the Padua Group, and Nature 175, 97 (1955). 

26M. Blau (private communication). 

27 R. H. Dalitz, Phys. Rev. 99, 1475 (1955). 
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as no certain example of ,He’ is known; if the existence 
of ,He* were established we should expect ,m' to exist, 
as it has presumably stronger binding due to the absence 
of Coulomb repulsion. It is probable that the T=0 
state is the most stable of the different 7 multiplets 
because of its higher symmetry. If the 7=2 multiplet 
has members which are stable against = emission, they 
may nevertheless not be stable against A° emission or 
y emission to states of lower 7, except the |7,|=2 
members, from which neither y emission nor A° emission 
is possible. Of these, the 7,=—2 member should be 
expected to be more strongly bound than the T7,=+2 
member, because of Coulomb effects; but whether one, 
or both, of these hypernuclei are stable against breakup 
into a 2+ remains a question to be decided by experi- 
ment. 

For A=4, the existence of the 7,=+} state, ,He', 
as well as of the 7,=—}4 state, ,H*, has been estab- 
lished.?5 

Generally speaking, for each hypernucleus of a 
given T, which is shown to exist, there should exist at 
least one multiplet of hyperhuclei with T> |7,}. 

Table III shows the multiplets of lowest T for hyper- 
nuclei of odd and even mass number up to A= 10. For 
each atomic number Z, there are three hypernuclei of 
lowest T (T=0 or 4) with mass numbers A = 2Z, 2Z-+-1, 
2Z+2. A good many of these hypernuclei have been 
established*-**—A = 2 being an important exception— 
though some have not been identified with certainty. 
No member of a multiplet of 7>1 has so far been 
definitely established, though possible examples have 
been reported.™ It is tempting to generalize tentatively 
from the existing data that for light hypernuclei the 
multiplet of the lowest T is the most stable, just as it 
is known to be for other systems: the light nuclei, the 
nucleon-pion system, and the hyperons. 

It is an interesting fact that @ is not bound more 
strongly to several nucleons than it is to a single one 
(i.e., in the case of the free A°). On the picture here 
presented, this is only possible if the force between a 
nucleon and a @ is of considerably shorter range than 
the internucleon distance (~10~ cm), and probably 
smaller than the distance for which nucleon-nucleon 
forces are believed to be repulsive. 

If more than one 6 meson is bound in a nucleus 
(equivalent to more than one A° in a hyperfragment), 
we should expect higher total decay energies, e.g., for 
two 6 mesons up to about twice the energy released 
from normal hypernuclei; as the A°’s should be expected 
to decay successively, no one particle should be emitted 


TABLE II. Hypernuclei for A =3. 
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TABLE ITI. Table of hypernuclei (multiplets of lowest 7). 





Odd A 
T =0 
(A =2Z +1) 
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aHe® 
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AH‘, 4Het 


aHe®, ,Li® 
ALi’, ,Be8 
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with an energy in excess of that obtainable from 
decay of a single A°. It is possible that some of the results 
of Fry et al.,* indicating hyperfragments of anomalously 
high-energy release, can be explained in this manner. 
Other possible explanations of these anomalous hyper- 
fragments in terms of a bound @ (not 6) have been 
give.*8 On the ideas here presented, the @ interaction 
with nucleons may be repulsive, or too weakly attrac- 
tive to lead to @ compounds with complex nuclei. 


VI. HEAVY MESONS 


The preceding discussion would be complete if all 
K particles could be considered as @ mesons. At present 
it appears that this is not the case. Six different decay 
modes of charged heavy mesons of approximately equal 
mass (~965 m,) are known? (7, 7’, Kr2=0, Kyo, Kus, 
K.3). So far, no definite difference has been established 
between these K-particles before decay, and it is there- 
fore too early to say how many different particles are 
responsible for the decay processes found. However, 
the analysis of the 7+ decay carried out by Dalitz™ 
indicates that the 7+ meson and 6* meson are probably 
not identical. It is reasonably certain [see Table I, 
column (2) ], that most of the particles with these dif- 
ferent decay modes are dions, with d= +1 for the par- 
ticles of positive electric charge. Thus, one might be 
tempted to assume excited states of the 6-pion system. 
If the lowest of these states corresponds to a binding 
energy ~m,c* and is sufficiently metastable against 
emission to allow different states to exist for ~10-8 
sec it might account for the existence of more than one 
Kt-particle (e.g., a state of character 0+ for @+, and 
of character 0— for r+, between which single y-ray 
emission is forbidden).” In the reaction + p—A°+, 
Fowler et al.*' found in the c.m. system a preferentially 
forward angular distribution of #’s and a corresponding 
preferentially backward distribution of A°’s. Cosmic ray 
production of A”s® indicates a similar preferentially 
backward distribution. We can tentatively interpret 
these results as due to a high probability of a knock-on 
type of process, in which, e.g., a #~ meson collides with a 

28 A, Pais and R. Serber, Phys. Rev. 99, 1554 (1955). 

2 R. H. Dalitz, Phys. Rev. 94, 1046 (1954). 

% Note added in proof.—See also S. B. Treiman and H. W. 
Wyld, Jr., Phys. Rev. 99, 1039 (1955); T. D. Lee and J. Orear, 
Phys. Rev. (to be published). 

31 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955). 


8G. T. Reynolds and S. B. Treiman, Phys. Rev. 94, 207, 797 
(1954). 
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6* from the virtual system p= p+0-+6*=A°+6", with 
absorption of the x~ by the 6*. This would indicate that 
there exists indeed a strong 6-7 interaction. If bound 
states of the system 6(7=}) and r(T=1) exist, they 
would form isotopic spin doublets [(r°), r+], quartets, 
etc. It is well to notice that r+ then corresponds to a 
d= +1 particle, in agreement with the type of associated 
production found for it: r++2Z+, etc. [see Table I, 
column (a) ]. The near equaltiy of mass of r*+ and 6* 
still remains, however, a puzzling fact. No evidence for 
quartet states exists at present; they may not be stable 
against + emission and promptly revert to the doub- 
lets.* 

Studies of the relative production cross sections™ of 
7* and @* might teach more about the relation between 
these particles. One must remember, however, that 
their ratio may be different at decay than at production: 
the transition r+-+6++-2y (if 7 is the heavier particle 
and the characters of 7+ and @* are 0O— and 0+ re- 
spectively) as well as the possibility that other K-decay 
modes may compete with either 7 or @ decay, or with 
both, might influence the ultimate ratio. Also, if the 
close relation between rt and 6* here assumed is correct, 
the character of a K+-meson may be readily changed in 
collisions with nucleons: @*=r*. 

The arguments concerning a different character of 
the + and 6 meson, on the one hand, and their close 
relation, on the other hand, would lose in plausibility 
if no measurable difference between these mesons 
before decay were found, e.g., in their relative pro- 
duction cross sections in different collisions and at 
different bombarding energies, in their interactions with 
nuclei, in their mass or in their lifetime. 


VII. DISCUSSION 


If the picture of the heavy unstable particles here 
presented were to prove correct it would imply that a 
complete theory of nuclear forces should include, 
besides terms representing the exchange of + mesons, 
other terms representing the exchange of @ pairs 
(@+6) between nucleons. Whenever an excess of 6’s is 
present around a nucleon, the new entity may be ex- 
pected to behave in some respects like a compound, 
especially if the probability of further @ pairs is com- 
paratively small. This probability may be closely 
related with the probability of multiple production of 
6 pairs in high-energy collisions. From cosmic-ray data 
it appears that multiple production of dion pairs is 
comparatively rare.** 

%3 Some events have been observed [Fry ef al. (reference 24) 
and E. M. Harth and M. M. Block, Bull. Am. Phys. Soc. 30, No. 
5, 13 (1955) ] which have been tentatively interpreted as indicating 
the existence of mesons heavier than K-mesons, and decaying into 
K-+r. If these particles were established they might speak for the 
possibility of compounds of two 6’s with pions. 

% -*+ mesons have been produced by 3-Bev protons [Hill, Salant, 
and M. Widgoff, Phys. Rev. 99, 229 (1955) ], and K*-particles by 


2. 2. Bev protons, but relative cross sections are not yet known. 
* G. Cocconi, Phys. Rev. 94, 741 (1954). 


M. GOLDHABER 


While the question of the “reality” of compounds 
with binding energies as large as those postulated here 
may not be decided one way or the other by any one 
experiment, the compound idea is of heuristic value in 
qualitative discussions of various experiments, some of 
which may prove feasible in the near future; e.g. the 
scattering of K+- and K--mesons by nucleons might 
reveal the existence of interaction terms which change 
sign when K+-mesons are replaced by K~-mesons, as 
we have mentioned above. The scattering of fairly slow 
K~-mesons by protons, and in particular the sign of the 
scattering length, might show a behavior analogous to 
the n-p scattering, in which the existence of the deuteron 
ground state proves of importance. 

Other results which might help decide for or against 
the compound hypothesis of hyperons would be a de- 
termination of their spin,** which should be equal to 
| Ze+4|, where J is the spin of the @ (or 6) meson, if 
the ground state of each hyperon is an s-state. Though 
this cannot be taken for granted, it is a plausible 
assumption. 

The near coincidence in mass between r and @ raises 
the question which of the two is the more “funda- 
mental” particle, and whether the parities of A° and = 
relative to nucleons are even or odd. In fact, whatever 
the ground state parities of the hyperons are, they may 
have excited states of opposite parities, decaying 
rapidly by emission of y rays which are not readily 
detected by present techniques. The question of the 
existence of excited states and of higher presumably 
promptly decaying multiplets which we have mentioned 
above, remains one of the most important ones from the 
point of view here presented. 

In their compound model of + mesons (where the 
m® meson is pictured as a compound of a nucleon 
-+-antinucleon), Fermi and Yang*’ have discussed some 
of the theoretical difficulties which a compound theory 
may encounter; they point out, however, that it need 
not necessarily involve new particles responsible for 
this binding. The high binding energies which we have 
invoked here may require strong and conceivably 
singular potentials. Some examples of such potentials, 
leading to binding energies comparable to the rest mass 
of the bound particles have been analyzed by Case.** 
Only further theoretical and experimental investi- 
gations can show whether the ideas here presented can 
be consistently developed, without introducing a new 
particle responsible for the binding of @ mesons to 
nucleons. 

We wish to thank Professor A. Pais and Dr. J. 
Weneser for interesting discussions. 


36 Possible methods of measuring the — of K-mesons and 
33r hos were recently discussed by T. D. Lee, Phys. Rev. 99, 
55) 
37 E. Fermi and C. N. Yang, Phys. Rev. ~ 1739 (1949). 
38K. M. Case, Phys. Rev. 80, 797 (1950 
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All irreducible representations of the generalized Duffin-Kemmer algebra are constructed by a fusion- 
theoretical method. This is shown to yield a very convenient form for the representations in terms of which 
detailed properties are readily investigated. In particular the occurrence of twin representations is shown 
to be not only analogous to, but indeed a consequence of, the corresponding phenomenon for spinor algebras. 





I. INTRODUCTION 


T is well known that the representations of the three- 
dimensional orthogonal group are conveniently 
obtained by considering the direct products of the 
fundamental spin representation. Similarly it has been 
noted that the representations of the Duffin-Kemmer 
algebra with four 8 matrices are readily found by con- 
sidering quantities which transform as the direct 
product of two Dirac wave functions! This is the 
so-called fusion theory in which the 8 matrices are 
represented by the sum of corresponding elements of 
two commuting sets of Dirac matrices. While the 
representation is reducible it is of considerable interest 
in that all irreducible representations are contained in 
it, each exactly once. For this reason it might be called 
a “complete” representation. 

Mathematically then it is of interest to ask whether 
all spin matrices, for arbitrary spin and arbitrary dimen- 
sions, can be obtained by considering the fundamental 
spin representation. This last has been shown by Brauer 
and Weyl? to be particularly simple, both in properties 
and ease of construction. Physically, this is of interest 
for relativistic wave equations both for higher spin and 
higher dimensions than four. The question of the 
properties in higher dimensions is considered since it 
has not been investigated in much detail and yet occurs 
in many of the possible types of equations by which 
one might attempt to describe elementary particles. 

This paper will consider the simplest problem of this 
sort. It will be shown how the irreducible representa- 
tions of the Duffin-Kemmer algebra in m dimensions 
can be constructed by using only the properties of the 
n-dimensional spinor algebra. 

By the n-dimensional Duffin-Kemmer algebra we 
mean the algebra of » quantities 6(u) satisfying the 
relations 


B(u)B(»)B(o) +B (p)B(»)B(H) = 58 (p)+6,8(u). (1) 


This algebra was first discussed by Kemmer® who 
indicated the general structure and gave explicit forms 


1L. de Broglie, Theorie Generale des Particules a Spin (Methode 
de Fusion) (Gauthier-Villars, Paris, 1943). Also A. Klein, Phys. 
Rev. 82, 639 (1951). 

2R. Brauer and H. Weyl, Am. J. Math. 57, 425 (1935). A 
short summary of this is contained in the paper of K. M. Case, 
Phys. Rev. 97, 810 (1955). Hereafter this will be referred to as (I). 

3. N. Kemmer, Proc. Cambridge Phil. Soc. 39, 189 (1943). 


for the inequivalent irreducible representations. Re- 
cently Fujiwara‘ has treated the problem entirely from 
the viewpoint of abstract algebra. While the treatment 
in terms of spinors is not quite so general, it has the 
advantage of yielding particularly convenient forms for 
the representations from which many properties are 
obtained with great ease. Among these properties are: 
(a) proofs of equivalence of representations; (b) reduc- 
tion of the representations as representations of the 
algebras of lower dimensions; (c) elimination of sub- 
sidiary conditions from wave equations. 

A key to this problem is found by noting that in an 
even number of dimensions (n=2v) the sum of the 
dimensions of the irreducible representations is equal 
to 2”=2", which is just the order of the corresponding 
spinor algebra. Hence it might be expected that the 
representations of the Duffin-Kemmer algebra can be 
obtained by considering some combinations of the linear 
transformations of the left and right regular represen- 
tations of the spinor algebra. 


Il. CONSTRUCTION FOR EVEN DIMENSIONS (n=2v) 
A. Fusion and the Regular Representation 


First the equivalence of the method of fusion and the 
left plus right regular representation of the spinor 
algebra will be demonstrated. 

Let y“(u) and y®(u) be two commuting sets of 
irreducible spinor matrices. (These are each 2v matrices 
of dimensions 2’X 2’.) For simplicity it will be assumed 
that these sets are given in the same form. The matrices 
are to act on vectors with components Was. Here the 
first (second) set of y’s act on the first (second) index. 

Consider the set of matrices®:® 


1, 
Pr ()=y(i), 
TS) (41,20, ° ee sip) =i Vy (i) y (a2) os -¥ (is), (2) 
(i: <ig<+ ++ <i,) 
[2 =itrly (1)y(2)-- “4 (2v), 

41. Fujiwara, Progr. Theoret. Phys. 10, 589 (1953). 

5 Here we are considering three identical sets of spinor matrices. 
The matrices with superscripts 1 and 2 act on the first and second 
indices of our wave function. We will consider our Wag as a matrix 
and write this matrix as a linear combination of the auxiliary set 
of y’s which are written without superscripts. 


6 The notation used is that of (I), where proofs of the various 
properties assumed here are given. 
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and the matrix C with the property 
C-T® (7) 'C=T (4). (3) 
The 2” matrices !'%C—! form a basis in terms of which 


of which all 2X2” matrices Yas can be linearly ex- 
pressed. Thus for any Wag we can write 
2» 
Vap= > a”)-[TYUIC—"]g,. (4) 


f'=0 


The coefficients are readily obtained by multiplying 
Eq. (4) by 


cr”) (f)=CT (i1,t2, ahaa ity), (S) 
and taking the trace. Thus 


[CT (f) Jashas= > aS”) - FCT (f,) Jasf TC Joa 
f'=0 


2y 
= » af? - ero” (fyry”? (6) 
f'=0 


=2'a(f). 
Hence, if the tensor components of y are defined by’ 
WP (iaye > + tg) 2-70 yl CT (i1,++ +49) ye, (7) 
we obtain 


(f) 


2v 
Vap= > —-[TYC a. (8) 


f=0 7/2] 


It should be noted that the most general matrix 
operator acting on y can be expressed as a linear com- 
bination of product operators one of which acts on the 
first, the other on the second index. Thus consideration 
may be restricted to matrices of the form 


0=0% 0, (9) 


where 0 and © are matrices formed from the sets 


y™(u) and y® (uz) respectively. 
Using Eq. (8), we have 


Vas = (Op) ag= Day Os. Pap 
» WS 


a Oay Og, z ‘(TC+,, 
f=0 


iu) 


Qy y” 


a Z + wis Os, [T NC },4O 70" J 
fao ji) 


(10) 


2y J) 


Yas = Fm LOOT YC 710% "Ta. 


f=0 7U! 


(11) 


Thus multiplication by © is equivalent to left 
multiplication by the corresponding matrix expressed 
in terms of (x). Multiplication by 0“ is equivalent to 


7 The power of “i” inserted here is for convenience later. 


CASE 


multiplying by the transpose of the corresponding 
matrix on the right. However, as shown in (I), C0 # 
can be expressed as 0“’C—! with some sign changes. 

Of most interest for the present purposes is the rela- 
tion of the tensor components of y’ to those of y. Using 
the definition of Eq. (7), we have 


VO (f)=2-iy,,.[CT” (f,) re. 
This combined with Eq. (11) gives 


(12) 


aw 4/2) 
YO (f= p —y 
greg il) 


. fo@re cig +), [cr (fi) ]ye 
2” 


» (13) 





2 


YO FI= LO Ff WO (f2), 


f’=0 


(14) 
where 


oN (fi, fi)= 


1 il 
si as trcT’”? (fi) 


u'r) 
KoPry(f/)CA0M*, (15) 


B. Matrix Elements 


In addition to the equivalence of “fusion” and the 
regular representation, the results of Sec. A have shown 
how the matrices of an arbitrary transformation of this 
representation may be computed with the tensor bases. 

As examples let us find the matrix elements of y“ (x) 
and y®(u). In the first case OM =1, OV =T (yp). 
Denoting the corresponding operator by @(u), we find 
from Eq. (15) that 


ive 4 
ON I NW= Tas TOD 


ju’ 2) 


XPY(f)C->T® (uC. (16) 


Using Eq. (3), this simplifies to 


ivi 4 


—tPr”(f)re(f)P™ (uw). 
pm ETO LYFE Ww) 


UF, fi) (uw) = 
(17) 


Similarly, for y®(u) we have 0@=f®(yz), OM =1; 
and, denoting the corresponding matrix by @(u), we find 


jul 4 


—tr” (fr Wr’ (f/). 


i’) 2 


BI ( fifi) (u)= 
(18) 


The evaluation of the trace in Eq. (16) is simplified 
by considering the selection rules that hold. For a non- 
vanishing trace TY”) (f;)'™ (u) must (up to a numerical 
factor) be TY (f;). But TY (f/’) has f’ different T’s 
occurring. Hence TYT has either f’+1 or f’—1 
different I’s. Thus the only nonvanishing matrix ele- 
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ments are for f= f’+1. The obvious exceptions to this 
rule are that for f’=0 we can only have f=1, and for 
f’=2v only f=2v—1 arises. 

With f= f’+1, we have the matrix element 


Ql (i, F * 1 f,Jiy" *,js-1) (u) 


iui 4 
= — — try) Ae ry 1) ey By Sin ri ; 
j(U-1) 2) 9» (ii + +47) (jas ++ Jp) (u) 
(19) 


This is nonzero if and only if the set of numbers 
(ji,J2***,J¢-1@) is the sequence (i1,i2,---,iy) with 
perhaps some rearrangement. Suppose first that these 
two sequences do agree and indeed p=i;. Then 


PIM (Gy, ++ + ta) (i) =F OD (41) (G2) - - -T(Zy) 


gl f—1) /2] 


=——_—_—_T'V (44,° - - jis). 
j/2) 


(20) 


Equation (19) yields the result that 


Ql (i, ° *jty,t1,° . - ter) (is) =2~ tri=1. 


(21) 


In general, if the two sequences do agree, we must 
have p=% (k=1, or 2, --- or f). Commuting [' (x) 
through until it is between jx~1(=ix-1) and 7x(=Zx41) 
gives Eq. (21) again except for a factor of (—1)/*. 
These results for the matrix elements @//—!(u) can be 
expressed analytically in a variety of forms of which the 
simplest is perhaps in terms of alternating symbols. The 
expression is 


Ql J(u) ss €(i1, ar sty, sym nf) 


XK e(f1y* ++, Jp—1yht,1,° + +, Mn_p)/(m—f)!. (22) 


The matrix elements @//—'(u) are readily obtained 
from this. The same argument as that leading to Eq. 
(22) shows that the only nonvanishing result occurs 
when u¥ ji, jo, ***, Jy-1- Commuting (yz) through 
to the right puts @//—'(u) in the same form as @//—!(y) 


with the addition of a factor (—1)/—'. Hence 
BI (u) = (— 1) @/(u). (23) 


Precisely the same arguments give the remaining 
nonvanishing matrix elements, which are 


QIANG, + + ty, Jae Fea) (u) 
€(t1° + + 07,1 + Mn_¢741)) 
[n—(f+1)]! sia 
Xe(jr . *Fp4iymr* . *Mn—(t+1))s 


Bf (uy) = (—1) f(y). 





(24) 
(25) 


and 


These matrix elements can be symbolized as follows: 
Denote the antisymmetric tensors of rank f by {1}. 
We write the fact that @//—'(u) produces an f rank 
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tensor from an f—1 rank tensor as 


| a 
(1) > 14. 


(26) 


The complete set of connections due to @ (and similarly 
due to ®) are 


a 
{1°} = (1), 
Aaa datas shig 
{12-1} = (1). 


C. Construction of § Matrices by Fusion 


One can try to construct matrices satisfying the 
relations of Eq. (1) by writing 


B(i) = 3Dvy™ (i) +Axy® (0) ]. 


Inserting this into the four relations which state the 
full content of Eq. (1), namely 


8*(i) =B(i), 
#()8(7)+8(/)(i) =8()), 
B(i)8(7)B(i) =0, (1c) 
B(i)8(7)B(k)+8(k)8(7)B(i) =0, (1d) 


yields the result that the 6(i) of Eq. (28) satisfy these 
if and only if 


(28) 


(1a) 
(1b) 


(A1)?= (A2)2= 1. (29) 


According to Eqs. (23) and (25) the nonvanishing 
matrix elements of (28) are 


BP) =F Prt (- 1-2] '"7), (30) 
and 


HG) =3P+(—-DAT@ H(i). (31) 


Choosing A1=A2=1, the only nonvanishing matrix 
elements of the 8(i) of Eq. (28) have the form 


f odd, (30a) 


KIA) = a0), 
and 
BA) = Qf H(A), 


f even. (31a) 


The corresponding connection scheme is 


{1°} = {1°}, 
{1°} = {1°}, 
‘nn snaite © beaal 2 (32) 
(i?) ped (1%), 


{1”} > 0. 


Thus the reducible representation of Eq. (28) with 
this choice of the \’s has matrix elements which only 
connect the components of tensors of even rank with 
those of one rank greater and vice versa (that is, only 
connect odd tensors with those of one rank less). The 
representation is therefore decomposed into v-+1 irre- 
ducible representations D;(j=1, 3, ---, 2v+-1) of which 
the bases are the tensors of rank j and j—1.* The 
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symbolic description of these representations is 
{17} = {14}, (j=1, 3, ---, 2v+1). (33) 


The matrix elements of the @(i) in these irreducible 
representations are given by Eq. (30a), (31a) and (22), 
(24) [or (17) ]. The dimension d; of the jth representa- 
tion is clearly given by 


2v 2v 2v+1 
(i )-C; ) 
j j 
(j=1,3,---,2v+1). (34) 
[Here D2,,; is the trivial one-dimensional representa- 
tion in which each (i) is represented by the number 
zero. | It is interesting to note, in generalization of the 
result for four dimensions, that each irreducible repre- 
sentation of the Duffin-Kemmer algebra occurs exactly 
once in the reducible representation (28). 
An alternate choice of the \’s in Eq. (28) is Au= —Az 
=1. Equations (30) and (31) show that the only non- 
vanishing matrix elements are 


pf I-(i)=@//A(i), f even, (30b) 
and 


r= @/H(H, 
The connections are 


{1°} > {17} (=0), 
{1°} = {1}, 
{14} = {1%}, 


fodd. (31b) 


(35) 
{1°} = (17>). 


In this case the representation is decomposed into 
v+1 representations D;* (j=0,2,4,---2v) whose 
bases are tensors of rank j and j—1. The dimensions 
(d,*) of these representations are 


2p 2v 2v+1 
(")+(")-C) 

j j-1 j 

(7=0,2,---,2v). (36) 

It is clear that the two representations (28) with the 
choices \;= 1, \2= +1 are equivalent. This follows since 
one is obtained from the other by the replacement of 
y(t) by its negative. However, y(i) and —y(i) are 
known to be equivalent.* Hence, each of the repre- 
sentations D,* must be equivalent to one of the repre- 
sentations D;. The association is readily decided by con- 
sidering the dimensions of the different representations. 


Thus 
iT ‘ats ( 2v+1 ) P G7) 
hi hae ee 


Hence the equivalences are 


Di*~ Dory 1k (k=0, ‘R 4, oe 2v). (38) 


CASE 


It may be noted that in four dimensions the above 
implies that the choice \:=A2=1 in the fusion wave 
equation results in the decomposition into the scalar 
plus pseudovector equation plus the trivial equation 
with all 6’s zero. The alternate choice gives the pseudo- 
scalar and vector equations plus again the trivial one. 
(This indicates a certain superiority of the fusion 
method to that of abstract algebra since mathematically 
equivalent equations arrived at by fusion are physically 
different when interactions are considered.) 

The result in four dimensions and Eq. (37) suggests 
what the similarity transformation is that brings D,* 
into Do»+41-x. All that is needed is to introduce the duals 
of the tensors occurring as bases for D,* as new bases. 

A convenient standard form for the inequivalent 
irreducible representations is obtained by defining D, 
for k even as D,*, i.e., 


Di=D,* (keven). (39) 


A complete set of y+1 representations are then the set 
D,. (k=0,1,2,---, v). (40) 


The matrices 8“(i) of the kth representation then 
connect the components of a Ath rank antisymmetric 
tensor with those of (k—1)th rank and conversely. 
Symbolically the connections are 


De= {1} (1*"}, (k=0,1, ---, »). 
(Here the convention {1-'}=0 is used.) 


(41) 


D. Some Properties of the Representations 


Equation (15) is very convenient for finding various 
properties of the different irreducible representations. 
In particular the computation of traces of elements of 
the 8 algebra becomes almost trivial. As an example we 
will find the number of times each eigenvalue of a given 
6) (7) occurs. 

First it may be noted that from Eq. (1a) it follows 
directly that the only eigenvalues are 0 and +1. Since 
in the standard representations all diagonal matrix 
elements of 8(i) are zero, the trace of 8(i) in the Ath 
representation [denoted by 6“ (i) ] is zero. Hence there 
are equal numbers of +1 and —1 eigenvalues. 

Let N;.(c) denote the number of times the eigenvalue 
o of B(i) occurs in the kth representation. We have 
found that 


N.(1)=Ni(—1), (42) 


— (43) 


One more relation is obtained by noting that 
tr[p™ (i) P= N.(1)+-Ni(—1). (44) 
This trace may be computed (for k odd) by using Eq. 


(12), and 
Bi) =3Ly? @+7% @)]. 


and 


2v 
N.(0)+Ni(1)+Ni.(-—1) =a = ( 


(45) 
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Thus 


(8) P=3{Ly? @ P+27 Oy? +L? OF) 
=3{1+y (iy ()}. (46) 


However, the trace of 1 in the &th representation is, of 
course, just d,. Hence, using Eq. (15) and (3) we find 


trp (i) P 


d, 1 1 
=—+- = =) tL (is- + ix) (i) P 
2 2 i<ie<---\ 2” 


1 1 
+- > () tr[ PFD (iy -dg_) PG) P. (47) 
2 in<ig---\ 2" 


In (J) such sums are computed. There it is shown that 


1 
(..) trl (a1- +a, (2) P 
2” 


v—k 2v 


ti<ie<:-- 


Since we are considering the case of odd k, Eq. (47) 
becomes 


2v+1 (v—k) /2v 
owo("P-—(") 


k 


(v+1—k)/ 2v 
7 


), (kodd). (49) 
k—1 


Vv 


For the representations D; with 7 even, we can use 
B(i)=3Ly® )-y® (J, (50) 

or more simply use the result of Eq. (49) for k=2v 
+1—j. This gives again precisely the same result as 


(49) which is therefore correct independent of the 
parity of k. Consequently 


2v+1 
Nu(t)=Wa(—1)=4 us (07=4| ( ) 


(v—k) /2v (v+1—k) / 2p 
ae a 
v k y k-1 


(52) 


These numbers corresponding to 2, 4, and 6 dimen- 
sions (v=1, 2, 3) are given in Table I. 


while 
N,(0) = d,— 2N;(1). 


III. CONSTRUCTION FOR ODD DIMENSIONS 
(n=2v+1) 


The following properties? of the spinor algebras are 
needed : 

(a) There are two inequivalent representations, each 
of degree 2’. If '™ (i) (0<i<2v) are the matrices of 
degree 2” of the spinor algebra for n=2v, these also 
give a representation of the algebra for n=2»+1 if we 
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TABLE I. Dimensions (d,) and number of unit [N;(1)] and 
zero [N;,(0)] eigenvalues for the representations of the lowest 
three even-dimensional algebras. 








do dad d: d; 
No(1) No(0) Ni(1) Ni(0) N2(1) N2(0) N3(1) N3(0) 





1 1 1 








define 1 (2»+-1) by 
T (1)P(2)---T(2v+1)=1. (53) 


(The other, inequivalent, representation is obtained by 
replacing each of the matrices of the above represen- 
tation by its negative.) 

(b) The matrices T™ (f=0, 2, 4, ---, 2) defined as 
in Eq. (2) using the matrices (7) defined in a) are 
a basis for all 2” 2” matrices. 

(c) There exists a matrix C such that 


CT (i)C1= (—1) T(a)*. 


The formulation is now precisely as in even dimen- 
sions. Let Was be the (2”)? set of quantities on which 
two sets of y(u) (1<u<2v+1) can act. Since Wag is a 
2” 2” matrix, it can be expanded in terms of the 
matrices [' (i;,-- + ,ie)(=T™) (f=0, 2, 4, ---, 2v). (It 
should be noted that again the trace of each TY (f#0) 
is zero and the square of each is the unit matrix. Let 
tensor components of y be defined by 


VO (ing +) SW (fi) = 2-71 YL CT” (fi) Jy (55) 


Exactly as in even dimensions, it is readily shown 
that the result of an operator 


0=0Ly™ (uv) Jo[y (u)] 


acting on y can be expressed in terms of tensor com- 
ponents as 


(54) 


(56) 


Y= Oty”, (57) 
where 
1 jW/2I 
off’ =— 
2° {ua} 


trPMe@PyrC7eMIc, (58) 


We are primarily interested in the case where 
OM=P(u), OM=1, and OM=1, 0%=P(y). 
If 
@(u)=T® (u)X1, 


we see on using Eq. (54) that 


@(u)=1XT%(u), (59) 


iit] (—1)" 
QS’ (u) = try ym (y), (60) 
ju) Qe 
qU/2] 4 
—tPYr® (ur. 


@!' (u) = 
jU’/2) 2° 


(61) 
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Let us consider the selection rules for the @ matrix 
elements. (The matrix elements for @ will be seen later 
to be the same as those for @ except for signs.) In order 
that the trace in Eq. (60) be nonvanishing, we must 
have 

rYopoarw, (62) 


Now r’°r® has either f’+1 or f’—1 different I'(j). 
Since f’ and f are both even it would seem at first that 
(62) can never be satisfied. However, in virtue of the 
identity (53) an expression with s different I’s is pro- 
portional to one with (2y+1—s) I'’s. Hence, from (62) 
we see that the only nonvanishing matrix elements 
occur if 


(a) TY°r® has f’+1 different I'’s and 

f=2w+1—(f'+1)=29—f’, 

or (b) P¢°r® has f’—1 different I’s and 
f=2v+1—(f’—1)=2r+2- 


Alternately, this can be stated in the form: The only 
nonvanishing matrix elements occur if 


fi=2v—f or f'=24+2-f. 
The only exception occurs for f=0 where we obviously 
can only have f’= 2p. 
For y even, the connections occasioned by @ are then 
{1°} — {1°}, 
co) = (5p = ("*), 
Leite | que {1*} contd i . 


(63) 


(64) 


(65) 


(1H{ — (14) > {14), 
{17} — {17} > (1, 
(17) — (1°) > (14, 
(1) — (24) > (13, 
(1°) — (1%) > (19). 


For v odd, the connections are similar except that 
the middle region becomes 


{1789} <— (1°) — {1°}, 
lh dante ‘all Std ill! L 
is James, a diel, (mi 

{17} <— {1°} — (1-}, 


We note that, for vy even, there are matrix elements 
giving a vth rank tensor from a rth rank tensor ({1’} 
is self-connected). For v odd, we see that {1’*"} is self- 
connected. 

Direct evaluation of the matrix elements of @ using 
Eq. (60) gives 


WI isy iyi, si) = Oy) 


=i/t"e (1, apiskee i145 iy’, aad story’ Mt), (68) 


CASE 


and 


2n+2—f 
areiery)aii SY (1), 
j=l 
X e(i1,° ; * sty; 1’, *"f it;',° y st’ onp2 4). (69) 
Since the matrix elements of @ can be transformed 
into the form of those of @ by commuting I'(u) to the 
right of '%” in Eq. (61), it is clear that corresponding 
matrix elements differ only by factors of (—1). The 
explicit results for the nonvanishing matrix elements 
of ® are 
@/?-S = (—1)’"Ql?-/, (70) 
(71) 


Let us now represent 6(i) in the form of Eq. (28). 
From (70) and (71) we see that the nonvanishing 
matrix elements are 


GB -4(i)=31\it (—1)r2]@/*“(i), 
Bf 2749-4 (5) = 3D — (— 1) "2 Ql 27#*-1(3). 


and 
Bl 2H42-F = (—1)PHQs arty, 


(72) 
(73) 


The various special cases are best discussed sepa- 
rately. 

Case 1: (v even) 

(a) \i=A2=1.—All matrix elements of the form 
given by Eq. (73) vanish. The only connections are 

{1°} <— {1}, 
(Sp — ("*), 
{i*) ro {1"**} 
{1"} — {1°}, 
{1"¥?} <— {17}, 
(1-4) — {1}, 
{1°} — {1°}. 

From this it is seen that the representation of the 
8(i) is decomposed with our choice of bases into 4»+-1 
representations D; which can be symbolized as 
Di= {1} et Searels}, (i= 1,3, gist teas 1) (73b) 
and 

T,= {1"} = {1’}. (73c) 


Here, as indicated by the equivalence sign in (73b), it 
is convenient to introduce the dual of the (2y+-1—7)th 
rank tensor as a basis. The dimensions d; of these 
representations are seen to be (on counting the com- 
ponents of the basic tensors) 


2v+1 2v+1 2v+2 
oa CO) as We a 
i—1 i i 


(i=1, 3, nib v—1), 


ar(*) (7) 


(74a) 


(74b) 
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(b) \1=A2=—1.—This merely changes the sign of 
all matrix elements in (a). Hence, the representation 
again decomposes into }v+-1 representations D,*, 7,*, 
where the connections are 


Dt= {1} = (14, 
T,* = {1} = {1}. 


The only difference between these irreducible repre- 
sentations and those of (73a) and (73b) is that all 
matrices are replaced by their negatives. However, the 
simple change of basis in which one of the two tensors 
occurring for D,* has the sign of all components changed 
transforms D,* into D;. There is, though, no such trans- 
formation for 7,*. This can be proved by computing the 
trace of the elements of the algebra as in Sec. II. This 
then shows that the two representations of Eq. (28) with 
the two different choices of \i, A: are inequivalent. 
Hence at least one of the component representations are 
inequivalent. These must be 7, and 7,*.] Hence, in 
addition to the representations D; (i=1, 3, ---, v—1) 
we have the two inequivalent twin representations® T, 
and 7,*. Each of these have the dimension given by 
Eq. (72b). They differ merely in sign. 

(c) \i=—A2=1.—The matrix elements of Eq. (72) 
now vanish. The representation of Eq. (28) decomposes 
into $v+1 representations D; (i=0, 2, ---, v), de- 
scribed as 


D= (1) 2 (14, (76) 


Here again we have introduced the odd-rank tensor 
dual to one of the original tensors and used the con- 
vention that {1-'}=0. The dimensions of these repre- 
sentations are again given by (74a). (Now 7 is an even 
number less than or equal to v.) None of these repre- 
sentations are equivalent to those of Eq. (73b) since 
the dimensions are different. 

(d) \i= —A2= —1.—The same decomposition occurs 
as in (c), but with each matrix replaced by its negative. 
Since these representations connect an even-rank tensor 
with the odd tensor rank one less, introducing the 
negative of one of the two as a new basis transforms 
the representations into the corresponding representa- 
tions of (c). 


i= 1,3, +++, »—1), 
( (75) 


(t=0, 2, --+, »). 


Case 2: (v odd) 


(a) \1=A2=1.—We obtain a decomposition into 
3(v+1) representations D; (i=0, 2, ---, v—1) of the 
form 

D.= {14} = (15, 


(i=0, 2,-++,v—1), (77) 


and a representation 7, of the form 
7,= (1) 2 {174}. 


The dimensions of these representations are 


2v+1 2v+1 2v+2 
cg Ae Spel (a 
i-1 1 1 


(i=0, 2,---, v—1), 


(78) 


(79) 


and 


2v+1 
d(T,)= ( ). (80) 
v+1 

(b) \1=A2= —1.—Since each of the representations 
(77) is equivalent to its negative we get just one more 
representation (7,*) of the form (78) in which each 
B(t) is replaced by its negative. 

(c) A=—A2=1.—4(v»—1)+1 representations D; of 
the form of Eq. (77) are obtained with i=1, 3, ---, v. 
The dimensions are given by the same formula as in 
Eq. (79). 

In summary we can say that, for v odd or even, con- 
sidering the various choices for the \’s in Eq. (28) gives 
all the v+3 irreducible representations of the Duffin- 
Kemmer algebra. There are »v+1 irreducible repre- 
sentations D; (i=0, 1, ---, v) of the form (77). In 
addition, there are the two twin representations of the 
form of Eq. (78). It may be noticed that from our 
present point of view the occurrence of “twin” repre- 
sentations is not only analogous to, but is indeed a 
consequence of the latter occurrence. Indeed, if the two 
spin representations were equivalent, the representa- 
tions occurring in 1a and 1b (or 2a and 2b) would neces- 
sarily be equivalent. 

A general result of the above special cases is that one 
of the twin representations always occurs (and only 
then) when the representation Ayy“? (i) of the spin alge- 
bra is equivalent to that given by Avy (7). The trivial 
representation [all (i) zero] occurs in the case when 
both representations are the same if v is odd and in the 
case when the representations are different if v is even. 

It should also be pointed out that all the irreducible 
representations constructed for both odd and even 
dimensions are automatically obtained in real form. 


IV. BRANCHING RULES 


The decompositions found in III can be summarized 
rather concisely by considering how the representations 
of the #’s for a given nm split up on treating them as 
representations of the 8’s of one lower dimension. 


A. n=2v+2-—-n=2v+1 


We will first consider the reduction from 2»+2 to 
2v+1 6’s. In Sec. II it was shown that the “complete” 
representation for n=2v+2 is obtained by considering 
B(i) of the form given by Eq. (28) with \1=\2=1. The 
spin matrices occurring are those appropriate to 2y+2 
dimensions. These are readily constructed? in terms of 
those for n=2» by taking direct products with 2X2 
Pauli matrices [denoted by p(1), p(2), o(3) ]. Thus if 
y(i) (1<i<2v) are a set of spinor matrices for n=2v, 
the set 

P(i)=p(i)y@), (1<i<2r) 
T'(2v+1)=p(1) Xi (1) y(2)- « (20) 
=p(1)y(2e+1), (81) 
I'(2v+-2) =p(3)X1 
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form a set of matrices for m=2»+2. Suppose that 
8(2v+2) is to be omitted. The representation of Eq. 
(28) becomes 


B(x) =3{™ (1)y™ (u) +p (1)y (u)}, 
(1<u<2v+1). (82) 


Since p™(1) and p®(1) commute with all quantities 
which occur we can obviously decompose the repre- 
sentation of Eq. (82) according to the eigenvalues +1 
of p™ (1) and p® (1). The representation of the 6(x) is 
then just the direct sum of the representations 


B(u) = 3{7% (“by (u)}. (83) 


These are just the four representations considered in 
Sec. ITI, (a), (6), (c), (@), respectively. Thus the com- 
plete representation of 2v+2 6’s decomposes as a 
representation of 2v+1 6’s so that each irreducible 
representation occurs with its negative. Alternatively, 
since all but the twin representations are equivalent to 
their negative, this means that each representation 
occurs twice, except the twin representations which each 
occur once. 

From this result the decomposition of the irreducible 
representations for n= 2v+2 are readily obtained. ‘The 
bases of the respresentations* D;(2v+2) (0<i<»+1) 
are the antisymmetric tensors {1°}(2y+2) and {i'} 
X (2v+-2). Asa tensor for 2v+-1 dimensions, { 1*} (2v4-2) 
is the sum of {1}(2v+1) and {1*"}(2v+1). The basis 
tensors for D;(2v+2) are thus (considered as 2v-+1 
dimensional tensors) {1*}(2»+1){1*"}(2v+1), {1°} 
X (2v+1), and {1**}(2v+1). These are just the bases 
for D,(2v+1) and D;_1(2v+1). Hence we find the 
decomposition 


Di-1(2v+1) 


(1<i<v). (84a) 


Pa 
D;(2v+2) 
\ 


D,(2v+1) 


The trivial representation obviously goes over to a 
trivial representation, that is 


Do(2v-+2) > Do(2v+1). (84b) 


The only exceptional case arises for D,41(2v+2). The 
decomposition of this follows from the result obtained 
for the complete representation. We must have the 
reduction 


D,(2»+1) 


x 
D41(2»+2) T, (2v+1) 
\ 


(84c) 


T,*(2v+1), 


since only in this way will all the representations which 
we know to be contained in the complete representation 


§ D;(2»+2) is the ith representation of the (2v+2)-dimensional 
algebra. {1'}(2v+2) is the antisymmetric ith rank tensor in 
2v+2 dimensions. 


CASE 


for n=2v+2 be obtained. [Here we use the decom- 
positions (84a) and (84b). ] 


B. n=2v+1—n=2y 


The reduction is similar to the above. Merely 
knowing the basis functions it is clear that the repre- 
sentations D;(2v+1) (0O<i<v) decompose as 


Dj-1(2r) 


a 
D;(2v+1) (1<i<yp), (85a) 
\ 

D,(2v) 
while 
Do(2v+1) — Do(2r). (85b) 


The reduction of the twin representations is obtained 
as follows. 
The twin representations have the structure 


T,(2v-+1) = {1°} (2v-+1) = {1} (2v+1). (86) 


On restricting to 2v dimensions, the tensor bases 
{1"}(2v) and {1} (2v) are obtained. However, the only 
representation for n= 2v having {1} (2v) and {1”~'} (2v) 
[and mot {1”-*}(2v)] is the representation ®,(2v). 
Hence we must have the decomposition: 


T,(2v+1) — (integer) D,(2,), 
T,* (2v+1) — (integer) D,(2v). 


On comparing the dimensions of the representations 
T,(2v+1) and ®,(2v), it is seen that the integer is 
unity. 

These results can be summarized in the statement: 
In the complete representation of the B’s for n=2v+1, 
each representation of the next lower dimensional algebra 
occurs twice (or once with its negative), except that D,(2v) 
occurs three times. 


(85c) 


V. REDUCTION OF WAVE EQUATIONS 


As an application of this method we consider the 
problem of eliminating subsidiary conditions from wave 
equations. More precisely, suppose we have a wave 
equation of the Kemmer form. 


{8(u) d,+K}W=0. 


Here yu is summed from 1 to m and the 6(u) are a repre- 
sentation of the appropriate algebra. 

If 0, is considered as the time derivative, it is useful 
to single this out by writing Eq. (87a) as 


{8(i)0;+8(n)d,+xK}¥=0. (87b) 


The components of this equation corresponding to the 
zero eigenvalues of 8(n) do not involve the time deriva- 
tive and so have the form of subsidiary conditions. For 
many purposes it is useful to eliminate some of the 
components of W by using these conditions and so 
obtain an equation for the independent components. 
These then will be free of subsidiary conditions. 


(87a) 











REPRESENTATIONS OF DUFFIN-KEMMER 


To obtain the reduction for all representations at 
once, it is most convenient to treat the problem when 
the 8(u) of Eq. (87a) give the complete representation. 
Since it is both simpler and of physically greater 
interest (n=4 and perhaps 6), we restrict our attention 
to even n(=2v+2). 

In Sec. IV it was shown that the complete represen- 
tation for n=2v»+2 can be given in terms of the two 
sets of Pauli matrices p“ (i), p (i) and two sets of spin 
matrices for n= 2yv by defining §’s by 


Bi) = 3{e™ (1)y™ (+p (1) (O}, 
(1<i<2y+1) 
B(2v+2)=3{p™ (3) +p (3)}. 


The components of the wave function ¥ are then labeled 
with four indices: 


(88) 


Vm, m’; a, By 


where the p“ (i), p® (i) act on m and m’ and the y“ (i), 
y (i) act on the indices a and 8 respectively. 
Suppressing the second set of indices and writing 


Win, m= (m,m' |), (89) 
we can express Eq. (87b) in terms of its matrix elements 
as 
(m,m' | 3p (1)C+4p (1)D 
+40,[p™ (3)+p2 (3) ]+x«| mm’) 
X (m"m'""|)=0. 


D=0 7 (i). 


(90) 
(91) 


Here 
C= Oy (i), 


and m, m’ are the eigenvalues +4 of $p) (3) and 3p”? (3). 
The form of Eq. (90) suggests introducing triplet and 
singlet wave functions (i.e., eigenfunctions (SM,| )) of 
the square of the p spin and its 3 component. Equation 
(90) becomes 


(SM | $0 (1)C+$p (1)D 
+,M,'+x|S’M,')(S'M,'|)=0. 


These are four equations. The operation 0, does not 
occur in the two equations with M,=0. Evaluating 
matrix elements in the usual way and using these latter 
two equations to eliminate the functions (10]) and 
(0 0|) in terms of 


¥+=(11]), y-=(1 —-1)), 


(92) 


(93) 


we obtain 
dnW+= Wat Gy, 


94 
dn_-= —F_— Gy. 04) 


1 
Fe — je LE ++ (C— DY), 

(95) 
G=—L(C+D}- (C—D)*). 


ALGEBRAS 


Introducing two matrices 73 and rz by 


= Q -1 
mC. 8) m( 
0 -1 1 


and writing 
¥+ 
o= 
y_ 


enables us to express Eq. (94) in the compact form: 
0W= T30VtiTe Gy. 
*} may be simplified by using the fact that 


(C+D)?+ (C—D)?=2(C?'+D*] 
=2{[y (0; P+L® (id: P} 
=40?. 


(97) 


(98) 


(99) 


Thus 


= —x{1-—02/2k*}. (100) 


@ can be similarly simplified, yielding 


1; /C+D\2 0? 
oC) 
K 2 2 


3(C+D)=F{y? (+7 ()} 04. 
This we can write as 
3(C+D)=B(i)di, 


where (i) is just the representation of the algebra for 
n=2v+1 given in Sec. III. /.a or III. 2.a. Thus, on 
introducing 


(101) 


But 
(102) 


(103) 


10 1 0 
8,=-—, Pi=-—, (104) 
1 at 1 Ox; 


Eq. (98) becomes 
tT2{_ i 
v+ {(9-Pr——. (105) 


K 


—| LT? 


7 
i—= ro {4+ — 
al 2k? 


In four dimensions this is just the reduced wave 
equation found by Taketani and Sakata.® Here we have 
obtained the Hamiltonian form for both the vector and 
scalar wave equations simultaneously. 

In Eq. (105) the reduced wave equation is given 
which results from the reducible complete representa- 
tion of the @(u) in (87). The @(i) occurring in (105) 
are those appropriate to the reducible representation 
of 2v+1 8’s discussed in Secs. III. /.a and III. 2.a. To 
obtain the representation of the 8’s in Eq. (105) on 
starting with irreducible 8(u) in (87), it is only necessary 


®M. Taketani and S. Sakata, Proc. Phys.-Math. Soc. (Japan) 
22, 757 (1940). 
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to use the results of Sec. II for the zeros of the 6’s in 
irreducible representations and the branching relations 
discussed in Sec. IV. 


VI. CONCLUSION 


In summary it can be said that all the irreducible 
representations of the generalized Duffin-Kemmer 
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CASE 


algebra can be found in a particularly convenient form 
by considering the transformations of the products of 
spinors. The discussion of specific properties of the 
representations is considerably simplified. In particular, 
the occurrence of twin representations in odd dimen- 
sions is seen to be a direct result of the corresponding 
property of spinors. 
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Renormalization of the Mass Operator* 


KENNETH A. JoHNSONT 
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(Received July 18, 1955) 


The renormalizability of the mass operator for all of the usually discussed field theories is established in a 
general fashion outside of the framework of perturbation theory. 


1. INTRODUCTION 


CHWINGER has shown! how one may renormalize 
the entire theory of linearly coupled fields? outside 
of the framework of a perturbation theory. By the word 
“renormalization” we shall denote the process of elim- 
inating from the theory the consequences of the coup- 
ling of the fields which describe the alteration of the 
masses of the particles and quanta and the alteration of 
the normalization of the field strengths. By a“‘renormal- 
izable” theory, we shall mean one where all of the quan- 
tities may be expressed in terms of renormalized func- 
tions and equations. We shall therefore separate the 
difficult question of the theory’s convergence from the 
question of its renormalizability. The question of 
whether or not each term in a perturbation expansion 
of the renormalized theory is finite may be answered 
positively or negatively, as the case may be, in the 
usual fashion. We shall add nothing to these discussions 
in this note. The philosophy of this work shall be to 
avoid perturbation methods because of their doubtful 
validity in most cases. By linearly coupled fields we 
shall mean the situation where a “particle” current (a 
bilinear form) multiplies the first power of the quantum 
field. It is the purpose of this note to indicate how 
Schwinger’s renormalization procedure may be ex- 
tended to include the case of higher powers of the quan- 
tum field coupled to the particle current. An example of 
such a theory is the spin-zero particle coupled to the 
electromagnetic field ; a case which includes both linear 
and quadratic coupling, and which has been discussed 
with perturbation methods by Salam.* We shall for 
*A portion of a thesis presented in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at Harvard 
University, June, 1955. 
t National Science Foundation Predoctoral Fellow. 
1J. Schwinger, “Lectures on the Theory of Coupled Fields,” 
Harvard University, 1954 (unpublished). 
2 J. Schwinger, Proc. Natl. Acad. Sci. 37, 452 (1951). 
3A. Salam, Phys. Rev. 86, 731 (1952). 


clarity restrict the generalization to the linear plus 
quadratic case. The manner in which one is to proceed 
to include even higher powers will be clear. 


2. SYMMETRIZATION OF THE MASS OPERATOR 


We begin with the equation for the particle Green’s 
function,? 


6 
[o+-210( 4-1) 
bJ 
6 6 
tee 4 -i—)e( 4 = —) e- i (0) 
6J 6J 


In this equation, Go is the Green’s function for the free 
particle; A is the “polarization potential” given by? 


6 
A =a(7-i tf ert 2erea( 4 oa —) |e), (2) 
6 


which vanishes in the limit of zero external current 
(J—0) ; 2; and v2 are quantities which describe how the 
particle is coupled to external fields, that is, the equa- 
tion for the Green’s function for the particle coupled to 
an external field A* is 


(Go! +0161 °+29€2A “eA *)G= 1. 


We use a matrix notation for particle and quantum 
indices throughout,? and employ units where #=c=1. 
We may define effective “external” potentials by 


6 
@iG= (4 — 6, 
J 


6 
(4 —i— JG, 
éJ 


6 

6 
QG= (4 -t— 

6J 
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which are coordinate operators on the particle indices. 
We also define the adjoint-like structures, 


5 
Gar'=6(4-i-), 
6 
j 5 
Ga!=6(4 nf ) (4 = i), 
6] 6J 


We note that @, and @,’ are symmetrical in the two 
quantum indices. We may then express G~! as 


Gis 13; it v2¢2?Q2t+Go- . 


4 
=e, Q1'0, +62? Qe't2+Go. ( ) 


The reason for obtaining two unsymmetrical descrip- 
tions of G~! may be traced to the fashion in which we 
formulate the coupling of the particle field to the quan- 
tum field, namely in terms of the way in which the 
particles are coupled to an external field. Thus, we may 
say that the particle is coupled in the “future” to an 
external field which it generated itself in the “past,” or 
that the particle is coupled in the “past” to an external 
field in such a way that it will absorb the proper field in 
the “future”. If we obtain a more satisfactory descrip- 
tion of the coupling of the particle to the quanta, so that 
it is symmetrical in the way it describes the emission 
and absorption of the same quantum, we should expect 
the two unsymmetrical expressions (4) will yield a 
single symmetrical form for the inverse Green’s func- 
tion. We shall then show that with the new symmetrical 
form of G~', the proof of renormalizability becomes 
almost trivial. 

The source of the unsymmetrical description of G~ 
has been traced to the operators v; and v2 which describe 
the coupling of the particle to external fields. We shall 
therefore introduce a more adequate way of prescribing 
the coupling to the quanta. It is well known? that the 
proper way to describe the coupling of the particle to a 
single quantum is with the emission operator, 


6 
Vi;=—G. 
6e,A 


(5) 


We may then find with the use of (4), 
F 
Vi=01A1+02¢2?Q2—, 
6e,A 


where we define a new quantum-particle operator by 


+ 


6 
Ai(é’) =e1@1()—_,, 
6e1A (¢’) 


where we have made the quantum indices explicit. We 
then find 


(6) 


Y1= ViA ro -_ V2e2?A2—-—A ri. 
5e,A 


(7) 
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In order to proceed, we must introduce a quantity to 
describe the emission and absorption of two quanta. 
Consider the functional-coordinate operator, 
; : 
Pre Le . 
be2A (£) 5e2A (£’”) 


It is a simple exercise to show that this quantity is 
symmetrical in the two-quantum indices (”,é’””), in 
other words, it is a two-quantum vector. We shall there- 
fore define as a double-quantum emission operator, 


Ai (ee). (8) 


A 5 
V2=G-'—-Ay*—-A. 
6e2A 6e2A 


(9) 


We then find, from (7), 
t= VA, 


where, with quantum indices explicit, 
. b 
(Ge | Aa] £2”) = e:*@ (Ee) —— 
6@2A (E*) 
5 
<XAr! (Eire )- “= 
de2A (£’”) 


Ar*(ge'"). (11) 


This is a two-quantum matrix. With the use of (7) and 
(10), we obtain 


- 


6 
1= Vide ate'( ae — art), (10°) 
6e,A 


Let us again consider G'. We define the mass 


operator?‘ by writing 


G2=Go'!+2,e;A+me.AeA+M ; (12) 
thus, 


M = e;(Q;— A) + 2€2?(@Q.— AA). (13) 


The process of “symmetrization” will be to replace 2, 
and v2 in the mass operator by their equivalents (10) 
and (10’), 


M=e,V,Ar(Qi—A) + eV As 
5 
x| @.-44- a; arta(a—a)} (14) 


6e1A 


The potential @,— A may be written 


5 
@:— A =iG—G"'= ie, SGV), 
5J 


and therefore the first term in (14) becomes 
iePV1(Ar"GG)Vi, 
which describes symmetrically single-quantum emission 


4 This definition omits the mechanical mass term. 
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and absorption. One may easily verify that if we had 
started with the alternative form of G-', this same first 
term would have been obtained, but with a particle- 
quantum Green’s function GGA,;’~!, where 


A;’= (6/6e,A Jer @Qy’. 


It is quickly verified that Ay "GG=GGA,'—", that is, the 
two Green’s functions are identical. Let us now con- 
sider the more complicated second term in (14). We 
may first note an easily obtained relation between @, 
and Qs, 


- 


6 
Q2= @,Qi— Qyi—= @1@i1—iA\G. 
bJ 


With the use of this relation and the connection between 
A; and A,’ noted above, one finds after a short calcula- 
tion, 

Q.—AA— Qe Ar e:(@:— A) = —1iG— (ie2)*GGGV 2’, 


[ave 
where 


0 6 
V2=A ’—A,'"—_G", 
6e2A be2A 


(9) 


is the right-hand correspondent of (9). We find then the 
symmetrized form for the mass operator, 


M= te; Vi (A 1'GG) Vi- ie2?V oAs'G 
— (ies?)?V2(As"GGG)V2’. (15) 


We have therefore obtained a symmetrical form for the 
mass operator, and further have found a form which 
separates one- and two-quantum effects. We have found 
Green’s functions, 


Ar'GG= GGA;’, 
As'GGG=A2’'GGG, 


which describe the propagation of one or two quanta, 
respectively, with the particle in its intermediate state. 
The middle term is 


Vohs"g=n§=Gr.=GarVy, 


because of the symmetry of v2 and G. We notice further 
in the case of spin-zero particles coupled to the electro- 
magnetic field, where (x] v2(¢,£’)|x’)=6(x—-2’)6(E—#’) 
5(x—£), that this term is a constant and therefore 
disappears in the renormalization. We see that the 
extention to higher powers of the quantum field coupled 
to the particle current is to be made simply by con- 
tinuing by induction the modification (9) of the emission 
of more quanta into the presence of quanta already 
present. 


3. RENORMALIZATION 


We are now prepared to discuss the question of re- 
normalization. The main effect of the operator M is to 
describe a simple alteration of the Green’s function 


KENNETH A, 
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Gy. Suppose Gy“ has the form /()-++m [for spin-zero 
particles, m—m?, {(p)= ’; for electrons or nucleons, 
t()=vYp, etc.]. The Green’s function G has the form 


G= f(p)+neA+redeA+M+m. (16) 


Further suppose G has a pole for M+-m=™m, then m will 
be the measured mass of the particle. Let us consider the 
particle in the presence of a constant field A, and expand 
M-+m about m, 


M+m=m+$(f(p)+m)+f:01614 
+f202¢2Ae2.4+ (1 +:)M, 


where (1+¢)M is the remainder. The Green’s function 
then adopts the form 


1+f, 
c= (140) s(p)-+intover——A 
1+f 


1+2 


toe AA+M 
= (14967. j 


We call @ the renormalized Green’s function. We may 
express the renormalized mass operator by writing 


(1+¢)M=r(M+m), (17) 


where r symbolizes the linear operation of taking the 
remainder. 

We shall not discuss here the renormalizations of the 
quantum field but assume only that they are carried out 
and that they leave e,A and eA invariant, that is, e 
and e: have the same renormalization induced by the 
quantum field. The renormalizability of the entire theory 
can be easily established by the elimination of »; and 12 
from all equations. We shall leave the complete discus- 
sion for a later paper. We shall let it suffice to remark 
that in particular the polarization operator? can be re- 
normalized in the same sense as the mass operator and 
that the two renormalizations are consistent with each 
other. 

After the quanta renormalization, we must still make 
a further change of scale of the coupling constants. Let 


ig +f. pe 1+f. 
es €1, 2 
1+¢ 1+¢ 
The Green’s function then is given by 
G-1= f(p)-+-m+08)'A 4+ 062'Ae,/A+ M1. 


The emission operators also undergo a renormalization, 


= 6,'?, (18) 
(19) 


3 6 
Vi=—G'= (1+)—G'= (14+90;, (20) 
* 6e,A 6é,A 
an 


(21) 


5 5 4 
V2=G-'—-4,-—A, (1+) = V2(14+5), 
522A 6A 


é 6é 











RENORMALIZATION OF MASS OPERATOR 


since one may easily verify that A;=A, and A,=Ay. 
Upon the second coupling constant renormalization we 
obtain, 
a Gy 
Vi= if 
1+¢ 


ae 
rm(tY 0, 
1+¢ 


The renormalizability of the theory then hinges upon 
our ability to show that the operator M can be given 
completely in terms of renormalized quantities. We 
have 


M(i+¢)=r(m+M) 


=f ieV Ar CG Vi- te2?V eAs'C 
Jd Jd 


(22) 
and likewise, 


(23) 


— (ies*)?V2As"GSGV 2’) 
= (1+$)r(i@?V iD, GGT 7 ié2V As 


+ (182")?V 2Az IGCGV 2’). 
Upon the second renormalization of the coupling con- 
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TaBLE I. Substitutions required to reduce the present theory 
to some standard field theories. 








Theory (p|01(&)| 9’) (p|02(kR’)| p’) 


Electron- —7i(p— p’+k) — 


photon 
Meson-photon 5(ptk— p’+hk’) 


(b+9')8(p— p’+k) 


Nucleon- 
meson 


—~s7b(p— p’+k) 


“Quadratic” 
electron- 
photon 


(p+p’+ko)i(p—p’+k) 8(ptk—p’th’) ¢ eC 








stants, M remains unchanged, since eV; is invariant as 
is @o?V>. We have therefore extablished the renormal- 
izability. 

We notice that these results are perfectly general. We 
obtain for example the well-discussed theories with the 
substitutions listed in Table I. The photon theories are 
simplified by gauge invariance which requires f= {1=¢e. 

I wish to acknowledge my indebtedness to Professor 
J. Schwinger for suggesting this investigation and for 
valuable discussions. 
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An alternative definition of the gradient terms in the lattice space quantization method is used to calculate 
the energy of a nonlinear meson. The expansion in powers of momentum agrees somewhat better with the 
relativistic expansion than the result previously reported by Schiff. 


N his paper! dealing with the quantization of a 
nonlinear meson theory, Schiff has derived an 
approximate relationship between the momentum and 
energy of the mesons which appear as quanta of the 
nonlinear field. Quantization is carried out by the 
lattice space method, which entails the definition of a 
lattice analog of the gradient operator. More recently, 
the writer has applied the lattice space method to a 
different problem,’ and found an alternative definition 
of the gradient operator to be both more convenient 
and more plausible than the one employed by Schiff. 
It is shown below that with this definition, the calcu- 
lation of the kinetic energy is considerably simplified, 
and the agreement with the relativistic momentum- 
energy relationship is somewhat improved. 
* Work supported by U. S. Atomic Energy Commission. 
a I. Schiff, Phys. Rev. 92, 766 (1953). Referred to herein as 
‘ $ D. H. Holland, Phys. Rev. 98, 738 (1955). 


We define the i-component of the vector p(k) as 
pi=sin(kJ)/1, (1) 


where / is the lattice spacing and k is a reciprocal 
lattice vector. The quantity A, used by Schiff is 
redefined as 


A st— i jt > « ?'(k) expik: (r.—1), (2) 


where JN is the number of points in the lattice, and 
the sum is extended over a cell of the reciprocal lattice. 

The calculation of the kinetic energy proceeds 
exactly as before, with the new definition of A, used 


throughout. In Schiff’s notation, we have 
P=A,,.=N= Dx PK) =3/2P, (3) 


where Eq. (3) is obtained by taking the linear dimension 
L of the lattice to be large and replacing the sum by an 
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integral. Similarly 
Q=N~ Dix p*(k)= (7/6) P?. (4) 
R=N™ Dix p*(k)= (3/2) P*. 
Also appearing is the quantity 


Z(K)=N+> x X s - p?(k)p?(k’) p?(k’”) 
Xexp[i(k+k’+k’+K)-(r,—r,)], (6) 


where K is the approximate momentum of the particle. 
The k sums are taken over a cell of the reciprocal 
lattice, and the s, ¢ sums over a cell of the space lattice, 
the prime denoting that the points r,=r7; are to be 
excluded. Evaluation of the s, ¢ sums yields 


Z2(K)=P+N7L Ld Pw PE) PE") 
X5(k+k’+k”+K—x,), (7) 


where x; is a vector each of whose components is 0 or 
+2n/L. The appearance of x; is due to the fact that 
the sum of more than two k vectors can reach to the 
origin of an adjacent cell of the reciprocal lattice. It is 
the presence of x; which complicates the analysis if 
the k’s are used in place of the p’s, since then one must 
evaluate integrals with a discontinuous integrand. 
When the ’s are used, however, 


P(k”)6(k+k’+k”+ K—«,) 
= p(k" )d(k+k’+k”+K), (8) 


since p is periodic in k space. 
Substituting Eq. (8) in Eq. (7) and performing the 
k”’ sum, we have 


Z(K)=P+N? DD p(k) p(k’) PP (k+k’+K), (9) 
k k’ 


which is readily evaluated and yields 


P* p?(K) P 1 
z(k)=—| —P fa (ixi<-) (10) 
36 PP 36 l 
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TABLE I. Percent error in the coefficients in Eq. (11). 








Percent error 
from (A) 


Percent error 


Coefficient this calculation 





0 
0 


0 

0 

0 0 
2.1 19.4 
0 0 
0 0 
5.8 19.3 
5.3 24.5 
0 1.5 
0 0.9 


S&S. 8. po Se Ao oR 








The final expression for the kinetic energy, correct to 
third order in the gradient term of the Hamiltonian, 
can be written 


E=a+6P+cK*+dP*+ eK*P+ fK* 

+gP°+hK*P?+iK'P+jK*. (11) 
A similar expansion can be found by assuming the 
energy is of the form 


E= (m?+ K?)!}. (12) 


With m chosen in analogy with the linear case, as 
discussed in (A), the coefficients a, b, etc. derived from 
Eqs. (11) and (12) may be compared.’ Such a com- 
parison is shown in Table I for the case a= ©, where 
a is the coefficient of the nonlinear term in the meson 
Hamiltonian. 

As discussed in (A), the errors are zero for a=0, 
hence this calculation probably overestimates the errors 
for finite a. The agreement could also be improved by 
changing the definition of m in Eq. (12). 

The writer wishes to thank Professor L. I. Schiff for 
helpful comments on this work. 


3 The expansions (11) and (12) are given in Eqs. (A26) and 
(A28). 
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Low’s Scattering Equation for the Charged and Neutral Scalar Theories* 


L. CastILLEjot AND R. H. Dauitz,} Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 


AND 


F. J. Dyson, Institute for Advanced Study, Princeton, New Jersey 
(Received August 3, 1955) 


The Low scattering equation is studied in the one-meson approximation with both charged and neutral 
scalar meson theories. The general solution is found for each of these cases. It has the general character of a 
Wigner-Eisenbud dispersion formula and contains an infinite number of adjustable parameters. It follows 
that the Low equation, in this approximation at least, does not determine the scattering, but only expresses 
a property of the scattering which is independent of the internal structure of the scatterer. 





1. SCATTERING EQUATION 


E here investigate the solutions of the scattering 
equation of Low! for the cases of (a) a charged 
scalar meson field? and (b) a neutral scalar meson field, 
interacting with a fixed finite-source nucleon. 
First consider the case (a) of a charged meson field. 
The interaction is taken to be 


Ha! =60 f U(nds[Qub(r)+0r0*()], (1.1) 


where go is the unrenormalized coupling constant, U(r) 
is the nucleon shape function, ¢(r) is a complex scalar 
meson field, Qo is the operator transforming a bare 
neutron into a bare proton, and Q,=(Qo* is the operator 
transforming proton into neutron. 

Let fa(x) be the amplitude e* sind for the elastic 
scattering of an s-wave meson of momentum x by a 
proton. We write a=0 for a positive meson, a=1 for 
a negative meson, and in either case 8B=1—a. The Low 
equation for the scattering® is 


fa(x) 17° dw, | fa(y) |? 
bata fH 
x|u(x)|? 2%, ylu(y)|*Loy—ws—ie 


u 


a) 


Wy tw 


Estos 


1.2) 


Sh aaa 


lr B Ez-w; 


Here the approximation of neglecting all inelastic 


*The work was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Supported by a fellowship from the Foreign Operations Ad- 
ministration. Now at the Physics Department, University College, 
London, England. 

t Now at the Mathematical Physics Department, University 
of Birmingham, Birmingham, England. This work was completed 
while the second author was Visiting Associate Physicist at the 
Brookhaven National Laboratory. 

1F. E. Low, Phys. Rev. 97, 1392 (1955). 

2T. D. Lee and R. Serber have investigated the Low equation 
for charged scalar mesons. We thank Dr. Lee for an unpublished 
communication on this subject. 

’ This equation is obtained from the charged scalar theory 
exactly as Low’s equation (3.11) in reference 1 is obtained from 
the symmetric pseudoscalar theory. 


scattering has been made. The notations are 


w2= (uw?+27)}, 
u(s)= [U eds, 


and it will be assumed that the form function u(x) is 
bounded and nonvanishing and has a continuous de- 
rivative at each point. P denotes the physical proton 
state, and the summation is over the bound states B 
of the system meson-field-plus-nucleon which have 
energy Eg in the range O< Eg<u. Here it has been 
assumed that there is no state of the system lying 
below that of the physical proton, whose energy Ep 
has been assigned to be zero. 

The bound states contributing to (1.2) will neces- 
sarily have charge 0 or 2. The positive real quantity 


Ap= (go?/2m)| (B\Q,| P)|?, (1.3) 


where y=0,1 for states B with charge 2,0 respectively, 
defines the effective coupling of the bound state B to 
the meson-proton system. The sum on the right of 
(1.2) may be written 


DoAslEs— (—1)**%w~]". 


One of the bound states is the physical neutron state 
N which has Ey= Ep=0, y=1. This will contribute to 
(1.2) a term 


(1.4) 


(—1)*(An/wz), (1.5) 
where Ay defined by (1.3) is called the “renormalized 
coupling constant” of the theory. There may or may 
not be other bound states B contributing to (1.2). We 
shall study Eq. (1.2) allowing any number of bound 
states to exist. In particular we shall see the conse- 
quences of assuming N to be the only bound state, in 
which case Eq. (1.2) reduces to the form considered 
by Low. 

For the case (b) of a neutral meson field, the inter- 
action is taken to be 


Hs!=G f U(r) Iv(r)dy, (1.6) 


453 





454 


where Go is the unrenormalized coupling constant and 
¥(r) is a real scalar meson field. Denoting the amplitude 
e* sind for the elastic scattering of a neutral s-wave 
meson of momentum «x by a proton by f(x), the Low 
equation neglecting all inelastic scattering may be ob- 
tained from (1.2) by the replacement of f.(x) and 
fa(x) by f(x) and of Q., Og by J, with the result 


f(x) 17 dw, 1 1 
“=f —o{—_+-_ 
x|u(x)|? wt, yl u(y)|? Wy—W2—1E Wy TWe 


Ge 1 1 
+" 5] (BI TP) ( + ) 
lx B Ep—w, Epto,z 


Bound states B contributing to (1.7) are naturally all 
of charge 1; however it should be noted that the proton 
state (Ep=0) does not contribute to the sum over 
bound states B in this equation. If the meson-field-plus- 
scatterer has no bound states other than the scatterer, 
then Eq. (1.7) will have no source terms; however we 
shall find that Eq. (1.7) still has many solutions. 

In general the operator J may depend on internal 
variables of the scatterer, which we will not specify 
here. However, for the usual neutral scalar theory, J is 
the unit operator and the bound state terms of (1.7) 
are then necessarily zero, states B and P being orthog- 
onal. Indeed, for this case, the scattering amplitude is 
known to be identically zero although, as we shall see, 
solutions still exist for the corresponding Low equation 


(1.7). 
2. SOLUTIONS OF THE LOW EQUATION 


Consider first the Eq. (1.2) of the charged theory. 
Let us denote by /4,(w) the function of the complex 
variable w defined by 


hets)=—f Be... a ee 


rJ, ylu(y)|%L w—o  wyte 





(1.7) 





(2.1) 


B Ep—(—1)**% 


From this equation it follows that h.(w) isa mero- 
morphic function of w in the complex w plane with cuts 
along the real axis from uw to © and from — to —u. 
The following properties are also clear: 


(i) For every w in the cut plane 
ha(w*)=ha*(w), ha(—w)= —hg(w). (2.2) 


(ii) Ae (w) is regular at w=0 with the value (—1)Ay. 

(iii) Aa(w) has poles, for real w in the range —u<w <p, 
only at the points (—1)**7Es, B¥N, at which its 
residue is (—1)**+7Az,. 


As w—+w, on the positive real axis from the upper 
half-plane, ha(w) tends to the function of physical 
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interest, ka (wz), given by 


(2.3) 


The imaginary part of Eq. (2.1) states, as w tends to 
w2>w from the upper half-plane, 

we| fa(x) |? 

nbstagya i!" 

x| u(x) |? 


x| u(x) |* 


—|ha(wz)|*. (2.4) 


Wer 


For complex w, according to Eq. (2.1), the imaginary 
part of haw) is given by 


Imha(w)=A(w) Im(w), 


wyliy [ |fa(9) wails 


(2.5) 
where 


1 « 
wer oe aol? 
m4, ylu(y)|*L|oy—w|?  |w,+o]* 


E pAp 


B | Eg—(—1)**%|* 





(2.6) 


Since A(w)>0, Eq. (2.5) states that Imh.(w) has the 
same sign as Im(w). This is one defining property of 
the Wigner R-function* R(w); however R(w) is also re- 
quired to be a meromorphic function in the complete 
w plane. We shall therefore refer to any function h(w) 
which is meromorphic in the cut w plane and whose 
imaginary part has the same sign as the imaginary part 
of w as a generalized R-function. 

Hence the Eq. (1.2) will certainly be satisfied if and 
only if there exist generalized R-functions h.(w) such 
that 


(a) ha(w) satisfies conditions (i), (ii), and (iii) above; 

(b) the boundary value /.(w,) on the real axis satis- 
fies Eq. (2.4) for w,>y and is real for —u<we<u; 

(c) ha(w)/w tends to zero as w— © in any direction 
away from the real axis. 


It is now convenient to consider explicitly the function 
Ha(w)= —1/ha(w). (2.7) 


Corresponding to the conditions on ha(w) given above, 
H,(w) must satisfy the following conditions. 
(A) For every w in the cut plane 


H,(w*)=H.*@), Ha(—w)=—HgWw). (2.8) 


(B) Ha(w) is regular at w=0 with value — (—1)*Ay". 
(C) H.(w) vanishes for real w in the range —u<w <p, 
only at the points 


(—1)**"Es, BEN, (2.9) 


‘E. P. Wigner, Ann. of Math. 53, 36 (1951). R-functions and 
matrix generalizations of R-functions [E. P. Wigner and J. v. 
Neumann, Ann. Math. 59, 418 (1954) ], occur naturally in the 
theory of nuclear reactions (see reference 10). 
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at which it has the nonvanishing derivative 
H,'=+ (EpAg). 


(D) wHa(w)— © as w— © in any direction away 
from the real axis. 

(E) If H.(wz) denotes the boundary value reached 
as w—>wz>yp from the upper half-plane, then, from 


(2.10) 


ImH (wz) =x| u(x) |?/we, (2.11) 


except at points w, at which he(wz)= fa(wz)=9, ie., 
points at which H,(wz)= ©. ImH,(w;) is zero on the 
real axis —u<w,<y whenever H,(wz) is finite. 

(F) For complex w, by use of Eqs. (2.5) and (2.7), 
the imaginary part of 7,(w) is given by 


A(w) 
Im .(w) =————- Im(), 


| Ita (w) |? 


(2.11) 


and therefore has the same sign as the imaginary part 
of w. Hence H_(w) is a generalized R- function. 

Now generalized R-functions have been studied 
previously in the theory of moments® and the theory 
of reactance of circuits.* Shohat and Tamarkin® have 
stated an important theorem concerning the structure 
of generalized R-functions, which is an adaptation of a 
theorem given earlier by Herglotz.’ Here we will state 
a convenient extension of the Herglotz theorem, appro- 
priate for our present problem. 

Theorem H.—Let $(w) be an analytic function of 

w in the w plane with cuts from +y to + © and from 

—pu to —%, satisfying 

Im¢(w)>0 for Imw)>0. 


Then there exist two real nondecreasing functions 
a(z), B(z) defined for 0<z< © such that the Stieltjes 
integrals 


* da(z) * dB(z) da(z)— dB(z) 
f A J ——, and § ———_ (2.12) 
2 2 0 Z 
are convergent, and that, for all w in the cut plane, 
wo dB (2) 

, (2.13) 
2—-W pees 
where A, B, C are real and A >0, C <0. Also 


_ o() 
Lim——= 4, 
wo w 


$(w)= Aw+B+- +" |= 


when w— © along any direction not parallel to the 
real axis. If further Im¢(w) tends continuously to a 
continuous boundary-value Im¢(z) when w tends 


5 J. A. Shohat and J. D. Tamarkin, The Problem of Moments 
(American Mathematical Society, New York, 1943). 

6 P. I. Richards, Quart. J. Appl. Math. 6, 21 (1948). 

7 A. Herglotz, Ber Verhandl. sachs. Akad. Wiss. Leipzig, Math. 
naturw. KI. 63 (1911). 
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from the upper half-plane onto any point z within 
an interval I of the positive real axis, then a(z) is 
differentiable in I and 


da 1 
—=— Im¢(z). 


dz 


(2.14) 


Functions ,(w) satisfying conditions (A), (B) and 
(F) may now be obtained by taking C=0, and B 
= — (—1)*/Ay in Eq. (2.12), to give 


(—1)¢ 
Ha(w)=————+ Aw 


Aw 
dya(z 
at 
re 


where Aq(z), Ag(z) must satisfy the convergence condi- 
tions (2.12). Apart from an additive constant, d,(z) is 
determined by the Eq. (2.14) in any interval in which 
ImH.(wz) is continuous. Now ImH,(w:) is given by 
Eq. (2.11) of (£) and is continuous except at those 
energies w;*(>0) at which H.(w,) becomes infinite. 
Thus, between two successive singularities w,*, 1% of 
H.4(w:), \a(z) is known except for an additive constant ; 
at a singularity z=w,*, the monotonically increasing 
function A(z) has a positive step, of amount R,* say. 
Hence, for z>y, \a(z) may be written 


oe 
~ ), (2.15) 
tw 


(2.16) 


x| u(x) |? 
f- andere, Ri *e(z—w;*), 


bu Wz 


where R;*, w;* are positive and nonzero and e¢(v) de- 
notes the unit step function (e(v)=0,0<0 and 
e(v)=1, v>0). For 0<s<y, dAa(z) is given by A,(z) 
=2,Rie(z—w,*). 

The general expression for H,(w) may therefore be 
written 

(—1)* 2w e* x| u(x) |*dw, 

Wily ee aps B 


Ay wr, wr(w? a) 
+(—1)*R((—1)%0), 
where R is the general R-function 
Riw R;'w 
R(w)= 40+ — 
i w,°(wP—w) 


Rw 


i w;!(w+w) 


=Awt+> 


n Wn (Wa—w). 


(2.18) 


In Eq. (2.18) {wa} is the finite or infinite sequence 
(w,°, —w,') and R, are the corresponding positive steps. 
When this sequence is infinite, it is necessary that 


R, 
r—<s, 
n Wn~ 


(2.19) 


in order that (2.18) converges absolutely for any ww». 
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It is not in general known what are these energies 
w, at which H,(w) becomes infinite, nor how densely 
they may lie. However, if we make the physical assump- 
tion that the functions f,(x) are continuous, then it 
may be shown that the sequency {w,} has no finite 
limiting points, so that there is a least separation 
between any two singularities. From (2.7) and (2.3), 
it is clear that (apart from the point x=0) f.(x) vanishes 
only at the singularities w,=w;* and that its derivative 
at a singular point is positive, 


ae | (aes) |? 
PS apenas” a 
wi*R; 


(2.20) 


Hence Ref.(x) must pass from negative to positive 
values whenever f.(x)=0 and the phase shift passes 
through a multiple of 27. In going from one singularity 
w;* to the next, the phase shift must therefore increase 
by exactly 27. If f.(x) is continuous in a given interval, 
then there can by only a finite number of w;* in the 
interval, and so the continuity of f(x) requires that the 
{w,} are discrete and without finite limiting points. 

For real w in the range —u<w<zuy, the derivative of 
(2.17) is strictly positive. Therefore H,(w:z) vanishes at 
a finite number of points W,, ---Wy in this range, and 
each of these zeros is simple with a positive derivative. 
By condition (A), Hg vanishes at the points (—W,). 
Now since H,’(W,) is positive, Eq. (2.10) requires that 
the bound state energy associated with W; be positive,® 
the coupling-parameters Ag being necessarily positive. 
Thus we satisfy condition (C) by identifying the bound 
state energies Eg with the positive numbers |W,|, the 
coupling-strength Ag being given by 


Ap?=|W;|Ha'(W;), (2.21) 


The state B will have charge 2 or 0 according as 
(—1)*W;; is positive or negative. 

Finally, condition (D) must also be satisfied in order 
that H,(w) given by (2.17) lead to solutions of Eq. 
(1.2). Now, from (2.17), 


ImH,.(w) R,, 
= As |, Sgn 
Im(w) | 


|wn—w|? 


1 7” x| u(x) |*7 1 1 
+-f + on Jie. 
rs Wz arr” lwetw|? 


“ 





8 If some of the Eg of Eq. (1.2) are negative (e.g., scattering by 
an excited state of the scatterer) then /a(w) and H,(w) are no longer 
generalized R-functions. The most general solution of Eq. (1.2) no 
longer corresponds to Hg of the form (2.17); indeed, this form 
(2.17) is not applicable to this case, for, as we have seen, the 
bound states corresponding to this form of Hq all have positive 
Ex. A suitable Hq is required to be meromorphic in the cut plane, 
to satisfy the remaining conditions (A), (B), (C), (D) and (E), 
and to be nonzero for nonreal w. It is not known whether such 
functions exist giving bound states Ez<0. For scattering by an 
excited state, the elastic approximation would not be physically 
reasonable, of course. 
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so that if either 
(i) AXO0, 


(ii) DR=~, 


(2.22a) 
(2.22b) 


(iii) [21009 Paer/oe= 20 , (2.22c) 


then |w ImH,(w)| — © as w — © in any direction 
away from the real axis and condition (D) will be 
satisfied. If none of these conditions is satisfied, then 


1 R,, 
Lim Re[H(«)}=—(—1)4 —+5 == (2:23) 


® Wh 


and condition (D) will be satisfied if 


1 R, 
(iv) —+ 2 —+0. 


Aw n Wn 


(2.22d) 


The result of this analysis is that every solution of 
any Low equation (1.2), in which f.(x) is continuous 
for O<x<~, is given, through (2.7) and (2.3), by a 
function H,(w) of the form (2.17), provided (2.19) and 
one of the four conditions (2.22) are satisfied. The 
bound energy levels Eg which appear in the Eq. (1.2), 
and the charges and coupling strengths Ag associated 
with these levels, are uniquely determined by H.. But 
the relation between Eqs. (1.2) and functions H, is 
obviously not one-to-one. On the contrary, to given Es 
and Ag there will correspond an enormous variety® 
of Hg. 

As an example, we shall derive the condition that 
(2.17) should give a solution of the original Low equa- 
tion, in which the sum in (1.2) reduces to the single 
term (1.5), and there are no bound states other than 
the neutron state. For this it is necessary and sufficient 
that (2.17) should not vanish for —u<w <u. Since the 
derivative of H, is positive, there will be no zero in this 
range provided that the values of H, at w=-yu have 
the correct signs. Consequently the condition for (2.17) 
to satisfy the Low equation without additional bound 
states is either (i) all |w,| > and 


; Av S[J+RW)P, (2.24) 


® Dr. F. E. Low (private communication) has informed us that 
he knew for a long time that his equation has these additional 
solutions. He considered that the correct physical solution would 
be uniquely determined by the requirement that fa(x) be expres- 
sible as a power series in the coupling constant Aw which is con- 
vergent for some fixed Aw and for all values of x. This requirement 
implies R(w)=0 in (2.17) and so does lead to a unique solution. 
However, we do not see any reason to consider this solution more 
“physical” than the others. It could well happen that the physical 
meson-proton scattering should be described by (2.18) with 
R(w) #0, the characteristic energies W, being functions of Aw 
which tend to infinity as Aw — 0. Then the scattering amplitude 
fa(x) tends to zero as Ay — 0 for each x, but not uniformly for 
all x. 
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where 
" [u(x [7 
———dx, 
Wr 


or (ii) there is precisely one w, in the range (—y, ») and 
(R(-#)-JJ>An7>[R)4+J]. (2.25) 


For any assigned set of values of the w,, R, with 
|wn| >, Rx>O, Eq. (2.24) defines a critical value of 
the coupling constant Ay. For any Ay below the critical 
value, Eq. (2.17) then satisfies the Low equation with- 
out extra bound states. Even without extra bound 
states, Eq. (1.2) has a multiplicity of solutions corre- 
sponding to a free choice of an infinite number of 
parameters. 

For the neutral scalar theory (b), we consider the 
corresponding function H(w), which tends to 


a | u(x) |? 
H(wz)=— pH sg 


as w tends to w,>yu from the upper half-plane. This 
function H (w) is similarly a generalized R-function with 
the following properties : 


(i) H(w*)=H*w), H(w)=—H(—2). 

(ii) H(w) has a simple pole at w=0. 

(iii) H(w) vanishes, for real w in the range —u <w <p, 
only at the points +g, (BP) at which it has the 
nonvanishing derivative H’(+Es)= (EpAg)". 

(iv) wH(w)— © as w— © in any direction away 
from the real axis. 


(2.26) 


From theorem H above, it follows that the most 
general form of H(w) satisfying condition (i) is 


* wda( 1 1 
H (w) =z to“ + f e+ 


| (2.27) 
2tw 


2—-W 


where A >0,C>0. As before, it may then be shown 
that the form of a(z) is restricted to 


1p? x|u(x)|? 
a)=—f tact Rye(z 
qv We 


“a 


(2.28) 


—Wn), 


where R;>0,w;>0 and e(v) is the unit step function. 
Hence 

C w 

H(w) = Aw—-+— 


w we, 


* 2|u(z) | "dw, 


+S(w), (2.29) 


@2(w?—w* 


where S(w) is the odd R-function 


1 1 
S()=¥ R(— sa -). 
@n—-W Watw 


The sequence w, w2, --- may be finite or infinite; if 
it is infinite, then the continuity of f(x) requires that 
the number of w, in any bounded interval be finite, 


(2.30) 
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and the absolute convergence of (2.30) for every w¥w, 
requires >> n(Rp/wn?) <<. 

Since H(w) has a positive derivative for real w in the 
range —u<w<y and is an odd function of w, it vanishes 
at a finite number of points +W,, +W2, ---+Wy, each 
of these zeros being simple with a positive derivative. 
Condition (iii) may now be satisfied by identifying the 
bound state energies Eg with the positive numbers W;;, 
the coupling strengths Ag being given by 

(Ag) = W,H'(W;). (2.31) 


Finally, to satisfy condition (ii), 
sufficient that C+0 and that either 


it is necessary and 


(i) A>, (2.32a) 


ai) =< 


“ Wz 
(iii) > R= eo, 


Every solution of a Low equation (1.7), in which 
f(x) is continuous for 0<*<, is given, through Eq. 
(2.26), by a function H(w) of the form (2.29). Again, 
for given Eg and Ag, there are many possible solu- 
tions f(x) for this equation. 

It is now of interest to state the condition that 
(2.29) be a solution of the Low equation (1.7) for the 
case where the proton is the only bound state of charge 
1. For this it is necessary and sufficient that (2.29) 
should not vanish for —u<w<y. Since H(w) has a 
positive derivative in this range and a simple pole at 
w=0, there will be no zero of H(w), in this range if and 
only if all W,>y and H(+uy) <0, ie., 


(2.32b) 


dujz= 6, 


(2.32c) 


Qu? r® |u(z)|? 
C>Ap? +uS(u)+— Ase ds. 


0 w,” 


(2.33) 


Hence, even when the Low equation (1.7) has no source 
term and there are no extra bound states, this equation 
still has a multiplicity of solutions corresponding to 
each choice of positive A and C to satisfy (2.33). The 
particular solution (zero scattering) known for scatter- 
ing by an infinitely heavy proton is obtained in the 
limit C— , 


3. THE SERBER-LEE SOLUTION 


As an illustration of the foregoing argument we con- 
sider the point-source model, in which the form-factor 
u(x)=1. Equation (2.17) then gives immediately, for 
the scattering of charged mesons, 


wH.(w)=p— (u2—w?)!— (— 1) "Ayo, (3.1) 


where the R-function R(w) has been taken zero. Equa- 
tion (3.1) is a possible solution of the Low equation, 
which was found by Lee and Serber. The square root 
is to be taken positive for —u<w<uy. 
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According to (2.24) the critical coupling constant of 
the Serber-Lee solution is Ay=1. For Ay <1 there is no 
extra bound state. For Ay>1, H. vanishes at 


w= (—1)*u[2An/(Ay?+1)], 
with derivative 
A.’ = (An?+1)?/[2uAn*(An?— 1)]. 


Therefore there is a single bound state having charge 2, 
energy 


(3.2) 


(3.3) 

Ep=2uAn/(An*+1), (3.4) 

and coupling strength 
Ap=Ay(An?—1)/(Ay?+1). 


IV. CONCLUSIONS 


(3.5) 


It has been proved that the Low equation (1.2) for 
the scattering of charged scalar mesons admits the 
solution fa given by (2.3), (2.7) and (2.17) and con- 
taining an infinite number of adjustable parameters 
R,, and w,. This is in fact the most general solution for 
which the scattering amplitude f,(x) is continuous for 
all x. Our essential result is that the Low equation (1.2) 
is not an equation from which the scattering can be 
determined. The equation imposes on the scattering 
only a restriction that it be expressible by a dispersion 
formula (2.17) which has a close relationship to the 
dispersion formula established for the R-matrix by 
Wigner and Eisenbud.” 

As is well known, the Wigner-Eisenbud dispersion 
formula expresses all the information we can deduce 
about a scattering process, if we are ignorant of the 
internal structure of the scatterer. The unknown in- 
ternal structure is represented by the infinite number of 
adjustable parameters of the R-matrix. It appears that 
the Low equation (1.2) likewise expresses the informa- 
tion we can deduce from the fixed space-dependence of 


© EF. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
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the interaction (1.1), knowing nothing about the in- 
ternal structure of the scatterer. This is clear since this 
same Low equation may be obtained for the many 
different physical situations in which the meson- 
scatterer interaction is described by Eq. (1.1) and 
Qo, Q1 contain variables referring to the internal struc- 
ture of the scatterer as well as to its charge. It is thus 
understandable that a wide variety of scattering 
amplitudes f, should satisfy (1.1) and that the internal 
properties of the scatterer should appear in the ad- 
justable parameters Rp, wn. 

The same situation holds for the neutral scalar theory. 
For the Low equation (1.7), the general solution f(x) 
given by (2.23) and (2.26) again depends on an infinite 
number of adjustable parameters Rp, wn. 

It is not clear whether these properties of the Low 
equation are a consequenc? of the one-meson approxi- 
mation, or whether they will remain valid in higher 
approximations. It is also unclear whether the situation 
is the same for pseudoscalar theory, even in the one- 
meson approximation." The charged scalar theory in 
one-meson approximation has a special simplicity be- 
cause all reactions go into only one channel. The sym- 
metric pseudoscalar theory is essentially more compli- 
cated because branching reactions occur, and this may 
make the nature of the Low equation qualitatively 
different. 

4 With neglect of the exchange term in the Low equation for 
symmetric pseudoscalar meson theory, G. F. Chew and F. E. 
Low have given a solution [see Proceedings of the Rochester 


Conference, 1955 (Interscience Publishers, Inc., New York, 1955) ] 
for the (3,3) scattering state 
g*|«(q) |? a 

34x wa’ _p*|\u(p)|*dwp \ 
fod = = -— | =; 

4f? ws ets) 
It may readily be shown, using the above methods, that the 
general solution is obtained by subtracting any R-function of the 
form (2.18) from the bracket in the denominator of this expression. 
Clearly, restrictions of the type (2.24) or (2.25) are necessary for 
the addition R(w) to ensure that g;(w) still satisfies the Low equa 
tion without additional bound states. 
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In continuation of previous work, it is shown that Green’s functions of general order, which involve an 
arbitrary number of field operators, can be represented as parametric integrals with invariant energy de- 
nominators and real spectral functions. The analysis is carried out in detail in the case of neutral scalar 
fields, but a brief discussion is also made of spinor fields. The (renormalized) equations of motion which 
give a connection between the Green’s functions of ditferent order are converted into the corresponding equa- 
tions for the spectral functions, which proves that our formulas are consistent and manifestly renormalized, 


with no infinities inherent in them. 





1. INTRODUCTION 


N a previous paper! the structure of Green’s func- 

tions was studied on an example of nucleon and 
meson field for the relatively simple cases involving up 
to four field operators. It was realized that by invoking 
some fundamental assumptions of field theory such as 
relativistic invariance and causality the Fourier trans- 
form of the Green’s functions can be represented by 
parametric integrals which contain relativistically in- 
variant energy denominators and real, scalar weight 
functions (the spectral or » functions). The central 
ideas in the whole argument may be recapitulated as 
follows: 

The Green’s functions, which are vacuum expecta- 
tion values of time-ordered products of Heisenberg 
operators, resemble in structure the elements of S 
matrix defined in interaction representation, and in- 
deed the latter can be obtained from the former by a 
suitable limiting process. This time-ordered or causal 
character of the operators implies, as is well known, a 
certain analytic behavior of the function in its de- 
pendence on energy. In fact an element of the S matrix 
(or the transition amplitude) is 


(b| H|n)(n| H| a) 
E,—En+ie 





Sta= ba 


(b| H|m)(m| H|n)(n| H| a) 
sm (E.—E+4)(E.—E.+ic) 





“s G4) 


according to an elementary (but not rigorous) formula 
of perturbation theory. Each denominator E,— E,,+ie« 
indicates that Sy is analytic in the upper half-plane of 
E, provided that the numerators are suitably bounded 
there. The denominator yields an imaginary contribu- 
tion ixi(E,—E,) whenever the initial energy becomes 
equal to one of the intermediate state energies, i.e., 
whenever a real process occurs in the language of per- 
turbation theory. Such a contribution corresponds to 


* This work was supported by a grant from the U. S. Atomic 
Energy Commission. 

t On leave from Osaka City University, Osaka, Japan. 

1Y. Nambu, Phys. Rev. 100, 394 (1955). This will be quoted 
as I. 


what is called the absorptive part of a scattering matrix 
as contrasted to the dispersive part which comes from 
nonenergy-conserving ‘‘virtual states.” 

In field theory the Green’s functions or the S matrix 
still have essentially the same character as Eq. (1.1) in 
momentum representation. This time, however, the 
structure becomes more stringently conditioned by the 
requirements of relativistic invariance (or covariance), 
which means that such functions must depend on the 
momenta as well as the energy in a Lorentz invariant 
way. It also implies causality in the relativistic sense, 
i.e., a disturbance does not propagate to later time with 
more than light velocity, and therefore two operators 
commute outside of each other’s light cone; without 
this property the equations of motion would not be 
integrable, and the Green’s functions or the S matrix 
elements as derived from time-ordered operators would 
not be covariant as they should be. The relativistic 
form of Green’s functions must then be obtained by 
transforming the energy denominators of Eq. (1.1) into 
an invariant form while properly keeping the nature of 
the singularity in accordance with the time-ordered 
character. Such a relativistically invariant denominator 
can easily be found since the occurrence of a real process 
does not depend on the coordinate system in which it is 
observed. There will be in general as many different 
kinds of energy denominators in a Green’s function as 
there are different real processes inherent in it. Because 
the elementary interaction H has a very simple form in 
field theory it is expected that the numerators contain 
only those factors which represent the proper spin or 
tensor transformation characters of the Green’s func- 
tion. Whether the numerators in Eq. (1.1) should also 
contain invariant quantities made up of the four- 
momenta depends on the behavior of the Green’s func- 
tion at high momenta, or its singularities for close 
space-time separation of the field operators involved. 
Since such behavior is primarily controlled by the equa- 
tions of motion, the question may be settled (in the 
negative as it will turn out) by showing that the formula 
is consistent with the equations of motion, at least 
after carrying out renormalization. 

The present paper is intended to extend the above 
program of decomposing Green’s functions into invari- 
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ant energy denominators to any arbitrary number of 
operators. To simplify the problem we discuss in Sec. 3 
the general prescription for the case of neutral spin-zero 
fields. The proposed formula will then be tested in Sec. 4 
by the equations of motion which connect Green’s 
functions of different order. In this process the equa- 
tions of motion for the Green’s functions are trans- 
formed into those for the spectral functions which are 
representative of the former. An important feature 
about it is that the transformed equations are nor- 
malized and finite, and do not contain inherent di- 
vergences. The case of fields other than spin zero be- 
comes considerably complicated because of the tensor 
indices, but a brief discussion will be made in Sec. 5 
about spinor fields. Section 2 treats for completeness the 
definition of the Green’s functions of general order. 


2. DEFINITION OF THE GENERAL GREEN’S 
FUNCTIONS 


The vacuum expectation values of the so-called T 
products of Heisenberg operators were introduced in I. 
For Dirac spinor and neutral scalar (or pseudoscalar) 
fields, these were 


T («| y| )=(| T@(x),¥(y))|0) 
= e(xy)(0| P@&(x),¥(y))|0), 
( | |22’)= 0] T(¢(2), ¢(2’))|0)= | P(¢(2), ¢(2’))| 0), 


T (ay: +-aal 1° 
=(0| TY (x),-- 
=e(a1° “-yiees) 

X(0| P& (x1), + -,W(y1),° + +, ¢(21),° ++) [0). 


To avoid confusion, we have put vertical bars between 
variables of different nature in the T functions on the 
left. The variables are understood to represent, for the 
sake of simplicity, both the coordinates and spin in- 
dexes of the field operators. The sign function 
e(ay--+yi--) shall take the value +1 if (x1)o> (x2)o 
>--->(yi)o>--:>(ya)o. It follows that the T func- 
tions are symmetric under the permutation of the 
arguments among each of the groups «;, y;, and 2,. T is 
invariant under the operation of charge conjugation 
when accompanied by an interchange of the x’s and y’s: 


T(x; | | y;| 24) = CLT( Vi | x,| | zx) ]7C—, I 


hee 


- W(y1),° + *,@(21),°* =) |0) 


(2.1) 


or 
T (x,c1s| y;8;| 2x) 
=D [1] (Cay) sT (yb ;| «yy 2x) (C9). 


7,6 i 


(2.2) 


As for the functional dependence on the coordinates, 
T is invariant under uniform displacement, and covari- 
ant under Lorentz transformation. It has, in general, a 
singularity when two coordinates coincide, the nature 
of which is determined by the commutation relations 
and the equations of motion for the field operators. 
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From the T functions are derived the p functions 
which pick out the irreducible part of the correlations of 
field operators : 


p(x|y| )=T(x]y| ), 
p( | |z2’)=T( | |z2’), 
p(x|y| 22’) = T(x| y| 22’) —T(x| y| )T( | | 22’), etc. 


According to Freese,” the general relation between p and 
T may be derived by means of a generating function. 
Let us introduce 


Sa1tt fi: fele)---en800- 


XE(yn)n(z1)-- 


(2.3) 


-1(Zm) Ton, m(%i| ¥;| Se )dx1° . * dm. (2.4) 


(x), E(y;), n(zx) are auxiliary operators with the 
property that 


{E(x.),€(xs)} = { E(ys), E(ys)} = (E(x), E(ys)} =0, 
LE (xs), (ze) J=CE (ys) ,n(2e) ]=[n (ze) ,n (22) J=0 


for any choice of x, y, and z. 
The p functions may be defined by writing 


sexo > f. ° + f exo: . -E(yi)- -+n(z)+°- 
dea} (2.6) 


Comparing the corresponding coefficients of the in- 
dividual terms in the expansion of S in two ways (2.4) 
and (2.7), we get a set of equations which express 
T(«|y|z) in terms of the p’s of equal or lower order. 
The inverse relations, on the other hand, are to be ob- 
tained by taking the logarithm of S: 


logS = rf fea) E(y1)- + -n(z1)°°- 


X p(x] y;| 24)dx1- + «dz, 


Mtoe] 142 f--- fe(e--80)- 


-T (x;| y;| 24)dxy- ++ 


(2.5) 


Xp(«i| 9; |x)dax1- re 


Xn(z1)-- 


don (2.7) 


In this case p(x;| ;|zx) is expressed in terms of the 7’s 
of equal or lower order. 

Green’s functions of the above kind may be defined 
for any field quantities in a similar way. In the next 
section Green’s functions involving two scalar fields 
only will be considered. 


? This is a corollary of the results of E. Freese [Nuovo cimento 
2, 50 (1955)]. 











STRUCTURE 
3. STRUCTURE OF THE GREEN’S FUNCTIONS 
OF GENERAL ORDER 


We consider two neutral scalar fields Y and ¢ with 
an interaction of the type 


Be. 
g has the dimensions of inverse length, and the theory 


is renormalizable. In this case a typical Green’s function 
of order N= 2n-+m may be written as 


(3.1) 


p(x1- + + X2n| 21° * +m) = Pan, ms (3.2) 


x and z referring to y and ¢ respectively. It is a scalar 
function, being symmetric with respect to the x’s and 
y’s separately.* Because of the invariance of p under 
uniform translation and Lorentz transformation, the 
degrees of freedom are 4N—10. Generally speaking, 
from N vectors a; we can construct N(N+1)/2 scalar 
products (a;,ax), and for N>4, (7) pseudoscalar de- 
terminants det|a,aja,a;|_ which change sign under 
reversal of a coordinate axis or interchange of two 
vectors. These are not linearly independent for VN >5 
in the four-dimensional space under consideration, and 
in fact only 4N—10 of the scalar products should be 
independent. Also, only one of the (}) determinants is 
independent, while the others can be expressed in terms 
of this one determinant and the scalars. Since, however, 
pisa scalar function which is invariant under reflection 
and/or interchange of two vectors of the same field, it 
can depend only on the 4N—10 scalars. Thus it would 
seem that we may consider p as a function of 4N—10 
(for N >4) scalars formed with the argument vectors, 
and we may introduce the Fourier transforms with 
respect to these scalar arguments. 

This procedure presents a difficulty from the physical 
point of view. As was discussed in detail in I, we intend 
to decompose p into “real” (dispersive) and “imaginary” 
(absorptive) parts with regard to each variable, where 
the latter correspond to real processes as contrasted to 
the former which represent virtual processes in the 
language of the perturbation theory. It is not convenient 
to express the condition for the occurrence of real 
processes in terms of only 4N —10 variables since there 
are more than this number of real processes which are 
physically distinct. We shall therefore proceed as 
follows. 

Let us define the Fourier transform of p(x: - 

1° * Bm) t 


*Xon| 


.* “a **Rm)i(D PitD ki) 


fe f exp(—1t >> pai DO y2,) 


= N-4 


Xp(a1° “0 |Z , II dx; [J dz;. (3.3) 


3 In addition to these fields, there may be other fields of any type 
interacting with them, which, however, shall not occur explicitly 
in the p functions considered. In such general cases p will not be 
identically zero for odd numbers of y’s. 
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NCTIONS 


pene 
a 


Km 


(9) 


Fic. 1.(a) A vector diagram for the Green’s function py(p|k) 
which has the Feynman diagram Fig. 1(d). By taking all permuta- 
tions of the momenta, we can construct (V—1)!/2 distinct dia- 
grams which stand for different terms in Eq. (3.5). The broken 
lines are the vectors introduced in Eqs. (3.4) and (3.5). (b) 
The N—1 vectors radiating from the apex P: pi, pitpe, ..., 

—km, form a possible maximal set, Eq. (3.9), with respect to 
which real processes can occur simultaneously. (c) Another 
example of a maximal set. In general, a maximal set breaks 
up the N-polygon into N—2 triangles, each side of the polygon 
belonging to one and only one triangle. 


The 2n+m=N momenta i, kj are restricted by the 
conservation law which expresses itself by the delta 
function on the left-hand side. Of course p(p|k) shares 
the same symmetry properties with p(x|z) against 
permutation of the arguments. Corresponding to this 
Fourier component, let us draw a closed polygon formed 
by joining the NV momentum vectors in an arbitrary 
order (Fig. 1). p(p| &) should depend only on the “shape” 
of this polygon because of the Lorentz invariance. Join 
each pair of the apexes by a vector, so that we get 
N(N—1)/2 vectors 


Pi kj, L Pt+L =k, 


which are of course not independent. In analogy to the 
formulas given in I, one may then assume that p has a 
representation of the form 


(3.4) 


/k) = (—i)*- 77 
p(p/k) = (—1) xf 


x 1 


= 
pet+u; k7two; h,?+3, 


Xvp(uwy;s,)[] dusdwjds,, (3.5) 


u;=u;—1e, etc. 

The summation is over the N! permutations of the V 
vectors p; and k; (or u; and w;), which give (V—1)!/2 
different combinations of the vectors h, (or s,); vp is 
a real function, being assumed to be the same for those 
permutations which do not interchange a p and a k. 
Sometimes we shall summarily denote p, k, and h by =, 
and u, w, s by a; thus, 


rotn= ore fi I 


Xvp(c,)[] do,. (3.6) 


The occurrence of these many functions vp with many 
redundant variables is the price we have to pay in 
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order to give the variables u, w, and s a direct physical 
significance, with their domain being restricted only to 
a spectrum of positive values corresponding to real 
processes.* With respect to the variables u and w, v has 
point spectra at the real masses #? and yp’, respectively, 
and continuous spectra extending upwards from certain 
thresholds. As regards the variables s, vy has continuous 
spectra and possibly point spectra too. Specifically » 
may have point spectra at infinity; e.g., » may have 
terms proportional to si(s—©)=6(1—«/s) for some 
of the s’s, in which case the factor 1/(#?+8) will be 
missing as we have seen in I. 

The physical picture underlying Eq. (3.5) or (3.6) 
may be understood by watching the definition of the 
Green’s function. In momentum representation, a 
Green’s function of order N contains products such as 


(—i)*-7> 
(O|p| m1){my |p| m2)- > - 


x— "s (3.7) 
{ Eni— (Pro— te} { Eno— (P1)o— (p2)o— te} - - « 





An intermediate state m; has energy E,; and momentum 
Pitpot:+:+pni- Real processes can occur inde- 
pendently at any of these intermediate states if energy 
also satisfies the condition 


Eni= (Pit++-+Pni)o, etc. (3.8) 


A set of M such simultaneous processes is thus char- 
acterized by a sequence {x,} of M four-momentum 
vectors such that 7, is a partial sum of a sequence of M 
external momenta p and k. The maximum of M is 
obviously N—1, the number of intermediate states in 
Eq. (3.7).5 Let us call such a set maximal. The char- 
acteristic vectors for a maximal set are, e.g., 


T2= pit pro, 
+9 tN i= prt: ++ +Rma=— km. 


To a particular permutation of the external momenta 
p and k corresponds a particular sequence {7}, and 
vice versa. In the vector diagram Fig. 1, the set of 
vectors which emanate from a particular apex clearly 
corresponds to such a maximal set of simultaneous real 
process, though there are also other kinds of possibilities. 
By taking all permutations of the external momenta 
we get altogether V!/2 distinct maximal sets. 

After these observations we are now in a position to 
look into the meaning of the spectral functions. Let us 


™1= pi, 


(3.9) 


‘ Unless explicitly mentioned, Green’s functions of order WN >5 
will be considered in the following. The cases of N <4 have been 
treated in I. 

5 This does not mean that the maximum number of denomi- 
nators in Eq. (3.5) that can vanish simultaneously is N—1. It 
can be >N—1. But only those denominators among them that 
form a set {2} defined here do correspond to the denominators in 
Eq. (3.7). The remaining denominators of Eq. (3.5) describe the 
behavior of the product of numerators (0|y| m1), (mi|y|m2), etc. 
It is natural to expect that these matrix elements are in general 
complex, which means that the remaining denominators can aiso 
become zero. 


YOICHIRO NAMBU 


call it the absorptive (or “imaginary’’) part of p(p|k) 
with respect to a particular momentum 7;, say, that 
part which comes from a real process associated with an 
intermediate state of momentum 7;, as described in 
Eq. (3.8). In Eq. (3.6) take all those terms in which this 
m; explicitly occurs. The absorptive part under con- 
sideration is then 
1 

Imeo(p|a)=a(— iE f--- fT — 


Te+6, 


Xv(o,,01=—2?)[['do,, (3.10) 


where the prime indicates that the factor [1/(r2 
+é,) }do; has been dropped. The summation runs over 
the terms chosen. This should hold for any 9, k, or h. 
If we have a set of M simultaneous real processes char- 
acterized by M={r}, the corresponding simultaneous 
absorptive part of p is 


1 
Imup(p|k)=a™(—i)- f ri J Faria! 
Tre Tor 


x Vp (ou — m’)| |'do,. (3.1 1) 
The summation is over those permutations P which 
contain all the vectors {x}, and the parametric integra- 
tion is over the remaining variables. 

We have a set of equations like Eq. (3.11) for all 
possible M= {x}. They may be regarded as equations 
defining the » functions as the absorptive parts of p. 
From this it is clear that the variables u, w, and s are 
restricted to ranges of positive values which correspond 
to the rest energies characterizing the real processes. 
Conversely, it is a consequence of causality that the 
whole p follows from its absorptive parts according to 
Eq. (3.6). The v functions are sufficient to express p, 
but are not uniquely determined. To a maximal set 
{M} there corresponds more than one set of v functions 
since such a set of vectors can be contained in different 
diagrams. Furthermore, some of the denominators 
1/(x°+@) can be missing, so that different v’s can have, 
effectively, the same product of denominators. How- 
ever, the lack of uniqueness of such a nature will not be 
physically significant. 


4. EQUATIONS OF MOTION 


With the interaction given by Eq. (3.1), the Green’s 
functions obey the following equations of motion: 
(O—«)zp(xix2| )= 18 (x102)+ go(xixe| x1), 

(O—p?*)erp( | | 2122) = 15 (2122) + go(2121| 22), 
(O —x*) zip 2n,m(%1° * *Xon| 21° ** Bm) 
= Spon, m41(X1" . *Xen| 21° . * SmX4) 
+X pr, 0(x’x5| 2’) pon—r,m—a41 (2 | 2x4), 
(CO —p*)ejpon,m(x1° * *X2n| 21° * * Sm) 
= £p2n42,m—1(X1" * * Xan ;2;| Zy* + *2j-18j41° * * Bm) 


+2g L Pr, 0(472;| 2’) pan—r4-2,m——1(2'2;| 2"). (4.1) 











STRUCTURE OF GREEN’S FUNCTIONS 


The summation is over all possible divisions of (21: - - %2n) 


Yand (z:°> 


sponding equations for the Fourier transforms are 


(p:°-+k")p2, o(p1) = —i- ef fo(aps|na(a+!—pdaadt, 


(Ry?+-p?) po, 2(R1) = —i-gf f otal) 


Xd(qitge— 


(p2+k*)pon, m(p|k) = -ef [os mee 


Xp(p,(pidq| k,l)8(q+l— p,dgdl 
— gD pr, s(p'q|R’)p2n—r.m—sri(p” | k’), 


(k;?+ pu?) pon, m(p| R) -_ —ef osm ml 


(k;))6(qitgqe—k,)dqidqe 
: 1(p""qo| k”’). 


ki)dqidqz, 


X (paige! k 
—2g “ Pr, «(P'qr| R’) pan r+-2, m- 


For the nonlinear terms on the right-hand side of the 
equations, integration over the momenta is not needed 
since q, / or q:, g2 are uniquely fixed by the conservation 
laws 


(4.2) 


gtd P+E =0, +E p"+D k’=0, 
or (4.3) 


at> +> k’=0, gt+> "+ k’=0. 


which hold for the two groups of momenta separately. 

Taking for example the third equation in Eq. (4.2), 
the two p functions p(p’g|k’), p(p’’|k’l) have the 
representation 


ait Se 
q+ tio 


x n II -II— v(uou'w's’) 
a kw h’?+- 3! 


X duo [] du’ T] dw’ TI ds’, 
p(p”’ | kl) = (—1)8-- ‘xf - {i- 
- tt 


1 
Se 
k/?!@+p pit P+, Wa g/l 


XK v (uw wos” TT du” TI dw’ dwoT] ds”, (4.4) 


with the corresponding vector diagrams of the kind for 
Eq. (3.5). The product of these two p functions simply 
has a representation which is the product of the factors 
on the right-hand side of Eq. (4.4). The resultant 


2m) into two parts, excluding the variable x; 
or 2; with respect to which we differentiate. The corre- 


L i) 
a ere 
sont. J rer 
/ 1 


(b) 


Fic. 2.(a) A vector diagram for the product of two p functions 
[Eqs. (4.4) and (4.5)]. (b) The corresponding Feynman diagram. 
The subpolygons A and B represent p(p’g|k’) and p(p’’|k’’l) 
respectively. The resultant polygon is A+B+ ), with g and / 
now being internal vectors. 


vector diagram may be drawn as Fig. 2, which is ob- 
tained by combining the vector diagrams for the in- 
dividual p functions, The external lines of the new 
diagram are now p’, p”, k’, and k’’, while g and / are 
to be regarded as connecting vectors defined by Eq. 
(4.3), which we will denote by fo’ and hy’. Thus 


p(p’q|k’)o(p’"| k’"l) 


1 
=(—1)% dines fu Seinaitigens caunsciieminan 
p?+ia pra” 


1 1 


h’?+-5' pig! 


DR ip” 
X v(uo= So’, w'w's’)v(u"’w"’, wo= so’, s”’) 


XI] du’du” TT dw'dw” TJ ds’ds’’ds'dso’’. (4.5) 
The summation is over the subgroups of permutations 
among the vectors ~’, k’ and among p”, k’’. Dividing 
Eq. (4.5) by p°+, we get a representation for that 
part of p which comes from the product of these par- 
ticular p’s. It is obvious that the result conforms to the 
general formula; the corresponding spectral function is 


vp(uws) = — gvp: (uo = 50’, u’w's’) 
X vp (ul’w"", wo =S", 745 


K5(u;—«) TI] d(1—/s,’”). 


heh’ ,h’’ 


(4.6) 


vp is thus zero if P is not a product of two subgroups 
P’ and P”, and has point spectra at infinity for those s 
(or 4) which connect two apexes belonging to different 
subdiagrams in Fig. 2. 

We are left with the first terms on the right of Eq. 
(4.2), which involve integration over momenta. As an 
example, let us again take the third equation in Eq. 
(4.2), where we have, after dividing by p?+#/?, 


— f. -f o(ocodal ana qt+l—p,)dgqdl, (4.7) 
pi+k? 


where p has a representation Eq. (4.5), which consists 
of various terms with different arguments and y func- 
tions corresponding to different vector diagrams. Pick 
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any of such terms and consider the integration 
1 1 1 
raf fr og ‘ 
P+i v+ito R+wWP+ H+ 
X5(q+l—>p,)dqdl. (4.8) 





Typical vector diagrams for such terms are shown in 
Fig. 3. As we integrate over g and / keeping their sum 
constant, all those 4 which contain one and only one of 
these vectors also vary with them. In Fig. 3, g and / in 
general divides the sides of the polygon in two separate 
chains of a and b= N—a—2 vectors, and the variable 
h’s are those vectors [(a+1)(b+1)=L in number] 
which connect apexes belonging to different chains. 
If we denote the fixed vectors by x’ and all the variable 
ones by #” (g=m1", /=1’"), Eq. (4.8) reduces to 


[=]'T", I'=]] 


n,+0, 
1 
["'= f f Tl] ———8(mi""+-01"—pidey"dezy”. (4.9) 
nr, +6," 


The variable vectors h’’ are of the form e,+/, where e, 
is fixed, and e,,:—e, coincides with one of the p’s or 
k’s (or their linear combination). This indicates that 
I’ is the Fourier transform of the quantity 


I" (x: ; #1) =Ap™ (axyx2) Ap (xgx3) - ee 


KAri» (xp-1¥1)Ar™ (xz%), (4.10) 


where Ap” has a mass \/o,. A Feynman diagram may 
be drawn as Fig. 4(a) which formally interprets Eq. 
(4.9) or (4.10) as if it were a perturbation formula. 
When a or 6=0, i.e., the two vectors g and / stand 
next to each other as in the diagram Fig. 3(b), Eq. 
(4.9) is easily evaluated. In this case the variable 
vectors (L=N—1) are those which start from the 
apex P in Fig. 3(b), while all the other vectors are 
fixed. Since Eq. (4.10) itself has the nature of a T or p 
function, we thus expect to express J’’ in this case as 


1 
r= f -- (ye do,', (4.11) 
T° +6, 


Fic. 3. Vector and Feynman diagrams for Eq. (4.8). In Fig. 
3(a), g and / divide the contour of the polygon into two separate 
chains a and b. Only those vectors connecting a and 6 (broken 
lines) very as we integrate over g and /, with g+/=constant. 
When g and / are next to each other, the diagram degenerates into 
Fig. 3(b). 


where the vectors occurring are those fixed ones in 
Fig. 3(b). To determine f let us first note that A,r is 
defined as 


A r(x) =0(x)A*(x)+0(—2)A~(x), 


+ 1 ik 2 
sao fe O(+k)5(k?+s)dk, 


6(x)=[1+e(x) ]/2, 


0(21%2)0 (x 2x3) aii O(%nX1) _ 0, 
so that 


1" (ay ++) 


= (1/2") II (O(a sys)A* (aeearig1) 
a +0 (x 5414,)AO~ (4x41) ] 

= (1/22)[AW+(aryar,)A+(a290r) ++ « 
KACD+(sy_arz)A (p32) + (arg) + 
XK (x1%2)A@+(xox3) ++ - A —(xpai)+--- J. (4.13) 


The terms without the sign functions are the absorptive 
part of I’’(x,---xy) corresponding to various maximal 
sets of real processes involved in Eq. (4.10) or the 
Feynman diagram Fig. 4(a) since all the internal lines 
are “free.” The corresponding absorptive part in Eq. 
(4.13) has a typical term 


{Tl O(me TT 6(a/+-04'")dP 
=a JI’ 0(+2,’) |G(x,",0¢’). 


rr’2<0 


(4.14) 


The 6 factors on the right depend on the choice of the 
factors on the left. The function G is calculated in the 
Appendix. It is positive for those values of the argu- 
ments 2,” that are realized actually, but takes either 
real or pure imaginary values when these variables are 


Fic. 4.(a) Feynman diagram which formally interprets Eq. 
(4.9) or (4.10). This is a help to understanding the results of 
integration over g and / in Fig. 3(a) which is reproduced here as 
Fig. 4(b). The Feynman diagram is of a “closed loop” type. The 
internal and external lines are made up respectively of the vari- 
able and fixed vectors of Fig. 4(b). The affixed numbers indicate 
correspondence. Note that the number of internal (=external) 
lines in Fig. 4(a) is equal to the number of the variable vectors in 
Fig. 4(b), which is (in general) greater than the number of fixed 
external vectors in the latter figure. 
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allowed to vary over the real axis independently and 
without regard to their physical meaning. The result 
(4.14) is common to all maximal sets of real. processes 
except for different combinations of the 6 factors, which, 
however, are simply zero or one in different regions of 
the variables. 

We now claim that the function f in Eq. (4.11) is 
given by 


f(o,')= |G(x,"2=—«,', of’) |, (4.15) 


where the arguments must vary only over the following 
domains. 

(1) If a vector x,’ forms a triangle in the vector 
diagram with the two variable momenta 2," and z,”, 
then the parameter o;’ corresponding to 7,’ must 
satisfy 

Vai 2V oj)" +V/ on", (4.16) 

(2) If three fixed vectors 7,’, 7,’ and 7,’ form a tri- 
angle, then the corresponding parameters o,’, o;/ and 
a; must satisfy the triangular relation 

Vai +r/o) >Vor' >\Vfoi—vVo/|, (4.17) 
and its cyclic permutations. 

To prove the above statements, we proceed as 
follows: 

(a) We observe that since Eq. (4.14) is the “imagi- 
nary part” of J’ for a maximal set {z’} of real proc- 
esses, where {7 ’} isa certain subset of the momenta 7,’, 


Im{nzp/)1” 


1 
=r fo. f Il’ ag a 
ws’ $r’ Ts 246,/ 


Xf(or'=—z", o,')[] do,’ 


=n" [J] 6(421')-G(x,",0;') >0. (4.18) 
This is an expression of G as a function of r,’A7_,’ in 
terms of its “imaginary part” f on the real axis. But 
since G is pure real or pure imaginary, f= +|G]| where 
f is not zero. 

(b) Let us note that when a maximal set of real 
processes is realized in the present case, no more real 
processes can occur simultaneously. Thus the de- 
nominators in Eq. (4.18) cannot vanish, but remain 
positive definite. This means that 


f=+l|Gl. 


(c) If a real process occurs with respect to a vector 
ni, m{?=—o;, it means in Fig. 3 or Fig. 4 that the two 
variable momenta 7,’ and 2,” of which 2,’ is the re- 
sultant, are those of “free” internal lines with rest 
masses +/o;"’ and 4/ox”, and the same sign of energy 
as that of z,’. Since the total rest energy of such a two- 
particle system is never less than the sum of their 
individual rest masses, the inequality (4.16) follows. 

(d) In (2), if two momenta 7,’ and 7;’ belong to a 
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set of simultaneous real processes, then the third 
mw. =m,'—m; cannot, and (x,’)o and (x;’)) must have 
the same sign. This can easily be understood by recog- 
nizing the meaning of these real processes according to 
Fig. 3 or Fig. 4. Now the difference 2,/—7; of two 
time-like vectors 7,’ and m;’ of the above nature always 
satisfies 
(x/— 1;')? a= (/oi'— Vo;')?. 


Since m;’?-+-0,' is necessarily nonzero only if 
/ , U 
Vox > loi —V/9; 1? 


this condition must be satisfied in order that the factors 
in Eq. (4.11) not belonging to a set of simultaneous real 
processes do not vanish. Similarly, taking the other 
two parts 7;’, r.’ and m;,’, m,’, we get 


Vai >\Vo/—Vor'|, Vo) >|Vor’—Va? |. 


These three relations give the triangular inequalities 
of Eq. (4.17). We can also see that these inequalities 
just play the role of the @ factors appearing in Eq. (4.14). 

The formula (4.11) with f(¢,’) given by (4.15) is 
thus proved in the case where the two vectors g and / 
stand next to each other as in Fig. 3(b). Since J’ and 
I" have the same variety of energy denominators, their 
product J has again the same type of representation, 
which corroborates the proposed formula for py. The 
restriction (4.16) on the domain of the variables shows 
that py has the alleged spectrum if py; already has the 
desired property. 

In the general cases where g and / do not stand next 
to each other, things become more complicated; there 
are more variable momenta 2” in Eq. (4.9), and more 
external lines in the equivalent Feynman diagram 
[ Fig. 4(a)]. Nevertheless we can show by detailed 
study that the formula still holds in general. To this 
end we have only to examine all possible real processes 
in Fig. 4, and obtain the corresponding function G. 
Equation (4.15) is then also valid, but the restrictions 
(4.16) and (4.17) have to be revised. This is because 
the same momenta can occur more than once as ex- 
ternal lines in different places of the diagram. We may 
first regard all these external momenta [ (a+1)(6+1) 
= L in number | as if they were distinct, and obtain the 
inequalities (4.16) and (4.17) for each of the L(L—1)/2 
momenta required to represent such a diagram. After- 
wards we allow different external momenta and the 
corresponding a’s to coincide. The resulting o will then 
have to obey inequalities of the type (4.16) and (4.17) 
for either one of the original variables which were made 
to coincide. 

In this way the formula (3.5) for the spectral de- 
composition of p has been shown to be consistent with 
the equations of motion.* The equations of motion for 
the Green’s functions p are thus transformed into 


5 The formula is a necessary consequence of the equations of 
motion in a perturbation theoretical approach, as may easily be 
checked. 
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Fic. 5. Vector and Feynman diagrams for evaluating Eq. 
(4.14) or (A1). Figure 5(a) is the same as Fig. 3(b). The arrows 
indicate the direction of motion (sign of energy) of particles for a 
possible set of real processes. The dotted lines in Fig. 5(b) are the 
“cuts” across which the real processes occur. 


relations between the corresponding »v functions. The 
foregoing results indicate that these relations do not 
involve infinities, and as we have observed in I, they 
are indeed renormalized equations. 


5. GREEN’S FUNCTIONS INVOLVING SPINORS 


The structure of Green’s functions for scalar fields 
have been analyzed in the last two sections. From the 
generality of the underlying assumptions it is clear 
that other types of fields may also be covered, which 
probably include all cases of renormalizable category. 
We shall discuss briefly the case where a Dirac spinor 
field is involved in addition to a neutral scalar field. 

In this case a Green’s function pon,m(pa|g8|k) de- 
pends on 2n-++m momenta #, g, and & as well as on 2n 
spin indices a and 8. From the spin indices m! sets of n 
different matrices may be constructed which are 

{y°} = ((y)ar61, (7) 0282," ** (Y)anBn), (5.1) 
and the other n!—1 sets obtained by permutation of the 
indices a; (or 8;). A set of m y matrices may be com- 
bined with a suitable set of 2n++-m—1 independently 
variable momenta h, to give n(2n+-m—1) scalar and 
Hermitian (self-adjoint) products of the form 


i(h,y™), r=1,---2n+-m—1; k=1,---n. 


Also any two y matrices may combine to make five 
scalar Hermitian quantities 


(5.2) 


(0,35 (1, yu, Our oy, 
(ysvu) > (ysvu), y875), 


1, j=1,---m; v=1,---5; (5.3) 


so that out of m y’s 5X (2) different scalars are obtained. 
All these scalars involving 7 matrices must be taken into 
account for the representation of p. To this end we de- 
compose p first with respect to these scalar matrices: 


p(pa|98|k)= 2 > ¥ I(éh,,y ror 


wr,k 


x TL [0,4 }*4 pel p|q|k; A(r,k),u(ij,r)]. (5.4) 


(i, 7) 


The indexes A(r,k) and y(ij,v) take values 1 and 0 in 
the summation, and }/p is a summation over the per- 
mutation of spin indices a (or 8). To guarantee the 
required symmetry properties of p against interchange 
of equivalent fields and charge conjugation, the 
ppLp|q|k;A,u] are of course subject to a number of 
conditions. Apart from these conditions, we may now 
apply to each of the ppl p|q|k;,u] the spectral de- 
composition in the same way as Eq. (3.5) with real v 
functions, and the legitimacy of such a procedure may 
be tested by actually substituting the representation 
into the equations of motion. Among other things it 
may be seen that the » functions are real if we decom- 
pose with respect to products of Hermitian spin opera- 
tors as in Eq. (5.4). 


APPENDIX 
A function G was introduced in Eq. (4.14) : 


C IT 6(2,’)\G(x,",0/”) 


rr’2<0 


—Je [Toe 5(m,'?+0;'’)dP. (A1) 


As a help to its evaluation, a vector diagram is drawn in 
Fig. 5 which is geometrically equivalent to Fig. 3(b). 
The variable vectors (broken lines) are all time-like 
vectors with definite temporal directions (or definite 
signs of time-components) which are fixed by the 6 
factors in the integrand of Eq. (A1). 

Any pair of two variable vectors 7,’’ and 7,’ form 
a triangle with one of the fixed vectors z,’, which is 
related to the former by a relation such as 


(A2) 


/ ” ur 
We =O; +m. 


If x,’ is a sum of two vectors 7,’ and 2,” with 
(ri)o>0, (ax'")o>O Lor (4i’)o<0, (rx’’)o<0], then 
(x,’)o>0 [(a,’)o<0], and 


<9 > (4 Oe) = of? +0." >0. (A3) 


mw, then can express a real process in which two “free 
particles” 2,’ and m,” are produced. Such a 7,’ is 
accompanied by a @ factor on the right of (A1) which 
specifies the sign of (z,’)9 in accordance with Eq. (A2). 
We want to express Eq. (Al) as a function of 
L(L—1)/2 dependent variables x”, which we later 
treat as if they were independent. Though there may 
be no unique way of writing down a function involving 
redundant variables, the following procedure turns out 
to be convenient. Let us assume that the four-dimen- 
sional space in which we work is embedded in a L- 
dimensional (one temporal and Z—1 spatial) space. 
The condition for the vectors 2,” and 7,’ to lie in its 
four-dimensional subspace is that the rank of the 

matrix 
D,©= (3," ri'’) 


(A4) 
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be equal to 4. Further define a sequence of determinants 


D®, D®, ...D™ <0, (AS) 


where D™ is obtained from D+ by omitting, say, 
the last row and column. They are all zero except D“ 
under the above condition. In view of Eq. (A2) and 


my’), 


D™ may be considered to be functions of 2,” and 
72 


m,'*= —g;'’. Now the integral (A1) may be written as 


(95 ee = AR (eto) — 4/2 (A6) 


iam fu O(-ew)TT 8(i!?-+0;"") 


L 
x<IT 6([D™/D })dP, (A7) 


n=4 


where the integration is over the L-dimensional space. 
The last factors in the integrand are the delta-functions 
in the L—4 coordinates which are orthogonal to the 
space spanned by the vectors 7”. 

To evaluate Eq. (A7), regard temporarily the L 
vectors 7” in the enlarged space as linearly independent, 
and carry out the integration in the skew coordinate 
system {7’’}. Since the length of these vectors is kept 
constant by the delta functions 6(1;"+-0/’), the result 
can immediately be written down: 


y= TI (ee) — sia-oik | 


wr’2<0 


24(—D™)! 


L 
<I §([D™/D@» A), (A8) 


n=4 


The factor 2 in front comes from the two different 
configurations symmetrically located with respect to 
the base {x’}. (—D‘)! comes from the Jacobian associ- 
ated with the change of the coordinate system, and is 
equal to the volume of the parallelopiped formed with 
the vectors r’’. The factor 1/2” comes from the fact that 


6(7?+¢)= — 
(te saa 
X {8Lo— (x?+0)!]+d [90+ (2?+0)*}}, 


where only one of the delta function contribute to the 
integral because of the @ factors in the integrand of Eq. 
(A1). Since 6(«)=2x6(«”), Eq. (A8) may further be 


rewritten 
J=(1] 0(+2,’) J[1/24-'(— D™ ) 7 
XT[Q2LD™/D PTT 6(D™/Do) 
= (1 6(#2,’) [1/8(—D®) TT 6(D™ /Do). 
G is thus 
G=[1/24-(—D TT a((D™/D}), 
=[1/8(—D)*] J] 6(D™/D+»)., 


12 


(A9) 


The D™ are quadratic functions in 2,” with real co- 
efficients, so that the arguments of the delta functions 
in Eq. (A9) remain real whereas the factor (—D™)! 
takes either real or purely imaginary values as 2,” 
vary on the real axis independently. 

G is the absorptive part of the function J”, Eq. 
(4.9), with respect to the L—1 variables 1,’”"<0 repre- 
senting a maximal set of real processes, and must have 
the proper analytic behavior with respect to the re- 
maining variables 7,” if our assumption Eq. (4.11) is 
correct. In fact we can show that the D“™ have zeros 
only on the real axis if any single 7,” is allowed to vary 
in the complex plane while the others are kept fixed, 
so that 1/(—D™ ! and 


1 
6([D™ /DO» }) = lim - ———————— 
oe D™ /DOM+e2é 
have singularities only on the real axis in the same sense. 
Thus we may carry out the spectral decomposition with 
respect to each variable, the result of which will agree 
with that given in the text. 
Equation (A9) is of the form 


G=Gi J] 6(f,), 


where f,=0 are the conditions which express the con- 
straints on the vectors m;” in order that they lie in a 
four-dimensional space. G has thus the property of 
being different from zero only if the x,’ or x,” satisfy 
these constraints. Apart from the fact that we may take 
different but equivalent sets of conditions {f,}, Eq. 
(A9) is the unique result which follows from Eq. (A1). 

Note added in proof.—It has been realized that in case 
a meson field ¢ has a renormalized self-interaction of 
the type Ag*, A+ 0, an energy denominator (f:+2)?+s 
(s+) in the spectral decomposition must be accom- 
panied by a numerator (f:+2)*+a, where fi and p» 
are two external momenta of the field y, and a is an 
arbitrarily chosen constant. The relevant formulas in I 
should accordingly be modified. Under the same circum- 
stances, we also withdraw the statement in reference 17 
of I that “5(1— © /s2) does not occur at all.” 
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Pion-Nucleon s-Wave Phase Shifts from ps-ps with Cutoff* 
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An investigation of the pion-nucleon s-wave scattering in the ps-ps theory is made, using a cutoff < the 
nucleon mass, and the (“exact”) Foldy nonrelativistic transformation of the Hamiltonian. The phase shifts 
are calculated approximately in the three-meson Tamm-Dancoff approximation, however, without inclusion 
of the meson-meson interaction. No appreciable isotopic-spin dependence is found. 





INTRODUCTION 


HE best experimental information on the two 

s-wave phase shifts, 6; and 6, in pion-nucleon 
scattering is available in the energy interval between 
60 and 140 Mev. Here 6; (isotopic spin 3/2) is negative, 
and its energy dependence is roughly that expected 
from a short-range repulsive potential. But 6, (isotopic 
spin 1/2) has the opposite sign, as is clearly indicated 
by the asymmetry in the angular distribution of the 
negative pions scattered in hydrogen, and it appears 
that 6; is almost constant (~ 10°) in this energy range. 
The situation is less clear-cut for lower energies. The 
latest and most complete analysis' favors a linear de- 
pendence of both phase shifts with momentum below 
40 Mev, v7z., 


63=—0.11n, 6:=0.16n, 


It has been questioned whether these signs and en- 
ergy dependences, together with the p-wave phase 
shifts, are adequately accounted for by the charge- 
symmetric pseudoscalar-pseudoscalar (ps-ps) theory 
(ys coupling). Dyson e¢ al.* find encouraging results for 
explaining the strong p-wave scattering in the lowest 
Tamm-Dancoff approximation, but Wyld® gives evi- 
dence that this result might be upset in higher order, 
if nucleon pairs are not suppressed in the (neglected) 
three-meson states.** Such pair suppression is not a 
feature of the present renormalized theory.‘ Further, a 


n=/u. 
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** Dalitz and Kalos (unpublished) have recently re-solved the 
integral equation of reference 2, using a high-speed computer, and 
find remarkable agreement of 533 with experiment up to and 
through the resonance, similar te Chew and Low (reference 6). 
This agreement is destroyed at the higher energies if the pair- 
containing intermediate states are left out. This p-wave result is 
good evidence for renormalized y; coupling, if one can really 
justify this success of the Tamm-Dancoff method. 

* Considering the renormalized relativistic perturbation theory, 
it is true that the s-wave phase shifts are suppressed, in that the 
fourth order term is of opposite sign to the second order (see 
reference 3, and the discussion in reference 39). But this suppres- 
sion, which is simply due to the iteration of a positive (repulsive) 
interaction, must not be confused with the “pair suppression”’ of 
vertices and propagators. In fact, as noted by Deser et al. [Deser, 
Thirring, and Goldberger, Phys. Rev. 94, 711 (1954) ] the sup- 
pression of the propagator of an antinucleon line is exactly 


strong-coupling approach to ys coupling indicates that 
for no value of the coupling constant is a nucleon coupled 
strongly with p-waves if a finite cutoff is not used.® 

With a cutoff at about the nucleon mass, the p-wave 
scattering becomes similar to that derived from the 
pr-coupling theory (‘equivalence theorem’’) as ad- 
vocated by Chew,® and agrees satisfactorily with ob- 
servation. Such a cutoff allows one to use a nonrela- 
tivistic form of the Hamiltonian and to regard nucleon 
recoil, etc., as small corrections. 

Whereas Chew’s theory disregards the s-wave phase 
shifts (pv-coupling actually fails to account for their 
signs and magnitudes), it is the purpose of the present 
paper to study the s-wave phase shifts as predicted by 
the ps-ps theory with such a cutoff. A “strong coupling” 
treatment of this type of theory has failed to produce 
any significant difference between 6; and 6,.’ This may 
be due to the rather severe upper limit imposed on the 
cutoff momentum by the strong-coupling method, but 
is probably inherent in strong-coupling (see reference 
22). We therefore shall employ essentially weak- 
coupling methods.*® 

We first write (Sec. I) the result (3) of applying the 
Foldy transformation to the ps-ps Hamiltonian (1). 
This transformed Hamiltonian contains in nonrela- 
tivistic form all processes, including nucleon pair 
formation, in which meson momenta (and energies) 
are small compared to the nucleon mass. The terms of 
zero order in the meson momenta (p;H», and 3C,) couple 
s-wave mesons without charge exchange. The terms of 
first order (H,, and H,z) couple, respectively, p-waves 


cancelled by the enhancement of the vertex which joins it to a 
nucleon line. Since in the lowest order scattering diagrams there is 
an additional such vertex at the other end of the antinucleon line, 
there is a net enhancement of the pair containing diagrams. This 
perhaps corresponds to the enhancement of s-wave relative to 
p-wave vertices in the nonrelativistic theory, due to the suppres- 
sion of the p-wave vertices (see Sec. IV). 


5G. Wentzel, Kyoto Conference on Theoretical Physics, 
September, 1953 (unpublished), and lectures at the University 
of Rochester, 1954 (unpublished). 

6G. F. Chew, Phys. Rev. 95, 1669 (1954). See also Chew and 
Low, Fifth Rochester Conference of High-Energy Nuclear Physics 
(Interscience Publishers, Inc., New York, 1955), p 

7G. Wentzel, Phys. Rev. 92, 173 (1953). See his comments in 
the last paragraph. 

8 An investigation of both s- and p-waves in cut-off ys theory, 
based on an approximate nonrelativistic diagonalization of ys 
(“Dyson transformation,” reference 11), was made by S. D. Drell 
and E. M. Henley, Phys. Rev. 88, 1053 (1952). 


468 











PION-NUCLEON 


and s-waves with charge exchange. The remaining 
terms (Hyecoi1), if reduced to nonrelativistic form, would 
be of second order or higher in the meson momenta. 

The neglect of the “recoil” terms is justifiable only if 
we introduce a momentum cutoff (Sec. II) so that no 
mesons, real or virtual, are coupled to nucleons if their 
momenta are greater than a momentum &, which is 
(at most) of the order of the nucleon mass. 

The interaction terms of the transformed Hamil- 
tonian are all nonlinear of infinite degree in the meson 
field operator ¢. If, for instance, an interaction is even 
in ¢, then all terms (but the first) of its power series 
will contribute to, say, a second degree vertex. This is 
because in a term «@”, n—2 of the ¢ factors can emit 
and reabsorb “internal” mesons among themselves, 
leaving just two ¢ factors to absorb or emit “external” 
mesons. These “internal” virtual mesons are not associ- 
ciated with energy denominators, and therefore there 
is no suppression of the terms of high degree contribut- 
ing to a second-degree vertex. In fact the series of con- 
tributions is only semiconvergent [see (9) and the 
succeeding paragraph]. Thus before performing any 
phase-shift calculations, we must sum this series to get 
the “effective” two-vertex interaction. The same con- 
siderations apply to vertices of all degrees. To speak 
another way, we must “S-order” the interactions so 
that no “internal” processes appear any more (Sec. 
III). Vertices of zero degree are self-masses; an in- 
teresting feature of our case is that after performing 
the S-ordering, the original “bare” nucleon mass m 
[in (1) ] can be set equal to zero with impunity. Putting 
m=Q(0 not only greatly simplifies the form of the 
transformed Hamiltonian (3), but also allows the 
greatest coupling strength compatible with the observed 
nucleon mass [see (20) ]. The effective (S-ordered) 
interactions, expressed in terms of the total (including 
self-) mass of the nucleon, in this extreme case m=0 
are found to be very similar to the interactions for 
weak coupling (in which case the total nucleon mass 
is m). 

Our principal interest is the isotopic spin dependence 
of the s-wave scattering, which is yielded by the charge 
exchange interaction term H,,. H.z is proportional to 
the nuclear isotopic spin matrix +. Speaking very 
roughly, the emission of a p-wave causes an isotopic 
spin flip of the nucleon, so that the value of ¢ is re- 
versed. Thus, if the nucleon spends a fraction f of its 
time in a state with an odd number of virtual p-wave 
mesons present, the effective value of + is ters= (1—f)* 
+f(—*)=(1—2f)*. As the strength of the p-wave 
coupling increases, f goes to 3, and thus ‘ters to zero 
(see reference 22). We treat this suppression of H,. 
due to virtual p-waves by Chew’s formalism (Sec. IV), 
with the result to order g‘ given in (30). For Chew’s 
coupling strength, which fits the p-wave scattering 
data, the suppression factor ¢ is ~ 75. 
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We extract from the “contact term” H, of (3) a 
meson-nucleon interaction (41a,b) similar to, and un- 
important compared to, the pair theory term from H,, 
(Sec. V). We also get from both H,, and H, meson- 
meson interactions [ (39) plus (40) ] describing vertices 
of all even degrees. The second-order vertices represent 
a (negative) meson self-mass, which in our nonrecoil 
approximation can simply be added to the bare meson 
mass without further renormalizations. The fourth- 
order vertices describe lowest order meson-meson 
scattering. The meson-meson interaction is strong as 
compared to the analogous pair theory meson-nucleon 
interaction, but unfortunately we are unable to include 
it in our Tamm-Dancoff calculation. A simple argument 
(last three paragraphs of Sec. V) shows that the meson- 
meson interaction produces an attractive potential for 
meson-nucleon scattering, but quantitative indications 
are that its effect is small compared to the repulsive 
pair theory term. 

We conclude from our treatment of (3) that the 
effective s-wave two-vertex interaction consists very 
nearly of simply the lowest order Foldy terms (45) 
(where M is the observed nucleon mass), except that the 
charge exchange part is somewhat smaller on account 
of virtual p-waves. We neglect higher degree vertices, 
and calculate the phase shifts in Tamm-Dancoff 
approximation (Sec. VI). Taking into account only 
one-meson states, we find (47) a sort of resonance in 
the isotopic spin } state if the cut-off momentum is high 
enough (see reference 30). But this we show to be 
entirely misleading, since it violates Gell-Mann and 
Goldberger’s “crossing” theorem (Sec. VI). The trouble 
is that the Tamm-Dancoff approximation does not 
always include both members of “corresponding” 
graphs (by which we mean pairs of Feynman (ys) 
scattering graphs identical except for the assignment of 
the two real meson lines as “incoming” or ‘“‘outgoing”’). 
This “incomplete-inclusion” of graphs is just what 
yields a spuriously large isotopic spin dependence in 
the phase shifts. The result of an (approximate) three- 
meson Tamm-Dancoff calculation (50) does not have 
the spurious isotopic spin dependent term of the one- 
meson result, but has such spuriousness in higher 
orders in R/M. For RM, considering just the lower 
order terms of (50), we conclude that the isotopic spin 
dependence resulting from the interaction (45) is even 
smaller than the Born approximation indicates. 
Roughly, the isotopic spin dependent part of the phase 
shift is damped relative to the isotopic spin independent 
part by the same factor that the latter was damped 
from the Born approximation, viz., the well-known 
damping of the scalar pair theory (reference 9). 

Thus we conclude (Sec. VII) that this theory yields 
s-wave phase shifts with negligible isotopic spin de- 
pendence; this means it is absolutely at variance with 
experiment. 
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I. FOLDY TRANSFORMATION 


The Hamiltonian for nucleon and meson fields with 
charge-symmetric pseudoscalar coupling is® 


H= f Br (Sy +II+54), 


Hy=y*(psm+pis- py, 
KHr= gbper: oy, 
He= 3 x?+ ¢- (u?—V) 9]. 


y, the nucleon wave operator, is an 8-component spinor. 
¢, the meson wave operator, is a pseudoscalar in 
coordinate space, and a three-vector in isotopic-spin 
space. m is the mass of the bare, unobserved nucleon. 

The notation for the Dirac matrices is that used by 
Rosenfeld,” for example. The px are 4X4 matrices of 
the same form as the Pauli matrices, e.g., 


1 0 


[9 | 

( ) 0 1| 
pi>= 1 0 ame 4 
| 0) 


In terms of these, 


B=ps;, Y= pk, 


(2) 


Qy=pitzr, Ys=—P- 


We now eliminate from the Hamiltonian the “odd” 
Dirac matrices, p; and p2, which have, at low momenta, 
large matrix elements only between states with energies 
of opposite sign." Transforming away the odd matrices 
completely in the static limit™ (i.e., the remaining odd 
terms contain p, Vo/m, or +/m) results in the trans- 
formed Hamiltonian*: 


W’=H.+ f dr(Iyr +5), 


Ryr=V* (ps mt+H po t+H zt pil recoil, 
H-=2VLiFt+G)’, 
Hn=m(1+ f*¢*)!, 
Hp» =§'o-V9, 
H.z=@-z, 
Hrecoit= 0: p+@-o-VE+%-x, (3) 


9 The n: and 7°: 2* mass differences are neglected. 

1 L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., 
New York, 1948). 

uF, Dyson, Phys. Rev. 73, 929 (1948); L. Foldy and S. 
Wouthuysen, Phys. Rev. 78, 29 (1950) ; and L. Foldy, Phys. Rev. 
84, 169 (1951). 

12 Berger, Foldy, and Osborn, Phys. Rev. 87, 1061 (1952). 

18 Tf necessary, terms containing both = and ¢ are to be re- 
garded as symmetrized: e.g., H.2=}(G-2+2-@). 
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f=g/m, 
Aer | 


(14+/29)!—1 
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x(ox~)| 


limf—0 
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ape: 
fae vy. 
i]°*2X¢: 
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limf—« , 


. (14/292)! 1 limf—0 


2¢°(1+ rey 


We discuss briefly the terms of this highly nonlinear 
Hamiltonian. p;H,, obviously couples nucleons with even 
numbers of s-wave mesons without charge exchange. Ex- 
panded for small coupling, H,,=m-+ (g?/2m)¢’, that is, 
the nucleon mass plus the pair theory term (ptt).' 

H ,, to lowest order in the coupling is (g¢/2m)o-V(- ¢), 
the well known pseudovector coupling term. Its appear- 
ance in the transformed Hamiltonian is the basis of the 
“equivalence” of the pseudoscalar and pseudovector 
couplings. Since %, the coefficient of the pseudovector 
interaction, contains ¢*, in higher orders H,, also con- 
tributes to the s-wave scattering. That is, we have 
processes in which % scatters s-wave mesons at the 
same time that o-V¢ emits or absorbs a virtual p-wave 
meson. 

Hz to lowest order is (g*/4m)<-(¢Xx); it is a 
charge exchange interaction (the “charge exchange 
term,” cxt) with s-wave mesons. 

PH recoi) is the remaining odd part of the Hamiltonian. 
To the lowest order, it could be expected to contribute 
something like (Hyecoi)?/2M to the interaction. 

KH, is the so-called “contact term.” It is of fourth 
degree in the nucleon wave operator, and to lowest 
order gives a spherically symmetric, repulsive po- 
tential between nucleons. As in the case of Hy», the 
content of % and G gives in higher orders coupling with 
s-wave mesons. In the present work, a nucleon-nucleon 
interaction can only operate in virtual states containing 
at least three nucleons, which thus occur with small 
amplitude. However, if two of the y’s in 3C, engage in 
emitting and reabsorbing a virtual nucleon, we have a 
meson-nucleon interaction of the same type as H,,. If 
all four y’s are engaged with virtual nucleons, we have 
a meson-meson interaction; so to speak, a nonlinear 
addition to the meson Hamiltonian." 


limf> ~~. 


Il. HIGH-MOMENTUM CUTOFF 


In order that the odd terms which remain in the 
transformed Hamiltonian, i.e., Hreco, be truly small, a 
high-momentum cutoff must be introduced to eliminate 
coupling to virtual mesons of momenta comparable to 
the nucleon mass. This cutoff is accomplished by smear- 
ing wave functions appearing in the coupling terms, 
ie., by using, instead of their values at the point of 


‘4G. Wentzel, Phys. Rev. 86, 802 (1952). 
16 L. Schiff, Phys. Rev. 84, 1 (1951). 
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interaction, an average of their values over a small 
region. This region is pictured as the physical nucleon. 

The formally simplest way of cutoff is to smear ¢ 
in the original linear interaction (1) ;'* ¢(r) is replaced by 


o(= [ar'srUG-), (4) 


where U(r), the “cutoff function,” has the property of 

being (1) spherically symmetric around the origin, 

(2) normalized, fd'rU/ (r)=1 and (3) “short-ranged,” 

the range being called the “radius of the nucleon”’ a. 
In momentum space we have if 


o(r) => die’, ®(r)=> Uidre'’, (5) 


where 
Ur= fave eer 


Corresponding to the properties of U(r) we have: 
(1) U; is spherically symmetric, (2) Up=1, and (3) U; 
is very small for k>R, where & is the “cutoff mo- 
mentum” and is roughly the reciprocal of a: Ra~1. 

This smearing of ¢ in the original interaction (1) 
allows the Foldy transformation to be carried out as 
before, with the result that in the interaction terms 
(5Cyr and 3.) of the transformed Hamiltonian (3) all 
¢@ and x are replaced by ® and If. An additional effect 
of the smear appears in 5C,. This is described in Sec. V, 
where incidentally the appearance of the smear on = 
is also explained. 

An advantage of thus smearing the @ factors in- 
dividually, instead of smearing ¢’, is that many of our 
approximate equivalent potentials are thus factorable 
into initial state and final state parts. As a result, the 
solution of the Schrédinger equation is trivial algebra. 
In the present work moreover, this method of cutoff is 
necessary in order to keep finite the quantities con- 
sidered in the next section which result from the non- 
linear interaction terms.'’ 


Ill. TREATMENT OF THE NONLINEAR 
COEFFICIENTS 
As explained in the introduction, in order to use the 
Tamm-Dancoff approximation, it is necessary to ex- 
press nonlinear interactions in “S-ordered” form, that 
is to say, a form in which interaction terms do not 
describe internal virtual processes. Using the notation 
of Glauber,!* we write (V(¢))m for the value of V(¢) 
when interacting with m “external” mesons.’ (V(¢))o 


then 


16 To smear y*y is the same thing. 

17 We shall find the above method of cutoff inadequate in Sec. V; 
virtual nucleon processes in H,, and H, are not cut off. An every- 
where sufficient cutoff would have had to be of the form $*@’y; 
that is, with y* and y smeared separately (note reference 8). But 
such a cutoff would immensely complicate the Foldy transforma- 
tion, and make the considerations of the next section impossible. 

18 R. Glauber, Phys. Rev. 84, 395 (1951). 

19 That is, when acting as a mth degree vertex, (v(}))m equals a 
constant times :”:, the colons denoting S-ordering. G. C. Wick, 
Phys. Rev. 80, 2681 (1950). - 
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is the “vacuum expectation value” of V(¢). Then the 
S-ordered form of V(¢) is 


V($)=Lim(V (9) )m; (6) 


where the sum is over the even or odd positive integers 
according to whether V(¢) is even or odd in ¢. If 
V (¢) is a finite polynomial the series terminates. 

In a practical Tamm-Dancoff calculation only the 
first few terms of (6) would enter in any case, since an 
mth degree vertex can operate only on states in which 
at least m/2 mesons are present in either the initial 
of the final state. 

For a one-component field, Glauber'* derived the 
formula 


n 
(O" m= ( Jor “>, ”:, where 6": (¢").. 
m 
For a charge-symmetric (three-component) field, similar 
reasoning leads to the formula 


1 n+1\_ 
("n= — ( Jew ™\o 6": (7) 
m+1\ m 


where n is even, and ¢=|¢| (see Appendix I). 

For a one-component field, simple combinatorial 
reasoning leads to the formula for the vacuum 
expectation 
(n even) 


(@")o=1-3-5- ++ (n—1) go", 


where ¢’=(@)o. Likewise, for a charge-symmetric 
field (see Appendix J), 


(@")o=1-3-5-+ + (n+1) G0", (8) 
where ¢o?= (x2)o= 3(¢")o. Combining (7) and (8) we 
have, for n and m even, 

(m+-1)n- + -(n—m+2) 


(O")m —(n—m-+1) 
(m+1)! 


X (n—m—1)-+-3-1 





go” ™ 7p” ° 


jm 
) (n+1)(m—1)-++3-1 go" sf”: 


) ore 76”:. 


Since ” no longer appears explicitly in this formula, the 
formula is valid for an arbitrary even function of ¢, 
; 20 

i.e., 


1 
al (2 
(m+1)!\ dee? 


1 re] 
(m+1)!\ dye 


1 Qo \i 
V@)n-——_(2 ) (V(b))o :o™:. (9) 
(m+1)!\ age? 

To evaluate the vacuum expectation (V (@))o, (8) could 


be applied to its power series. But unless the resulting 


2 For a scalar field, (m-+-1)! would have been m!. 
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power series in go were recognized as a known function, 
its evaluation would be tedious for a large ¢o. In fact, 
if V () is an algebraic function, the power series (V (¢) )o 
is clearly nonconvergent everywhere (because of the 
factorial in (o")o*2!"($m) !yo"). Further, V(¢) might 
not even have a power series, as is the case for the 
Foldy co ficients § and G in the limit m=0. 

To avoid these difficulties, we can use Glauber’s 
formula’* for a field of arbitrary vector character 


(exp(ik- $) )o=exp(— 3k’ ¢0’), 


where, as in (8), 

















(10) 











oo = (b?)o= 0 $*)o, 


where m is the number of components of ¢. As he re- 
marks, this formula can be applied to the Fourier 
transform of an arbitrary V(¢). Finding the Fourier 
transform would in general be inconvenient, but the 
basic idea can be used without this detour. Represent 
the function V(¢) as V(¢)= fd"xV (x)6"(¢—x) where 
5"(¢—x)=11,6(¢;—x,). The Fourier transform of the 
delta function offers no difficulty. Applying (10) to a 
single factor of 6"( ) and integrating over k, we find 


(6(@i— x1) o= (24 ge?)! exp(—F gu*x?), 
and thus 



























































(V($))o= (2argo?)* f dncV (x) exp(—} 02x’). 








For the charge-symmetric three-component field, we 
thus have for a function of ¢(=|¢|): 














2 \' °° 
v@h=(—) f dx 2°V (x) exp(—3y0*x*). (11) 


Too 








The ¢ and the = occurring in the terms H,,, Hz, and 
Hrecoii Cannot engage in the internal virtual meson 
emission and reabsorption because they occur only 
singly. Thus the above considerations are applied 
simply to the ¢-containing c efficients § and G. How- 
ever, these coefficients contain not only ¢, but also ¢ 
and ¢(t-¢). The generalizations of (7) necessary to 
handle such cases are (see Appendix I) : 
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(13) 


Combining these formulas with (8), we find the gen- 

















GOEBEL 


J. 





eralizxtions of (9): 





Weise (2 : y 
 (m+3)L(m+1) Vd ge" 


X {Go (PV (@) )o} 29" 9:, 


(V (bbs ms + ( +902)” 
moet (m+5)E (+3) 1 Dee? 


0 }m+1 
X{ eo "(GV ())0} "bby: +a(2—) 
Igoe 


(14) 





X { oo (PV ($))o} rb) meven. (15) 


The integral (11) for all terms of the transformed 
Hamiltonian can be expressed in terms of Hankel 
functions and the Gaussian integral (see Appendix II). 

An important feature of these expressions is that 
they remain sensible and finite if we let m, the “bare 
nucleon” mass, go to zero. Dimensionally, the only 
thing that can then take the place of m is go, in fact 
g¢o, since in the interactions of (3) @ appears always 
with g. For instance, 


(Hm)o= (8/m)*g go=M (16) 


in the limit m— 0. Clearly (H)o=M is a nucleon self 
mass yielded by s-wave mesons. For low cutoffs RSM, 
MM will be, in fact, the chief part of the self-mass, and 
can be roughly identified with the observed nucleon 
mass M: It~M." To sum up, since in the S-ordered 
coefficients the place of m was taken by goo, and go 
can be replaced by M, we have the satisfactory result 
that the place of m is taken by M. 

We give in Table I the values of the S-ordered co- 
efficients for the case m=0, expressed in terms of SM. 
They are conveniently calculated by re-expressing (9), 
(14), and (15) in terms of MN, through (16); ice., 


0 81 0 


dee x MM 


For comparison, we also list the ratio of these coeffi- 
cients to the corresponding ones in weak coupling. In 
the latter case, the S-ordered expansion of a V(¢) is 
simply its power series, and m=M. We see that be- 
tween these extreme cases, (1) (H)2 and (H »»)1 change 
by only 15 percent if M=9M, (2) (H.2)2 nearly doubles 
going to the m=O case, and (3) the higher degree 
vertices are, relatively, much smaller for m=0. 

Much of the effect of the higher degree vertices can 
be approximated simply by adjusting the value of go 
used in the preceding formulas. In order to state this 
approximation precisely, we first make a definition. In 
a scattering graph we classify virtual (s-wave) meson 








*1 See below, Eq. (19). 
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TABLE I. S-ordered interactions; m=0, 





Ratio to weak coupling value 





8 2\ ; 
(Hn)o= (588 ») =I 


1 4\in gn 
a td “hn: 
(Hm)n caren *) + || Aa v7 
(H.2)9=0 


16 g? ; 
3m 41? 


6/8\2 ¢ oe 
~3(5,) anne) 


(Hiz)2= :2°(gXm): 


(Hez)s= 


: 1 16\!" (4n)! gg” 
(He)n= —3{ -— yi oe 
(H ez) n ( “) (n+-1)! Mt” 


ee 


(9) (H »)=3- ain 10° Ve-g: 


N) 


lines coming from a vertex into ‘“‘connected” and “dis- 
joint” meson lines. A disjoint meson line has no con- 
nection, save at the vertex in question, with the real 
meson (which is being scattered) where, by connection 
we mean an ultimate connection mediated by other 
meson lines, as well as a direct connection. On the 
other hand, a connected meson line is connected some- 
where to the real meson, besides at the vertex in ques- 
tion. It might be pointed out here, that for mesons 
interacting with the nucleon through the cxt, the 
“geometrical disjointedness” defined in the foregoing 
does not imply “physical disjointedness.”” Thus our 
considerations below, based on disjointedness, do not 
hold for nonscalar vertices such as the cxt. 

Then we say that the effect of all graphs containing 
disconnected virtual meson lines is simulated by evalu- 
ating the S-ordered coefficients in the graphs containing 
only connected meson lines, not with go’=(¢*)o, but 
with (¢goi"*)?= (¢?)oi@*. “Int” signifies that the vacuum 
value is to be calculated for mesons interacting with the 
nucleon, rather than propagating freely. 

An easily calculated approximation to this scheme 
consists of considering the interaction of the virtual 
mesons only through the pair theory term, i.e., (Hm)2'"*; 
we thus neglect interactions with H.2, (Hm)n>s'"* and 
(H pv) n>2'"*. The normal modes method gives such an 


2 This would also apply to nonstatic interactions. In both these 
cases, successive interactions with mesons are not independent, the 
nucleon having a “memory”’ (in the first case t, in the second /). 


16 g (:¢2: = , 2:2-4¢: 
(10) Hp = 55 “+ i) 0-9: 


1 (by definition) 


0.85 


0.43 


1p” 4: (OX ®): 


interacting vacuum value exactly.% For the ptt inter- 
action $A :¢?: and a cut-off function U,=(1+a°k’)", 


we have 
5 » = 
--——.} tan~{ (—) | (17) 
(2ma)*r 87a 


if we neglect the meson mass. 

Unfortunately, a self-mass (V(¢))o does not fall 
immediately into the above scheme, i.e., Amy #(V )o'™*. 
For instance, in terms of perturbation theory, the two 
graphs of Fig. 1 would contribute to (V)o'"*; but for a 
self mass, obviously only one of them should be present. 

If the interaction were purely quadratic, i.e., the 
ptt, the correction is easily made. It is easy to see that 
3A(¢")oi™* has n terms of order A", whereas Amp) has 
only 1. Thus if we write 


bA(G*)oi™*= Do and”, 


n=1 


then 
r 


x a," o » 
Amp = => af anny = f dd’ (gp?) oi", 
1 0 A 


n=l NY n= 
According to (17), for large \, (¢”)o™* goes as \~*, and 
Fic. 1. Two graphs 


aS LA contributing to 


” (V (o))o. 
23 G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 
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Fic. 2. S-wave scattering with virtual p-waves. 


thus 


Amipr) = 2(3A¢*)oi™*= 2(ptt)oint, (18) 


when A>8ra. 

For. other than ptt interactions, the above simple 
analysis does not hold; the different number of dia- 
grams in the cases Amy, and (V) ™* cannot be so 
simply enumerated. One can conclude, however, that 
Amy)=0(V)o™ where 1<0<2. Thus in our case 
(where H,, is the principal interaction) we have for 
the case m=0, 


M=Am= Ams.wavet Am p-wave ITT int. AmMpy.waves ( 19) 


where 9i"t=(H,,)o™*. Actually, the factor #>1 is 
counteracted by a negative value of Amy wave. Thus we 
can roughly (certainly within a factor of 2) regard 
aivit and M as being the same if m=0.™ 

Thus to the approximations made above, we can 
drop all graphs with disjoint virtual meson lines if we 
simply use the S-ordered coefficients as they stand in 
Table I, ‘aking SM to mean M™*= M. 

We have so far disregarded an interrelation of the 
formulas above for m=0; that is, Eq. (17) gives 
(¢*)o™* in terms of A, but Table I gives \ in terms of 
IM, and (16) gives IM in terms of (¢?)o™*. Combining 


these yields 
2 48 2 
- tan-( )| ; 
T 3nMa/ - 


where 8= g’/4r. The significance of (20) is clearly that 
it gives an upper limit to the coupling strength because 
the nucleon self-mass must not exceed the observed 
nucleon mass. This maximum coupling strength re- 
quires m=(. Actually, the limit given by (20) is ex- 
ceeded by the coupling strength necessary to yield the 


J 
6 


T 


(Ma)? = (20) 


* In the weak coupling case this is true trivially: M=m= 


I =Tint, 
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experimental p-wave phase shifts; see the discussion 
following (34). 


IV. EFFECT OF VIRTUAL p-WAVES 


If it were not for the + in the cxt, and the @¢’s in %, 
the coefficient of H,,, the static Hamiltonian could be 
written as the sum of the two parts describing, re- 
spectively, s-wave and p-wave mesons. That is to say, 
the s-wave and p-wave parts of the meson field would 
be completely independent of each other. Since this is 
not the case, we must consider the effect of virtual 
p-wave mesons on the s-wave scattering. 

As we have done above, it is convenient to classify 
the s-waves as being disjoint or connected. The effect 
of the disjoint s-waves occurs in the evaluation of the 
(Hw)n; this was treated in Sec. III, with the results 
for m=0 given in Table I, (9, 10). (H,.): differs from 
the ordinary pseudovector interaction by the factor 
8M (3x9), which is close to unity. In order to make 
the results of this section immediately comparable with 
other pseudovector investigations, we shall neglect 
this factor, and thus take 


(H p)1= V po = (g/2M)2-0- V9, 
or g* 


(H p)3= resected ce —( 
32 M* 


(20a) 


7:2 2 “) 
bn Be VE, 
5 5 


We first consider the effect of (H »»)1= V p» on s-wave 
scattering. To make clear at the start the essence of 
the result, we shall begin by discussing the lowest 
order relevant graphs, shown in Figs. 2(a) and 2(b). If 
the s-wave vertex in Fig. 2(a) is the ptt, then these 
graphs exactly cancel for s-waves on the energy shell.” 
Writing a for the matrix element described by graph (a) 
we can write 


a= CA yt, b= —CH tt e>0, 


where the constant @ is the same in both equations. 

If, however, the s-wave vertex of Fig. 2(a) is the cxt, a 
no longer cancels with b. Consider the role of the + mat- 
rices in the matrix elements. For the ptt, the ¢ matrices 
of the pv vertices contributed a factor 7;7;=3; for the 
cxt this is unchanged in Fig. 2(b), but in Fig. 2(a) we 
have r;#7;=—*. Thus a= —4$CH,x;; a and b add instead 
of cancel. Combining them with the “bare”’ cxt, we have 
(1—(4/3)@)Hext as an “effective” cxt; the cxt is 
suppressed by the virtual p-waves. In the same way, 
the virtual p-waves suppress V,,: “effective Vp,” 
~=[1—(8/9)C]V pr. 

These effects of virtual p-waves can be treated very 
elegantly to higher orders in the coupling by Chew’s 


2 Tf one or both of the s-waves are virtual, it can be shown 
that the lack of cancellation is balanced by the additional ways 
that p-waves can be emitted and absorbed in the graphs of which 
Fig. 2(a) or Fig. 2(b) would, in this case, be a subgraph. The 
net result is complete cancellation of all graphs involving Vp» 
and the ptt, which of course we know from the start must be the 
case, 
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nonrelativistic adaptation of renormalization theory.”* 
We shall use Chew’s formalism and notation, first 
making a definition so as to make them applicable to 
the treatment of the suppression of any interaction. 

The sum of all (sub)graphs in which an interaction 
Hy operates once while any variety of virtual p-waves 
are emitted and absorbed, is defined to be the (sub)- 
graph in which the renormalized modified interaction 
H,'" operates once, and the renormalized modified 
nucleon propagator S, replaces the free nucleon pro- 
pagator (energy denominator) &'. These modified 
operators are given as 


3 
s-(= f d&'To,(8’) [Chew,”* Eq. (16)] (21) 
0 
ine 1—Ao,(0) 
H1'"( 81,80) =L,( 61,80) H1"= L,( 81,8)——H1, 
1—A,(0) 
(Chew, Eqs. (18), (19), (22), (24), and (27)], (22) 
where & is the energy “absorbed” by the nucleon: 
$= Eoriginat— Eapparent = a of reference 31 


and “on the energy shell” means &=0; { 61,80} refer to 
{final state, initial state}. 


T'o-= 1+Ao-—Ao,-(0), 
[Chew, Eqs. (29) and (30) ] 
Lp=1+A,—A,(0). 


(23) 


A, and Apo, satisfy the integral equations 


A, yL, 
( )- FD| SV ys ( ) } (24) 
Aor FD Tor / 


where the sum is over the matrix elements of Chew’s 
“fundamental diagrams” (Chew, Fig. 7) in which each 
nucleon propagation is taken to represent S,, each 
p-wave vertex V »»’"=L,V »,’, and the cross yL, (or T'o,) ; 
Chew (26) is the first term of this sum. y is a numerical 
factor depending on the commutation properties of H 
with V,,. For Io, or any scalar vertex such as the ptt, 
y=1; our discussion of graphs (a) and (b), Fig. 1 
implies that for the cxt in the first fundamental dia- 
gram (I), Yexx!=—} and for Hr=Vp, Yp'=1/9 
[ Chew, Eq. (20) ]. 

Equation (22) describes the “renormalized inter- 
action” H7", which is a constant multiple of the original 
H;. Hy’ is the value of the renormalized modified 
interaction H;'* on the energy shell, since L,(0)=1 
[Eq. (23) ]. Far off the energy shell, H1'* approaches 
[1—Ao-(0) Hz, because A, approaches zero. We should 
consider, however, the behavior of S,H7'’, since this 
combination of operators appears in matrix elements. 
We have S,(6—-0)—6&" and S,(|6&]—->2)— 
{(1—Ao,-(0) ]8}—. Thus on the energy shell S,H;'" > 
&"H’ ; far off the energy shell S,H1'" > &—'Hr. For real 
mesons, then, the p-wave modification replaces H; by 


2 G. F. Chew, Phys. Rev. 94, 1748 (1954). 
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H;’; in a matrix element summed over virtual mesons, 
the use of the modified operator is equivalent to the 
replacement of H; by some “average” effective inter- 
action (H71").r, where 
Ar< At" ett < Hr. (24a) 
The original pseudovector interaction does not occur 
explicitly in (24); the (smaller) V,,” occurs instead. 
We describe the latter conveniently by defining a 
p-wave coupling constant gp»: 


1 ~~ Ao, (0) 


8 pv=8( pr)" =— ge 


g, 
1—A,”*(0) 


where g is the “original” coupling constant,?” which 
appears in the ptt. 

In the case of Hr=H,,, (24) is nonlinear. The only 
practicable method of solution is iteration: if expres- 
sions for L, and S, valid to some power of the renor- 
malized pv coupling constant g,», are inserted in the 
right-hand side of (24), it yields, with (21) and (23), 
L,and S, valid to the next higher power of 8p» = gp»?/4. 
Thus, starting with Z,=1 and S,—1 and S,=&", and 
using only FD J, to order 8» we find 


° ' 
+ & 6;' 


8 R— 61 
(8160) =1 +2y] + in( — ‘) 
RK R?(E1— &o) — &1 


2 3 R— Eo 
ee ae in — *) | (26) 
Q 2(6:— &o) — & 
& & /K-6& 
S-(6&)=6& 1427 —+-— Inf )}} 
| KK? —6 
where 
£=$(Bp»/4x)(R/M)? 
X (14+ [ (5/2) —3 In(2R/u) ](u/R)2+-O0 (u/R)4, 


using a square cutoff: 





kmaximem =8. 

To fourth order, we find 

A,(0)=y'¢-+[ (0.89—0.72y2)y!+0.025y" x2, (28) 
where y" refers to the second fundamental diagram 
(Chew, Fig. 7). The y for the charge exchange and 
pseudovector vertices are 
Yn = 1/9, 
Y pl =25/9. 


spas (29) 
Vert t= —5/3, 
Thus, to fourth order 
1—¢—0.195¢2 
~ 140.333¢-40.42¢ 
1—¢—-0.195¢? 
we —0.111¢—0.1778 m3 


27 It is the original coupling constant only in the sense of our 
disregard of the vacuum polarization renormalization. 


r cxt= €H ext, 





Hext 


(30) 
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From investigation of simpler equations “modelling” 
(24), it seems likely that for a cut-off theory Ao,(0) in- 
creases steadily through the value 1 as the renormalized 
coupling 8», increases. But 1—Ao,(0) can be interpreted 
as the fraction of time the nucleon spends in a bare 
state, and is thus an inherently positive quantity. We 
therefore conclude that 6,, has an upper bound, set by 
the condition Ao,(0) <1.?8 According to (30), to fourth 
order this is 


C+0.2030 <1, ie., ¢<0.85 or By» (R/M)?S8.45. (31) 


Chew” fits the experimental p-wave scattering with 
the parameters 8y,=10.4, R=0.84M. These values 
yield 


¢=0.742, e=0.10, B= (5.6)*8,,.=326. 


Any improvement in Chew’s calculation® is bound to 
reduce the coupling strength needed to produce a 
p-wave resonance, and for a £ so near to its upper 
bound, even a small change will have a large effect. For 
instance, if the cutoff is kept the same, and £,, is 
reduced by 16 percent then we have 


¢=0.62, «=0.15, B=71. 


It is thus difficult to say just what we should take these 
renormalization factors to be; something like «=, 
B=58p» seems reasonable. 

(Hp»)3, in that it is a pseudovector vertex, is sup- 
pressed just as is (H,):; on the energy shell we are to 
replace its coupling g* by g’gp». 

The effect of (H,,)3 on the scattering of s-waves in 
lowest order occurs through the graphs (c) and (d) of 
Fig. 2. Since the resultant s-wave scattering is charge- 
independent, these graphs are to be added to the ptt 
to yield a “modified” ptt. Using a square cutoff and 
taking the s-wave mesons to have zero energy (i.e., 
meaning they are on the energy shell and neglecting the 
meson mass) we find 


c=0.168 »(R/M)*A pn (M/M), 
d=0.0188 »(R/M)*H pu(M/M), 


where Hyt:= (32/8) (N/M) (g?/2M)¢* in terms of the 
redefinition implicit in (20a). These graphs are damped 
by the similar graphs in which the s-wave is also scat- 
tered by the ptt during the existence of the virtual 
p-wave meson. These contribute a damping factor of 
the order of [1+0.6358(R/M)]-'. We can conclude 
that (H,,)3 does not make much change in the ptt. 

If some of the s-wave scatterings in the “damping” 
graphs mentioned in the preceding paragraph are due 


(32) 


28 To put it another way: if the original coupling constant £ is 
raised to ©, 8, rises only to a finite value. This is in accord with 
strong coupling theory, which states: in the limit 6B, terms 
containing ® or o are completely suppressed in order 8, leaving a 
“residue” of such terms of order 6°. 

2 G. Chew, Phys. Rev. 95, 285 (1954). 

* Such as more exact solution of the integral equations [J. L. 
Gammel, Phys. Rev. 95, 209 (1954)]; inclusion of graphs in 
which virtual p-waves cross more than one vp» vertex; etc. 
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to the cxt, then these graphs yield charge dependent 
S-wave scattering, thus “modifying” the cxt. But these 
prove to be as small as the ptt “modifications” given 
above. Thus we conclude that (H,,); has little effect 
on the s-wave scattering. 

We consider one further effect of virtual p-waves, 
namely their contribution to the nucleon self-mass. 
Chew’s ideas can easily be used to derive the formula 


(33) 


AM{ po) = —— 


d&'Ao,( 8’ 
reel: mene 


To order Bp», 


3B» pa kidk 
f d8'Ao,( 8) = 


0 ao 


Bp R® u\? ar" 
“-G) (8) 
4x M? RK RK 
the weak coupling value for Am,,,) (using the re- 


normalized coupling). 
Since 1—A,?"(0) +1, we have 


(BB p»)* HY £8 
AM {pv} = 1-3) 
4 R°7 M? 


For Chew’s parameters, this yields Am p)~ —2.5M. 
This is large, but Am, wave is larger; Chew’s parameters 
inserted into (20) yield WN=7.3M. Equation (19) then 
reads Am~10M—2.5M=7.5M if we take 0)=1.4. That 
is to say, according to our theory the coupling strength 
needed to fit the experimental p-wave scattering gives 
a (mainly s-wave) nucleon self mass many times the 
magnitude of the observed nucleon mass. 


(34) 


Vv. CONTACT TERM AND MESON-MESON 
INTERACTIONS 


For convenience, we reproduce this term of the 
transformed Hamiltonian (3) 


(35) 


= fo LpiF+OW)? 
a" ry [pit WW)’, 


where % is even in ¢ and & is odd. In our discussion of 
this term, we must first investigate how the cutoff 
enters. 

H-contact arises from the transformation of the term 
3 {@rx* of the meson Hamiltonian. If the derivation 
of Berger, Foldy, and Osborn” is followed through, 
using the smeared ¢ in the pseudoscalar coupling, we 
see that the 6*(x—y) resulting from the commutation 
of x and ¢ is replaced by U(x—,), from the commutator 
of x and ®. Thus the transformed = is 


e'Sx(x)e—*S= x(x) 


re f PyU (x—y) W*LiF(®)+G(®)W) ay. (36) 
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Of course 


1 1 
o8(- fart) ~ fdr (eisa (ade) (37) 
2 


in which (36) is to be used. In the cross term, which 
yields H,, and part of Ayecoy, the smear of ¥*{ | is 
equivalent to x being smeared. The second term squared, 
is K,; its factors ¥y*[ }W are smeared. Thus in mo- 
mentum space, the momentum change of each factor 
of 5, is cut off [see (5) }. 

As discussed in Sec. I, the lowest order effect of H, 
is a contact interaction between nucleons: each of the 
four ¥ factors end an external nucleon line. In the 
present problem, two or more nucleons will be present 
(at a time) only in virtual states which have relatively 
small probabilities of the order of recoil corrections; 
thus this nucleon-nucleon interaction will be neglected 
along with Hyecoi). Therefore we concern ourselves only 
with H-vertices in which some of the w factors describe 
(internal) virtual nucleons. 

The vertex which has two external nucleon lines we 
denote by (H.)y:. It is easily calculated, following hole 
theory, by inserting appropriate energy projection 
operators (to ensure that y absorbs nucleons but emits 
antinucleons), and summing over the spin and momen- 
tum of the virtual (anti)nucleon. The latter sum is cut 
off by the smear discussed two paragraphs above. 
Neglecting momenta against M in the nucleon energies, 
one finds the resulting interaction which couples only 
S-waves: 


(Hey A*ps(G?— Fy 
(AL—4(g/m)?+ (9/8) (g/m)'g?+- «Wow 


for weak coupling 


~ 
= < 


) 
| A (3° 46-*)W*o =0 


( for the case m=0, 


p<k Ss 
A= y= — 
69? 


Compare (5Cm)y:= (m+ (g*/2m)¢*---)¥*p;xy for weak 
coupling. Thus, we conclude that for weak coupling 
H. yields a repulsive meson-nucleon interaction of 
exactly the ptt form; however, the associated nucleon 
self energy is negative. For the case m=0, H., yields 
no meson-nucleon interaction. 

The vertices with no external nucleon lines, denoted 
by (H,,.)y° and (H.)y*, are not cut off,!” since only the 
sum of the momenta of the internal virtual nucleons is 
limited by the smear discussed above. To describe 
their order of magnitude, we introduce here a (rather 
unsatisfactory) ad hoc cutoff of the nucleon momentum: 
Pmax’~ Rw. The calculation of (H)y° is then straight- 
forward along the lines of the preceding, and we find 
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roughly 
(H,,) yo —4A v f dr(ne+ee) 
~=4A v fan- Iv — 0.42 (2/91) ‘¢ : 


+0.05(g4/*) :ot: —---) 
Hodymtaa f are 


(39) 


~4AyA f d°r(1.27 (g2/IN2) — 1.08(g*/In*) :¢?: 


+0.55(g8/9®) pt: —---) (40) 
where Avy)=S w)*/6m. The S-ordering has been 
written out for the case m=0* (Table I).” 

The first term of (39) plus (40) is a constant addition 
to the Hamiltonian, having no significance. The second 
term, in :¢7:, is a meson self-mass, negative as it 
should be according to the relativistic theory.* We can 
imagine it to be attached to the term 3y’¢? of the free- 
meson Hamiltonian, thus merely renormalizing the 
meson mass. The third term, in :¢*:, is the lowest order 
meson-meson interaction. It describes an interaction 
between two mesons qualitatively identical with that 
of the ptt, between a meson and a nucleon. Comparing 
the two quantitatively, we have from (39) and (40): 


(Hn+H.)y*, 64 
~ B(R /IM)*[0.0425+0.04958(R/IMN)* ]e2 f dy :o*: 


~B(Rw/I){1.7-+28(/30)*] f dr 
(41) 


X (g°/29) :¢?: :2ug?:, 
whereas 


(H,,) 140.85 f dir(2/29m) :42: Wow:, (42) 


so that with our usual choice of parameters (viz., 8~ 10, 
cutoff of the order of M), (H)y»4« is at least the same 
order of magnitude as the ptt, and is thus quite strong. 


i Here, in contradistinction to our other “‘S-ordered formulas,” 


JW should not mean ‘“‘Siint.” This is because we do not have here 


a nucleon with which the “internal’’ virtual s-waves can interact. 
We do have virtual nucleons, but they are of positive and negative 
energies, in equal numbers. The ptt has opposite sign for opposite 
nucleon energies, so that the internal s-wave interaction with these 
nucleons roughly cancels. This refinement need not bother us 
here, however. 

#2 It must be remarked that expressions (39) and (40), like so 
much in a cut-off theory, are essentially different from their 
counterparts in the renormalized theory, e.g., as given explicitly 
for small meson momenta by B. Malenka, Phys. Rev. 85, 686 
(1952). There the 2-meson vertex is quadratically divergent 
(renormalized to fit the meson mass and coupling), the 4-meson 
vertex is logarithmically divergent (renormalized to yield an 
arbitrary finite ¢* interaction), and the higher order vertices are 
finite. 

% See, for instance, M. Gell-Mann and F. E. Low, Phys. Rev. 
95, 1300 (1954). 
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Fic. 3. Meson-nucleon 
scattering from  meson- 
meson interaction. 





The precise strength of the ¢‘ term is thus irrelevant, 
since it represents a repulsive potential; for the effect 
of such an interaction is determined simply by the 
“radius of the nucleon,” if only it be sufficiently strong. 
A Tamm-Dancoff treatment of this meson-meson inter- 
action even to lowest (three-meson) order seems out of 
the question. Thus we shall discuss qualitatively its 
effect on the scattering at this point. 

The meson-meson interaction affects the meson- 
nucleon scattering in lowest order by the graph (Fig. 3) 
in which a meson pair is emitted by the nucleon and 
absorbed by “the” meson, or vice versa The matrix 
element corresponding to this graph is clearly negative; 
in fact, we have here an attractive Yukawa force be- 
tween meson and nucleon, exactly analogous to that 
which exists between two nucleons in the pair theory.” 
Of course, the meson also experiences a repulsive force 
from its direct ptt interaction with the nucleon. A 
rough treatment of the situation would be to take a 
“one-meson”’ approximation and solve the wave equa- 
tion in coordinate space, taking as an “adiabatic” 
potential the pair theory well (of range 3u~')* together 
with a hard core of radius a~}r“ representing the 
direct meson-nucleon interaction. The pair theory 
well,” appropriately modified for the present case, is 
described roughly by 


ta K,(2ur) 
RKEin(2K/u)—1] 





; (43) 


where K;, is the modified Hankel function. 

The above outlined treatment is still not without 
ambiguity, however, for there are many ways to insert 
a potential in the Klein-Gordon equation. For example, 
the Bethe-Salpeter treatment of the two particle 
problem would indicate the following form 


Eup(r)=[0?+uV (7) ]o(7), w= (w—V*)!. 


Being nonlocal, this wave equation cannot be inte- 
grated directly. A variational treatment of it will be 
published shortly. 

One would of course argue qualitatively that the 
attractive potential would raise both phase shifts, and 
at the same time the increased energy of the meson in 
the potential would increase the effective charge ex- 
change interaction («w) so as to split the two phase 
shifts further apart. But not having reached any 
quantitative conclusions in the above discussion, we 
cannot decisively say what the effect of the meson- 
meson interactions are in the cut-off theory. 


(44) 


* The principal effect of the higher order meson-meson inter- 
actions (¢°, ---) is to yield forces of shorter ranges (}u™1, ---). 


VI. TAMM-DANCOFF PHASE SHIFTS 


The following theorem, due to Gell-Mann and 
Goldberger,** will serve as a check on the validity of 
our calculated phase shifts at low energies: In the 
s-wave phase shifts of pseudoscalar interaction, the 
isotopic spin splitting, i.e., the ratio of the isotopic spin 
dependent part to the isotopic spin independent part, 
is of the order of w/M, w being the energy of the scat- 
tered meson. 

This comes about as follows. Working with the 
original pseudoscalar coupling (1), consider any Feyn- 
man graph contributing to s-wave meson scattering; 
this will consist of two external meson lines ending on 
the nucleon line, plus any number of virtual meson 
lines. To such a graph, there corresponds another of 
identical configuration except that the roles of incoming 
and outgoing (real) mesons are reversed. The pair of 
matrix elements which these graphs picture differ from 
each other in two ways: (a) the order of the « matrices 
corresponding to emission and absorption are reversed, 
and (b) their energy denominators, which are of order 
M, differ by a quantity of order w only. This is true 
with or without cutoff. 

The sum of these two matrix elements will have an 
isotopic spin independent part equal to the sum, and 
an isotopic spin dependent part equal to the difference, 
of the magnitudes of the matrix elements. Thus, as 
stated, the ratio of these parts must be of order w/M. 
Of course the theorem does not say that the isotopic 
spin splitting is w/M ; numerical factors must still be 
calculated. But it does tell us that an w-independent, 
isotopic spin dependent term appearing in a Tamm- 
Dancoff phase shift would certainly be cancelled in a 
better approximation. In general, a misleadingly large 
isotopic spin dependence will result if an approximate 
calculation of the phase shift in a pseudoscalar coupling 
theory includes only one of a pair of corresponding 
graphs. 

We take as interaction 


g 
n= = (6+ 
2M 


since as argued above, the complete treatment of the 
Foldy terms yields effective interactions which are 
virtually the same as these ordinary “weak coupling” 
ptt and cxt terms, except for the suppression of the cxt. 
This latter can be effected by a factor (ee: [see (24a) 
and (30) ] which can easily be inserted in the result. 
The conclusions from the Tamm-Dancoff treatment 
will not depend critically on the magnitude of the 
interaction terms. It is true that in taking (45) to be 
our interaction, we are neglecting higher order vertices 
and the meson-meson interaction; the influence of this 
omission is harder to estimate. 


(45) 


8° M. Gell-Mann and M. L. Goldberger (unpublished). 
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Wentzel** gave the form of the s-wave phase shift in 
the one-meson Tamm-Dancoff approximation. We can 
express the results for small energy w in terms of the 
zero energy reaction integrals A ,: 


g w,? 
A,=— } if; 
2Mrt Q 


A,=<B(R/M)R". (46) 


It is convenient to regard Ao to be of “order 1,” and 
thus M~"A,, will be of “order (/M)*.” This conven- 
tion will mean that terms in the phase shift coming 
from the ptt will be of order 1, and terms resulting 
from the cxt acting m times will be of order (w/§)™ 
X (R/M)", O<m<n. 

We give the one-meson result only to order R/M, 
since the higher order terms are wrong anyway; and 
we keep terms to only first order in w since we are 
interested in the low-energy phase shift. 


tané;= —8(k/M)[1+Ao+wA_.—}\(w— A) M7}? 


one-meson. (47) 
Here } is the eigenvalue of «- K, i.e., 
1: J=} 


(48) 
—2 : I=}. 
Obviously the term 3\A,M~ is a “misleading” term as 
discussed above, and to this order should be simply 
dropped. Then the isotopic spin splitting of the resulting 
formula is 
(6;—6:)6-'=$(w/M)[1+Ao}, 


which is “reaction-damped” from the weak coupling 
value $(w/M). 

Using the idea of Brueckner-Watson’s equivalent 
potentials,*” we can calculate the 3-meson Tamm- 
Dancoff phase shift as follows. Any graph belonging to 
this approximation, e.g., Fig. 4, can b« regarded as 
representing a meson being scattered successively by 
either of two potentials V; or I’3, where V; is simply 
the scattering part of H;, and V; is the sum of all 
scattering graphs which begin with the emission and 
end with the absorption of a meson pair, the three 
mesons being scattered arbitrarily by V; in between. 


(49) 
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Fic. 4. A “three-meson” scattering graph. 


3G. Wentzel, Third Rochester Conference on High-Energy 
Nucleon Physics (Interscience Publishers, Inc., New York, 1952), 
p. 87. See also M. M. Lévy and R. E. Marshak, Nuovo cimento 
11, 366 (1954), and M. M. Lévy, Phys. Rev. 98, 1470 (1955). 

37K. A. Brueckner and K. M. Watson, Phys. Rev. 90, 699 
(1953). 
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However, there are two difficulties in an exact calcu- 
lation of V;: (a) the treatment of the scattering of the 
three mesons by V; requires knowing, say, the Mller 
scattering matrix of V; for a 3-meson state, and this is 
of no simple form. We shall take the approximation, 
therefore, of considering only the virtual meson to be 
scattered in calculating V3, thus ignoring scatterings of 
the incoming or outgoing meson [vertices (V;) in 
Fig. 4]. And (b) the M@ller matrix of V; contains re- 
action integrals which depend on the energies of the 
mesons scattered by V3, which are in general virtual; 
the summand of the summation over these virtual 
mesons has thus quite a complicated energy depend- 
ence. We shall take the approximation, therefore, of 
neglecting the energy dependence of the reaction 
integrals of the M@ller matrix, taking them as if the 
mesons scattered by V; have the real meson energy. 

These two approximations are compensatory. In 
fact, for a scalar vertex such as the ptt, their effects 
nearly cancel, and what is left cancels the higher order 
Tamm-Dancoff matrix elements. That is, for the ptt 
the 3-meson Tamm-Dancoff calculation with the above 
approximations yields the exact phase shift.** For an 
interaction such as cxt, whose terms do not commute, 
this is no longer true. Nevertheless, we shall calculate 
V3 with these two approximations, along with one more. 
We shall neglect graphs of the “renormalization type”’ 
in which the emitted pair of mesons is reabsorbed as a 
pair, i.e., form a loop unconnected with the scattered 
mesons. Again, all such graphs cancel for a scalar 
vertex, but not for the cxt. 

The resulting phase shift to order (R/M)? and to 
first order in w can be written 


tand;= —B(k/M){1+2A0(1+}wAi1M~)+4A.M 
— $rALw(1+9(1+Ao0)1(1— A) AM) 
+14/°M~]M-}-, three-meson. (50) 
As expected, the “misleading term” of order 8/M in 
the one-meson result (47) has cancelled out in this 
higher approximation, but such a term appears here in 
order (/M)?: —3}\A,,M~. As before, it should simply 
be dropped. Two further things in (50) may be of 
interest. The part of the phase shift due to the ptt 
alone, i.e., the terms of zero order in the bracket, are 
now 1+24Ao,°* instead of 1+Apo. The term {42M 
appears in the one-meson result (47) as isotopic spin- 
dependent; here in (50) it properly appears as isotopic 
spin-independent. 
The isotopic spin splitting of the three-meson phase 
shift (50) is 


(5;—5;)5-1=3(w/M) 
X[1+9 (14+) (1-0) A M14 240}. 


The factor (1+A )—(1—Ao) is not certain (it has not 


(S1) 


38 As given by normal modes, reference 23. This equality holds, 
however, only on the energy shell. 
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been checked by perturbation theory), but even if it is 
ignored the isotopic spin splitting is damped if R<M. 
If we do retain (1+Ao)(1—Ao), then the isotopic 
spin splitting is damped much more than in (47) if 
Ao21, which is the case for the couplings strengths we 
have considered. If a suppression factor (€)err(e<(€)etr 
<1) is attached to Hex, the isotopic spin splitting is 
even less. 


VIL. DISCUSSION 


We have found in the last section that the treatment 
of the ordinary Foldy terms ptt and cxt by the Tamm- 
Dancoff method yields phase shifts [Eqs. (47) and 
(50) ] whose isotopic spin splitting [Eqs. (49) and 
(51) ] is even smaller than the weak coupling splitting 
=w/M. Although the S-ordering of the nonlinear 
interactions of the exact Foldy transformation yielded 
a cxt twice bigger relative to ptt than in the case of 
the ordinary Foldy terms (Table I: 2, 6) this is more 
than counterbalanced by the suppression of the cxt 
by virtual p-waves (30). This makes the isotopic spin 
splitting in our theory even smaller. Thus we are 
absolutely unable (at least without using meson-meson 
interaction) to account for the most striking feature of 
the experimental phase shifts, the near equality of 
magnitude but opposite sign of 5; and 44. 

We might also note that the 6; given by this theory is 
several times larger than the experimental 6;; for 
Chew’s parameters, (50) with the neglect of the A- 
dependent term, and terms of the order ®?/M? (the 
exact 6 for pure ptt) yields 


63> —B(k/M)[1+20-(R/M) 
= —4r(k/R)=—0.28n, (52) 


compared to (see introduction) 53;crserimenta] = —0-11y. If 
B is large enough so that the phase shift is saturated, 
[i.e., 24o>>1, see (50)] and thus has the geometrical 
value —42(u/R)n, a cutoff R=2.14M would be needed 
tO fit 53;.rerimensay-" Our method would be invalid for such 
a cutoff because H,.coi) would not be negligible. How- 
ever, it is not easy to see even so, how the isotopic spin 
splitting could be increased beyond ~w/M. 

Another way to correct (52) is to consider Chew’s 
parameters as roughly correct, and say that both 6; 


* Tf one would rather not take a cut-off theory seriously, and 
instead regard it as a method of simulating the results of the 
renormalized relativistic theory, then it is of interest to compare 
our phase shifts to those calculated to fourth order in g in the 
latter theory®: 

tand;= —8(k/M)[(1+3A(u/M)) —218(1.10+0.16d) ], (a) 
at zero momentum. For a square cutoff, we have from (50): 
tand;= —8(k/M)[1—4A(u4/M)+24,.}? 

=~ —B(k/M){L1+4/M)] 

=r p[1+A(u/M)]2(8/M)}. (b) 

We see that to fourth order, renormalizing the relativisitic theory 
is very nearly equivalent to the use of a cutoff ® =0.55M in the 
nonrelativistic theory. If (a) were the first terms of a geometric 


series, as in (b), it would yield for 8 the geometrical value 
6= — (/1.10) (u/M)n= —0.43n 
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and 6; are raised by some additional attractive inter- 
action. Just such an attraction results from the meson- 
meson interaction as was discussed at the close of Sec. V. 
We concluded, however, that is effect was possibly in- 
sufficient to raise 6;, and probably ineffective in sepa- 
rating 63 and 6,, to the required extent. 

Another doubtful step in our argument is the treat- 
ment of the higher degree vertices in the case m=0, 
particularly (H.:),; although calculation of lowest 
order matrix elements seems to assure us that they are 
not important, still H.+;...=3¢*:(¢X) is a very 
singular function of ¢. The adjustment of ¢o discussed 
in Sec. III, which is essentially a variational fitting of 
the width of the Gaussian wave function in (11), 
quite likely does not yield a very good solution for such 
a singular term. In fact, using Schiff’s method® (really 
valid only for R<y), which treats interactions V(¢) 
without exparision into powers of ¢, Hex», yields 
effects out of proportional to its size, just because of 
its singularity. Even so, with that method, one finds 
it impossible to fit both s- and p-wave phase shifts with 
the same parameters; in particular, one must have 
Bs-wave <8p-wave Contrary to our renormalization result 
(Sec. IV). 

As mentioned in the introduction, it does not seem 
possible to explain the experimental p-wave phase 
shifts by ps-ps theory without a cutoff. Here we must 
conclude that the experimental s-wave phase shifts 
cannot be explained with a cut-off treatment of ps-ps 
theory. 

Since ps-ps theory seems to be untenable, let us 
conclude with a brief examination of the simplest 
phenomenological interaction which might describe the 
pion-nucleon phase shifts, namely, 


H1= (8m/2M)2-[o-V¢+piz] 
+ (gext?/4M?) (+X $)-Lz+pic- V9 ] 
= Ata t Heatt Arecoit part+ 
The pix term, H,, yields an approximately isotopic spin 


independent s-wave scattering, whose maximum (“sat- 
urated”) value at zero momentum is 


(53) 


65 [8p»— o)~ Sar (u/R)*n= —0.027n (54) 
for Chew’s cutoff R=5.6u. Just as in the case of the 
ptt, pix is not suppressed by virtual p-waves, but is 
actually enhanced [see Fig. 2(c)]. Thus 8,,.=10.4 
implies an effective coupling 68,2300; the maxi- 
mum, geometrical value (54) is certainly reached. 
If the total phase shift is of the form (a+ d)n, a has 
roughly this value (54). For using Orear’s phase shifts,! 
we find a=0.02, b=0.09. However, gext will have to be 
very large, because H,x; is both suppressed by the 
virtual p-wave (30) and reaction damped by pi [see 
(49), (51)]; taking Chew’s parameters, and 8,=300, 
we find Bex 7000. 


L. Schiff, Phys. Rev. 92, 766 (1953). 
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APPENDIX I 
Derivation of (7), (8), (12), and (13) 


Equation (8) is true by definition for n= 2: 


¢c°=(7)o (no sum), thus (¢*)o=(ibido= 3 ¢0". 


For n> 2, we derive a recursion relation. Write 
("1 )o= (H"G? )o= (((H" ot ("2+ - ++ )G*)o, (a) 


where we have S-ordered ¢”. Only the first two terms 
on the right hand side can contribute, since the ¢* can 
at most emit only 2 mesons. Thus, (a) is 


(G"*?)o= (b")0(G*)o-+ ((G")2*)o. (b) 


We deduce (@")2 as follows. The “first” external 
meson can be attached to any of the m ¢’s; the “‘second”’ 
can be attached either to the @ in the same factor ¢? 
as the first, or in any of »—2 other ¢’s. In the first case 
the remaining ¢’s yield the vacuum expectation (¢"~*)o; 
in the second case they yield (¢"~‘¢,¢,)0o= (@"*)0}5u», 
where uw and v are the components of the real mesons. 
The truth of this last formula is apparent if we set 
u=yv (and allow the summation convention to operate). 
Finally, we have a factor } because there is no “first”’ 
or “second” external meson. Thus 


(O")2= 4n[1(G"*)ot+- 3 (m— 2) (b"*)o] 2g: 
=2(n+1)n(o"*)o :¢?:. 
Further we have (:¢7: ¢*)o=6¢0'. The 2 mesons 
emitted by ¢ have 2 choices of the ¢ in which they are 
absorbed; the sum over components yields a factor 3. 
Thus we have 


(6 *)o= (6")03 Gor +3 (n+ 1) n(h" *) 06 go". (c) 


This is satisfied by (8), since (n+3)(m+1)=3(n+1) 
+(n+1)n. 

Equation (7) can be established similarly by a re- 
cursion formula. If we write 


(6")m= fm™("-™)o :p™ :. 
then 


(O° +) m= ((+ + + CD") m—2+ (O")m 
+(O")mp2t+*:*)b*)m (d) 


becomes 
fn®t?(prt2—™) 9 = fin_2™(p™t?-—™) of o”: dm 
+ fm™(b™™)0( 36": G?)m 
+ fnt2™{(p" > ™)0( G"*?: G?)m. 
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We can show 
(2: G*)m= (2m+3) go?: o™:, 
(64: G)m= (m+3) (m+ 2) got: o™:. 


Thus, with the aid of (8), (e) with common factors 
divided out becomes 


(f) 


2m+3 
J.*"= f,, "+ —fa* 
n+3—m 


(m+3)(m+2) 
(n+3—m)(n+1—m) vg 





2”. (g) 


This recursion formula is satisfied by (7). 
Equation (12) is derivable as follows: 


(G"$)mer=((+ ++ (b")mF(b")mpot ++) b)m4t 


1 n+1 
- ( ) ome o"$: 
m+1\ m 


(n+1—m)(n—m) 
‘i (p72) 4f pm? dass (h) 


(m-+3)(n-+2) 
by (7). We have 
(92: b)mis= (m+2) ec? 244, 


since the virtual meson can only be emitted by ¢. Thus 
with the help of (8), (h) becomes 


1 n+1 


m 


("9 m1 = 


m 


(m+3)(m+2) n+1—m 


a 1 (n+1—m)(n—m) m+2 -| P 
ie, reverie 


n+3 


which is (12). 
Equation (13) is similar: 


(O"buhy )m42= ((+ +s + (G"Du)mter + (Oy )mest * ++ )br)m+2 
n+3 ‘tae 
~ (m+3)(m+1) 
(n+1—m)(n—m) 
os 
m+5 


)[o. Bb: 


m 





(o"—"*) o( po, $ on] (j) 


by (12). We have 
(on™ uw? Dr)m+2= Sy» pnts + (m+ 2) D"dbyhy:, 


the first term arises from the meson emitted by ¢, 
being absorbed by ¢,. Using this, with the help of (8), 
(j) becomes (13). 
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APPENDIX II 
S-Ordered Interactions, m~0 
Let us write the interactions (3) in the form 
o= (Fit F.¢¢-)e, 
G=G-X¢. 
Then the quantities needed for use in (9), (14), and 
(15) are 
(Hn )o= Mz, 
(¢’G)o= 1—2a(Z:—Zo), 
(Fi)o=3fLat+a(Zi1—Z0) —20], 
($F 1)o= fl —2a+a(Z:—Z0) +40], 
(¢*F 1)o=3f-'— 1440421 — 2a(Zi—Z) —80 ], 
where a= (4/* go"), [and thus 20/0 gc?= —8 f%a?d/da']. 
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We have defined 
En(a)=ale*(2/m)'K,(a), 


@(a)=alet« f de tap Ww. 
2at 


The K,, are the well-known form of the Hankel functions: 


K,(a)=}39i"4'H,,.™ (ia) = f dze~* °8h# cosh (nz), 
0 


0 
—Ko(a) ang —Ky,(a), 
0a 


0 
—K,(a)= Ko(a)—a Ki (a). 


a 
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Possibility of Unequal Gravitational and Inertial Masses 
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Lorentz-invariant theories are considered in which a tensor gravitational field obeyi: a Euclidean wave 
equation has nonzero coupling to the gravitational self-energy tensor. It is pointed out that the field equa- 
tions of such theories must be of generally covariant form in regions outside matter. It is found that when 
the coupling of the energy tensor of matter to the field is not identical with that of the gravitational self- 
energy tensor, weak-field solutions of the field equations cannot describe observed gravitational phenomena. 
Further, it is shown that weak-field solutions would be inadmissible if there should exist different kinds of 
matter for which the phenomenological gravitational force constant takes different nonzero values. The 
question of the existence of strong-field solutions in these cases is discussed. The results cited are obtained 
by the use of a Lorentz-invariant variational principle which expresses the restriction on group freedom 
imposed by the presence in the total Lagrangian of the nongenerally covariant matter terms. The use of an 
elaborate approximation procedure is not required and the form of the generally covariant field equations 


in empty space need not be given explicitly. 


1, INTRODUCTION 


N the usual deductive formulation of the general 
theory of relativity, the a priori identification of 
the metric of space with the gravitational potential 
implies the universal equivalence of inertial and gravita- 
tional mass. An alternate formulation is possible which 
parallels Einstein’s original inductive reasoning from 
the universality of the constant of attraction to the 
geometrization of the law of gravitation. It can be 
shown that if one postulates a Euclidean gravitational 
wave equation in which the source term is proportional 
to the total conserved Euclidean energy tensor, the 
geometrization of gravitation expressed by the generally 
covariant theories is an inevitable as well as a logical 
consequence.! 
1R. H. Kraichnan, Phys. Rev. 98, 1118 (1955). The limitations 


on this assertion are brought out in the summary of the formula- 
tion given at the beginning of Sec. 2. 


It may be noted, however, that empirical verification 
of the universal proportionality of gravitational and 
inertial mass is not sufficiently complete to rule out a 
host of alternate Lorentz-invariant gravitation theories 
which reduce to a classical Newtonian limit, yield 
relativistic corrections reconcilable with experiment, 
yet differ fundamentally from the generally covariant 
theories. 

The purpose of the present paper is to show that if 
one postulates a nonvanishing coupling of the gravita- 
tional field to the gravitational self-energy tensor, such 
as characterizes generally covariant theories, profound 
difficulties beset any theory in which the coupling to 
the energy tensors of all kinds of matter is not identical 
with this self-coupling. In particular, it will be found 
that under this postulate weak-field solutions of the 
gravitational field equations are not admissible if there 
exist different kinds of matter or energy for which the 
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phenomenological gravitational force constant takes 
different nonzero values. 

The conclusions developed below are anticipated in 
part by the Einstein, Infeld, Hoffmann theory of the 
motion of field singularities in general relativity.? How- 
ever, the present treatment does not require specializa- 
tion of the generally covariant field equations in empty 
space to those of the general relativity theory and does 
not involve an elaborate approximation procedure. 


2. EUCLIDEAN FORMULATION OF COVARIANT 
GRAVITATION THEORY 


As a Lorentz invariant generalization of the New- 
tonian gravitational potential, one may postulate a 
tensor field yY obeying the Lagrangian-derivable in- 
homogeneous Euclidean wave equation 


|| O-4)/27 Yr — \TA=(), (2.1) 


where |n| is the absolute value of the determinant of 
the Euclidean metric tensor n,,, V is the tensor-density 
weight® of y, 1)? denotes contracted second covariant 
differentiation with ,, as fundamental tensor, \ is a 
suitably-dimensioned constant of gravitation, and T” 
is the total energy-tensor-density defined in terms of 
the invariant Lagrangian L by 


T=5L/ina. (2.2) 


When all the Euler equations for y and the variables 
describing matter are satisfied, T“ will obey a conserva- 
tion law expressible in general Euclidean coordinates 
as T“\,,=0, where |\ denotes covariant differentiation 
with »,, as fundamental tensor. As a consequence, Eq. 
(2.1) is equivalent‘ to the field equation 


|n| O-)2 D4 (y)—AT4®=0 (2.3) 


augmented by the auxiliary conditions 
V*n=0, 
where the differential operator D“( ) is defined by 
DY) = DY PY ap — AY ap ty af, 


and obeys (D“*()),;,=0, when n,) is Euclidean. 

One may now require that Eq. (2.3) be equivalent to 
the Euler equations in the sense that it be possible to 
transform to a new independent tensor variable f,. 
expressible as a functional of Y“ and »,,, and connected 
to y* by an invertible transformation, such that the 
variation of Z with respect to f,, is the left side of 
Eq. (2.3), with T” defined by variation with respect 


(2.4) 


(2.5) 


2 Einstein, Infeld, Hoffmann, Ann. Math. 39, 65 (1938); 
A. Einstein and L. Infeld, Can. J. Math. 1, 209 (1949). 

’Covariant rather than contravariant choices of y may be 
admitted also; it may be seen that they lead to no significant 
changes in the analysis. In what follows y will be taken as con- 
travariant to avoid clumsiness in notation. 

4 This equivalence implies exclusion of the half-advanced, half- 
retarded solutions of the equation *y“*;,=0, 
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to m,, at constant f,,.° It was shown in a previous paper! 
that the only Lagrangians permitted by this require- 


ment are of the form 
L=A (n—Af, u) +r" D(y,n), (2.6) 


where A is an invariant integral constructed from the 
single tensor n,.—Af,, and the matter variables u, and 
D(¥,n) is defined by 


D(yn)=—2 f VRa(n)|n|°— Ade, — (2.7) 


R,(n) being the contracted Riemann-Christoffel tensor 
built from n,,. The tensor R,,(n) vanishes for Euclidean 
nua and the term D(y,n) therefore makes no contribution 
to the equations of motion. However, the functional 
derivative of D(y,n) with respect to ,, does not vanish 
and makes a contribution \~!!n|“-")/?D&(y) to the 
energy-tensor density defined by Eq. (2.2). 

Identifying ,.—Af,, with the Einstein metric tensor 
Zux, it follows that, within the limitations of the postu- 
lates made above, the generally covariant theories, in 
which the equations of motion may be derived from 
an invariant Lagrangian containing only g,, and the 
matter variables, form a unique special-relativistic 
tensor generalization of the Newtonian gravitation 
theory. It should be noted that the analysis outlined 
above does not distinguish between the infinity of 
choices of invariant A(g,#) possible for a given kind of 
u variables; in particular, it permits as the relativistic 
generalization of the second-order Newtonian Poisson 
equation generally covariant field equations containing 
higher order derivatives of g,y. 

The group freedom of solutions in the customary 
formulation of the generally covariant theories has as 
a counterpart in the present formulation the arbitrari- 
ness of the functional relation between y and /,, and 
the associated choice of auxiliary conditions (2.4). The 
equivalence of the two freedoms may be readily 
demonstrated if the gravitational field does not depart 
strongly from Euclidean values. It may be noted first 
that no loss of generality is incurred by confining 
attention to functions y*(f,y) which are contravariant 
tensors of tensor-density weight +1, since an arbitrary 
rank-two tensor-density field may be transformed to 
such by inner multiplication with a suitable function 
of |n| and 7” [which will behave as a constant in the 
covariant differentiation in Eq. (2.4) |. Let there be a 
field g,.=na—Af, such that a particular function 
y"(f,n) of tensor-density weight +1 obeys Eq. (2.4). 
If one performs an arbitrary regular infinitesimal trans- 
formation of the functional form of yY*(f,n), the new 
Eq. (2.4) will be satisfied for new values y of the old 
function y such that 


Prt n=, (2.8) 
5 Tn the transformation to new independent field variables the 


energy tensor defined by Eq. (2.2) is unaffected in value if the 
Euler equations are satisfied, 
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where the ¢ are some infinitesimal tensor-density 
functions of position. If, instead, g,, and m,, are sub- 
jected to an infinitesimal coordinate transformation, 
the new field so generated will obey 


+9 8 =0, (2.9) 


where # is the generating vector of the transformation, 
and the covariant differentiation is with respect to the 
old 7,,. The two transformations will be equivalent if 
the equation 

PE ap— S*n=0 (2.10) 
is satisfied. 

If Y* does not depart far from the Euclidean values 
|| 4", Eq. (2.10) approximates the vector wave equa- 
tion and may be expected always to have solutions *.® 
In this case there will always exist an infinitesimal 
coordinate transformation equivalent to the arbitrary 
infinitesimal functional transformation; it then follows 
that any change of auxiliary conditions of the form 
(2.4) corresponding to a finite change of the functional 
form of y representable as a continuous passage 
through quasi-Euclidean intermediate functions can be 
satisfied by a finite coordinate transformation. If, how- 
ever, y* differs strongly from Euclidean values so that, 
for example, the determinant of y fluctuates in sign, 
both the solubility of Eq. (2.10) and the possibility of 
representing a general functional transformation as a 
sequence of infinitesimal transformations can no longer 
be asserted, and it does not follow in that case that all 
auxiliary conditions of the form (2.4) are equivalent. 

Since D(¥,n) does not contribute to the equations of 
motion derived from the Lagrangian (2.6), n,, appears 
in the equations of motion only in the combination 
£+=av—Afw. Thus, even though », is explicitly intro- 
duced at the outset of the present formulation as the 
metric of space, it is found to be unobservable and g,y is 
the physically meaningful metric. The significance of 
the result just obtained is therefore that the arbitrari- 
ness of choice of the covariance properties of the 
relativistic gravitational potential introduced in Eq. 
(2.1) is contained in the arbitrariness of choice of the 
physically unobservable background metric n,, at least 
for gravitational fields which are not too strong. A par- 
ticularly simple choice is represented by the de Donder 
conditions 


g”*n,=0 (2.11) 


(in general coordinates), obtained by identifying 
with the tensor density of weight +1, }q”, which is de- 
fined, as usual, as $0] g|4/dg,,. For this choice of 
the field equations (2.1) obtained by varying L with 
respect to f,, and imposing the auxiliary conditions are 


O2g—4rT=0, (2.12) 
and, for Cartesian ,,, =” defined by Eq. (2.2) (with L 


6 A similar discussion of the realizability of a specific choice of 
auxiliary conditions is given by P. G. Bergmann, An Introduction 
to the Theory of Relativity (Prentice-Hall, Inc., New York, 1942), 
p. 183. 
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considered a function of f,, and n,,) assumes in the 
weak-field limit the functional form of the pseudo- 
energy tensor usually defined in the customary Einstein 
gravitation theory. 


3. NONGENERALLY COVARIANT COUPLING 
TO MATTER 


It is clear from the preceding section that any general- 
invariant integral A(y—Af,) will lead through a 
Lagrangian of the form (2.6) to a theory in which the 
gravitational field is coupled to all mass, whatever its 
origin, with a universal strength . In order to obtain 
generalizations of Eq. (2.1) in which all kinds of energy 
do not contribute equally to the generation of the 
gravitational field, it is necessary to consider Lagran- 
gians which result in nongenerally covariant equations 
of motion. 

If it is assumed that the gravitational field in vacuo is 
coupled to the gravitational self-energy tensor according 
to a field equation of the form (2.1), the range of forms 
possible for the generalized theory is considerably 
reduced. The Lagrangian evidently must be of the form 


L=A(g,u)+d~'D(y,n) + P(g,u,n), (3.1) 


where P is the integral over an invariant density $ 
which vanishes in regions where the matter variables 
are not excited. (As before, g,.=x—A/-) 

The effect of adding a Lorentz-invariant term P(g,u,n) 
to the Lagrangian has two principal aspects. First, the 
equations of motion will be altered and consequently 
the solutions distorted. Second, and of the greatest 
importance, the group freedom of the solutions will be 
destroyed so that only a restricted class of them will 
survive. Equations expressing the restriction of group 
freedom are readily obtained. When the variational 
equations 6L/ég,,=0, 6L/du=0 are satisfied,’ it follows 
from the invariance of L to coordinate transformation 
that (6L/dnx);,~=0. But 6A (g,) /dn..=0, and it is readily 
found that for Euclidean n,,, [6D(¥,n)/6na_]j;,=0, inde- 
pendently of whether y is expressed in terms of f,, or 
gn. It follows that 


[5P(g,u,n)/dnurjir=0, 


so that the restriction may be expressed in terms of 
P alone. 

In order to examine the significance of Eq. (3.2) for 
the simplest cases, it is of value to relax temporarily 
the requirement that §§ be localized to regions con- 
taining matter and consider the assignment P= el (g,n), 
where ¢ is a parameter. It is clear that in this case 
Eq. (3.2) imposes conditions of the form (2.4) if y is 
identified with 6/(g,n)/én. It therefore may be ex- 
pected that, for appropriate choices of J(g,), the solu- 
tions of the Euler equations for Lagrangian (3.1) should 
go over for e—0 into those solutions of the Euler equa- 


7 The equations 6L/ég,, and 6L/6f, are equivalent for variation 
at constant ny). 


(3.2) 
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tions for the generally covariant Lagrangian A(g,u) 
which obey the associated auxiliary conditions (2.4). 
An interesting interpretation is possible when one 
takes I(g,n)= fQ"n,d‘x, for which choice Eq. (3.2) 
becomes the de Donder conditions (2.11). Although the 
term D(¥,n) vanishes for Euclidean 7, , it does not do 
so for more general »,, and itself will restrict the group 
invariance of A(g,u)+—D(y,n) for non-Euclidean n,,. 
If one takes Y= 3g" this restriction evidently will be 
expressed by the condition on the Euler equations, 


6 
| — f oreo =x), 
Snur |r 


Now, if one postulates that y,, obey 


(3.3) 


Ra(n) — ena=9, (3.4) 


corresponding to a space of constant invariant curva- 
ture, the variation of the integral 9’’(R,,(n)— en.,)d*x 
with respect to g,, at constant 7, vanishes. From the 
invariance of this integral to coordinate transformation 
it then follows that 


6 
| f Q°" (Ror (n) a cm) =0, 
Onur ir 


whence Eq. (3.3) goes into Eq. (2.11). Thus, in the 
limit e—0 the assumption of the infinitesimal non- 
Euclideanism described by Eq. (3.4) imposes on the 
theory the same auxiliary conditions as the addition of 
the Lorentz-invariant term ¢fg”n,,d‘x. One may then 
derive from variation of the Lagrangian (2.6), with 
y"=i9", both the field equation (2.12) and the aux- 
iliary conditions (2.11) by the formal expedient of 
allowing n,, to pass in appropriate fashion to a Euclidean 
limit after the variation. 

Restoring now the requirement that $$ vanish out- 
side regions containing matter, it can be seen that 
Eq. (3.2) represents peculiarly restrictive conditions 
for a theory of gravitation. For consider solid matter 
and radiant energy which are confined within certain 
tubes in spacetime. In this case, the 4-dimensional 
stress system defined by 5P(g,,n)/5n,, must be similarly 
confined. But if this tube-contained tensor is to obey 
the divergence conditions (3.2), it is clear that either 
the tubes must be essentially unbending, which excludes 
normal gravitational phenomena, or else the 4-momen- 
tum for each tube obtained by integrating the time-like 
stress components over a space-like three surface must 
vanish. For nontrivial choices of A(g,#) and P(g,u,n) it 


(3.5) 


® For e#0 boundary conditions on g,, appropriate to the 
curved 7,4, metric are required in order that suitable solutions be 
found, as is the case for Eq. (3.4) itself. 

® Aside from the present procedure, the formulation summarized 
in Sec. 2 may be generalized in toto to general non-Euclidean ny, 
at some cost in simplicity and uniqueness. There is not much 
point in doing this, since it may be anticipated that the assump- 
tion of non-Euclidean ny) will amount in most cases simply to a 
redefinition of fy. 
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would seem most unlikely that either of these conditions 
could be satisfied by quasi-Euclidean fields g,, such as 
are familiar in general relativity, if, indeed, the condi- 
tions can be satisfied at all. In the one case, for most 
choices of P the vanishing of the four momentum associ- 
ated with 6P(g,u,n)/6n,. would require stresses, due to 
the non-Euclideanism of g,,, of comparable order of 
magnitude with the purely material stresses obtained 
by placing g,.=a. In the other case, if the invariant 
Lagrangian density outside matter is that appropriate 
to the general relativity theory, the motion of the 
sources in straight lines is in conflict with the Einstein- 
Infeld-Hoffmann equations of motion,? unless large 
multipole moments are induced within the matter, 
thus implying again a breakdown of weak-field con- 
ditions. 

It would appear from this qualitative argument that 
the restriction on the group freedom imposed by addi- 
tion of a small noncovariant term localized to matter is 
of quite a different nature from the auxiliary conditions 
on g,. considered previously. The peculiar character of 
the restriction may be illustrated very clearly by the 
specialization P=eLo(u,n), where Lo(u,n) is a Lagran- 
gian appropriate to the matter variables u in the 
absence of gravitational interaction. Equation (3.2) 
then states that the unperturbed canonical energy 
tensor for the matter must be conserved in the presence 
of the gravitational interaction represented by the 
dependence of A(g,u) on u. For variables u with a 
sufficiently small number of degrees of freedom, the 
conservation of the unperturbed energy tensor implies 
the satisfaction of the unperturbed equations of motion 


5Lo(u,n) /bu=0, (3.6) 


so that the « variables behave in this case precisely as 
though there were no gravitational forces. 

When Eq. (3.6) holds, it follows from the Euler equa- 
tions for the total Lagrangian (3.1), with P=eLo(u,n), 
that 
(3.7) 


5A(g,u)/dgun=0, 5A(g,u)/du=0. 


That is to say, the solutions g,,, « for the total Lagran- 
gian satisfy also the Euler equations for the generally 
covariant Lagrangian A(g,w) without necessity of pass- 
ing € to a limit zero. The effect of the nongenerally- 
covariant term in the Lagrangian is therefore to restrict 
the group freedom of the generally covariant equations 
of motion without distorting the solutions at all. It 
cannot be asserted whether or not strongly nonlinear 
solutions of covariant theories exist which can satisfy 
conditions of the form (3.6) and obey customary 
boundary conditions. In the weak-field approximation 
to the general relativity theory, however, the equations 
of motion of matter are in irreducible conflict with 
Eq. (3.6). 

Two examples for which Eq. (3.6) is a consequence 
of the condition [6Lo(u,n)/én,x]j;,=0 are the case of a 
scalar field « and the case where u refers to a system of 
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particles without internal degrees of freedom." To estab- 
lish this it first may be noted that when [6Lo(u,n)/6max_]\. 
vanishes, the invariance of Lo under coordinate trans- 
formation implies the equation 


6Lo 
-iesigaing 6,ud*x = 0, 
bu 


(3.8) 


where 6,u denotes the variation in u due to an arbitrary 
infinitesimal coordinate transformation and the dot 
multiplication denotes the summing of products of the 
variation of each component of « and the corresponding 
variational derivative of Lo. 

When w is a scalar field, 5.a= —u, .¢*, where * is the 
generating vector of the coordinate transformation, so 
that Eq. (3.8) yields u,.(6Lo/6u)=0. If the boundary 
condition 6Zo/5u=0 at infinity is imposed, then the 
solution “=const must either obey Eq. (3.6) or is 
excluded. In either case Eq. (3.8) is satisfied only if 
Eq. (3.6) is." A similar proof may be given when wu is a 
scalar density of arbitrary weight. 

When u consists of the coordinates y,*(7,) (r=1, 2, 
++, k) of a system of & particle trajectories along which 
are defined invariant reference parameters 7,, an in- 
finitesimal coordinate transformation will produce the 
variation 6.y,*=&*(y,). At every point through which 
there passes only one trajectory it is clear that Eq. (3.8) 
can be satisfied for arbitrary £* only if 6Lo/éy,*=0. 

One may note that, in both of the examples treated, 
no use was made of the fact that ,, is Euclidean. For 
these choices of u it is apparent that the equations 
[6A (g,«)/5g. ],,~=0, where the covariant differentiation 
is with respect to g,, as fundamental tensor, imply 
5A(g,u)/5u=0, so that the second of Eqs. (3.7) is 
redundant. 


4. FORMULATION OF UNEQUAL GRAVITATIONAL 
AND INERTIAL MASSES 


Now consider the Lagrangian 
L=K(n—Af)+X"D(Y,n)+Lo(u, n—r’'f), (4-1) 


where K’=K(n—Af)+A"D(y,n) is the gravitational 
Lagrangian in the absence of matter, Lo(u,n) is the 
Lagrangian appropriate to the matter variables u in 
the absence of gravitational interaction, and \’A). 
The field equation for f,, may be written 


5K’ 6L (u,n—d‘f) 
In| DAY) =>—N 
onan Onur 


(4.2) 


This Lagrangian therefore represents a theory in which 


For matter describable by hydrodynamics this divergence 
condition corresponds to the continuity and Navier-Stokes 
equations. 

4 The possibility of a solution obeying u=const, 5Lo/6u0 in 
a given region and 6Z/éu=0 elsewhere, may be essentially 
eliminated by noting that with customary joining conditions the 
continuation of the solution out from this region would be deter- 
mined to an extent that a boundary condition on the value of u 
(or its gradient) at infinity could not be imposed independently. 
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the gravitational potential is coupled to the gravita- 
tional self-energy tensor 5K’/én,, with a strength \ 
and to the material-energy tensor 6Lo(u, 1»—)'f)/dna 
with a strength )’. 

It may be anticipated from the foregoing arguments 
that no weak-field solution of the nongenerally covariant 
field equation (4.2) can lead to normal gravitational 
behavior on the part of the u variables. This is readily 
verified by assuming weak-field conditions (Af,, and 
\’ fu small compared to 7,,) and retaining in the matter 
Lagrangian Lo(u, »— ’f) only the terms linear in J or )’. 
Noting that to this approximation 


5Lo(u,n) 
La(usa-N'f~Lolun)—N f fa——d'x, (43) 


dn 


with a similar equation for Lo(u,n—Af), one may 
write 


AX 
Lo(u, n-N~(14-—) ale n—Af) 


Ar 
— 5 Lala), (4.4) 


where A\=)’—A. Thus, in the weak-field approxima- 
tion, setting g,.=na—Af,a, the Lagrangian (4.1) reduces 
to the form (3.1) with P(g,u,n)=(Ad/A)Lo(u,n). It 
follows from the previous discussion that weak-field 
solutions cannot be consistent with mean acceleration 
of the matter, and, on the contrary, they require the 
conservation of the unperturbed material-energy tensor 
5Lo(u,n)/6n,. to the approximation made. Moreover, 
taking K(g)=—4\"°SR(g)d*x to obtain the usual 
general-relativity field equations in empty space, the 
weak-field solutions cannot exist at all. These conclu- 
sions are independent of how small A\/A may be, 
provided it is not precisely zero. 

It should be noted that the result just obtained does 
not mean that the weak-field Euler equations, in which 
only terms linear in \ or )’ are retained, are inconsistent 
in themselves. The inconsistency arises only when one 
requires simultaneous satisfaction of Eq. (3.2), which, 
written to terms linear in A, \’, expresses the conditions 
on the linear approximation imposed by the group- 
freedom restriction in higher approximations. Thus, 
taking K(g)=—3\7SM(g)d‘x, the linearized Euler 
equations for f,, and u are 


D®(y) +4N'5Lo(u,n)/inr =, 
5Lo(un) rN 5 5Lo(u,n) 
———+ 


ww ————d‘x=0, 
bu A bu 8 nur 


(4.5) 


(4.6) 


where y denotes the tensor ya=—A(fua—3nan™ fas) 
and /,, is the tensor —A/f,,. These equations correspond 
simply to the empirical law of gravitation with an 
effective constant of attraction \’?/A. But it will be 
found that no proper transformation of /,, permitted 
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by the group freedom of Eq. (4.5) can reconcile Eq. 
(4.6) with the relation (6L0(u,n)/dn,,);,;=0 over all 
space time. 

It may be seen that, within the limitations of weak- 
field concepts, the Lagrangian (4.1) essentially exhausts 
those possibilities of coupling the matter variables to 
the gravitational field admitted by the more general 
Lagrangian (3.1). For, writing A(g,u)+P(g,u,n) = K(g) 
+L mat(f,u,n), the Bianchi identities associated with the 
general invariant K(g) impose, through the Euler 
equations for f,,, the zeroth-order conditions 


[6L mat (f,u,n)/6furJir~0. (4.7) 


Unless the tensor 6Lnat/5f,. differs from a multiple of 
the unperturbed material energy tensor 6L0(u,n)/Snua 
by no more than a tensor with identically vanishing 
divergence, Eq. (4.7) in general will represent con- 
straints on the motion of the matter variables which 
remain as f,,—0 and which are therefore inconsistent 
with the implicit requirement of a weak-field approxi- 
mation that the gravitational interaction result in only 
a small perturbation in the behavior of the matter. It 
follows that, to first order in f,,, Zmat must be of the 
form 


“o(,n) 


6L 
Lmat~La(un)— (const) f fa—— ~d'x, (4.8) 


Onur 
which by Eq. (4.3) is equivalent in this approximation 
to the matter Lagrangian in Eq. (4.1).” 

The possibility remains to be considered whether 
quasilinear theories can be constructed in which certain 
kinds of matter are coupled to the field in generally 
covariant fashion while other variables (conceivably 
representing kinds of matter for which the validity of 
the accepted law of gravitational attraction is not 
required by existing experimental evidence) are coupled 
differently or are gravitationally neutral. Let the 
Lagrangian for such a theory be 


L=K'+Lo(u,g)+Lilwyn,f)+Li(uonf), (4.9) 


where Lo(u,n)+L1i(w,n,0)+L,(u,w,n,0) is the Lagran- 
gian appropriate to the coupled variables u and w in 
the absence of gravitational interaction. When the 
interaction term JL; is not zero it is apparent, following 
the argument given just above, that the Bianchi 
identities for K(g) will impose the admissible zeroth- 
order divergence condition 





— re. (w,n,0) - 5L;(u,w,n,0) 
T a 


| =0 (4.10) 
IX 


dnur 5mur 5nur 


only if to the first order 


2 Following reference 1, Appendix I, it can be shown that the 
addition of a tensor with identically vanishing divergence to 
5L.o(u,n)/6nux would correspond to addition to Lo(u,n) of a formal 
integral which vanishes identically for Euclidean ,, and which 
therefore may be neglected here. 
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Ty (w,n,f) +L (un f\~Ly (w,n,0) +> L; (u,w,n,0) 


5L1(w,n,0) 6L;(u,w,n,0) 
- f tal 4 —)ate. (4.11 


dnur Onur 





Thus weak-field conditions can obtain only if the first 
order coupling for w is the same as for u. 

When L;=0 so that the u and w variables are coupled 
solely through the gravitational field, 6Lo(u,n)/én, and 
5L(w,n,0)/6n,. are separately conserved to zeroth order 
in f,,, and the zeroth-order Bianchi identities for K (g) 
do not bar unequal couplings of the form (4.8) for u 
and w. However it is clear in this case that if the 
coupling constant for w is \’*X the conservation con- 
ditions [6Z:(w,,0)/6n, ];,=0 must be obeyed to first 
order in f,, with the consequence that if weak-field 
solutions exist at all they will entail for the matter 
described by w a mean motion confined to essentially 
straight lines in spacetime, just as would be the case 
if \’=0. Thus, in general, weak-field solutions are not 
consistent with the existence of different nonzero 
phenomenological gravitational force constants for the 
matter described by the # and the w variables. 

If K(g) is taken as —3\"S'R(g)d‘x, corresponding 
to the usual Einstein field equations in empty space, 
the E. I. H. equations of motion are violated by 
straight-line motion and it may be asserted for this 
choice that weak-field solutions cannot exist at all. 


5. QUESTION OF STRONG-FIELD SOLUTIONS 


The preceding analysis has shown that the coupling 
of matter in Lorentz-covariant, but not generally 
covariant, fashion to a tensor field having a generally 
covariant Lagrangian density outside matter imposes 
restrictions on the group freedom of the field which 
preclude the description of gravitational phenomena by 
weak-field, quasi-linear solutions, however small may be 
the departure from general covariance. If weak-field 
solutions exist at all for such couplings they imply the 
conservation of the unperturbed energy-tensor of the 
matter, so that if the matter is localized in space it is 
confined to essentially straight-line motion. When the 
covariant tensor field obeys the Einstein field equations 
in empty space, weak-field solutions are then impossible 
according to the Einstein-Infeld-Hoffmann theory of 
motion. In the “mechanical” language adopted in the 
present paper these results imply that if weak-field 
solutions are to describe gravitation the energy tensor 
of all matter must be coupled to the free gravitational 
field in the identical way as the gravitational self- 
energy tensor, which is assumed to be coupled according 
to Eq. (2.1) with A¥~0." 

The question of whether the restrictions on group 
freedom imposed by a nongenerally covariant term in 


18 This conclusion is not invertible, since observationally valid 
linear gravitation theories may be constructed in which the field 
is coupled to the energy tensor of matter and not coupled at all 
to the gravitational self-energy tensor. 
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the matter Lagrangian can be satisfied if strongly non- 
linear solutions are admitted is a most difficult one. 
If such solutions should exist, moreover, there is no 
reason to believe that the resulting matter equations of 
motion could be related to known gravitational phe- 
nomena." 

In connection with these problems it is of interest to 
note that, by a slight generalization of the analysis in 
Sec. 3, it is possible to construct certain Lorentz- 
invariant Lagrangians such that solutions of the Euler 
equations, if they exist at all, must also be solutions of 
an associated generally covariant theory, yet must 
correspond to essentially arbitrary given equations of 
motion for the matter variables. Consider a Lagrangian 
of the form 


L=K(g)+Lo(u,g)+eLe(u,n,), (5.1) 


where Lo(u,n) is a Lagrangian appropriate to the matter 
variables u in the absence of interaction and Lre(u,n,¢) 
is an arbitrary Lorentz-invariant Lagrangian for u 
coupled to arbitrary variables ¢. It follows from argu- 
ments given previously that if the Euler equations for 
g, u, and ¢ are all satisfied the conditions 


(6Lz/5nx),=0 (5.2) 


must hold. For sufficiently simple choices of the trans- 
formation properties of the « variables this implies, 
following a previous argument, that the « variables 
obey the equations of motion 


bLz/éu=0, 5Lz/8¢=0 (5.3) 


and, in consequence, that the generally covariant equa- 


tions 


5Lo(u, 
a eee ee 





bK(g) dLo(u,g) 
4. = 
b gun bu 


bun 


corresponding to e=0 must be satisfied also. 

It is not possible to say at present whether extensive 
classes of solutions obeying Eqs. (5.3) and (5.4) exist 
for nontrivial choices of K, Lo, and Lg. The fact that 
they must exhaust the solutions of the Euler equations 
for certain Lorentz-invariant Lagrangians is perhaps in 
itself suggestive of the possibility of their existence, and 
they are not ruled out by the considerations of the 
Einstein-Infeld-Hoffmann theory of particle motion, 
since that procedure involves weak-field perturbation 
methods. When restriction is not made to weak-field, 
quasi-static conditions, the field equations of even the 
simplest nontrivial generally covariant field theories 

4 As pointed out in Sec. III, special integral conditions would 


have to be satisfied if the motion of localized matter were not 
to be confined to essentially straight lines. 
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constitute sets of simultaneous nonlinear partial differ- 
ential equations of great complexity. For some simple 
nonlinear differential equations it is well known that 
solutions may exist which have no quasilinear analog. 
The same situation may obtain, conceivably, for the 
generally covariant theories. 

If significant classes of solutions for the theories in 
which matter is coupled in non generally covariant 
fashion to the field g,, do not exist, there is implied 
thereby an argument in favor of the traditional 
geometrical interpretation of the generally covariant 
theories in which g,, is identified a priori with the metric 
of spacetime and only generally covariant matter 
couplings can be accorded consideration. If, however, 
extensive classes of solutions exist for non generally 
covariant Lagrangians of the form (5.1) over a wide 
choice of the arbitrary term Lz(u,y,6), then a con- 
siderable reinterpretation of the generally covariant 
theories would seem required. For these theories would 
then be consistent with substantially arbitrary matter 
motion, and additional conditions would be necessary 
to effect a restriction to equations of motion corre- 
sponding to gravitational phenomena.’® It may be 
pertinent to note, in this connection, that when re- 
striction to weak fields is not made, the different sets 
of auxiliary conditions of the form (2.4) are not neces- 
sarily equivalent and could possibly serve to exclude 
certain classes of solutions. 

The author wishes to acknowledge Professor P. G. 
Bergmann’s helpful criticism of parts of this work. 


18 The logical possibility that classes of solutions to generally- 
covariant theories may exist corresponding to substantially 
arbitrary equations of motion for matter admits the conjecture 
that certain of the generally covariant theories, possibly with 
the aid of boundary and regularity conditions less stringent than 
usually applied, could provide a basic formalism for the kine- 
matical representation of a wide variety of matter behavior, 
analogous to the Hamilton-Jacobi formalism. In such a formalism 
the paths of an assembly of interacting concentrated particles 
would be represented by geodesics in a 4-dimensional Riemannian 
configuration space rather than as the ray paths of a wave front 
system in a multidimensional configuration space. (We may note 
that in a generally covariant theory the metric field is generated 
by the energy tensor, which expresses the localization of the 
structure of a system in spacetime, while in relativistic Hamilton- 
Jacobi theory the characteristic function is determined by the 
Hamiltonian which expresses the properties of the system as 
a function of position in configuration space.) The simplest 
Hamilton-Jacobi functions for an assembly of particles corre- 
spond to unaccelerated motion in straight lines, but the simplest 
generally covariant metric fields are the quasilinear fields corre- 
sponding to normal gravitational behavior. An analytical con- 
nection between the two formalisms might possibly be based on 
Lagrangian functions of the form (5.1), in which @ would be 
related to the potentials in the Hamilton-Jacobi equation. Such 
a conceptual juxtaposition of the Einstein metric tensor and the 
relativistic Hamilton-Jacobi function might conceivably provide 
a starting point for a union of gravitation theory and quantum 
mechanics. 
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Structure of Ta I 


Tu. A. M. VAN KieeF AND P. F. A. KLINKENBERG 


Zeeman Laboratory of the University of Amsterdam, 
Amsterdam, The Netherlands 
(Received October 10, 1955) 


N a recent report by Kamei’ on the quadrupole 

moment of Ta'*!, he makes the following remark in 
a footnote: “G. J. van den Berg [ Dissertation, Univ. 
Amsterdam, 1951 (unpublished) |] modified the energy 
matrix given by Marvin, but this modification is appar- 
ently incorrect, owing to his misinterpretation of the 
article of G. Racah [Phys. Rev. 63, 367 (1943)]. The 
table of the composition of the states of Ta 1 5d*6s? 
given in reference 8 is based on van den Berg’s cal- 
culation, and is, therefore, invalid.’ 

We wish to point out that the substitution error 
which indeed was made in the energy matrices for the 
J=3/2 and the J=5/2 states of the configuration d* 
has only a very little influence on the final table of 
composition. This is shown by Table I, where we have 
compared the results (in percent) of a correct calcu- 
lation (upper figures) with the previous results (lower 
figures in parentheses) for the 3/2 and 5/2 levels of 
the electron configuration 5d*6s? in Tat. The results 
for the other levels remain unchanged. 


TABLE I. Composition of the states of Ta 1 5d%6s?. 








4P 4p 2F 


98.3 0.2 0.2 
(98.2) (0.2) 
0.5 


. 1.0 
(0.5) 
0.8 


6*D 





(0.8) 
61.4 
(60.1) 
37.4 
(38.8) 
0 


.2 
(0.3) 
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It should be remarked that the deviations are 
insignificant relative to the uncertainties introduced by 
the neglect of configuration interaction d*s*—d‘s and 
by the arbitrariness in the choice of the particular 
levels used in determining the configuration parameters. 
This probably also accounts for the discrepancies 
between our results and those arrived at by Trees.’ 
We should like to thank Dr. Kamei for sending us 
a copy of his paper prior to publication. 
1 T. Kamei, Phys. Rev. 99, 789 (1955). 
van den Berg, Klinkenberg, and Van den Bosch, Physica 
18, 221 (1952). 
3R. E. Trees, Phys. Rev. 92, 308 (1953). 


Frequency Dependence of Elec- 
troluminescent Brightness of 
Impurity-Quenched Phosphors 


WILt! LEHMANN 


Lamp Division, Westinghouse Electric Cor poration, 
Bloomfield, New Jersey 


(Received August 4, 1955) 


HE electroluminescent brightness (Destriau effect) 

of a powdered phosphor embedded in an insu- 
lating medium in the usual plaque cell is dependent on 
the voltage and the frequency applied to the cell, in 
addition to other parameters. The brightness at a 
constant frequency but varying voltage can be well 
approximated by the equation! 


L=AV exp[B/(V+Vo) ], (1) 


where L denotes the time average of the brightness, V 
is the voltage applied to the cell, and A, B, and V» are 
constants. The behavior of the brightness at a constant 
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Fic. 1. Dependence of log(Z/V) on 1/(V+Vo) for a poisoned 


and an unpoisoned phosphor. L=electroluminescent brightness 
and V=applied voltage. 
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Fic. 2. Frequency dependence of electroluminescent brightness 
of some poisoned zinc sulfide phosphors. 


voltage but varying frequency is more complex, but in 
general the brightness changes nearly linearly, or 
somewhat less than linearly, with low frequency and 
tends to saturate or to pass through a maximum at 
higher frequencies. An increase of brightness at a 
rate higher than proportional to the frequency has not 
been observed for normal “unpoisoned” electro- 
luminescent zinc sulfides or related phosphors at room 
temperature. 

The electroluminescent behavior of copper-activated 
zinc sulfides, which have been poisoned by the addition 
of Fe, Co, or Ni, is somewhat different. The brightness 
at a constant frequency but varying voltage can here 
also be described by Eq. (1); the poison lowers the 
value of the constant A, but the constants B and Vo 
remain unchanged. An example of this voltage be- 
havior is given in Fig. 1. Upon applying a constant 
voltage but varying frequency to the cell, it is observed 


TABLE I. Comparison of the properties of an 
unpoisoned and a poisoned phosphor. 








Phosphor No. 300 
ZnS —Cu (0.45%) 
—Co(0.0012%) 


Phosphor No. 297 
ZnS —Cu (0.45%) 





Photoluminescence excited 
by 3650A (100 w 
mercury lamp) 
(a) at room temperature Bright green No visible luminescence 
(b) at about —50°C Bright bluish green Moderate bluish green 
(c) at about —180°C Bright greenish blue Bright greenish blue 


Electroluminescence at 
room temperature 
(a) forfrequency 60cps Green Practically no visible 
light 
(b) for frequency 
0 cps 
(c) behavior with in- 
creasing frequency 
(d) behavior with in- 
creasing voltage 


Bright blue green Moderate blue green 
Increases less than May increase faster 
proportional than proportional 
Expressed by Eq. (1) Expressed by Eq. (1) 
but with lower value of 
A. The values of B and 
Vo remain unchanged. 
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that in certain regions the brightness increases much 
faster than proportional to the frequency f. A rate of 
increase proportional to f? has actually been observed. 
Several examples of this behavior are given in Fig. 2. 
No significant difference could be observed between 
the action of Fe, Co, or Ni. 

This behavior of electroluminescent brightness with 
increasing ‘frequency seems to be similar to the strong 
increase of photoluminescent brightness with increasing 
ultraviolet intensity observed on poisoned phosphors 
by Urbach and his co-workers.? Probably both effects 
can be explained in the same manner. The concen- 
tration of free carriers in the phosphor increases either 
with increasing frequency during electroluminescence 
or with increasing exciting intensity during photo- 
luminescence, and in both cases the bimolecular 
radiating recombination in activator centers is more 
strongly favored than the monomolecular radiationless 
recombination in centers of Fe, Co, or Ni. 

It is also remarkable that strongly poisoned phosphors 
which are unable to photoluminesce even with high 
exciting ultraviolet intensity are still able to show good 
electroluminescence if a high frequency is applied to the 
cell. Some data of interest are given in Table I. 


' Howard, Ivey, and Lehmann, Phys. Rev. 96, 799 (1954). 
* Nail, Urbach, and Pearlman, J. Opt. Soc. Am. 37, 122 (1947). 


Frequency Dependence of Electro- 
luminescent Brightness 


C. H. HAAKE 
Lamp Division, Westinghouse Electric Corporation, 
Bloomfield, New Jersey 
(Received August 4, 1955) 


HE brightness of normal electroluminescent ZnS 
phosphor at room temperature usually increases 
linearly, or less than linearly, as the frequency of the 
applied alternating field is increased. Increases faster 
than linear have not been observed at room tempera- 
ture except with highly quenchable phosphors such as 
ZnS :Cu(Co or Ni or Fe).! It will be shown below that 
such observations cannot be used unambiguously for 
conclusions as to the frequency dependence of electro- 
luminescence unless at the same time the temperature 
dependence of electroluminescence is considered. 
Plots of electroluminescent brightness as a function 
of temperature usually exhibit one or even more peaks. 
As shown repeatedly,?~“ these brightness curves shift 
as a whole to higher temperatures as the frequency is 
increased. Under the action of the alternating field, a 
certain number of activators and traps (or donors) are 
emptied and filled periodically. Electrons and holes at 
the same time are subjected to a probability of thermal 
transitions to the conduction band or the valence band, 
respectively. Since obviously the number of transitions 
is affected by the period of the applied voltage, a 
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higher frequency necessitates a higher temperature in 
order to keep the number of transitions per period 
constant. In other words, increasing frequency reduces 
the number of transitions per period at a constant 
“external” temperature and simulates a lower “effec- 
tive” temperature. 

In order to explain qualitatively brightness increases 
with frequency that are either faster or slower than 
linear as mentioned above, we consider a plot of 
electroluminescent brightness (B) as a function of the 
external temperature (7) at two different frequencies 
(f:<f2) and for a constant voltage applied to the 
phosphor (see Fig. 1). At the temperature 7’; we observe 


Fic, 1. Schematic 
representation of de- 
pendence of electro- 
luminescent _bright- 
ness on temperature 
at two different fre- 
quencies. 


ELECTROLUMINESCENT BRIGHTNESS, 8B 








TEMPERATURE, T 


a certain brightness B,, with the frequency f;. As 
we increase the frequency to fo, the brightness is 
increased to Biz. One part of this change is due to a 
lifting of the brightness curve as a whole as the fre- 
quency is increased (dotted line); this will be called 
“action I.” Because of “action I” only we would 
expect a brightness By’, and a linear behavior. The 
other part of the change in brightness is the shift of 
the brightness curve along the 7 axis; this will be 
called “action II.” Its effect is strongly dependent on 
the temperature of observation, and causes a decrease 
of brightness in the particular case considered, so that 
an increase of brightness with frequency slower than 
linear can be expected. This, however, may be hardly 
perceptible if the differential quotient dB/dT is very 
small and nearly constant around 7;. Now we consider 
a highly quenchable phosphor or an ordinary phosphor 
at a high temperature exhibiting a very low electro- 
luminescence brightness Bz; at low frequencies and at 
a temperature of observation 7, The brightness 
increase By2— By, which results upon increasing the 
frequency to fe is again composed of “action I” plus 
“action II.’”’ Here “action II’ has an increasing effect 
(B2:— Bos'>0), whereas in the above case “action IT” 
showed the opposite effect (Biw—By'’<0). Thus 
brightness plots showing increases with frequency 
faster than linear can be easily obtained. 
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It therefore becomes obvious that it is misleading to 
discuss the dependence of electroluminescence bright- 
ness on frequency from experimental results unless the 
temperature-frequency relationship is taken into 
account. 

1'W. Lehmann, preceding letter [Phys. Rev. 101, 489 (1956) ]. 

 G. F. Alfrey and B. Taylor, Brit. J. Appl. Phys., Suppl. No. 4, 
S44 (1955). 

3 C. H. Haake, Phys. Rev. 98, 1544 (1955). 

‘ Johnson, Piper, and Williams, Meeting of the Electrochemical 
Society, Cincinnati, May 2-5, 1955 (unpublished). 


Use of Infrared Absorption to Determine 
} Carrier Distribution in Germanium and 
Surface Recombination Velocity 
N. J. HArricx 
Philips Laboratories, Irvington-on-Hudson, New Yrok 
(Received October 10, 1955) 


BSORPTION of infrared radiation by germanium 

can be increased by injecting additional carriers! 

and it has been observed in the present experiments 
that it can be decreased by extracting? carriers. Of 
particular interest is the utilization of this phenomenon 
to measure carrier distribution and especially transverse 
carrier distribution which affords a direct approach to 
the evaluation of the surface recombination velocity, s. 
Using the theory of the motion of carriers injected 
into a germanium bar and subject to drift, diffusion, 
and recombination*; assuming that the measurements 
are made at a distance from the plane of injection 
great enough so that the higher order terms of the 
above theory may be neglected; and assuming that 
the change in the absorption coefficient is proportional 
to the number of excess carriers in the path of the 
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Fic. 1. Experimental arrangement for measuring carrier distri- 
bution using the absorption of infrared radiation. 
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Fic. 2. The fractional change of transmitted infrared radiation 
caused by injection and extraction vs transverse distance for 
ground and etched surfaces. J; and J, are current densities for 
injection and extraction, respectively. 


infrared radiation, one can show that 


(= 


— } cos ify. 
ty 


s= 

Y 
Here D is the diffusion constant, Y is the half-width of 
the sample, and ¢y=(A/),-y/(AJ),-0, where the Al’s 
are the changes in the transmitted infrared intensity. 
The Al’s have been normalized with respect to the 
total transmitted intensity prior to injection or extrac- 
tion, I7. This is necessitated by the nonhomogeneity 
of the transmission of the sample. It can be shown that 
the above formula is valid for the case of extraction as 
well as injection. 

Figure 1 is schematic of the setup which has been 
used in the present experiments to measure infrared 
absorption. A globar is used as the source of infrared 
radiation. A thin piece of germanium, for filtering out 
radiation of wavelength less than 1.8 microns, and a 
0.5X3.5 mm slit are interposed between the infrared 
source and germanium sample. A thermopile serves to 
detect the radiation which is transmitted by the 
germanium bar. The data consist of the measurement 
of Ir and the changes in the transmitted infrared 
radiation due to injection or extraction, which are 
just the negative of the changes in absorbed radiation. 
The present measurements were made on a 45 ohm cm, 
p-type, high bulk lifetime, 9.59.5 70 mm germanium 
bar. One end was highly doped p-type and served to 
inject or extract holes. 

Figure 2 shows some measurements of AJ/Ir as a 
function of transverse distance, y. The experimental 
points indicating a decrease in transmitted intensity 
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are due to injection, while those indicating an increase 
are due to extraction. The solid lines are theoretical 
curves which have been fitted to the experimental 
measurements at two points. These curves, but in- 
verted, correspond to the actual carrier distributions 
due to injection or extraction and are similar to those 
shown by Shockley.* The good agreement between 
experiment and theory justifies the assumptions made 
and indicates that infrared absorption measurements 
can be used to determine carrier distributions. In the 
plot the circles correspond to the case where all surfaces 
were originally etched with CP-4 but exposed to room 
atmosphere for many days. Measurements recorded 
with x’s were taken after two opposing longitudinal 
surfaces, parallel to the direction of the radiation, were 
ground with American Optical Company centriforce 
abrasive No. 305. It may be noted that for the same 
current, the signal due to extraction is much larger 
than that due to injection for the near intrinsic sample 
used. The measurements were made about 12 mm from 
the junction. 

By using the data from Fig. 2 and the above formula, 
s is found to be 250 cm/sec for the surfaces which had 
originally been etched and 1900 cm/sec for the ground 
surfaces. The error in these values is believed to be less 
than 25%. 

Work is being continued to study the effects of other 
surface treatments, and to investigate longitudinal 
distributions of injected or extracted carriers from 
which bulk lifetime may be evaluated. 

Acknowledgements—Dr. W. L. Brown of Bell 
Telephone Laboratories has kindly furnished the 
germanium ingot for the sample used in the present 
experiment. The author is indebted to Dr. F. K. 
du Pré for helpful theoretical hints and to Dr. P. H. 
Dowling and Dr. N. C. Jamison for assistance and 
discussions. 

1A. F. Gibson, Proc. Phys. Soc. (London) B66, 588 (1953); 
H. B. Briggs and R. C. Fletcher, Phys. Rev. 91, 1342 (1953). 

* The phenomena of extraction has been previously observed by 
other means. See J. B. Arthur ef al.; Proc. Phys. Soc. (London) 
B68, 121 (1955). 


3 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 319. 


New Semiconducting Compounds 


E. MoosEer* AND W. B. PEARSON 


Division of Pure Physics, National Research Council, 
. Ottawa, Canada 


(Received November 7, 1955) 


URING the course of an investigation of the 

fundamental factors which are responsible for 
intrinsic semiconductivity,' it became of interest to ex- 
amine certain intermetallic compounds and compounds 
formed by the metalloids Se and Te for experimental 
evidence of semiconductivity. We have accordingly 
measured the temperature dependence of resistivity 
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and Hall constant of a series of substances, the follow- 
ing of which were found to exhibit typical semi- 
conductor properties: Ag2Se, Li;Bi, TlSe, ‘“T1,Se;,” 
SnSe, SnSe2, InzTl;, InTe;, and AgInTes. Metallic 
behavior was found in Tl,Se, BiSe, Bi,Se3, IneTe, 
InTe, and T!Te. Since this work was carried out, Appel 
and Lantz? reported conductivity measurements on 
In,:Te; and Goodman and Douglas* suggested that 
chalcopyrites such as AgInTe2 were semiconductors. 
Earlier Davidenko‘ mentioned the semiconducting 
properties of SnSe and Bi.Ses, without however giving 
any detailed measurements. While the semiconducting 
character of SnSe is confirmed by our measurements, 
we found a positive temperature coefficient of the 
resistivity in all samples of Bi,Se; investigated. 

The sample of composition Tl,Se; showed semi- 
conducting properties. However our microscopic 
examination confirms observations of Ketelaar et al.® 
that a phase of this composition, reported in earlier 
literature, does not exist; we believe that the behavior 
of this sample is due to the presence of TlSe. 

All of the measurements were carried out in the 
apparatus described elsewhere by Dauphinee and 
Mooser® and in a temperature region extending in 
most cases from ~80°K up to the melting point of the 
sample under investigation. The homogeneity of the 
annealed specimens was checked by microscopic 
examination and, where necessary, composition was 
checked by chemical analysis. Full details of this work 
will be published elsewhere. 

* National Research Laboratories Postdoctorate Fellow—now 
with Eidgenossische Technische Hochschule, Ziirich, Switzerland. 

1 E. Mooser and W. B. Pearson (to be published). 


‘ot and G. Lantz, Physica 20, 1110 (1954). 
. L. Goodman and R. W. Douglas, Physica 20, 1107 
(1954). 


4V. A. Davidenko, J. Phys. (U.S.S.R.) 4, 170 (1941). 

5 Ketelaar, t’Hart, Moerel, and Polder, Z. Krist. A101, 396 
(1939). 

6T. M. Dauphinee and E.. Mooser, Rev. 
(1955). 


Sci. Instr. 26, 660 


K+—-++ Mass Difference* 


S. Func, A. PEvsNER, AND D. Ritson, Laboratory for Nuclear 
Science and Physics Department, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 
AND 
N. Mouter, Physics Department, Smith College, 
Northampton, Massachusetts 
(Received October 21, 1955) 


HEORETICAL evidence indicates the existence 

of a heavy meson in addition to the + meson. 

The availability of analyzed K-meson beams at the 

Berkeley Bevatron' allows a comparison of 7 and 

K-meson masses with much greater statistical accuracy 

than was hitherto possible. This letter reports on the 

result of such a comparison between 743 K-particles 
and 65 7 mesons. 

A stack of 100 emulsions,” 10 in.X16 in.X400p, 

was exposed to the focused and magnetically analyzed 
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K-meson beam at Berkeley. The stack was so oriented 
that only particles of a constant momentum, and hence 
for a given mass of constant range, stopped in each 
pellicle. However, the momentum slowly varied across 
the stack from 316 to 340 Mev/c. The momentum 
variation was determined by measuring in each pellicle 
the range of the protons present in the momentum 
channel. A straight line was then fitted to the measured 
proton ranges by the method of least squares. 

The region in which particles of about 900 to 1000 
times the mass of the electron would stop was area- 
scanned for particles that stopped and decayed. The 
distance at which these particles stopped from the 
edge of the pellicles was then measured and normalized 
to give a range corresponding to that in a pellicle in 
which protons had a 1.0-cm range. Figure 1 shows these 
distances plotted for 743 K*+-mesons and 65 7+ mesons, 
In a separate experiment? the composition of this 
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Fic. 1. Ranges of K*- and r*+ mesons of the same 
momentum in emulsion. 


mixture of Kt+-mesons was determined to be 63% Kyo- 
mesons and 34% K,2 mesons. 

The ratio of the mean range of the K*t-mesons to 
that of the r+ mesons can be used to determine their 
relative masses. The result of this determination is 


m,*—mx+= (4-+4)m,. (1) 


It is of interest to note that this result is very in- 
sensitive to variations in the range-energy relation as 
the relative masses are determined from the ratio of 
two ranges. The result is also less sensitive to systematic 
errors than other methods of mass determination, as 
most systematic corrections apply equally to both. 
Hence, unless the energy loss mechanism for the two 
groups differs in such a manner as to precisely com- 
pensate for an otherwise expected range difference, we 
conclude that there is little, if any, mass! difference 
between the K+ and r+ meson. The statistical error 
quoted is the standard deviation and was calculated 





494 LETTERS TO 
from the root-mean square of the observed experimental 
distribution. For an individual case, this corresponded 
to a +30m, uncertainty for the 743 K+-mesons, and to 
+25m, for the 64 r+ mesons. The error in the mean 
was found by dividing +30m, by the square root of 
the number of events of each type. 

It is also possible to calculate the absolute values of 
the masses from the ratio of the mean ranges of the 
K+-particles to the mean ranges of the protons. This 
result will be insensitive to the range-energy relation 
used, provided the mean ionization potential in emulsion 
is assumed to be constant in value. In determining this 
ratio, corrections must be included due to the additional 
material traversed by particles in passing through the 
air between the momentum channel and the emulsion 
stack and also the wrappings on the emulsion stack. 
This amounted to a —15m, correction. In addition, a 
correction of +2m, is necessary to take into account 
the difference in projected ranges of the K’s and the 
protons, and a + 8m, correction due to the fact that the 
beam entered the stack at a slight angle. The result of 
this determination, using the range-energy relation of 
Barkas,? was mx=(965+4)m, and m,=(969+7)m,, 
where an estimate of the possible systematic error has 
been included. The difference in mass, however, is as 
given by Eq. (1)—still (4+4)m,. This result is in good 
agreement with that of a similar experiment at the 
Bevatron recently reported at the Pisa Conference.‘ 

The authors wish to thank Dr. E. Lofgren and the 
many others at the Bevatron whose cooperation made 
this exposure possible. 

* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Commission. 

1 Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 
99, 641(A) (1955); Birge, Stork, Haddock, Kerth, Peterson, 
Sandweiss, and Whitehead, Phys. Rev. 99, 335 (1955). 

?For more complete description of this stack see Ritson, 
Pevsner, Fung, Widgoff, Zorn, Goldhaber, and Goldhaber, Phys. 
Rev. (to be published). 

3W. H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL-2579, 1954 (unpublished). 

4 Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 


Whitehead, Proceedings of the Pisa Conference, August, 1955 
[Nuovo cimento (to be published) J. 


Interaction of Antiprotons with 
Nuclear Fields* 


HANS-PETER DUERR AND EDWARD TELLER 


Physics Department and the Radiation Laboratory, University of 
California, Berkeley, California 
(Received November 9, 1955) 


T has been proposed! that saturation of nuclear 
forces may be explained with the help of a velocity- 
dependent nuclear potential. The consequences of 
such a potential can be crudely summarized by stating 
that within a nucleus the nucleons have an apparent 
mass which is approximately one-half of the free 
nucleon mass. In this nonrelativistic theory the nuclear 
interactions arise from a postulated neutral scalar field. 
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One of us (H.P.D.)* has found a relativistic generali- 
zation of the velocity-dependent nuclear interactions. 
This generalization leads to a remarkably strong 
attraction between antiprotons (or antineutrons) and 
nuclei. 

The attraction can be obtained in the following 
heuristic manner. The possible energies of a free proton 
lie at 2mc? and S—mmc*. They are represented by the 
shaded areas on the left-hand side of Fig. 1. In the 
interior of a nucleus, the lowest positive energy is 
depressed by approximately 0.1mc? as shown in the 
upper right corner of the figure. (It is necessary to 
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Fic. 1. Energy 
levels for nucleons 
and antinucleons. 





ENERGY STATES OF 
FREE NUCLEON BOUND NUCLEON 


assume this strong potential to obtain the correct 
binding of the apparently lighter nucleons.) In order to. 
obtain an effective mass equal to one-half the rest mass, 
the highest negative energy within the nucleus should 
lie at a distance 2mersc?= mc? below the lowest positive 
energy. Thus, as seen in the figure, the lowest negative 
energy lies 0.9mc* higher for a bound proton than for a 
free proton. One obtains the energy states of the anti- 
proton from the negative energy states of the proton 
by inverting the sign. Therefore, an antiproton will 
find an attractive potential of 0.9mc* within a nucleus. 
It can be shown that this statement is correct only for 
an antiproton which is at rest inside the nucleus, and 
it can be also shown that at higher velocity the attrac- 
tion is less but of the same order of magnitude. 

This result could be experimentally verified by 
measuring the total collision cross section between 
antiprotons and nuclei. The cross section should be 
mre, Where fete is the nuclear radius plus the range 
of the nuclear potential. Actually re¢¢ should increase 
slowly as the kinetic energy of the antiproton becomes 
small compared to mc*. Since our nuclear potential 
is due to mesons of unknown mass, no simple statement 
on the range of the nuclear potential can be made. 
Assuming this range to be 10—* cm, one finds that the 
collision cross section in a poor-geometry experiment 
is approximately 1.5 times the geometric cross section 
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for a medium heavy nucleus. In no case should the 
collision cross section be less than the geometric cross 
section. Since the antiproton is attracted into the 
nucleus, a considerable fraction of the cross section 
should correspond to a disintegration process. If an 
antiproton is not likely to escape from the interior of a 
nucleus, scattering experiments with antiprotons may 
give a particularly clear picture of the decrease of the 
nuclear potential outside the nucleus. 

An attraction between a proton and antiproton 
may lead to the formation of a bound pseudoscalar 
state which can be identified with the x meson.’ Since 
in our view the main part of the nuclear potential is 
not caused by w mesons, it would be satisfying to 
follow the reverse procedure and explain the + mesons 
in terms of the postulated nuclear fields. 

* This work has been supported in part by the Office of Ordnance 
Research, U. S. Army. 
1M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 

? Hans-Peter Duerr (to be published). 
3 E. Fermi and C. N. Yang, Phys. Rev. 76, 1739 (1949). 





Recoil Broadening of Internal Conversion 
Lines Associated with Alpha Decay 


J. Burpe ann S. G. CoHEN 
Department of Physics, Hebrew University, Jerusalem, Israel 
(Received July 18, 1955) 


HE energies of y rays emitted from nuclei, which 
have been set in motion by recoil, are altered in 
virtue of the Doppler shift. Such Doppler shifts have 
been detected in light nuclei recoiling during nuclear re- 
actions, and have been used to obtain information on 
the lifetimes of short-lived excited states.! 

Internal conversion electrons emitted from recoiling 
nuclei may exhibit a significant broadening in the 
conversion line, as a simple consequence of addition 
of velocities. Such effects are entirely negligible in 
8 decay, but are appreciable for recoil nuclei associated 
with alpha decay. If the conversion electron is emitted 
at an angle @ with respect to the direction of recoils, 
then the momentum » of the electrons is given by the 
relation, 


P= pol 1+ (va/vg) cosé], 


where pp is the momentum of the electron emitted by a 
stationary nucleus, v, is the velocity of the recoiling 
nucleus at the time of emission, and 2g is the velocity 
of the conversion electron. Assuming, for simplicity, 
that there is no angular correlation between the alpha 
particles and the conversion electrons, then for an 
ideally thin source situated in vacuum on an ideally 
thin backing, the momentum distribution will be a 
triangle with a base 2Ap equal to 2(./vg)p0, and with 
a relative half-width Ap/p equal to 2,/v. The relative 
half-width of the corresponding energy or momentum 
distribution obtaining with the unconverted y rays, 
because of the Doppler shift, is 2/c, where c is the 
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Fic. 1. Comparison of the line shapes of the “A” line and “F” 
line from thorium active deposits, using a resolution of 0.8% 
The momentum distributions are plotted as a function of 


Bp/(Bp)m, where (Bp)m is the peak momentum, in order to 
facilitate comparison. The full curve corresponds to the “A” 
line (ordinate scale on left). The broken curve corresponds to the 
“F” line (ordinate scale on right). The half-width of the “F” 
line is 0.8%. The half-width of the “A” line is 1.0%. 


velocity of light. For low energies the recoil broadening 
of the conversion lines will be considerably greater 
than the Doppler broadening of the unconverted 
y rays. 

Line broadening and shifts arising from a recoil 
have been observed for the Z; conversion electrons of 
the 40-kev transition in ThC” (TI?°*)—the “A” line 
from thorium active deposit. The energy of the con- 
version electron is 24.5 kev corresponding to a velocity 
vg of 9X 10° cm/sec; the energy of the a particle leading 
to the 40-kev level is 6.04 Mev, leading to a recoil 
velocity 0 of 3.3107 cm/sec. The relative momentum 
half-width for an ideal source should thus be 0.36%. 
Figure 1 shows a comparison of the widths of the 
thorium “F” line (148 kev) and “A” line obtained 
from the same source (a ThB source prepared by 
recoil on 0.17 mg/cm? aluminum and in equilibrium 
with its products) using a short-lens spectrometer at 
a resolution of 0.8%. Since the conversion electrons 
giving rise to the F line follow 8 decay, no detectable 
recoil broadening should be present. 
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Fic. 2. Schematic diagram of arrangement used for detecting 
coincidences between conversion electrons and a particles. 


In further experiments, the line shape of the “A” 
line was compared with the line shape obtained in 
coincidence with the 6.04-Mev a particles, which were 
selectively detected by a fast scintillation counter, 
situated behind the source in the lens spectrometer, as 
shown schematically in Fig. 2. This coincident arrange- 
ment selects conversion electrons which are emitted 
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Fic. 3. Comparison of the single and a coincident peaks for the 
“A” line. In this experiment the a counter subtended an average 
solid angle of about 1 steradian at the source. The full curve 
corresponds to the single peak (ordinate scale on left). The 
mye ‘en corresponds to the coincident peak (ordinate scale 
on right). 


from recoil nuclei moving outwards from the source 
into vacuum. If the a detector subtends a small solid 
angle at the source, the resulting coincident peak 
should show only a small recoil broadening and should 
have a mean momentum close to the maximum momen- 
tum of the recoil distribution which is po{1+ (v/v) ]. 
The results are shown in Fig. 3, where it is seen that the 
coincidence peak is indeed narrower by about 0.2% 
and is shifted to higher energies by 0.24%. The measure- 
ments were taken at a resolution of 1.2%. Similar 
behavior has been observed in the low-energy L Auger 
spectrum (6-12 kev) coincident with the 6.04-Mev 
a particles.? The width of the A line coincident with 
a particles was found to be about the same as the width 
of the F line when examined under the same spec- 
trometer resolution. This shows that electron scattering 
in the source cannot be an important factor contribut- 
ing to the observed broadening of the lower energy 
A line. 

A detailed analysis of the results has been made, 
taking into account the finite resolution of the spec- 
trometer, and the possible loss of energy in the source 
backing suffered by electrons coming from recoil 
nuclei, which have buried themselves in the source 
backing. Good agreement with the observed shifts is 
obtained only if we assume that only the nuclei recoiling 
into the vacuum give rise to significant shifts. This 
leads to the conclusion that the nuclei recoiling into 
the source nuclei lose most of their momentum in the 
source backing before the conversion electrons are 
emitted. Assuming a linear relation between velocity 
and residual range for the recoil nuclei! and using a 
value of about 6 ug/cm? for the average range of the 
recoil nuclei in the aluminum (as measured in this 
laboratory), we conclude that the recoil nuclei are 
slowed down in aluminum in about 2X10-" sec. 
It follows that the lifetime of the 40-kev transition 
must be greater than 2X10~" sec. An upper limit of 
7X10-" sec is given by the experiments of Graham 
and Bell.? An attempt is being made to fix the lifetime 
between these limits using recoil shifts. The methods. 
may be useful for lifetime measurements in other 
high-specific-activity a emitters. 

1 Devons, Manning, and Bunbury, Proc. Phys. Soc. (London) 
A68, 18 (1955). This article contains reference to previous work. 


2 J. Burde and S. G. Cohen (to be published). 
3 R. L. Graham and R. E. Bell, Can. J. Phys. 31, 374 (1953). 


Mean Life of K+ Mesons*t 
V. Frtcnu AnD R. MotTLEY 


Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 


(Received November 9, 1955) 


URRENTLY the best evidence supports the view 
that there are at least two types of K-mesons 
in the mass range of 900 to 1000 m,. The + meson 
appears not to have both the spin and parity of the 








LETTERS TO 

Fic. 1. Counter 
arrangement for ob- 
taining differential 
range curve. The 
counters are labelled 
C and S and refer to 
Cerenkov and scin- 
tillation counters, re- 
spectively. Absorber 
B is fixed at } in. Cu. 


ABSORBER A 
J 


| th 


ABSORBER B 





INCIDENT 


rl 6 | 


BEAM 











K,2 when the experimental data on 7 decay are compared 
with the analysis of Dalitz.! On the other hand, there 
is good evidence from range and momentum measure- 
ments on the parent particle and from Q-value measure- 
ments that the masses of the K,»2, the Ky2, and 7 are 
the same to within one percent.’ This situation has led 
us to investigate the lifetime of the K+-meson as a 
function of its decay mode. Except in the case of 7 
decay, previous measurements of the lifetime were made 
irrespective of the decay mode. These are summarized 
in the report of the Pisa Conference.’ This letter reports 
the results of measurements made on the decay of the 
K,2t—ut+y and K,3t-9t+-2°. 

The experiment utilizes K+-mesons produced in the 
Brookhaven Cosmotron when 3-Bev protons strike a 
Cu target. The particles emitted at 60° with respect 
to the circulating proton beam are momentum-analyzed 
(465 Mev/c) ahd focused at a point 15 feet from the 
target.‘ K-particles are distinguished from the much 
greater number of pions and protons by velocity 
selection using Cerenkov detectors. Figure 1 shows the 
counter arrangement used to obtain the differential 
range curve in Fig. 2. C; isa Cerenkov counter sensitive 
to particles with velocities between threshold and the 
velocity at which the radiation is totally internally 
reflected (0.62 <8 <0.78). Cz has a threshold above the 
K-meson velocity and is operated in anticoincidence 
to eliminate x mesons which have been detected in C\. 
Integration of the differential range curve after sub- 
traction of background yields a flux of three K-mesons 
per 10° protons in the circulating beam of the Cosmo- 
tron. This corresponds approximately to one K-meson 
to every 400 pions traversing the apparatus. 

The lifetime of the two decay modes is measured with 
the counter array shown in Fig. 3. Pulses from counters 
Cy, S2, S3, Cs, Cs, C4, and Cs are presented on a fast 
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Fic. 3. Counter and absorber arrangement for the 
measurement of lifetimes. 


oscilloscope trace. The sweep is initiated by a 
CC 2’S1S2S3'Cs coincidence (the prime denotes anti- 
coincidence) and the trace is photographed. Counter 
Cs is sensitive only to the secondary and the pulse from 
Cs is referred to the ‘=0 pulses from C,; and S; to 
measure the delay. The dispersion in time measure- 
ments made from the oscilloscope traces is less than 
2 millimicroseconds. The Ky, is distinguished by the 
unique range of the muon secondary. The K-meson is 
stopped in the middle of Cs and we require that the 
secondary cause coincident pulses in Cs and C; or C4. 
The absorber interposed between C; and C; or C, is 
sufficient to stop the pion secondary from the decay of 
the K,2.* To identify the K,2, the K-meson is stopped 
in absorber F. We then require a coincidence between 
C, and Cs with no evidence of an ionizing link in S3. 
Approximately 20% of the running time devoted to 
K,2 detection has been with the Pb converter re- 
moved. The decrease in rate is consistent with the 
change in the total amount of converter material 
present. 

We have detected a total of 246 Ky. and 393 Ky» 
mesons. Distributions of the times for decay are shown 
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Time distribution of the K-meson secondaries after 
separation into the Ky2 and Ky: categories. 
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in Fig. 4. To avoid difficulties in the =0 region due 
to the time resolution of the apparatus, we have used 
only those events with delays greater than 3.5 milli- 
microseconds to calculate the mean life. On the basis 
of 164 K,2 and 289 K,» events, our results are 


T (Ky2)= (12.11.01) X10~ sec. 
T (Kye) = (11.7_0.7**-8) X10 sec. 


We emphasize that Cs has a velocity threshold of 
8=0.7. The apparatus is thus not sensitive to the 7 or 
r’ particles. The K,3 will be detected along with the 
Ky2 if the decay process is K,;—e+7°+yv or K.3—¢ 
+7+(?). From the known frequency of occurrence of 
the various decay modes? we estimate that each of our 
samples is contaminated less than 20% by all the 
other modes of decay. 

Details of this experiment will be published when 
current measurements on the 7 lifetime are completed. 

* This research was supported at Princeton by the Office of 
Naval Research and the U. S. Atomic Energy Commission. The 
work at the Brookhaven National Laboratory was conducted 
under the auspices of the U. S. Atomic Energy commission. 

t Much of this work was done while the authors were guests of 
the Brookhaven National Laboratory. It is with pleasure that 
we acknowledge the assistance and cooperation received from 
Dr. G. B. Collins and the staff at the Cosmotron. 

1R. H. Dalitz, Phys. Rev. 94, 1046 (1954) ; Proceedings of the 
Fifth Annual Rochester Conference on High-Energy Physics 
(Interscience Publishers, Inc., New York, 1955). p. 140. 

2 Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, and 
Goldhaber, Phys. Rev. (to be published). We thank this group 
for a preprint of their paper. 

* Proceedings of the International Conference on Elementary 
Particles, Pisa, 1955 [Nuovo cimento (to be published) ]. 

*We are indebted to Professor J. Rainwater of Columbia 
University for the use of the focusing magnets, and to Dr. G. 
Harris of Columbia, Dr. R. Madey, and Dr. W. Moore of the 
Brookhaven staff for their participation in setting up the magnet 
system. 


Terminal Observations on ‘‘Antiprotons’’* 


Joun M. BraBant, Bruce Cork, NAHMIN Horowr1z, BurTON 
J. Mover, JosepH J. MurrAy, RoGER WALLACE, 
AND WILLIAM A. WENZEL 


Radiation Laboratory, Department of Physics, University of 
California, Berkeley, California 
(Received November 21, 1955) 


ECENTLY Chamberlain, Segré, Wiegand, and 
Ypsilantis' have observed negatively charged 
particles of mass 1840+90m, emerging from a target 
of the Berkeley Bevatron. In their experiment, protons 
of 6.2-Bev energy bombarded a Cu target, and second- 
ary particles of unit negative charge emitted near 0° 
were selected in a momentum orbit of 1.20+0.02 
Bev/c by the system of deflecting and focusing magnets 
described in reference 1. Their additional measurement 
of flight time over a 40-ft portion of the path allowed 
the identification of mass within the limits mentioned 
above, and certain requirements of response in special 
Cerenkov counters assisted in rejecting} background 
events. The fact that each of these unique particles was 
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Fic. 1. Schematic diagram of the glass Cerenkov counter with 
associated scintillation counter and absorber. 
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accompanied by about 4.410‘ negative pions within 
the defined momentum channel emphasizes the im- 
portance of background rejection. 

Since it is required of an antiproton that it be capable 
of annihilation in combination with a nucleon, it is 
significant to observe the passage through matter of 
particles purported to be antiprotons, and particularly 
to examine the region of their range endings for 
evidences of large energy release. The first aim of the 
experiment described here was to show that the proton- 
mass particles produce events different from those 
associated with passage of the negative pion beam. 
If such observations can be made on a quantitative 
basis they can presumably insure the identity of these 
particles as antiprotons in distinction from combina- 
tions of K mesons, hyperons, or unknown objects that 
could demonstrate the proper charge, mass, and lifetime. 
Annihilation is expected to occur in several modes, 
but the immediate products may include pions, photons, 
and possibly K mesons; and the identities and multi- 
plicities of these product particles may vary. 

Apparatus.—In the selected particle beam of refer- 
ence 1, and following the counters of that experiment, 
we placed a cylinder (12 inches in diameter and 14 
inches long) of dense flint glass (density=3.89 g/cm!; 
index of refraction 1.649; 52% PbO, 42% SiOo, 3% 
Na,O, 3% K;0, by weight), viewed by a group of four 
photomultiplier tubes 5 inches in diameter mounted 
on one face and operating in parallel output. Nucleon 
annihilation within the glass can give rise to electronic 
showers generated from 7° decay photons or from 
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Fic. 2. Pulse-height distribution for YES (>0) events when 
absorber is in place. (The smooth curve is the pulse spectrum for 
pions.) 
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TABLE I. Classification of 92 selected particles. 








Absorber in 
Glass 
pulse 


=0 
>0 


=0 
>0 


Absorber out 
Glass 


pulse 

=0 3 
>0 23 
=() 8 
>0 5 


Scintil. 
pulse 


YES 


Number 





NO 


53 39 





direct photon products of the annihilation, and the 
Cerenkov radiation from the showers is measured in 
terms of pulse height of the photomultiplier response. 
Consequently, we do not expect the pulses to be 
representative of the fo/al energy release, but rather of 
that portion of the energy converted into electronic 
showers, plus a contribution from relativistic charged 
pions that may be among the products. The radiation 
length for the glass medium is 2.6 cm, so a large fraction 
of a shower event can be captured if it is initiated 
within a favorable region within the glass. Detailed 
information on construction and characteristics of this 
Cerenkov counter system, together with its calibration 
with photons and electrons, is available in preliminary 
form,’ and is to be published.’ 

In Fig. 1 the arrow represents the momentum- 
selected beam of negative particles which emerges from 
the apparatus of reference 1 and is directed through an 
absorber, a scintillation counter S, and into the glass C. 
The glass cylinder was so oriented that the beam in the 
glass moved away from the photomultiplier face and 
toward a black end-face which formed a light sink. 

The purpose of the black end, and of this orientation, 
was to minimize the Cerenkov light signal from the 
1-Bev negative pions that transverse the defined 
momentum orbit in great abundance relative to the 
particles of protonic mass, The latter particles arrive 
with about 500 Mev of kinetic energy, and should 
project their secondary (or annihilation) products with 
rather uniform probability in any direction, particularly 
if the absorber thickness is so chosen as to cause their 
ranges to end in the glass, whereas the pions of the 
beam yield their Cerenkov light primarily into the 
light sink. 

Procedure.—Pulses from the photomultiplier group 


WITHOUT ABSORBER 


NUMBER OF EVENTS 





' ' ' 4 


2 4 6 . 0 
PULSE HEIGHT (BEV) 


Fic. 3. Pulse-height distribution for YES (>0) events 
when absorber is removed. 
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and from the scintillation counter were presented upon 
an oscilloscope trace photographically recorded. The 
sweep of our oscilloscope was triggered by a signal from 
the system used by Chamberlain, Segré, Wiegand, and 
Ypsilantis,' so that we generated a trace whenever 
their oscilloscope was triggered, and a system of 
accounting was established which allowed the subse- 
quent unique identification of our particular traces that 
belong to particles judged by them to be of protonic 
mass by examination of their traces. 

Because of the limited size (6 in. by 6 in.) of our 
entrance scintillation counter, which was distinctiy 
smaller than the entrance face of the glass (12 inches 
in diameter), not all the traces so selected displayed a 
scintillation (S$) pulse. In the data that follow, events 
associated with an S pulse, which implies particle 
approach toward the central area of the glass face, are 
termed “YES” events. Selected traces in which the S 
pulse is absent are “NO” events, and they infer that 
an approaching particle missed S (because of scatter-_ 
ings) and entered the peripheral area of the glass face 
or missed the glass entirely in the cases where the 
glass-counter pulse is also missing. 

The observations performed involved counting with 
absorber and without absorber. The absorber consisted 
of a 2.5-inch thickness of copper, sufficient to cause the 
range end of the proton-mass particles to fall somewhat 
short of the exit (black) face of the glass. When the 
absorber was removed, these particles, if they did not 
interact in the glass, could emerge from the exit face 
with about 250 Mev of kinetic energy remaining. 

The purpose of comparing these two absorber 
conditions was to ascertain the fraction of the proton- 
mass particles that interact, with yield of considerable 
energy, in passing through the 14 inches of glass. 

Results—The data that follow are observations on 
92 particle passages selected by the Chamberlain- 
Segré-Wiegand-Ypsilantis system. Of these, 53 occurred 
with the absorber in place, and 39 with absorber 
removed. They are classified as YES or NO events, 
as mentioned above, and further divided into those 
which produced Cerenkov pulses in the glass distinctly 
above noise level and those which did not produce an 
observable pulse in the glass. Table I is a summary of 
these 92 cases. 

The interpretation of NO pulses with glass pulse=0 
is that, scattering, either in preceding counters or in 
the absorber, prevented the particles from registering 
in either S or C (Fig. 1); and if the selected particle 
chanced to interact while passing through the absorber, 
none of the secondary particles registered. NO pulses 
with glass pulse>0 imply that a selected particle, or a 
relativistic secondary capable of yielding sufficient 
Cerenkov light in the glass, missed S but entered C 
peripherally or by in-scattering from tube base struc- 
tures between S and C. It is also conceivable that neutral 
secondary particles could emerge from the absorber 
and interact in the glass without registering in S. 
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YES pulses with glass pulse=0 can arise from 
scattered or secondary particles that miss the glass 
after registering in S, or that are not capable of gener- 
ating sufficient Cerenkov light in the glass. It is im- 
portant to note that the proton-mass particles are 
in this last category if they do not interact in the glass, 
for the gain of the photomultipliers and electronics was 
so adjusted that positive protons of 500 Mev entering 
along the beam direction would not count in the glass. 

Finally, the YES pulses with glass pulse>0 imply 
selected particles that register in S and interact in the 
glass with yield of considerable Cerenkov light. Also 
ionizing secondary particles out of the absorber that 
can meet the Cerenkov requirement will fall in this 
category, but the number of these is expected to be 
small since the glass subtends only 0.05 steradian at 
the absorber. 

In Fig. 2 is plotted the pulse-height spectrum of 
selected-particle events of the YES (>0) type when 
the absorber is present. The number of cases of glass 
pulse=0 is also indicated but is not plotted as part of 
the histogram spectrum. The smooth curve represents 
the spectrum of pulses obtained from the total beam, 
preponderantly negative pions at about 1 Bev, normal- 
ized to the histogram area. This curve was obtained 
from a few thousand beam particles selected simply 
by a scintillation counter telescope placed ahead of the 
glass, and the arrow indicates the largest pulse seen 
in this manner. The dots along the base line indicate 
the pulse-height values of the 27 YES events, of which 
16 are greater than zero. The x’s also plotted show 
eight events recorded before the S-counter had been 
installed, and these have been included in the histogram. 

Figure 3 presents the same kind of display for the 
data secured with absorber removed. Here, of the 26 
YES events, 23 are greater than zero in pulse height. 

The energy values assigned to the abscissas of Figs. 
2 and 3 mean that the amount of Cerenkov hyat 
collected was either appropriate to an electronic 
shower containing the energy stated or to a total 
particle energy loss at minimum ionization of the value 
stated for a particle or shower moving axially toward 
the photomultipliers. This calibration was accomplished 
by the use of electrons of selected energies up to 1.4 
Bev, as described in references 2 and 3, and by analysis 
of pulses produced by cosmic-ray mesons passing 
through the glass in trajectories selected by a counter 
telescope. In this experiment, where one end of the 
glass is blackened, the influence of track location and 
direction is much more important than in the preceding 
calibration experiments, so the energy values assigned 
to the present pulses are lower limits. Considerations 
of the possibility of escape from the glass of relativistic 
particles and portions of showers, and of the fact that 
some of the energy released by events in the glass 
may be carried off by particles not yielding Cerenkov 
light, further emphasize that our energy assignments 
are lower limits upon the energies released in the events. 
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In discussion of the data of Figs. 2 and 3 the following 
observations can be made: 


1. The negative pions incident at about 1 Bev, 
which constitute essentially all of the beam, in passing 
through the glass toward the black face produce a 
most probable Cerenkov pulse height corresponding to 
about 50 Mev (smooth curve peak position) on our 
calibration scale. When the counter direction is reversed, 
so that the pions approach the photomultipliers, the 
most probable pulse height is four times as great. The 
low tail extending to higher energies is considered to 
be due to interaction of these beam pions in the glass, 
resulting in the release of larger energies. The “ledge”’ 
on the high-energy side of the total beam pulse spectrum 
in Fig. 3 (without absorber) is not clearly explained; 
it may involve the simultaneous observation of more 
than one beam particle, since the S pulses associated 
with this “ledge” appeared also to be larger than 
average. However, it is conceivable that it is due to 
some other component of the beam that is strongly 
attenuated when the absorber is in place. 

2. The histogram spectra of the selected, proton-mass 
particles are distinctly more rich in large pulses than 
are the pion-beam spectra; and this provides the 
answer to the first question with which the experiment 
is concerned. In Fig. 2, it is apparent that the lower 
limit assignments on the selected pulses extend higher 
than the largest pulses observed from several thousand 
pions of 1 Bev traversing the glass. 

3. The presence of the absorber gives rise to many 
secondary particles that register in S but not in C. 
This is evident from the large number of YES events 
with zero glass pulse in Fig. 2. 

4. A large fraction of the proton-mass particles 
interact in flight in the glass. This is apparent from 
Fig. 3, where these particles in the absence of interaction 
would have passed through the glass without registering 
a Cerenkov pulse (at the electronic gains here employed) 
and emerged with 250-Mev kinetic energy remaining. 
As a matter of fact, only 3 out of 26 did apparently 
thus pass through. The behavior of ordinary protons 
in the glass, with the same kinetic energies as the 
“antiprotons” possess, was experimentally determined 
by reversing the magnetic fields of the momentum 
selector. Their pulses in the glass would fall at ‘“zero”’ 
on the energy scales of Figs. 2 and 3. 


Conclusions—The results here reported are not 
inconsistent with expected behavior of antiprotons. 
The lower limits observed for the energy release in 
events associated with the passage of these negative, 
protonic-mass particles through matter could be 
appropriate to antiprotons, but the energy values are 
not so high as to demand this conclusion, since the 
largest lower limit here recorded is about 0.9 Bev in 
the form of particles producing Cerenkov light. 

If, in the case of no absorber, we assume that the 
proper interpretation of the YES events with glass 











LETTERS TO 


pulse=0 (Table I and Fig. 3) is passage through the 
glass without interaction, we may calculate a cross 
section for interactions in flight producing large energy 
loss. The transmission through the 14 inches of glass is 
3/26=0.12; and with consideration of the composition 
and density of the glass this leads to a value of 1.90.6 
times the geometric cross section, where the latter is 
calculated from a radius formula R= 1.25A+X10—* cm. 

Furthermore, from comparisons of the data with 
and without absorber, it is possible to compute an 
attenuation in copper for the proton-mass particles 
for a geometry in which the detector subtends a solid 
angle of 0.05 steradian. In each case, the number of 
incident selected particles is the sum of the YES and 
NO events. When the absorber is in place, we consider 
the YES (>0) events to represent the number of these 
particles surviving passage through the 2.5 inches of 
copper. When the absorber is removed, all the YES 
events are accepted because a zero glass pulse is now 
admissible as a pass-through event. We obtain the 
transmission through the copper by evaluating the 
ratio: [YES (>0)/(YES+NO)] (with absorber) 
+[YES/(YES+NO)] (without absorber). From the 
data of Table I, this ratio is [16/53 ]+[26/39]=0.45. 
This yields an attenuation cross section 1.7+0.7 
times the geometric value for copper. The expressed 
uncertainty is statistical only. 

This preliminary evidence indicates that the cross 
section for interaction in flight, leading to events 
releasing considerable energy in the glass, is at least 
geometric and perhaps larger. 

We wish to acknowledge the cooperation of Owen 
Chamberlain, Emilio Segré, Clyde Wiegand, and their 
associates in supplying us with selected particles and 
oscilloscope trigger signals; and the active support of 
Edward J. Lofgren and the Bevatron staff is 
appreciated. Professor Edwin M. McMillan has given 
the support of his interest and helpful criticism. 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Chamberlain, Segré, Wiegand, and Ypsilantis, Phys. Rev. 
100, 947 (1955). 

2 Wallace, Jester, and Brabant, Phys. Rev. 100, 962(A) (1955); 
also M. H. L. Jester, University of California Radiation Labora- 
tory Report No. UCRL-2990, May, 1955 (unpublished). 

3 Brabant, Jester, Moyer, and Wallace, Rev. Sci. Instr. (to be 
published). 


Reduced Widths from Stripping Reactions 


J. M. Catvert,* A. A. JArre,* AND E. E. MAstin 


Nuclear Physics Research Laboratory, University of 
Liverpool, Liverpool, England 
(Received September 21, 1955) 


CCURATE measurements of the cross sections of 
(d,p) and (d,m) stripping reactions are valuable 

since they lead to the reduced widths of the levels of the 
final nuclei so formed. The comparison of corresponding 
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levels in mirror nuclei is particularly interesting. If 
one assumes charge independence of nuclear forces, 
these should have approximately equal reduced widths. 
It has been pointed out by Cooper and Tobocman,! 
however, that the ratios of the reduced widths of 
mirror levels found from stripping cross sections would 
depend critically on the relative radii of the boundaries 
of neutrons and protons in the nucleus; they should, 
therefore, provide a sensitive test of any inequality in 
the latter. 

A comparison of several corresponding states of 
Mg** and Al*, using the Butler theory of stripping? 
and published values of the cross sections of the 
reactions Mg**(d,p)Mg*> and Mg*(d,n)Al*®, has been 
made by Fujimoto ef al.* who found the surprisingly 
high value of about 10 for the ratio y,?/7,?. However, 
corrected values of the (d,p) stripping cross section by 
Holt and Marsham‘ reduce this by a factor 4 to about 
2.5. The accuracy of the above value is limited by 
that of the ratio of the (d,p) and (d,n) cross sections 
a(d,p)/o(dn) which, in this case, was derived from 
two unrelated experiments and may be subject to 
unnecessarily large error. It was thought worthwhile, 
therefore, to measure the quantity o(d,p)/o(d,n) 
directly in several appropriate cases so as to compare 
the corresponding reduced widths as accurately as 
possible. 

Targets chosen to yield mirror or, in one case, 
corresponding levels were bombarded by a beam of 
9-Mev deuterons from the Liverpool University 37-in. 
cyclotron. Resulting proton groups were analyzed by a 
small Nal crystal, the output of which was recorded 
on a 100-channel pulse analyzer. Neutron groups were 
analyzed by means of a fast-neutron spectrometer 
using scintillation crystals and having a relatively high 
efficiency. A full description of this spectrometer, 
previously found reliable in the investigation of (d,n) 
angular distributions, is at present in press. The 
proton and neutron spectrometers were placed, when 
possible, at angles corresponding to the peaks of the 
stripping distributions on opposite sides of the 0° 
direction. Protons and neutrons were observed simul- 
taneously. The ratio of the cross sections thus obtained 
was independent of target thickness (this may not be 
uniform or may change during bombardment), and it 
was not necessary to know the total deuteron bombard- 
ment employed, so that inaccuracies involved in 
current integration were eliminated. 

The results obtained are shown in Table I; values 
quoted in column 6 are the experimentally found ratios 
of the maximum differential cross sections of the (d,p) 
and (d,n) processes (for unit solid angles in the center- 
of-mass systems). For C” and Si**, where both spec- 
trometers could not be set on the maxima of the 
stripping distributions, they were aligned as closely as 
possible to the maxima and the results normalized 
according to the experimental angular distributions. 
The ratios of the reduced widths y,”/7,? were calculated 
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TABLE I. Experimental results and comparison of 
reduced widths for various nuclei. 








Stripping %max(d.P) 
l-value  omax(d,n) 


1.64+0.25 


0.50 +0.05 
1.16+0.14 
0.47 +0.08 
1.02 +0.15 


Levels 
compared 


First T =1 1 
levels 

Ground states 

Ground states 

Ground states 

Ground states 


Final nucleus 
(d,p) (d,n) 


Belo Bw 


Target 
nucleus 


Be® 
cn cs Nw 
N« Nis ou 


oe ou Fi? 
Si*8 Si® p2 











* For Be, a ratio of 2 would be expected. See text. 


by the Butler theory, using the Gamow radius 
(1.7+1.22A*)X10-" cm. The ratios obtained in this 
way are, in contrast with earlier measurements,’ not 
greatly different from the value of unity and show no 
obvious dependence on atomic number. (For Be’, in 
which corresponding, rather than mirror, levels are 
compared, the ratio of reduced widths would be 
expected to be two.*) It may therefore be concluded 
that the reduced widths of the levels investigated give 
no ground for believing that any marked difference 
exists between the distributions of protons and neutrons 
in the nucleus.' 

However, the deviation of the ratios from unity is 
greater than the experimental error and, in some cases, 
cannot be corrected by any reasonable changes in the 
value of the nuclear radius used in the calculations. 
This may be due to shortcomings of the Butler theory 
when applied without corrections for the Coulomb and 
other interactions. Nevertheless, it is difficult to see 
how the introduction of such corrections could eliminate 
the deviations, since the ratios do not all lie on the same 
side of unity. 

It is hoped to continue similar measurements on 
additional nuclei, and a full account of these experi- 
ments and their interpretation will shortly be prepared 
for publication. 

* Now at The Physical Laboratories, University of Manchester, 
Manchester, England. 

1L. N. Cooper and W. Tobocman, Phys. Rev. 97, 243 (1955). 

2S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

3 Fujimoto, Kikuchi, and Yoshida, Progr. Theoret. Phys. 
(Japan) 11, 264 (1954). 

4J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 467 (1953), footnote on p. 472. 

5 Calvert, Jaffe, and Maslin, Proc. Phys. Soc. (London) (to be 


published). 
¢R.K. Adair, Phys. Rev. 87, 1041 (1952). 


Generalization of the Liquid Drop Model 
of Fission 


Tr. A. J. Maris 


Nobel Institute of Physics, Stockholm, Sweden 
(Received October 31, 1955) 


ITH simple mass-dependent corrections, 
Swiatecki' has recently shown that several 
measured fission quantities satisfactorily follow the 
pattern predicted by the liquid drop model (LDM) of 
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fission. However, the usual LDM®? does not give 
quantitative agreement between calculations and 
measurements. 

Although our knowledge of the charge density in the 
nucleus is limited, it has been demonstrated experi- 
mentally* and is theoretically understood‘ that the 
Coulomb radius R¢ of the nucleus is smaller than the 
nuclear radius R. This fact has its influence on the 
constants of the semiempirical mass formula’ and 
the LDM.® 

It is to be expected that the relative excess in neutrons 
at the nuclear surface will persist during a deformation. 
The purpose of this note is to show that the quantitative 
predictions of the LDM are strongly influenced by 
the incorporation of this effect. 

We consider an LDM in which a homogeneous 
charge distribution has its surface at some distance 
inside the nuclear surface. For the preliminary 
considerations of this note, we assume this distance to 
be constant over the surface at each stage of a deforma- 
tion sequence, but varying during the sequence in such 
a way that the charge volume remains unchanged. A 
reasonable estimate for the spherical shape might be 
that Re is 7.5 percent smaller than R. 

We calculate the critical Z?/A value for which a 
spherical nucleus becomes unstable. Consider a small 
surface deformation (with constant volume) of a 
sphere into a rotationally symmetric prolate ellipsoid 
with major semiaxis R(i+¢) and minor semiaxes 
R/(1+.)*. As a consequence of our assumptions, the 
corresponding charge surface is an ellipsoid with the 
semiaxes Rce(1+ec) and Re/(1+€c)! in which, to the 
first order in €, ec=eR/Rc. It follows’ that the in- 
corporation of the smaller Coulomb radius into the 
LDM results in a decrease of the critical Z?/A by a 
factor (R/Rc)*. Instead of the previous value 
(Z?/A)o=50,® we find [assuming (R—Rc)/R=7.5 
percent | that (Z?/Ao) =42.5, which is not in contradic- 
tion with the general trend of measured fission half-lives 
and thresholds. 

In this case of a small deformation, a nucleus in our 
model behaves like one of considerably higher Z?/A 
value in the usual LDM. Preliminary calculations 
indicate that the opposite might be true for strongly 
deformed shapes. 

The relation between the new and the conventional 
LDM can perhaps be visualized more easily by the 
following argument. In previous LDM usage, the proton 
and neutron configurations undergo identical deforma- 
tions. It can readily be shown that the same deformation 
energy would result from an LDM with different charge 
and nuclear size if the deformation were to result in the 
same shape of charge and nucleus, i.e., with a constant 
proportion (=R/Rc) of all nuclear dimensions to 
charge dimensions. However, the deformed shapes are 
actually expected to be different due to the approxi- 
mately constant distance between the nuclear and 
charge surface brought about by the nuclear potential. 
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This results in an elongation of the proton configuration 
and consequently decreases the Coulomb energy. This 
decrease is included in our model but not in the usual 
one. 

We hope to investigate this model further. 

I wish to thank Dr. R. B. Leachman, Dr. W. J. 
Swiatecki, and Dr. S. G. Thompson for stimulating 
discussions. I am indebted to Professor Manne Siegbahn 
for the hospitality I have received at his institute. 

'W. J. Swiatecki, Phys. Rev. 100, 936, 937 (1955); 101, 197 
(1956). 

2.N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

’ F. Bitter and H. Feshbach, Phys. Rev. 92, 837 (1953). 

4M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954) 

5 A, Green, Phys. Rev. 95, 1006 (1954). 

*Th. A. J. Maris, Phys. Rev. 101, 147 (1956). 

7 See, for example: E. Fermi, Nuclear Physics, edited by Orear, 
Rosenfeld, and Schluter (The University of Chicago Press, 
Chicago, 1950), revised edition. 


Lifetime of K Mesons* 


Luis W. ALVAREZ, FRANK S. CRAWFORD, Myron L. Goop, AND 
M. Lynn STEVENSON 
Radiation Laboratory, University of California, 
Berkeley, California 
(Received November 4, 1955) 


INCE the various species of K mesons produced at 
the Bevatron are found to have masses equal within 
the rather small experimental error,'? it becomes a 
critical matter to see if the lifetimes of the different 
species are different (as one would expect if they have 
separate identities) or if the lifetimes are all the same 
(as they would be if there is but one primary K meson 
which has several alternate modes of decay). This letter 
describes preliminary results of a counter experiment 
investigating this point. 

The magnet arrangement devised by Kerth and Stork® 
was used [ Fig. 1(a) ], with the quadrupoles set to focus 
an image of the target at the central counter C. The 
momentum dispersion was such that counter C was 
traversed by positive particles of 340 Mev/c at its 
right-hand end, and 400 Mev/c at the left end. The 
momentum at each point was fairly well defined, so 
that is was possible, by tapering the absorber between 
counters No. 1 and C, to compensate for the dispersion 
and bring all K particles incident on counter C to rest 
in C. Counters No. 0 and No. 1 served as beam-defining 
counters. At each momentum, there are about 400 
protons and 40 r+ mesons for every K+. The protons 
have shorter ranges, and are stopped in the absorber 
between No. 1 and C; the z’s go through C and through 
the anticoincidence counter No. 2. Since about one in 
six of the m’s interacts in C and misses No. 2, No. 2 
has an effective efficiency of only 3, and was therefore 
augmented by a Lucite Cerenkov counter (Cer) placed 
in front of counter No. 1. The K-particle velocities 
are all below Cerenkov threshold, whereas the + 
velocities are all well above it. The Cerenkov counter 
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Fic. 1. (a) Top view of apparatus. (b) Side 
view of counter telescope. 


provided a rejection factor of about 40 for m’s; with 
both Cer and No. 2 in anticoincidence, about 40} 
X (1/40)0.15 2’s should be counted for every K. 

The coincidence 0+1+C—2—Cer=G should then 
denote a K+ particle stopping in C. Figure 2 shows the 
counting rate G vs thickness of the absorber in front 
of C. The expected peak at the range corresponding to 
mass~ 965m, is present, as well as a background of 
~15%, measured at large absorber thicknesses, 
caused by 7’s. 

The rise at small absorber thickness is probably 
caused by protons scattered from the magnet. 

As a further check, a curve of G vs cable delay 
between counters 0 and (1+C) was taken. This 
distribution was centered at the expected K-particle 
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Fic. 2. K-particle range curve. 


time of flight, but was too broad to be of very great use 
in eliminating x’s. 

From these facts we conclude that the G counts are 
chiefly caused by stopping K particles. 

The identification of the individual K particles 
according to type, and the measurement of the lifetime 
of each event, is accomplished by the side-counter 
telescope ABCDE [ Fig. 1(b)]. 

An oscilloscope sweep is triggered by each G coin- 
cidence, and the outputs of counters A, B, C, D, and E 
(separated by appropriate cable delays) are displayed 
on the sweep. A C pulse is present on each sweep, since 
it is associated with the G coincidence that triggered 
the sweep. The lifetime is measured by observing the 
time delay between the C pulse and the side-counter 
pulses. 

The K,2, Ky2, and 7 are identified by the following 
configurations : 


K,2* (>ut+v)=G+D+E-A-B, 
K,st(44t+-x)=G+D-E+A-B, 
1 (0t+a-+2*)=G+D—E-A+B. 


(The two side-counter pulses on each “signature’”’—as 
D, E for the K,2—are required to be simultaneous.) 

Thus the Ky,» is identified by having a secondary 
capable of penetrating 2 inches of Cu, greater than the 
range of any of the K,2 or r decay products. The Kyz is 
identified by having a charged secondary with range 
<2 inches of Cu, as well as a neutral secondary that 
converts in the absorber between A and B; and the + 
by having at least two charged secondaries of small 
range. These properties are sufficiently decisive so that 
there will be very little confusion between the different 
types of K decays. Other types of K mesons are known, 
from emulsion experiments, to be too rare to influence 
our results.‘ 

As a check on the reality of the signatures K,2 and 
K,2, the absorber between D and E was increased to 
more than the expected range of the u from K,:>yu+7, 
and the converter between A and B was removed. 
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When this was done the K,2 and K,2 events disappeared. 
A similar check on the 7’s led to inconclusive results. 

The raw data of the lifetime experiment are shown 
in Fig. 3, in the form of integral decay curves. 

The lifetimes of the K,2 and Ky,» are equal within the 
experimental error. 

The lifetimes were calculated from T=)0t;/N, 
correcting NV for a measured background of zero-time 
events arising from scattered 2’s. The scattered-proton 
contribution to the zero-time events is small, since 
coincidences involving G plus one or more side counters 
did not show the rise at small absorber that is seen in 
Fig. 2. Accidental background was negligible. This 
analysis gave, for the mean lives, 


T (K,2) = (1.4+0.2) X 10-8 sec, 

T (Ky2)= (1.30.2) X 10- sec. 
A more accurate lifetime, for a mixture of K particles, 
was obtained from coincidences GD, GB, and GBA. 
Each of these categories corresponds to K mesons 


whose decay products fall in an angular range where 
they do not produce a signature. These events gave 


T(K)= (1.340.1)X 10- sec. 


The GD decay curve (Fig. 3) may be fitted by a single 
exponential. 
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Fic. 3. Integral decay curves. Ordinates are the actual numbers 
of events observed, uncorrected for detection efficiencies. The 
data are uncorrected for zero-time contribution caused by 
scattered x’s. The solid lines are exponentials of 1.3X10~* sec 
decay constant, and are not necessarily best fits to the data. 
The decays are each well represented by a single exponential, 
and are consistent with equality of lifetimes for the Kz2 and Ky». 
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Results for the less abundant 7 are not yet clear-cut; 
however, the independent measurement by Alvarez 
and Goldhaber® gave 


T(r) = (1.0_0.3**:7) X 10-$ sec, 


which is equal, within statistics, to the above Ky» 
and Kye lifetimes. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. A preliminary report of this work was 
presented at the Chicago Meeting of the American Physical 
Society [Alvarez, Crawford, Good, and Stevenson, Phys. Rev. 
100, 1264(A) (1955). 

1 Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 
Whitehead, Phys. Rev. 99, 329 (1955). 

* Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 
Whitehead, University of California Radiation Laboratory Report 
UCRL-3031 (unpublished); also Proceedings of the Pisa Con- 
ference on Elementary Particles, 1955 [Nuovo cimento, Supple- 
ment (to be published) ]. 

’ Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 
99, 641(A) (1955). 

*R. W. Birge (private communication). 

5 L. W. Alvarez and S. Goldhaber, Nuovo cimento 2, No. 2, 344 
(1955). 


Branching Ratios in Hyperon and 
Heavy-Meson Decays 


GREGOR WENTZEL 
Institute for Nuclear Studies, University of Chicago, 
Chicago, Illinois 
(Received November 7, 1955) 
ITTLE is known, experimentally, about the 
branching ratios in the decays 


+77 ata 
and #4 
2°. 


A 


n+7° 


Actually, if it is correct that A° and 6 are produced 
jointly, e.g., in the reaction 


A°-+-6° 
294 Py EAPO, 


r+p| 


it would be a matter of simply counting how frequently 
the pair A°+@ disintegrates into two charged pairs 
(p+- and x++-2-), as compared with the cases where 
either the A° alone, or the # alone, is seen to decay into 
a charged pair. With known detection efficiencies, this 
would immediately yield the desired information. (Of 
course, 6°—>2r° is forbidden for a @ of odd parity.) 
For the =*, the two decay modes 


n+at 


Wh» 
ptr 


ad 


are well substantiated, and there is evidence that the 
m+ decay is favored.' Nevertheless, there is still con- 
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siderable uncertainty about the value of the branching 
ratio. Another poorly known quantity is the ratio of 
the lifetimes of =+ and Z~. Intuitively, one would 
expect 2~ to have the longer life since it has only one 
mode of decay, viz., to n+-2-. 

Theoretically, quantities of this type cannot be 
deduced merely from “charge independence” because 
such invariance arguments presumably do not apply 


Fic. 1. Feynman diagram 
according to the “‘first assump- 
tion.” 


to the “weak” interactions. However, if one adopts 
the conventional field-theoretical concepts regarding 
elementary particles and elementary interactions, a 
simplifying assumption suggests itself, namely that 
only certain selected decay processes are truly elemen- 
tary whereas the other ones would be indirect, or 
higher order, processes, involving the elementary 
transition as a virtual intermediate step. Obviously, 
any such assumption will correlate various lifetimes 
and branching ratios. 

First assumption—The A and 2 decays are 
elementary, whereas the @ decay, to lowest order, is 
described by Fig. 1.2 (Y stands for A or 2, and MX for 
nucleon.) According to this scheme, however, charged 
and neutral 6’s would have roughly the same lifetime 
because in both cases the same matrix elements for the 
weak interactions (open circle in Fig. 1) are involved, 
and the strong interactions (black circles) are 
supposedly charge-independent. Experimentally, the 
two lifetimes (~210-" sec for 6°? and ~ 10-8 sec for 
6**) seem to differ by a factor of the order 100. It 
would be necessary to invoke a fortuitous cancellation 
by interference in the various charge channels of Fig. 1 
(or some mechanism such as that proposed by Lee and 
Orear®) to explain the slow decay of 6*. This cancellation 
would seem rather farfetched and unlikely. 

Second assumption.—The @ decays are elementary, 
and the hyperon decays are indirect, as described by 
Fig. 2. The intermediate 6 can be either negative or 


Fic. 2. Feynman diagram 
according to the “second 
assumption.” 


neutral; however, from the long life of the 6+, we may 
conclude that the channels going through the neutral 
§ strongly predominate (the matrix elements are about 
10 times larger). In a rough approximation (accuracy 
~ 20%) one can ignore the charged 6 channel. It is then 
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Fic. 3, Higher order diagram, “second assumption.” 


easily seen that the three branching ratios, 


(A°n+7°)/(A°>p+7-), 
(2+ p+2°)/(2+n+r4*), 
and 
(029°) /(P2xt++-27-), 


should be equal in this approximation. In the case of 
the =~, the neutral 6 channel is excluded by the con- 
servation laws unless processes of still higher order, 
e.g., like Fig. 3, are taken into account. One would 
therefore expect the lifetime of =~ to be considerably 
longer than that of =*. 

If the transition 6°—2r° is parity-forbidden, the 7° 
decay modes of both the A° and the 2* should be very 
unlikely. This seems incompatible with the actual 
observation of several 2+—>p+7° events.!:® We conclude 
that the second assumption is tenable only if the 6 
has even parity and spin. 

For the validity of our conclusions, it is essential that 
(1) the weak interaction (open circles) is treated as a 
first-order perturbation, (2) the strong interactions 
(black circles) are charge-independent (isotopic spin 
conservation), (3) charge exchange scattering of the two 
particles present after the decay is irrelevant. In 
addition, of course, the spins and parities of the particles 
involved must be such that the closed loops give 
nonzero matrix elements.’ 

Finally, it may be mentioned that the second 
assumption can be modified in such a way that only 
the @ decays are elementary, whereas @t-x++7° 
occurs as a higher-order process. Obviously, this makes 
no difference for the hyperon decays. 

Note.—After this letter was written, Dr. Y. Nambu 
showed me a manuscript by Gyo Takeda in which 
similar results are derived from a different viewpoint 
(M. Goldhaber’s hyperon model is used). In addition, 
Takeda develops other interesting arguments which 
may set limits for the branching ratios. 

1 York, Leighton, and Bjgrnerud, Phys. Rev. 95, 159 (1954). 

2 See also G. Costa and N. Dallaporta, Nuovo cimento 2, 519 
Sec R. W. Thompson, in Progress in Cosmic Ray Physics 
(North-Holland Publishing Company, Amsterdam, to be pub- 
lished), Vol. 3, Sec. 4.5. 

‘Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, and 
Goldhaber, Phys. Rev. (to be published). 

5 T. D. Lee and J. Orear, Phys. Rev. 100, 932 (1955). 

6 Report by N. Dallaporta at the Fifth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, 
Inc., New York, 1955), p. 82. 

7 The simplest admissible case is: sg=0*, sa=sy=}- (sy=0-, 
Sy = 3°). This also allows the A to be bound in hyperfragments; 
see G. Wentzel, Phys.{fRev.'(to,be published). 
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Nature of the Neutral Particles 
in the K,; Decay* 


G. Yexutreu,t M. F. Kapton, anp T. F. Hoanc 


Depariment of Physics, University of Rochester, Rochester, New York 
(Received October 28, 1955) 


N scanning a stack of emulsions exposed to the K+ 

meson beam of the Bevatron, a K+ meson was 
observed to decay at rest into two minimum-ionizing 
tracks (whose included angle is 5.3°) and a gray track; 
see Fig. 1. Multiple-scattering measurements on the 
two minimura-ionizing tracks gave p@c values of 21+6 
and 74+9 Mev respectively; for tracks at minimum 
ionization these values of p8c can occur only for 
electrons, so that this pair of tracks represents an 
electron-positron pair. The other track, which is thus 
positively charged, is. steeply dipping and was traced 
through 18 emulsions until it came to rest, having a 
total range of 7.94 mm. At the end of the track nothing 
is observed except possibly a slow electron. 

Range vs ionization measurements on the positively 
charged secondary showed that it was produced by a 
light meson (i.e., either r+ or u*); however, the track 
was too steeply dipping to differentiate between these 
two possibilities by means of the range-ionization 
measurements. The charged secondary underwent two 
scatterings of 25° and 41° at 56u and 142y residual 
range respectively. Since a 3-grain 6 ray was observed 
at a residual range of 15, the charged particle at the 
very end of the track has a mass less than 450 Mev and 
it therefore cannot be a proton.' Each of the scatterings 
was analyzed and found to be inconsistent with a 
m-u decay in flight and no other possible w-u decay in 
flight was observed. Since the probability of not 
observing the w-u decay of a r+ meson of zero range is 
vanishingly small,? we conclude that our light meson 
is not a rt. The only other alternative is that the track 
is that of a ut meson. The fact that we do not observe 
the B+ decay of the ut is reconciled with the observation 
that in these emulsions the 8+ decay of a ut is not 
observed in 15% of the cases. 

We conclude that the emitted gray secondary is a 
u* meson of 17.93-Mev kinetic energy at emission, and 
this is consistent with our ionization measurements. 
The mass of the decaying K+ meson was determined to 
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Fic. 1. The decay at rest of a K* meson into an electron- 
positron pair and a wt meson. The event is interpretable as 
Kys*—u*+2+ (x or y or v) if,we restrict ourselves to three-body 
decay schemes. 
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be (1060+ 200)m, by momentum-range measurements. 
These values are quite consistent with the precisely 
measured mean mass of (958-+5)m, for K+ mesons? 
and we shall use this (latter) value in the discussion to 
follow. 

We define a four vector Py with energy Ey>= E,+ E_ 
=95+10 Mev, and momentum P)=P,+P_, whose 
magnitude is (94.92+10) Mev/c; we can consider this 
as the energy-momentum four vector of a fictituous 
particle of rest mass mo=[(P,+P_)?]!=3.7 Mev and 
velocity Byp= Po/Ey=0.9991 emitted at an angle to the 
ut meson whose cosine is —0.245. If we first assume 
that the decay is K,3+-e++e~+u*+-.~, application of 
the conservation laws determines the mass of x, 
M,=((Mx—E,— E,)?— (Po+P,)?]!; we find 236<M, 
(Mev) <265. Since no known particle of this mass 
exists, we conclude that the decay must involve at 
least two neutral particles; Kyst-e++-e~+ut+ y+z. 
If we do not wish to invent a new interaction, the most 
plausible assumption (and indeed the only one that 
need concern us if we exclude the materialization of a 
real y ray) for the source of an electron pair of this 
energy in this type of event is that it arises from the 
alternate decay of the m°—e++e-+~7. We thus have 
K, 3+ (et+e-+-y)+ut+2. We can now set limits 
on the mass of z. 

To obtain limits on M,, we must first obtain limits 
on £,° and its angle of emission, 0, with respect to the 
resultant momentum P» of the electron pair; cos 
=P,-P,*/PoP,. By squaring the equation P,=P,» 
—(P,+P_) (which represents the alternate r° decay) 
we obtain y(1— 8 cos®)=[[(us*)?+ mo? ]/ (2u.*Eo) =A, 
where E,°= yu, B= P,°/E,° and cos6 is defined above. 
For the case A <1, which is of interest here, one can 
show by solving the above equation for 8 that 
B cos6> (1—A”)*. We then obtain Bmax=(1—A?)! for 
cos = (1—A*)!/Bo and Bmin= [Bo—A (A2+Be?— 1)4]/ 
(A?+8,?) at cos#=1. For our case, 0.645 <A <0.796 
and we obtain £,o(min)= (u,°+3.5) Mev at cosd=1 
and E,°(max)= (us°+74.5) Mev at cos#=0.763. These 
limiting values of energy and angle are then 
used to obtain limits on M, via the relation M, 
=((Mx—E,— E,*)*— (P,+P,)*]!. We find 0<M, 
(Mev) <217. Thus it is possible for the missing neutral 
particle to be either a 7° meson, a y ray, or a neutrino. 

The K,3*+ decay is thus K,y3t—yu*++-2°+ (9° or y or v) 
if we restrict ourselves to three-body decays.‘ The 
existence of the 7° meson among the decay products 
rules out the hypothesis® of a universal Fermi inter- 
action to explain the K,3; (and K,3) decay scheme. 
If the K,3+ meson is a boson, as has been established 
for three of the four phenomenological decay modes, 
Kyo* (6+), Kyst (r+), and K,2*+, then the unknown 
neutral particle must be a neutrino and the decay is 
Ky3tut+2°+ v. 

We are indebted to the many members of the Uni- 
versity of California Radiation Laboratory for their 
assistance in making the exposure and to the Weitzmann 
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1 In this way we rule out the possibility that one of the scatter- 
ings is a nuclear interaction of a x* meson from which a proton 
is ejected. 

? This probability is less than 0.15X5X10~-°. The factor 0.15 
is the probability of not seeing a high-energy electron in our 
plates and the factor 5X 10-5 is the upper limit on the relative 
probability of the decay x*—+e++-y as reported by S. Lokanathan 
and J. Steinberger, Phys. Rev. 98, 240(A) (1955). 

3D. M. Ritson (private communication). This value is relative 
to the r-meson mass of 963m,; within experimental errors all Kt 
mesons are found to possess the same mass. 

4 The designation K,; is of course a phenomenological one, and 
there exists the possibility that those K particles classified as 
Kys in reality represent more than one distinct decay mode. 
If they represent one distinct decay mode, the observation of a 
# meson of kinetic energy greater than 75.7 Mev but less than 
152 Mev (corresponding to the » meson from the Ky» decay) 
would require the additional neutral particles (i.e., other than 
the x°) to be massless. 

5Kaplon, Klarmann, and Yekutieli, Phys. Rev. 99, 1528 
(1955). 


Energy Dependence of the Optical 
Model Parameters* 


MicHet A. MELKANorFr, S. A. MoszkKowskI, 
Joun Nopyik, AND Davin S. SAxon 
University of California, Los Angeles, California 
(Received November 4, 1955) 


E report some results of an analysis of proton 

elastic scattering at 5.25 and 31.5 Mev based 
on the diffuse surface optical model.'! Together with 
results obtained previously at 17 Mev,? these provide 
some idea of the energy dependence of the optical 
model parameters. In this model, it is recalled, the 
nuclear part of the interaction between the incoming 
proton and the target nucleus is taken to be 





V+iw 

—V(r)=- -; (1) 
1+exp[(r—Ro)/a ] 
and the Coulomb part of the interaction is chosen to be 
that appropriate to a uniform distribution of the 
nuclear charge over a sphere of radius Ro. We shall not 
present detailed comparisons between experimental 
and calculated cross sections at this time; we merely 
list the values of the optical model parameters which 
appear to give the best agreement with experiment.® 

We first remark that Ry and a, which describe the 
space dependence of the interaction, do not vary 
significantly with energy. Except for the lighter ele- 
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ments, we have found that Rp is accurately given by 
1.33A*X 10-" cm for all elements and for all energies 
considered while a is about 0.5X 10~-" cm. Actually a 
does fluctuate somewhat but no systematic behavior has 
yet been discerned. 

With respect to the remaining parameters V and W, 
our results are summarized in Table I.‘ In the table, 
V, W, and the incident energy E are given in Mev. 
The values at 17 and 31.5 Mev represent “averages” 
over the periodic table, neglecting elements much 
lighter than, say, Fe, since these behave erratically. 
The spread in the listed values simply indicates the 
variability of the parameters for the eight or ten 
elements studied, which ranged from Fe to Pb. On the 
other hand, the values at 5.25 Mev were obtained from 
an analysis of the scattering from Ni alone and from a 
preliminary look at neighboring elements. Conse- 
quently, these values may not be representative; our 
belief that they are is based only on our experience at 
the higher energies. Because of our lack of information, 
we have not attempted to indicate any variability 
at this energy. 

First we remark on W, the imaginary part of the 
potential, which is seen to increase rapidly with energy, 
as expected. Indeed, as shown in Fig. 1, the results are 


TABLE I. Energy dependence of the diffuse-surface 
optical-model parameters. 








Real part 
of nuclear Imaginary part of 
potential, V nuclear potential, W 
(Mev) (Mev) 


Proton incident 
energy, 
(Mev) 





5.25 52.5 
17 47+1 
31.5 36+1 











in remarkable qualitative agreement with the behavior 
predicted on the simple model of Lane and Wandel.® 
We note, but offer no explanation for, the rather small 
value of W we obtain at low energies compared to the 
value reported on the basis of a square well analysis 
of neutron total cross sections.6 We also note that 
Sternheimer’s analysis of proton polarization experi- 
ments yields values of W over the energy region from 
50 to 130 Mev which connect reasonably well with our 
results.’ 

Finally, we remark on the behavior of V, the real 
part of the potential. As shown in Fig. 2, the values 
given here are such that they extrapolate to about 
55 Mev at zero energy, a value somewhat larger than 
that deduced from analysis of neutron scattering data.*.* 
So far, it is not clear whether this is due entirely to the 
different radii and well shapes assumed in the different 
calculations or whether it might perhaps imply a 
deeper average potential for protons than for neutrons 
in heavy nuclei. However, our result appears reasonable 
on the basis of the following rough estimate of the 
potential felt by the most loosely bound nucleon in a 
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Fic. 1. Energy dependence of the imaginary part of the nuclear 
potential, W. The curve was calculated as in reference 5 for a 
square well radius 1.334 !X 10~ cm, while the points are those of 
Table I. 


stable nucleus. The removal of this nucleon from the 
nucleus may be regarded as proceeding in two stages’; 
first the nucleon is removed and then the remaining 
nucleons are readjusted so that they occupy a slightly 
smaller volume corresponding to the original density. 
Using reasonable estimates of the nuclear compressi- 
bility," it is found that the rearrangement energy is 
about 10 Mev. Thus the energy of the most loosely 
bound nucleon is not minus 8 Mev but more nearly 
minus 20 Mev. With the nuclear radii used here, this 
requires a well depth of about 50-55 Mev at an energy 
of minus 8 Mev. (If the rearrangement energy had been 
neglected, as is often done, the calculated well depth 
would be only 40-45 Mev.) 

The empirical decrease of V with increasing energy 
exhibited in the table and in Fig. 2 seems consistent 
with other evidence" and is qualitatively reasonable 
on the basis of the saturation requirement that the 
interaction decrease for two-nucleon states of high 
relative energy. It is possible to interpret the observed 
energy dependence as roughly equivalent to a smaller 











." 4. 


10 E Mev 20 30 





Fic. 2. Energy dependence of the real part 
of the nuclear potential, V. 
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effective mass of nucleons in nuclear matter. Our data 
imply an effective mass of about one-half the free 
nucleon mass, a value which has been previously 
mentioned in attempts to explain nuclear saturation 
and N/Z ratios in heavy nuclei.*!” 


*Tt is a pleasure to acknowledge support from the National 
Science Foundation, the Office of Naval Research, and the Office 
of Ordnance Research. 
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Effect of Hard Core on the Binding 
Energies of H*® and He*® 


TAKAsHI KikuTA AND MAsAmr YAMADA, Depariment of Physics’ 
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AND 
Masato Morita, Kobayasi Institute of Physical 
Research, Kokubunzi, Tokyo, Japan 
(Received October 5, 1955) 


HE nuclear two-body problems have been exten- 

sively studied in order to obtain some knowledge 
about nuclear forces. The next important sources of 
information about nuclear forces are the nuclei H® and 
He’. Using two-body forces only, many authors have 
analyzed these three-body systems; the most reliable 
computation was that carried’ out by Pease and Fesh- 
bach,! assuming Yukawa potentials both for the central 
and tensor forces. Their results are as follows: The 
binding energy of H* can be reproduced by using 
reasonable force parameters as required by the two- 
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TaBLE I. Binding energies of H* and energy differences between 
H? and He’ computed with variational method. 








10. =2.7 X10-8 cm 
Coulomb 
energy 
in Mev 


0.986 
0.810 
0.729 
0.676 


Toe =2.4 X1078 cm 
Coulomb 
energy 
in Mev 


1.037 
0.845 
0.777 
0.723 


Hard core 
radius 
in 10-% cm 


B.E.(H®) 
in Mev 


10.26 
7.86 
6.49 
4.78 


B.E. (H) 
in Mev 


11.38 
8.88 
7.65 
6.19 





Experimental 


value 8.49 0.764 8.49 0.764 








body data, if we take a suitable tensor force range; 
however, the calculated energy difference between H* 
and He’, which is regarded as mostly due to the 
Coulomb energy is too large by about 36%. 

Recent investigations concerning nucleon-nucleon 
scattering? and nuclear saturation’ have given evidence 
in favor of a hard-core interaction. However, it seems 
difficult to draw definite conclusions about the satura- 
tion character of the nucleus, owing to the great 
complexity of the many-body problem. 

Calculation of the binding energy of H’ with a 
hard-core potential has been carried out for the central 
part of the Lévy potential by Feshbach and Rubinow.*‘ 
The purpose of the present note is to point out (1) the 
effect of the hard core on the Coulomb energy differ- 
ence between H* and He* and (2) the dependence 
of the binding energy of H® on the radius of the hard 
core, matters which were not treated by these authors.* 

The main purpose of the present note is to suggest 
that the hard-core interaction reduces the binding 
energy of H*, and pushes the wave function out so that 
the Coulomb energy decreases to the experimental 
value. We expect that this investigation will also serve 
for the explanation of nuclear saturation. 

We choose charge-independent central potentials of 
exponential type outside the hard cores, whose radii 
D are equal for both the singlet and triplet spin states. 
Tensor forces are not taken into account, because they 
require very laborious calculations. However, we believe 
that the effect of the hard core will be understood even 
if tensor forces are neglected. The potential parameters 
are so chosen as to agree with the binding energy of 
deuteron and the scattering lengths of the singlet and 
triplet spin states of the n-p system. As the effective 
range in the singlet state, the following two values are 
taken: 


fos=2.7X10-"% cm and 2.4X10-" cm. 


The binding energy of H*® is computed by the usual 
variational method assuming the following trial 
function. The notation is the same as reference 1, 
except that p is written here as 13.) 


3 
Tl (e# i) — ei?) - x for DE '; 
¥(r1,72,73) ‘. o 


otherwise, 
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with x={a(1)8(2)—a(2)8(1)}a(3), where D is the 
radius of the hard core and y, v are variational param- 
eters. The Coulomb energy is computed as a small 
perturbation. The results are summarized in Table I. 

Owing to the crudeness of our variational treatment, 
the exact values of the binding energy of H® will be 
larger than the values in Table I by the order of magni- 
tude of 1 Mev, and the Coulomb energies in Table I 
may be several percent larger than the exact values. 
However, we are able to draw the followinz conclusions: 
(1) The hard-core interaction raises the energy level 
of H* considerably. (2) The hitherto inexplicable 
discrepancy between the experimental and theoretical 
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values of the difference between the binding energies of 
H? and He® may be attributed to the existence of the 
hard-core interaction. The hard-core radii which are 
reasonable both for B.E. (H*) and Coulomb energy are 
about 0.2X10-" cm for 7,=2.7X10-" cm and 0.4 
X 10—* cm for ro,= 2.4 10-8 cm. 

More detailed information will be published in the 
Progress of Theoretical Physics. 
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